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ABSTRACT

The ultra-high temperature ceramic, zirconium diboride (ZrB 2) has long been
researched for applications in extreme environments. Its high strength (> 400 MPa) and
thermal conductivity (> 100 W/m*K) make it a candidate for use in hypersonic fight, but
a low fracture toughness (< 3 MPa*m1/2) limits this use. In order to increase the fracture
toughness without compromising the strength and thermal conductivity, experimental
research has focused on the viability of engineered architectures using multiple materials
to create a macrostructure. These architectures allow for the increase of fracture
toughness thru crack deflection in the material.
Two architectures in particular, laminate and fibrous monolith, have been studied
due to their effectiveness in preventing full failure after initial fracture. However as the
materials involved are expensive and costly to produce, computational modeling can
provide an opportunity to further study the mechanics involved in the fracture behavior of
these materials. A valid model can even be used to design new architectures that could
further increase the fracture toughness.
In this research, the extended finite element method (XFEM) was used to model
the fracture behavior of monolithic, laminated, and fibrous monolithic materials.
Simulations using general XFEM have been set up and the results were compared to
experimental results. However, modifications were required to properly account for the
fracture behavior of multi-material systems. A code was developed to modify the nodal
equations and run the calculations to determine the direction of crack growth.
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1. IN TRO D U CTIO N

1.1. U LTRA -H IG H TEM PER A TU R E CERA M ICS
Ultra-high temperature ceramics are defined as ceramics with a melting
temperature about 3000 °C. Ceramics that fall into this category include certain borides,
carbides, and nitrides and they can be used for a variety of applications. For the purpose
of hypersonic flight, high strength, toughness, and thermal conductivity are considered
when selecting materials. The sharp leaded edges required for controlled flight are not
protected from the heat and force by the shockwave bow created from moving at
hypersonic speeds. High thermal conductivity is required to conduct the heat from the
shockwave away from the direct edge and radiate it quickly back into the air so that the
region behind the edge stays relatively cool.(1) Zirconium diboride (ZrB 2) has been
researched for such an application, but low fracture toughness limits its use.(2)
One explored way to increase this fracture toughness is to engineer complex
architectures. These complex architectures promote crack deflection by adding
secondary phases. These architectures have been designed experimentally by adding
silicon carbide (SiC) and carbon (C) to ZrB 2. Often SiC is added as particulates to the
ZrB 2 whereas carbon is added as a secondary phase.(3)
1.1.1. M aterials Involved. Two materials were used in this research: zirconium
diboride and carbon.
1.1.1.1. Z irconium diboride. Zirconium diboride is often called a refractory
diboride for its ability to withstand high temperatures. It has a hexagonal crystal
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structure of alternating layers of zirconium and boron atoms. This cell structure features
three different bonding types: covalent B-B bonds, metallic Zr-Zr bonds, and ionically
natured covalent Zr-B bonds.(4) These bonds control the material properties. The
hardness of the material relates to the strength of the Zr-B and B-B bonds. The elastic
moduli is most related to the covalent bonds of B-B.
Due to these bonds, zirconium diboride has a strength of above 300 MPa and a
thermal conductivity of greater than 100 W/m*K. However, its fracture toughness of 3
MPa*m1/2 is too low to be viable for use as a monolithic material for hypersonic flight
applications.
1.1.1.2. C arbon. Carbon has many different structures, but the form mostly used
in this study was pyrolytic carbon. Pyrolytic carbon is a polycrystalline, laminar material
with some anisotropic behavior when it comes to crack growth.(5) The hexagonal
structure of the carbon atoms within the layers creates transverse isotropic properties.(6)
Different orientations of the graphitic layers result in different fracture energies within
the material. These differing fracture energies can control crack deflection within the
architectures by providing favorable directions for crack propagation. Additionally as
carbon has a lower elastic modulus than ZrB2 (13 GPa of pyrolytic carbon compared to
500 GPa for ZrB 2), it has been tested as a potential to promote crack deflection in
engineered architectures/ 3, 5 7)
1.1.2. Engineered A rchitectures. In order to increase the fracture toughness of
these materials without drastically decreasing the other desired properties, different
microscopic architectures were designed. These architectures increase the fracture
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toughness by promoting crack deflection. This crack deflection leads to the overall
structure being able to continue to carry load after the initial fracture.
1.1.2.1. L am inate architectures. A laminate is a 2-2 composite structure made
of alternating layers of different materials. Each layer is connected in two dimensions
while disconnected from the third by the second material. A basic schematic of the
laminate structure is shown in Figure 1.1. The differing elastic properties between the
layers can lead to crack deflection under bending conditions, which has been confirmed
experimentally, as shown in Figure 1.2. The bar in the figure was placed under fourpoint bending, and the crack grows through the layers with some deflection. The
deflection is greatest along the neutral plane, where the applied stresses transition
between tensile and compressive. However, crack deflection is still observed in the
tensile (bottom) and compressive (top) stress zones. Figure 1.3 compares the loaddisplacement of a laminated bar to a monolithic ZrB 2 bar under four-point bending. Even
though the laminate initially fractures at a reduced load from the monolithic specimen
(300 N from the laminate to 500 N from the monolith), it continues to carry load for
higher displacements than the monolith (over 0.3 mm from the laminate compared to
under 0.2 mm from the laminate). This results in an increased work of fracture in the
laminate.

Figure 1.1. Example laminate structure with ZrB 2 (gray) and carbon (black) alternating
layers.
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Figure 1.2. Crack deflection in an experimental ZrB 2-C laminate. The lighter, thicker
layers are ZrB 2 and the darker, thinner layers are carbon. Picture taken by Jeremy Watts.

Figure 1.3. Load-Displacement curves of ZrB 2-C laminated material compared to an
isotropic ZrB 2 monolith.

1.1.2.2. F ibrous m onolithic architectures. A fibrous monolithic structure is a 1
3 composite structure with rods of ZrB 2 in a carbon matrix made using the co-extrusion
method.(8-10) The rods are one-dimensionally continuous while the matrix is continuous
in all three dimensions. Figure 1.4 is a schematic of a fibrous monolith with a sliced face
to show how the rods look from the side. During hot pressing, the rods form a hexagonal
shape. A crack under tension in a fibrous monolithic material typically deflects around
the high strength ZrB 2 in order to remain within the carbon matrix, as demonstrated in
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Figure 1.5. The load-displacement comparison of a fibrous monolithic material to a
monolithic specimen is shown in Figure 1.6. This structure initially failed at a
significantly higher load than the laminated structure (~500 N compared to ~300 N) and
continued to carry load over a greater range of displacements (1.2 mm compared to 0.3
mm). This increase in mechanical behavior from the laminated and monolithic structures
makes the fibrous monolith a prime candidate for hypersonic flight applications.(3)

Figure 1.4. Simplified schematic of the fibrous monolithic structure, with ZrB 2 (gray)
hexagonal rods in a carbon (black) matrix.

Figure 1.5. Crack path through a ZrB 2 (light gray) and carbon (dark gray) fibrous
monolithic structure. Picture taken by Jeremy Watts.(11)
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Figure 1.6. Load-Displacement curve of ZrB 2-C fibrous monolithic material compared to
isotropic ZrB 2 monolith.

1.2. G O A L O F TH IS RESEA RC H
The objective of this research is to simulate the crack behavior in these
engineered architectures. These simulations could lead to a better understanding of how
the crack propagates through the material as well as allow for designing new structures
that can further increase the fracture toughness. O f the many methods used for modeling
fracture in materials, the extended finite element method (XFEM), as will be explained in
more detail in Section 2, offers promise in its ability to track crack growth in monolithic
materials without the need for adaptive remeshing. However, in order to properly
implement XFEM for multi-material architectures, certain modifications are required.
These modifications account for the complexities of how the interface between the
materials affect the propagation direction of the crack.
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2. EXTENDED FIN IT E ELEM EN T M ETH O D

The extended finite element method (XFEM) is an enhanced version of the finite
element method. It utilizes the partition of unity method, which capitalizes on the
inherent quality of the shape functions across an element to always equal to 1.(12) This
principle allows for the modification of nodal solutions to include a priori knowledge of
the shape instead of higher order polynomials. With this method, calculations can be run
without constantly changing the mesh. Figure 2.1 shows an arbitrary crack with the xand y-axes defined at the crack tip. A vector n is defined as a vector normal to the
surface of the crack with x as a point on the crack and x* is a point away from the crack.

Figure 2.1. An arbitrary crack with defined axes and points for the nodal solutions.

For crack propagation using the XFEM, the nodes directly adjacent to the crack
are enhanced according to Equation (1).(13)
4
u = ^ N , ( x ) U! + H(x) a I + \
1=1

?=i

F?(x) bf

(1)
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In Equation (1), the displacement u is equal to the sum of the nodal displacements
ui, Heaviside function H(x) and asymptotic stress functions Fz(x) all multiplied by the
shape function N i (x ). Each of the enhancement functions are multiplied by their
respective degree of freedom factor: ai for the Heaviside function and biz for the
asymptotic stress functions. These degrees of freedom represent the crack tip opening
displacements. The Heaviside function takes the form of Equation (2).
H ( x ) = { 1 if (1X “ X*) - " - °
t —1 otherw ise

(2)
v'

The asymptotic functions are given by Equation (3), where r is the radius from the
crack tip and 0 is the angle from the crack tip coordinates. The elements around the
crack tip are enriched by a four point Gaussian function to give the nodes around the
crack tip extra degrees of freedom. These crack tip enrichment functions account for the
asymptotic behavior of the stresses around the crack tip.
F^(x) — [Vrsin ( —) , Vrcos ( —) , V rsin( 0)sin ( ^ ) ,V r s in ( e) c o s (2 )

(3)

Nodes around the crack tip are enriched with the asymptotic functions whereas
nodes on the crack away from the tip are enriched with the Heaviside function, as shown
in Figure 2.2. These enrichment functions expand upon the degrees of freedom required
for the solutions. The unenriched nodes only have degrees of freedom for the
displacements of the nodes. The Heaviside enrichment adds another degree of freedom
per dimension, and the asymptotic function adds a degree of freedom per part per
dimension of the problem. For example: for a two-dimensional simulation, an
unenriched node would have 2 degrees of freedom for the x and y direction
displacements; the Heaviside enriched nodes would have 4 degrees of freedom, 2 for the
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standard x and y displacements and 2 for the x and y Heaviside degrees of freedom; and
the asymptotically enriched nodes would have 10 degrees of freedom, 2 for the standard
x and y displacements and 8 for the x and y asymptotic degrees of freedom.

Figure 2.2. A crack in a body with open squares representing the Heaviside enriched
nodes and closed circles representing the asymptotically enriched nodes.

2.1. TY PIC A L IM PLEM EN TA TIO N
During crack propagation, the asymptotic functions can be ignored by confining
crack growth to one element at each growth step. The direction of crack propagation is
determined using the maximum principle stress equation as presented in Equation (4).

0 = 2 arctan

1 Kext
44 l Kext
K„ ±

ext

2 +8

(4)

The direction of maximum stress, 0 , is determined using the stress intensity factor
due to external loading for Mode I, KIext and Mode II, Knext. For an ideally brittle
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material, the Mode I external stress intensity factor is equal to the fracture toughness of
the material/ 14* The crack will propagate in the direction perpendicular to the maximum
stress.
Once the code finds the direction to propagate the crack, it moves the crack
forward one element and then calculates the stress intensity factor around the tip. This
calculated stress intensity factor is then compared to the material’s fracture toughness. If
they do not match within a defined tolerance, then the crack is backed up a step and a
new direction to propagate is selected. This process repeats until the difference between
the calculated stress intensity factor and material fracture toughness is 0.(14)
This criterion works well for homogeneous systems, but multi-material systems
require separate propagation requirements. In multi-material systems, crack growth is
not always driven by maximum stress but instead by a comparison of energy release
rates.(15)
2.1.1.

B rittle M aterials. Brittle materials are the simplest kind of material to

model with fracture mechanics as they only experience elasticity. An XFEM model for
the dynamic finite element software called DynaELA was created in order to model crack
propagation in two-dimensional brittle solids. Using DynaELA, Nistor et al. modeled the
stress field at the tip of a stationary crack, as shown in Figure 2.3.(16) The stresses are
significantly higher around the crack tip than the rest of the material, which is to be
expected.
XFEM has also been used to study the fracture of dental crowns.(17),(18),(19) Three
dimensional models have also been tested. An XFEM implementation was used to model
the fracture of Knoop hardness testing.(20) The effect of inclusions on crack arrest has
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also been studied.(21) Other researchers have used XFEM to study the effects of crack
angle and density on shale.(22)
Sukumar and Prevost(23) wrote a FORTRAN implementation of XFEM, which
was later validated using various loading examples.(24) More recent versions of
ABAQUS have a built in implementation of XFEM. This implementation has been used
to study how a crack in isotropic materials propagates under three point bending and
shear conditions.(25)

Figure 2.3. Stress field of a stationary crack modeled under dynamic loading conditions,
assuming no plasticity.(16)

The extended finite element method has even been used to simulate the fracture of
polycrystalline materials. Sukumar et al. modeled a two-dimensional polycrystalline
structure.(26) The grain boundaries were given the same elastic modulus and Poisson’s
ratio but different fracture energy. The relationship between the fracture energy of the
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grain boundary and the grain interior were studied to determine the effect of fracture
energy on crack deflection. Figure 2.4 demonstrates the deflection of the crack along the
grain boundaries with different fracture energies. The lower the grain boundary fracture
energy compared to the interior, the more the crack stays in the grain boundary. In
another paper, Sukumar et al. defined the criteria to determine crack propagation between
the grain boundary and grain interior to be in the direction of the highest ratio of
calculated fracture energy to a defined fracture energy. When inside a grain, the crack
would propagate in the direction of K ii = 0.(27)
These studies show the potential of XFEM to model crack propagation in brittle
materials and even more complex systems, such as multi-granular materials.

Figure 2.4. Crack propagation through a polycrystalline brittle material with different
grain boundary fracture energies.(26)

2.1.2. Ductile M aterials. Crack propagation modeling is not limited solely to
brittle materials. Seabra et al. used AceGen to model the fracture of metals in tensile
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testing.(28) Kumar, Singh, and Mishra used XFEM and Gaussian quadrature to study the
stress behavior of ductile materials under different loading conditions.(29) However that
study did not simulate the fracture directly. Kumar et al. later used a homogenization
scheme for flaws in a material to increase the computational efficiency.(30) In their
homogenized method, the material properties are modified to represent the effect of the
flaws. Instead of modeling the crack propagation itself, however, the authors studied the
stress intensity factor.
Using user-defined elements in ABAQUS 6.5, Giner et al. implemented XFEM to
determine crack propagation in aluminum frets under fatiguing conditions.(31) Giner and
Sukumar also wrote user subroutines to implement XFEM in ABAQUS.(32) Using userdefined elements, they simulated the fracture of plates in tensile and mixed-mode
conditions. An example of a crack propagating in a plate with a hole is shown in Figure
2.5. This simulation shows the crack curving towards the circular hole in the material
due to the stress concentrations around the hole. This behavior is shown experimentally
as well in the same figure.
XFEM can even account for contact friction using a Coulomb model. Xue et al.
used ABAQUS’ XFEM implementation to model the propagation of different angle
cracks in two dimensional steel plates.(33) ABAQUS’ XFEM implementation has also
been used to simulate the crack initiation in dual phase steels.(34),(35) Figure 2.6 shows
this simulation and stress-strain curve of crack initiation. The white circles mark the
crack locations, which are centered around the concentrated stresses between the phases.
However, only the initiation of the crack was simulated, not the propagation afterwards.
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The extended finite element method has even been used to model crack initiation
and growth in silicon under-going a ductile to brittle transformation.(36) The stress field
around a crack tip in stainless steel under three point bending was also simulated using
XFEM.(37) The fields are shown in Figure 2.7. These stresses are concentrated around
the crack tip and increase with increasing loads. The width of the highest stresses also
lengthens with increasing load due to the physical widening of the notch. When the crack
grows from the notch, the stress field grows and encompasses parts of the body of the
crack instead of just the tip. This is different from the stress behavior of cracks in brittle
materials, where the body of the crack is generally stress free. This difference in
behavior could be due to plasticity in the steel.
These studies show the effectiveness of XFEM in modelling fracture in both
isotropic ductile materials and multi-phase materials.

Figure 2.5. Set up and final crack path in an aluminum plate with a hole.(32)

15
BOO
D P500

!» 600

(.M M

■ 40

•J5l«**03
3 5 2 ^ t0 3

L \p

*2

I

MM

:!8S3i
• 1 • 03c»u3

txp. 3

E 200

. M O M J:

2DSimulation (2D)

.BBMU Cl
»* 9 1 3 * 4 0 2
►7 2 9 1 * » 0 2

>D Correlated (F.q 7)

• 4 04

*1 42 3 * « 0 2

0 024

0.048

0.072

Q092

Equivalent Plastic Strain [-]

Figure 2.6. The crack initiation in isotropic dual phase steel microstructures. (34)

(a) P=10KN

(e) P=50K.N

(b) P=20k.N (Propagation is not allowed)

(f) P=20K.N (Propagation is allowed)

Figure 2.7. The von Mises stress fields around the crack tip of a steel beam under threepoint bending.(37)

2.1.3. Com posite M aterials. Delamination in composites is a commonly studied
problem. In a majority of cases, delamination is modeled using the cohesive zone
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model.(38),(39),(40),(41),(42),(43) For these delamination studies, two layers and a cohesive
interface are simulated under double cantilever beam conditions, as shown in Figure 2.8.

Figure 2.8. An example of delamination in isotropic composite of two materials.(39)

The cohesive interface has specific crack parameters instead of fracture criteria
being defined to the material itself. However, the crack is also restricted to the interface.
While there are methods to insert thin cohesive elements between every element in the
mesh, such a method can be computationally expensive as it increases the number of
degrees of freedom that need to be calculated.
The extended finite element method can be used to model the fracture in
composite structures without the use of cohesive elements. Yan and Park used XFEM to
model near interface crack growth in a ceramic-metal-ceramic laminate.(44) The laminate
was set up in four-point bending as shown in Figure 2.9. This crack growth did not
deflect into the different layers. However in order to achieve this crack growth and
model the crack shape, XFEM had to be modified with a level set method.
Curiel Sosa and Karapurath used XFEM to model the delamination in a bar under
double cantilever beam boundary conditions.(45) They built an aluminum/glass/epoxy
laminate with isotropic properties within each of the layers. The delamination is shown in
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Figure 2.10. Similar to the cohesive zone models used, the crack only propagates along
the interface. The stresses are concentrated around the crack tip.

Figure 2.9. Ceramic-metal-ceramic laminate set up in four-point bending.(44)

Figure 2.10. Delamination of isotropic aluminum layers bonded by glass/epoxy
interface.(45)

Wang, Ma, and Wu used XFEM to model the propagation of a crack in a particle
reinforced brittle material.(46) Unlike other XFEM models, the authors did not enrich the
crack tip, so their model only accounted for the opening of the crack body. The
ABAQUS modeling software also does not use the crack tip enrichment functions for
propagating cracks as the program does not examine the stresses around the crack tip.
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The XFEM implementation in ABAQUS has also been used to simulate fracture
in composites as well. Serna Moreno et al. used ABAQUS to model the fracture of a
glass-fiber reinforced composite in the shape of an “L” .(47) While the L-joint was
polyester reinforced with chopped glass-fibers randomly distributed, so it was defined
with isotropic parameters instead of as multiple materials. Moghaddam et al. tested
layered, ductile structures in three-point bending.(48) Different elastic moduli and fracture
energies were tested for a single material as well as a dual-layered composite. No
interface was considered, and only the force-displacement curves were analyzed, not the
crack pathing itself.
These studies all show the limitations of XFEM for modelling crack propagation
in multi-material architectures. Even though the method can allow for crack growth
without predefining the crack path, modifications are required to account for the
complexity of crack growth in these architectures. The crack pathing does not often cross
through multiple materials. There is still room for improvement in modeling fracture of
multi-material architectures.
2.1.4. Complex C racking. Belytschko worked with Budyn, Zi, and Moes to
further develop XFEM for multiple cracks in brittle materials.(49) This method measures
proximity of one crack to another, and if that proximity is less than the length the crack
would propagate, then the cracks merge. If the cracks were already connected, then the
process does not merge them.
Another method for merging multiple cracks utilizes phantom nodes.(50) Multiple
instances of one element are created. Each instance represents a section of material that
has been cut by the crack, as shown in Figure 2.11. The filled in shape represents the
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uncut material and the hollow circles represent phantom nodes. Any nodes not included
in the cut are logged as ‘phantom nodes’. In order to propagate the cracks, all element
instances must be considered separately. Then the programs ‘merges’ them together to
create an image of the overall material state.
While these methods can solely use XFEM to model multiple cracks, they are
computationally expensive. Combining XFEM with level set methods can ease the
computational cost and simplify certain complexities.(51) A Fast Marching Method
(FMM) is a level set method that was introduced as a way to optimize changing
interfaces by Sethian.(52),(53) In FMM, the crack is modeled as two different level set
functions. One function represents the crack face while the other functions represents the
crack front. Using level set functions allows for multiple cracks to be modeled, as well as
branching and merging of the cracks. This method has been used to model cracks under
fatigue.(54)

Figure 2.11. The breakdown of one element with multiple cracks into multiple
elements.(50)

2.2. IN TER FA C E M ECH AN ICS
In a multi-material system, the interface between the materials often controls
crack propagation through crack deflection. Interfaces have their own set of mechanical
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parameters a and P, as proposed by Dunders.(55) Dundurs’ elastic mismatch equations are
used to determine parameters for an interface between two materials. Equations (5)-(7)
below use the shear modulus, pi, and Poisson’s ratio, Vi, of the two materials to calculate
these parameters.
P!(1 - u 2) - p2(1 ~ U i)
P i(1 - U 2 ) + P2(1 - U i )

(5)

P i( 1 - 2U2) - P2 (1 - 2 u i)
P=

P l( 1 - U 2 ) + P2( 1 - U i )

(6)

These parameters can then be used to calculate a degree of mismatch between the
two materials, s. Materials with no elastic mismatch have an s of 0.(56)
1
r 1 - Pi
s ———ln
2 n L1 + PJ

(7)

The moduli, E* and p*, of the interface are calculated using Equations (8) and (9)
below and the Young’s modulus, Ei, and shear modulus, pi, of the two materials.(57)
These moduli could then be used to calculate the Poisson’s ratio of the interface.
2
—

1

—

E*
2
—

p*

=

1

--- +----Ei E2

1

1

pi

p2

--- +-----

(8)

(9)

Once the crack reaches the interface, a new set of criteria need to be followed.
Figure 2.12 is a schematic of an interface between two materials. Instead of the direction
of maximum stress, two calculations need to be considered: the strain energy release rate
of the crack continuing to move straight into the second material, Gp, and the strain
energy release rate of the crack deflecting into the interface, Gd.
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Figure 2.12. A crack reaching the interface between two materials, with the strain energy
release rate calculations marked.

According to He and Hutchinson, the minimum energy release rate for a crack to
propagate straight through the interface, Gp, is given by Equation (10). The stress
intensity factor, K i, is related to the size of the crack and loading conditions. This
equation assumes that the crack experiences pure Mode I conditions.(15)

Gp =

1 —v,
2k2
9
2 M-2

(10)

The strain energy release rate of a crack deflecting into the interface, Gd, is given
by Equation (11).(15) The deflected crack experiences a mixture of Mode I and Mode II
loading conditions, so the stress intensity factors KI and KII both need to be considered.
1 —V2
Gd =

1 —Vi
K2 + K2i
■+ ■
4 c o sh 2(ns)
hi
h2

(11)

Energy relations may be more readily interpreted of the strain energy release rates
using the potential energy as given by Equation (12) along with the stresses and
displacements ahead of the crack.(58) For Equation (12), hi is the length of the element, Oy
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and Txy are the stresses at the crack tip, and the displacements ui and vi are calculated
ahead of the crack tip.
W =

+ x ® Ulhi)

(12)

With the potential energy W, the strain energy release rate could be expressed as
Equation (13). The change in crack length, 5, is set as one element length.
1 dW

(13)

Gp = 2 ~
The strain energy release rate of the crack deflecting up the interface can be
expressed using Irwin’s crack closure condition as shown in Equation (14).(58)
u
Gd = 1 ^ 1 2 6

u

| CTx(a ,y )u (a ,y - S)dy + | xxy(a ,y )v (a ,y - S)dy >
o

(14)

o

For this equation, the stresses are evaluated at the crack tip (y = 0), but the
displacements are evaluated one increment ahead of the crack (y = 5).
Considering an interface fracture energy of Gint and a material fracture energy of
Gc, the conditions during which a crack will deflect into the interface is given below in
Equation (15).(15)
Gint

Gd

Gc < Gp
However unlike the fracture energy of a bulk material, the interface fracture
energy is not a static value. As the crack propagates along the interface, the loading
conditions experienced by the crack become a mixture of Mode I and Mode II. This
mixture of loading can be expressed as a measure of the stresses in the yy and yx

(15)
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directions. This measure, ¥ , is called the phase angle of loading and is determined by
Equation (16). The interface fracture energy changes with respect to this phase angle.(57)
^ = arctan (

(16)

WyV

Another phase angle for mixity, O, with Mode III loading is given by Equation
(17), where |t| is the magnitude of the y-direction stresses and Oyz is the out of plane
stress. The Mode III load mixity is not as important as Mode II mixity. Therefore, it can
be ignored.
^ = arccos
T
V|t|/

(17)

The dependence of the fracture energy on the phase angle has been studied in
certain material systems(59), but an equation form has not yet been determined.
2.2.1. C rack in the Interface. For a crack already in an interface, the Mode I and
Mode II strain energy release rates, Gi and Gii respectively, can be defined using Irwin’s
criteria to derive Equations (18) and (19).(60) These equations are similar to Equation
(14) for calculating the strain energy release rate for crack deflection.
s
Gl =

25 / a y(a'y ) vi(a' 5 - y)d y
0

(18)

s
GII = 5 ^ 2 5 / M
0

a ,y )u i(a ,S - y ) dy

(19)

The total strain energy release rate, G, is found by adding G i and Gii together. In
these equations, 5 is the change in crack length and y is the distance from the crack tip.
The stresses, Oy and Oxy, are calculated at the crack tip (y = 0), while the displacements, vi
and ui, are calculated at the crack extension (y = 5). Since these functions do not have a
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limit as 5 approaches 0, a change in crack length must always be defined. This change
will be defined as the element length.
The displacements are calculated using the nodal solutions as described in the
next section. The stresses are calculated using those displacements to find the strains.
The strains, s, and material stiffness, C, are then used to calculate the stress, o, using
Equation(20).(61)
a = C: £

(20)

At each step of propagation, the calculated G is compared to the updated interface
fracture toughness, Gint. If the G is less than Gint, then the crack deflects into Material 2.
From experimental data, the interface fracture energy appears to follow an exponential
trend for positive values of phase angle, ¥ . (57),(59)
2.2.2. C rack D isplacements. At the interface, the nodal displacement solutions
still require an enhanced equation. The displacement solution for the crack takes the
form given in Equation (21). The equation is similar to the enhanced nodal solution for a
single material system, as shown in Equation (1). However for accurately accounting for
the effect of the interface in the system, the asymptotic function, Fz(x), is a twelve point
Gaussian function is used for the interface instead of a four point Gaussian degrees of
freedom that is used for a bulk material.(62) The asymptotic function is related to the s
mismatch parameter, r distance from the crack tip, and 9 angle as shown below. The
parameters aI and bIZare vectors connecting the enhanced degrees of freedom to the nodal
enrichment functions. This twelve point enrichment expands upon the degrees of
freedom for crack tip nodes from 10 to 26.
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N

12

u h(x)
(x) = ^ Ni ( x) Ui + H (x)ai + ^ Fz(x)bz
I=1
Z=1

(21)
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(
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—) sin (0 ) }

When the crack is propagating along the interface, these functions are used to
determine the near-tip stress field. In a single-material system, a propagating crack does
not need the near-tip enrichment function since the crack is defined to propagate one
element. However for the interface, the near-tip enrichment function is crucial to
calculating the strain energy release rate. Therefore, it must be part of the nodal
solutions.

26
3.
ABAQUS U TILIZ A T IO N O F THE
EXTENDED FIN IT E EL EM EN T M ETH O D

3.1. IM PLEM EN TA TIO N
The basic XFEM implementation is built into ABAQUS 6.14. It is built into the
graphical user interface and can be set up for static or implicit dynamic simulations.(63)
The implementation can also account static or growing cracks. At the beginning of the
project, this implementation was used to simulate two-dimensional cracks of monolithic,
laminated, and fibrous monolithic structures and three-dimensional cracks in monolithic
and laminated structures.
For the ABAQUS implementation of XFEM, certain material properties are
required. The general elastic properties, like Young’s modulus and Poisson’s ratio, are
required, along with properties related to fracture, such as maximum principal stress and
fracture energy. In addition, ABAQUS requires two parameters for convergence. One is
the viscosity around the crack tip, which needs to be small in order to not affect the stress
solutions of the simulation. The other is the tolerance, which is the range for which the
calculated fracture energy can deviate from the given fracture energy. It must be small
enough so that the crack growth direction is based on as close to the criterion as possible
while also large enough to account for calculation errors. Two materials were simulated:
ZrB 2 and pyrolytic carbon. The properties of each are given in Table 3.1.

27
Table 3.1. Mechanical Properties Used as Inputs for ABAQUS Simulations.
P aram eter

ZrB2 (8)

Pyrolytic C arb o n (5, 64)

Young’s modulus (GPa)

500

13

Poisson’s ratio

0.13

0.21

Maximum principal stress (MPa)

490

9.6

Fracture energy (J/m2) 24

22

Tolerance

5x10"6

5x10"6

Viscosity

10-10

10-10

3.2. TW O -D IM EN SIO N AL SIM ULATIONS
The first simulations in ABAQUS were two-dimensional in nature. This served
as a steppingstone to get to know the nature of how ABAQUS simulations fracture. For
these simulations, a 5 mm by 5 mm square plate was modeled. The square was placed in
pure tension with fixed boundary conditions set in order to control solid body motion
while the rectangle was subject to a four-point bending load. These loads and boundary
conditions are shown in Figure 3.1.

Figure 3.1. Applied loading and boundary conditions of the square tensile specimen.
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3.2.1. M onolithic Structure. For the monolithic simulations, a notch was
introduced on the side of the plate to introduce a flaw for the crack to initiate from. Once
the stress around the notch became greater than the material’s strength, the crack initiated
around the tip of the notch. Then propagated straight through the material, as depicted in
Figure 3.2. For uniformity, the stress gradients are bounded between 0 MPa at the
darkest blue and 490 MPa as red.
The stresses are concentrated around the crack tip, with the highest stresses
closest to the crack. The material behind the crack experiences little to no stresses, as is
expected. The stress field around the crack tip follows plastic deformation behavior
instead of purely brittle behavior due to the built-in ductile behavior assumptions.

Figure 3.2. Von Mises stresses (in MPa) of crack propagation through a notched ZrB 2
plate.

The monolithic carbon plate showed similar behavior. The crack initiated around
the tip of the notch and propagated straight through the plate. This similarity is expected
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due to these materials both experiencing brittle fracture, and it shows the consistency in
ABAQUS’ calculations.
3.2.2. L am inated Structure. For the laminate structure, alternating layers of
carbon and ZrB 2 were modeled. The carbon layers were 0.1 mm thick while the ZrB 2
were 0.15 mm thick, as depicted in Figure 3.3. The initial layer of ZrB2 was an increased
thickness from the rest of the layers in order to assure crack growth in that layer before
reaching a carbon layer. A small edge crack of 0.05 mm was introduced instead of a
notch. This allowed for a consistent starting location for crack growth. The laminate
structure and applied displacements are shown in Figure 3.4. Pure tensile displacement
of 10-3 mm was applied to the top and bottom of the plate.

0.26

0.1 0.15

mm

mm mm

Figure 3.3. Schematic of the layer thicknesses of the laminate architecture, where carbon
is black and ZrB 2 is gray.
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Figure 3.4. Structure and applied load of the laminate architecture with the gray noting
ZrB 2 and black noting carbon.

Figure 3.5 shows the crack as it moves through the architecture. As the crack
grows through the material, the cracked areas stop carrying load, as is denoted by the
black and dark blue coloring in the figure. As the crack reaches the boundary of the two
materials, the stresses around the crack tip spread. This is an edge effect due to the
difference in mechanical properties. Even though the stress behavior is promising to
promoting crack deflection, the crack did not show any deflection. This was unexpected
when compared to experimental results. In four-point bending, the bottom of the bar
experiences tensile stresses and crack deflection is still observed, as was shown in Figure
1.2. While the lack of shear stresses could be part of the reason for no crack deflection in
the model, the most likely cause is the maximum stress criterion that ABAQUS and basic
XFEM uses to determine crack growth direction.
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Figure 3.5. Time-lapse images of the laminate under tension.

3.2.3. F ibrous M onolithic Structure. To simulate a fibrous monolithic structure,
regular ZrB 2 hexagons of 0.1 mm side length were placed in a carbon matrix with 0.01
mm spacing between the hexagons, as shown in Figure 3.6, in a 5 mm by 5 mm plate.
Boundary conditions similar to the monolithic structure were applied to the plate: fixed in
the x-direction at the center of the top and bottom edges of the plate and fixed in the ydirection in the middle of the right most edge. A displacement of 9*10-3 mm was applied
to the top and bottom edges. Figure 3.7 shows the full plate and applied load. An initial
crack of 0.01 mm was introduced in the carbon matrix.
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Figure 3.6. Diagram of the fibrous monolithic set up, with black being the carbon matrix
and gray being the ZrB 2 hexagons.

Figure 3.7. Full structure and applied load of the fibrous monolithic architecture.

As expected from experiments, the crack did show deflection through the fibrous
monolithic architecture. This deflection over time is shown in Figure 3.8. As the crack
propagates through the structure, it deflects upward. As expected, the material behind the
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crack stops bearing load, as is shown by the dark blue, while the stresses in the material
are concentrated around the crack tip by the red and gray. This behavior shows promise
in simulating crack deflection in these architectures, other simulations with different
displacements did not show any crack deflection at all. At times, the crack propagates
through the ZrB 2 hexagons instead of staying within the carbon matrix. While the ZrB 2
does eventually break under four-point bending, the fracture in this simulation would be
equivalent of a cut through the rod instead of across the face.

Figure 3.8. Time-lapse images of a crack propagating through the fibrous monolithic
architecture.

A modified fibrous monolithic structure with irregular hexagons was also
modelled. The spacing between the hexagons of 0.01 mm was kept the same while the
side lengths were changed to 0.1 mm and 0.2 mm. The full plate and applied

34
displacement are shown in Figure 3.9. The displacement was the same 9*10"3 mm
applied to the top and bottom edges of the plate for the regular hexagon model. The
crack growth over time can be seen in Figure 3.10. Since the crack itself is not visible,
the elements are made so in order to better show the path thru the plate. The elements the
crack moves through are elongated. The entire stress distribution in the material is
different than in with the smaller, regular hexagons. Instead of being localized to around
the crack tip, most of the plate experiences stresses above 490 MPa.
Unlike the regular hexagonal fibrous monolith, the crack growth in the irregular
hexagonal structure did not show crack deflection at the same applied displacement. This
was unexpected as the modified structure more closely matches the experimental
architecture. The deflection also did not occur with different displacements. Even
though the crack propagation in these simulations is limited by the maximum stress
criterion, there is still viability in using ABAQUS to show the stress distributions in these
structures. These differences become readily apparent even with slight changes in the
structure between the two fibrous monolithic architectures simulated.

Figure 3.9. Full plate and applied load of the modified fibrous monolithic architecture,
where black is the carbon and gray is ZrB 2.
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Figure 3.10. Time-lapse images of crack propagation through the modified fibrous
monolithic structure.

3.3. TH R EE-D IM EN SIO N A L SIM ULATIONS
In order to simulate the experimental conditions, three-dimensional models were
set up for four-point bending. This loading condition is difficult to simulate in twodimensions due to out-of-plane cracking. The bars fit the dimensions of the B bar from
ASTM Standard C1161-18. Figure 3.11 shows the four-point bending set-up, with the
orientation of the bars. The distance between the bottom pins was 40 mm, while the
distance between the upper pins was 20 mm. A displacement of 0.005 mm was applied
to the top pins. Experimentally, the pins rotate and flex in order to keep stresses from
accumulating directly underneath them. Simulating that freedom of movement in
ABAQUS, however, either caused convergence issues or the specimen to slip out of the
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pins. Therefore, the pins were not allowed to rotate in the simulation, though they were
frictionless.
3.3.1.

Sim ulation Set-Up. Three different structures were simulated: monolithic,

a three layer laminate, and a seven layer laminate. The layer structure of the laminates is
depicted in Figure 3.12, where black is carbon and gray is ZrB 2. The thickness of the
layers was adjusted to make the number of layers fit in the thickness of the bar. For the
three layer laminate, the carbon layer was significantly larger in order to test the effect of
thickness on crack deflection. Since the interface between materials is important to crack
deflection, an interface layer of 0.01 mm was introduced to the seven layer laminate. The
elastic modulus of the interface was calculated to be 6 GPa with Equation 8.[(62)]
For the monolithic bar, no crack was predefined. However, the laminate bars
experienced shear cracking in the space between the loading and support pins when no
crack was predefined. Therefore, an edge crack of 0.1 mm was introduced in the center
of the bottom edge of the bar.

Figure 3.11. Schematic of the four-point bending set-up, with the circles as the pins and
the arrows as the applied load.
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a)
b)
Figure 3.12. The two laminate structures studied in four-point bending: a) 3 layer
laminate and b) 7 layer laminate. Black is carbon and gray is ZrB 2.

3.3.2.

Results. The results were similar for each of the four-point bending

simulations. In the monolithic specimen shown in Figure 3.13, an initial crack was not
specified. As the pins were not allowed to rotate, stresses accumulated underneath the
loading and support pins, as can be seen by the gray stresses above 490 MPa underneath
the top pins and the pin-point high stresses above the bottom pins. This led to the crack
initiating and propagating near a loading pin due to the accumulated stresses. As the
crack propagated through the bar, the stress profile of the bar changes. The stresses
around the bottom of the crack come close to 0 MPa, and the highest stresses become
localized to the crack tip and the uncracked portion of the bar still experiencing loading.
The crack grew straight through the material with a slight curl at the top towards the
closest loading pin. This could be due to compression curl and the localization of stresses
around the pin.
The crack growth in the three layer laminate is shown in Figure 3.14. Due to the
difference in elastic moduli, higher stresses appear in the ZrB 2 layers than the carbon
ones. These stresses are lower than the stresses experienced by the monolithic ZrB 2 bar,
and the carbon layer does not experience as high of stresses as the ZrB 2 layer. This is due
to the difference in elastic moduli of the two materials.
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The crack propagates straight through the center of the bar without deflecting.
The crack appears to jump the middle of the carbon layer before connecting. This jump
could be due to the neutral mid-plane stresses in bending combined with the low fracture
stress of the carbon creating a second crack on the compressive side.
For the seven layer laminate, the pins were removed and boundary conditions
were added directly to the bar. Stresses can be seen concentrated at the locations where
the loading pins would be, which is similar to how the stresses concentrate under the pins
in the previous simulations. This concentration is due to the lack of rotation in the
boundary conditions to relieve those stresses. As shown in Figure 3.15, the crack moves
straight through all layers with no deflection present. Similar to the three layer laminate,
the stresses experienced by the bar overall are lower than the monolithic ZrB 2 bar. As the
crack moves through each layer, the stresses spread out along the boundary in a similar
fashion to the behavior seen in the two-dimensional plate.

Figure 3.13. Evolution of the crack in a monolithic ZrB 2 bar under four-point bending,
black arrows denote the position of the crack.

39

Figure 3.14. Crack evolution through the three layered laminate.

Figure 3.15. Time-lapse images of crack propagation in the seven layer laminate.

3.4. CONCLUSIONS
In order to study the evolution of stresses and the crack growth through these
engineered architectures, the built-in ABAQUS implementation of XFEM was used to
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simulate fracture in four different structures. In all of these simulations, the cracked parts
of the material stopped carrying load while the stresses were concentrated around the
crack tip. Due to the difference in elastic moduli between the two material, the ZrB 2
experiences higher stresses than the carbon. At the boundaries of the materials, the
stresses spread out, which could be a key towards further understanding crack deflection
in these materials.
The carbon and ZrB 2 monolithic structures in pure tension exhibited cracks as
expected: straight through the material without any deflection. The regular hexagonal
fibrous monolithic structure in tension experienced crack deflection, which was in
agreement with the experimental results. However, the crack propagated straight through
the laminated structure and the irregular hexagonal structure without any signs of crack
deflection. This lack of deflection relates to a weakness in typical implementation of
XFEM. Those implementations follow the maximum stress criterion for determining the
direction of crack propagation. While this criterion works well for single-material
systems, it falls short of determining the crack path in multi-material systems. In order to
accurately predict the stress in the engineered architectures, the energy release rate
criterion will need to be used.
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4. M O D IFY IN G TH E ABAQUS IM PLEM EN TA TIO N
W IT H U SER ELEM EN T SUBROUTINES

4.1. D ESC R IPTIO N O F TH E PR O B LEM
The typical implementation of XFEM in ABAQUS cannot correctly account for
crack propagation in multi-material architectures. In order to model the effect of the
interface and strain release rate on the fracture of these architectures, the general XFEM
process must be modified. This maximum principle strength criteria for the direction of
crack propagation needs to be modified to a strain energy release rate criterion.
Implementing this in ABAQUS requires the use of two user subroutines. The first one
alters the nodal functions to account for basic XFEM elements that use Equation (1) and
the interface XFEM elements that use Equation (21).

4.2. IM PLEM EN TA TIO N
Using a code library from Giner(32) as a starting point, interface mechanics were
added in utilizing equations in Section 2.2. The library consisted of MATLAB code that
documented the crack and tracked its movement through the material as well as
ABAQUS user subroutines that allowed for modifications of the nodal equations. When
given the mesh of the material; starting point, length, and angle of the crack; and the
number of steps to run the simulation, the MATLAB code would create files that denote
the nodes and elements around the crack and which enrichment function the nodes would
follow. The enrichment functions for nodes immediately adjacent to the crack were
either the Heaviside enrichment function, Equation (2), around the crack body or the
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asymptotic functions, Equation (22), around the crack tip. For a crack aligned with the
nodes, the crack body was defined as the node along the crack. The crack tip nodes were
defined as all nodes within a one element length radius immediately around the crack tip.
The generated files, as well as an input file, were then used by ABAQUS for a
static simulation utilizing two user subroutines. Figure 4.1 shows a flow chart of this
process. The ABAQUS subroutines have been color coded for easy identification: blue
for the user element subroutine (UEL) and orange for the post-processing subroutine
(ABQMAIN). The UEL and ABQMAIN subroutine are discussed in more detail below
in Sections 4.2.1 and 4.2.2, respectively.

Matlab

ABAQUS

Mesh geometry
For-loop for number of times
the crack will propagate
Generate input files
Take direction from
ABQMAIN and propagates
crack
Updates crack files with
new crack tip information

UEL: User elements with XFEM
calculates nodal displacements
and stresses

2

.

Can crack propagate more?

ABQMAIN: Takes
displacements and stresses
and calculates J-integraIs and
direction of crack propagation

End

Figure 4.1. Flow chart of Giner's code library for an XFEM implementation in ABAQUS.

4.2.1. User Elem ent Subroutine. In order to change the nodal equations of the
different element types, the UEL subroutine is required. Figure 4.2 shows the process of
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the UEL subroutine. The dashed lines represent an optional path in case some of the
elements need to be subdivided. Since one of the benefits of XFEM is that the crack
shape is not dependent on the mesh, the subroutine must account for when the crack cuts
through an element. This is accomplished by subdividing an element into smaller
elements which the sum of are equal to the parent element. Then Gaussian coordinates
and weights are then assigned based on a given number of Gaussian points. The
ABAQUS software does not save displacement and stress values from user element
subroutines in the database where it saves the values for its built-in elements. There is a
database file titled SVARS that certain values are saved in order to be used by the
ABQMAIN subroutine for its calculations.
While forming the subroutine, there were some limitations set by ABAQUS that
needed to be kept in mind. The main limitation was that ABAQUS only accepts a certain
number of degrees of freedom depending on the problem. A standard static test only has
seven degrees of freedom available at most. These degrees of freedom account for
displacements in three-dimensions, shear displacements in three-dimensions, and warp.
In order to expand the number of degrees of freedom, the simulation was run as a coupled
temperature-displacement simulation. This definition opened up nineteen more degrees
of freedom that ABAQUS categorizes as temperature degrees of freedom. Two degrees
of freedom were used for the x and y displacements, two for the Heaviside x and y
degrees of freedom, and twenty-four for the expanded enrichment function. Crack tip
elements used the full twenty-six degrees of freedom, while crack body elements only
needed four, and elements not part of the crack only required two degrees of freedom.
Another limitation is that ABAQUS does not save the output of user elements in the key
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files, so a new file would have to be created in order to store any outputs later required by
the post-processing subroutine, ABQMAIN.
The dotted and dashed line in Figure 4.2 represents a portion of the subroutine
that needed to be altered. To include interface mechanics into the subroutine, the
elements of the interface are defined with the expanded asymptotic functions as given by
Equation (22) previously.

Establish Properties
Mechanical properties
Nodal coordinates
Crack ocation
Shape Functions
Linear
2 Subdivide e ement if crack
cuts through it

Subdivide
Either
triangular or
|1quadrilateral
2 Establish ghost nodes

Gaussian Points
Determine Gaussian
coordinates and weights
Nodal Calculations
Stiffness Matrices
Enrichment functions^
SVARS
1. Stresses
2. Displacements
3. Derivatives

Figure 4.2. Flow chart of the UEL subroutine with dashed lines indicate optional routines
and dotted dashed lines represent alterations to the code.

4.2.2. Post-Processing Subroutine. Once the simulation has completed,
ABAQUS saves the outputs into a database file. This database file is then read and
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processed by a separate subroutine called ABQMAIN. The ABQMAIN subroutine then
calculates interaction integrals and stress intensity factors in order to determine the
direction of crack propagation. The subroutine as received follows the standard
maximum stress criterion, so it must be modified to account for other situations.
Three separate cases of crack propagation criterion have been identified: 1) the
crack is in one of the main materials, 2) the crack is impinging on the interface, and 3) the
crack is following the interface. These cases are illustrated in Figure 4.3. For Case 1, the
standard crack propagation criterion can be followed. Case 2 requires the criterion given
by He and Hutchinson that is given by Equation (15) to determine whether or not the
crack will deflect up the interface or propagate through it into the second material. The
final case follows a modified Case 2 criterion, in which the strain energy release rate of
further following the interface is compared to the interface fracture energy. In order to
determine which criterion to use, a state variable must also be added in order to determine
the location of the crack tip as well as if the crack has been deflected up the interface.
This variable would be defined as 0 for a crack not in the interface and 1 for a crack in
the interface.

Interface

Material 1

I Crack^>

Interface

Material 2

Material 1

Material 2

Interface
Material 1

Material 2

r-p— 1^\

Figure 4.3. The three different states of the crack: a) crack inside one of the materials, b)
the crack impinging on the interface, and c) the crack deflected into the interface.
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The process of the ABQMAIN subroutine with the additions to properly account
for interface mechanics is shown in Figure 4.4. The dotted and dashed lines represent the
alterations to be made to the code.

Figure 4.4. Flow chart of ABQMAIN subroutine with dotted and dashed lines circling the
changes that need to be made.

4.3. RESULTS
A square 5 mm by 5 mm plate was simulated. A pure tensile displacement was
applied to the top and bottom edges of the plate. Two different crack scenarios were
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tested: Mode I and Mixed Mode. These scenarios were modelled by using either a crack
angle perpendicular to the load (Mode I) or a crack at a 45 ° angle (Mixed Mode).
4.3.1. M ode I. The Mode I plate had two different crack arrangements tested.
One with a centrally located crack and one with an edge crack. In the figures below, the
blue squares represent crack tip nodes, and the blue circle represents the crack body node.
The centrally located crack, as shown in shown in Figure 4.5, was not allowed to
propagate, and the stress intensity factor calculated by the J-Integral in ABQMAIN
subroutine. As shown in Table 4.1, the stress intensity factor as calculated by the code
was 76.5 M P a m m 1/2, whereas the stress intensity factor given the closed form solution
was calculated to be 79.2 M P a m m 1/2. This difference is within 3.4% of each other. This
difference is within acceptable limits of under 5%.

Figure 4.5. A central crack in pure Mode I loading.
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Table 4.1. Stress intensity factor results of a centrally located crack in monolithic ZrB 2.

Kj (M Pa*mm1/2)

Closed
Form

This
Code

Error

79.2

76.5

3.4

%

The edge crack was allowed to propagate for 10 steps in order to determine
whether or not the new crack tip enrichment functions would affect the calculations for
crack direction. Figure 4.6 shows the crack before propagation and after the 10 steps.
The crack grew primarily perpendicular to the loading, as expected. The x and y
direction stresses are shown in Figure 4.7. The ABAQUS program does not show the
nodal values of the enriched nodes, so those nodes are marked as having 0 MPa. Similar
to the basic XFEM simulations shown in Section 3, the stresses are concentrated around
the crack tip.
The stresses around the crack tip were calculated following a closed form solution
and compared to the results, as shown in Table 4.2. For the x direction stresses, the
difference was close to 19 %. However, the y direction stresses had significantly smaller
difference of 8.7 %. Given the low difference in stress intensity factors from the code to
the closed form solution, these differences in stresses are higher than expected. In
particular, the stresses in the x direction were significantly more different from closed
form solution than the y direction stresses. This difference is due to the asymptotic
nature of the stresses, as calculations further away from the crack tip merge closer to the
close form solution. It is possible that the software is using a different assumption as to
the asymptotic behavior of the stresses around the crack tip. It must also be noted that
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these stresses were from non-enriched nodes, so the calculations for the stresses were
done by ABAQUS directly and had no direct interaction with the UEL subroutine.
Therefore, some of this difference is inherent to ABAQUS’ calculations itself and not a
reflection upon the calculations in the code.
The stress intensity factor was calculated within 2.9 % difference from the closed
form solution. As the stress intensity factor is calculated both by the post-processing
subroutine and utilizes the values of the enriched nodes, the low difference in this value is
a better measure of the integrity of the code than the stress values.

Figure 4.6. An edge crack in pure Mode I a) before propagation and b) after 10 steps of
propagation.
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Figure 4.7. Stress fields in the x and y directions of the edge crack in pure Mode I
conditions.

Table 4.2. Stresses (in MPa) and stress intensity factor (in M P a m m 1/2) around the crack
tip of an edge crack after 10 propagation steps.

4.3.2.

C lo s e d

T h is

%

F orm

C ode

E rror

(M P a )

3 21

260

19

<ry (M P a )

337

366

8 .7

K t ( M P a * m m 12)

264

272

2 .9

M ixed M ode. The mixed mode scenario featured a centrally located crack

at a 45° angle, as shown in Figure 4.8. An initial test with no propagation was run in
order to compare the closed form solutions. A second test where end of the crack could
propagate for 10 steps was run, which is shown in Figure 4.9. After the initial deflection
of -53.5°, the crack then propagated straight through the material like a pure Mode I
crack. This behavior is expected as the initial angle positions the crack to be
perpendicular to the applied displacement. The stresses are concentrated around the
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crack tip, and the immediate area around the body of the crack does not carry load, as
shown in Figure 4.10. This behavior is in-line with other observations.
Similar to the Mode I scenario, the stress intensity factor of the static crack was
calculated via a closed form solution and compared to the J integral calculation from
ABQMAIN. The initial angle of propagation was also calculated via a closed form
solution and compared to the calculated angle. The Mode I and Mode II stress intensity
factors, K i and K ii respectively, were compared to the closed form solution, along with
the initial angel of propagation. As the crack was at a 45° angle from the direction
applied displacement, the K i and K ii values should be the same. While close to each
other, the calculated values were not exactly the same. The Mode I stress intensity factor
was calculated to be 44.3 MPa*mm1/2, and the Mode II stress intensity factor was
calculated to be 45.3 MPa*mm1/2. O f note, the Mode I value was more different from the
closed form solution than the Mode II. This could be related to the high error of the x
direction stresses. These results, shown in Table 4.3, show that the calculated results are
close to the closed form solution, with the degree of error less than 1% for the initial
angle of propagation and between 3 - 5% for the stress intensity factors.

Figure 4.8. A centrally located crack in mixed mode conditions.
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Figure 4.9. A central crack at a 45 ° angle at a) 0 propagation steps and b) 10 propagation
steps.

Figure 4.10. Stress fields of a crack propagating in Mixed Mode conditions. Only one
end of the crack was allowed to propagate.

Table 4.3. Results of the stress intensity factors and initial propagation angle compared to
closed form solutions.

Closed
Form

This
Code

%
Error

Kj (MPa*mm12) 47.0

44.3

5.7

Kn (MPa •m m 12) 47.0

45.3

3.6

-53.5

0.7

Initial Propagation Angle (°)

-53.1
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4.4. FU R T H E R M O D IFIC A TIO N S
While the results using the twelve point asymptotic function were promising, the
modifications required in ABQMAIN in order to calculate the strain energy release rates
for the multi-material system were too complex. Following Equations (18) and (19)
would require a secondary, one-dimensional finite element calculation within the post
processing routine using the stresses in front of the crack tip and the crack tip opening
displacements behind the crack tip. It was not a guarantee that the nodal values would
align with the positioning of the crack tip, so the nodal values would have to have been
interpolated to the desired position.
Furthermore, the information required for these calculations was too difficult to
obtain. The SVARS database could save certain values, but there was a limited amount
of space available. The values required for the base maximum principle stress calculation
took up most of that space. The degrees of freedom for the enriched nodes was saved to
a data file and could be extracted that way. However, extracting data from files in
MATLAB required either reading each line of the file and checking for the values
required or opening specific lines and pulling the values from those lines. To further
complicate matters, a closer examination of the nodal values revealed some instabilities.
Certain degrees of freedom around the crack tip were orders of magnitude higher than
other values of neighbor nodes or even other degrees of freedom of that node. An
example of these abnormal degrees of freedom are highlighted in Table 4.4.
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Table 4.4. The crack tip enrichment degrees of freedom of nodes along the crack plane,
with the abnormal values highlighted.

Node Enrichment 1 Enrichment 2 Enrichment 3 Enrichment 4 Enrichment 5
1354
2.02E-10
1.59E-09
7.54E-12
-2.01E-10
1.92E-10
1355
-1642
-8.91E-10
-8.54E-11
218.1
1642
1356
0
0
0
0
0
1454
0
0
0
0
0
1455
3380
5.09E-11
6.11E-11
-3.44E-11
-3380
1456
-2.88E-11
-1.48E-10
-6.07E-11
-1.87E-10
-4.04E-12

To simplify the calculation of the strain energy release rates, the crack enrichment
functions were further altered to calculate the stress intensity factors directly. These
stress intensity factors could then be used to calculate the strain energy release rates as
per Equations (10) and (11). Proposed by Liu, Xiao, and Karihaloo, The new nodal
displacement solution takes the form of Equation (23).(65)

uh( x ) = ^ N , ( x ) U! + H(x)a! +
1=1

11Z

f12z K 'J
4 [ f21Z f22Z
k J
Z=i

IJ

(23)

In these equations, the new enrichment function changes to account for the plane
above and below the crack face. These functions take the form as given in Equation (24),
where r is the radius and sz is equal to the elastic mismatch parameter s on odd values of Z
and 0 on even values.
f f11zl
f12Z
f
f21Z
Vf22zJ

z
r2

cos(sz ln (r )) Ujz + sin(sz ln (r )) uHz
-s in ( s z ln (r )) Ujz + cos(sz ln (r )) uHz
cos(sz ln ( r ) ) v Iz + sin(sz ln ( r ) ) v Hz
,- s in ( s z ln ( r) ) Vjz + cos(sz ln ( r) ) v „ z >

For odd values of Z, uiz, uiiz, viz, and viiz are defined in Equations (25) - (28).

(24)
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ui?(0) =
K1 — 1
Z c o s ^ 9 ) sin h (s(n — 9 )) — ------------------------- I -s(n-0)
^1(Z2 + 4 s2) c o s h ( n s ) {ZcOS( | 91 Sln
2
(25)
+ —(Z2 + 4 s2)e s(n 0)s i n 9 s m ( ^ — 9 )

+ 2 ssin ( —0

co sh (s(n — 9 )) +

— e s(n 0)

u „ z( 9) =
1
s(n-0)
in (^
co sh (s(n — 9 )) + K1 — 1 _ -P(n, 71 „ ~
. ^Zssin
( - -99|) cos
2
M-1(Z2 + 4 s2) cosh(ns) 0
\2
(26)
+ —(Z2 + 4 s 2)e s(n 0)s i n 9 c o s ( ^ — 9 )

2s cos ( ^ 9 ) sin h (s(n — 9 ))

K1 — 1 _ -P(ns(n-0)
2

Viz( 9) =
1

Z s in ( —9 ) co sh (s(n — 9 )) +
M-1(Z2 + 4 s2) cosh(ns) 0
V2

K1 — 1 _ -P(ns(n-0)
2
(27)

— —(Z2 + 4 s2)e s(n 0)s i n 9 c o s ( ^ — 9 )

2s cos ( ^ 9 ) sin h (s(n — 9 ))

K1 — 1 _ -P(ns(n-0)
2

Viiz ( 9)
1
Z cos ( 2 9 ) sin h (s(n — 9 )) —
^ ( Z 2 + 4 s2) cosh(ns) {Z cOs ( 2 9 1 sin

K1 — 1 -s(n-0)
e
2
(28)

—(Z2 + 4 s 2)e s(n 0)s i n 9 s m ( ^ — 9 )

+ 2s sin ( ^ 9 ) co sh (s(n — 9 )) +

K1 — 1 -s(n-0)
2

------------------------- I
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For even values of Z, uiz, uiiz, viz, and viiz are defined in Equations (29) - (32).
uiz(0)

1
hiZ(1 + w)
1

Uiiz (0 )

viz( 0) :

Viiz ( 0) =

diZ(1 + w)
1
hiZ(1 + w)

( k i + 1) cos ( ^ 0 ) — Zsin0 sin

— 0)

( k i — 1) sin ( ^ 0 ) — Zsin0 cos

— 0)

( k i — 1) sin ( ^ 0 ) + Zsin0 cos

— 0)

Z —2
'Z
M iz c r + ^ y [—(Ki + 15 cos ( 2 0) — Zsin0 sin
0)

(29)
(30)

(31)

(32)

These equations straight in the UEL created abnormalities in the displacements in
the elements around the crack. These abnormalities take the form of high and low
displacements as shown in Figure 4.11. These abnormalities are easier to see in the x
direction stresses, as the localizations of red and blue spots in the figure. Given the pure
tensile displacement, the left side of the plate should experience positive x direction
displacement (red) while the right side should experience negative x direction
displacements (blue). However, there are small areas on either side of the place that
experience the opposite sign of displacement. The y direction stresses experienced
similar localizations of opposite sign than expected as well. The y displacements above
the central plane should be positive (red) while the y displacements below the central
plane should be negative (blue). These abnormalities are due to residuals from the
enriched nodes bleeding over into the other nodes.
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Figure 4.11. The X and Y displacements of the Z rB 2 plate in pure tension.

Using the shifted basis enrichment smooths out anomalies in the results.(66) The
shifted basis enrichment subtracts the calculated solution from the nodal solution. This
allows for the enrichment values to disappear at the boundary nodes. The nodal equation
with shifted basis enrichment is given in Equation (33).

uh(x) = V

N i(x) u, + H (x)a , + V

11Z
U11?
21Z
f21z

f11node

f12Z

f21node
2

f22Z

W

f 12node
f 22node I k UJ

(33)

A comparison of the displacements with and without the shifted basis enrichment
is shown in Figure 4.12. Similar to the previous figure, without shifted basis enrichment,
the highest and lowest stresses are localized to around the crack tip instead of the edges
of the bar. The shifted basis enrichment smoothed out the displacements around the
crack by reducing the localizations by orders of magnitude to be closer to 0 mm. This is
due to the enrichment functions disappearing at the boundary nodes.
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Figure 4.12. X displacements of a plate of ZrB 2 in pure tension with a) no shifted basis
enrichment and b) shifted basis enrichment.

However even with the shifted basis enrichment, the displacements and stress
intensity factors did not match closed form solutions. The displacements along the crack
plane can been seen in Table 4.5. As the crack is centered in the plate, the x
displacement in the very center of the crack should be 0 mm and the y displacements
anywhere other than the center of the crack should be 0 mm. This holds true for all three
methods described. The x displacement values from the two codes have negative signs to
the right side of the center of the crack while the closed form solution does not. These
negative signs are expected and have a physical meaning of the material moving in the
opposing direction to the x-axis. The closed form solution does not take axes direction
into account. Most notably, while the displacements of the two code methods are similar
in value, there is no agreement with the closed form solution. In most cases, the codes
are around half the value of the closed form solution. Some of this mismatch could be
due to a reaction to the boundary conditions.
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Table 4.6 shows a comparison of the stress intensity factors between the different
methods tested and the closed form solution. The stress intensity factors as calculated by
the ABQMAIN subroutine from the previous simulations were closer to the closed form
solution. However, the new subroutine stress intensity factors as given by ABQMAIN
are significantly different, 0 M P am m 1/2 compared to the closed from solution of 76.5
M P a m m 1/2.
A closer look at the crack tip enrichment values revealed a similar problem as
seen for the twelve part enrichment function. Despite the boundary conditions for the
values to be consistent across all nodes, for higher values of n, the boundary conditions
fail and the values start to deviate from each other with no determinable pattern. Table
4.7 shows an example of these crack tip degrees of freedom. The equations were derived
again and checked in the code for any mistakes, but none were found.

Table 4.5. Comparison of the nodal displacements of original modification (UELi3
Baseline) and the shifted basis enrichment to the closed form solutions.

Node
1297
1298
1299
1300
1301
1302
1303
1304
1305

UELi3 Baseline
Ux
Uy

Shifted Basis
Ux
Uy

Closed Form
Ux
Uy

2.06E-05

0

3.61E-05

0

8.05E-05

0

2.19E-05

0

3.13E-05

0

5.70E-05

0

3.93E-05

0

2.95E-05

0

9.86E-09

0

2.04E-05

-6.73E-05

2.30E-05

0

5.70E-05

9.09E-05

0

7.73E-05

0

6.75E-05

8.05E-05

1.28E-04

-2.04E-05

6.73E-05

-2.30E-05

0

5.70E-05

9.09E-05

-3.93E-05

0

-2.95E-05

0

9.86E-09

0

-2.19E-05

0

-3.13E-05

0

5.70E-05

0

-2.06E-05

0

-3.61E-05

0

8.05E-05

0
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Table 4.6. Comparison of Mode I and Mode II stress intensity factors as calculated by
ABAQUS, the original modified code (UELi3), the shifted basis code (UELkn), and the
closed form solution.

KI

KII

Abaqus 79.5318 1.413672
UELi3 76.81206 -0.00054
UELkn
0
1.289
76.5
0
Closed Form

Table 4.7. The degrees of freedom of the stress intensity function enrichment around the
crack tip.
KI2

KII2

KI 3

KII 3

80 65

-80.65

-7.014

7.014

-571.6

-250.5

-6.872

270.5

80.65

-80.65

-7.014

7.014

-571.6

334.9

-6.872

2.. 195

80.65

-80.65

-7.014

7.014

-571.6

-153.6

-6.872

-185.7

80.65

-80.65

-7.014

7.014

-571.6

1297

-6.872

-185.7

80.65

-80.65

-7.014

7.014

-571.6

808.4

-6.872

2.. 195

80.65

-80.65

-7.014

7.014

-571.6

1394

-6.872

270.5
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5.

CONCLUSIONS AND FU TURE W O R K

5.1. CONCLUSIONS
In order to study the crack growth in ZrB 2-C architectures, the monolithic,
laminated, and fibrous monolithic architectures were modelled using different XFEM
methods. Both two-dimensional plates and three-dimensional bars were simulated using
the built-in XFEM implementation in the ABAQUS software. The plates were simulated
under pure tension conditions while the bars were simulated under bending conditions.
The fibrous monolithic specimen with regular hexagons experienced some crack
deflection, but no crack deflection was present in any of the other simulations. Instead,
the crack propagated straight through the material. Even though the crack deflection did
not follow expectations, the stress evolution in these structures was easier to see than
with the modifications using the user subroutines. Altering the fibrous monolithic
structure from regular to irregular hexagons changed the stress distribution in the entire
plate, with more of the plate seeing stresses above 490 MPa than just the area around the
crack tip. These insights could be useful in designing other architectures.
However, the basic XFEM implementation could not properly account for the
interaction between the two materials in these structures. Using user subroutines, nodal
solutions using an expanded asymptotic function to account for the bimaterial
interactions. This came with unique challenges as the ABAQUS software has limited
degrees of freedom available as well as limited space in its database files to store
information. Overcoming these challenges required defining the model as coupled
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temperature-displacement. Both Mode I and Mixed Mode cracks in a single material
were simulated. Both simulations showed favorable results with the calculated stress
intensity factors as being close to the closed form solutions within 5%.
Adding criterion for crack deflection was the next step, but the steps involved in
adding such proved to be too complex. Instead, a direct calculation of the stress intensity
factor in the nodal solution was attempted. These calculations did not provide stress
intensity factors close to the closed form solution, and as a further complication, the
nodal values did not follow the constraints set. A closer look at the nodal degrees of
freedom of the twelve part solution also revealed values orders of magnitude higher than
other nodal degrees of freedom. The source of these inconsistencies could not be found
within the code or the derived equations and may be related to ABAQUS’ built-in
definitions of the degrees of freedom.

5.2. FU TURE W O R K
Given previous studies’ use of XFEM to simulate crack growth in polycrystalline
materials and multi-phase steels, it can be modified to account for multi-material
architectures. The nodal enrichment equations (22) and (23) can be used to account for
the interaction of two materials at the interface. The criterion involved with determining
crack deflection is different for these architectures than the maximum principle stress
criterion, so on top of modifying the nodal enrichment equations, the strain energy
release rate criterion would need to be established to determine whether or not the crack
deflects into the interface. This is possible to integrate into an XFEM simulation.
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However, the ABAQUS software is not desirable to use for such simulations.
The software limits the amount of degrees of freedom available for different types of
models. At most, only twenty-six degrees of freedom available to use for a user element
subroutine, and all twenty-six are required for the twelve part crack tip solution.
Therefore, these methods could not be used for 3D models or simulations with changing
temperatures. Those simulations would require more degrees of freedom than allowed by
ABAQUS.
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