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ABSTRACT
Size separation of spherical and rod-like particles in Flow Field-flow
Fractionation was investigated theoretically. The effect of cross flow migration and rod
orientation was also investigated as a new mode of study. It has been shown that the rod
local orientation makes different diffusivity values in comparison with spherical particles
and helps particle separation. Additionally, a new mechanism of lift-hypelayer mode was
used for rod-like particles which can be compared with steric mode of spherical particles.
This mechanism is said to be due to hydrodynamic interaction of rod-like particle with
wall and with other rods.
As a measure of axial and cross flow velocity, Peclet number was defined in each
case with respect to spherical particle or rod-like particle. Based on different Peclet
numbers, operations were divided into four different regions each with a dominant mode.
Additionally, retention ratio of each particle category was calculated using concentration
profile and velocity profile. Summing up all the effects, the conclusion was drawn that
according to what size of particle to separate, one should choose proper axial and crossflow velocity together with proper mode of operation.
Finally, based on theoretical studies, it was concluded that shape separation of
rod-like particles is feasible for particles in micro size. However, for smaller particles
experimental investigation may be needed.
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1. INTRODUCTION

1.1. NANORODS
Nanorods are a kind of morphology with length ranging from 1 to 100 nm and
aspect ratio (length to diameter ratio) of 1.5 to 10 nm. They can be synthesized from
either metallic or non-metallic materials. One of the most important applications of
nanorods is in medical science. In this article, separation process for two major types of
nanorods including Gold Nanorods (GNRs) and Carbon Nanotubes (CNTs) is
investigated.
1.1.1. Gold Nanorods (GNRs). Gold Nanorods are important mostly due to their
optical properties. Rod-like nanoparticles of Au can be synthesized in a variety of
techniques each with specific advantages among which, the most popular is seed
mediated growth. In every synthesis technique, there always been unreacted materials
and impurities. As an example, while producing gold nanorods from spherical particles,
the product may be a combination of rods and spheres which needs to be separated. So,
separation techniques play an important role in nanoparticle science.
1.1.2. Carbon Nanotubes (CNTs). These kind of cylindrical nanostructures are
formed by the means of rolling very thin carbon sheets (thickness of an atom) called
graphene. Carbon nanotubes based on number of sheets rolled together concentrically,
are categorized to single-walled and multi-walled carbon nanotubes. There are number of
methods for synthesizing CNTs, like Arc Discharge, Chemical Vapor Deposition (CVD)
and laser ablation. Based on the synthesis method, various shapes and sizes of CNTs are
formed which need to be purified in order to be applicable.
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1.2. FLOW FIELD FRACTIONATION
Flow Field Fractionation (FFF) is a versatile flow-based separation technique.
Basis of this technique is on difference in diffusion coefficient of various particles inside
a suspension and force balance corresponding to each particle. In this method, a
suspension of samples is injected to a thin channel to pass in thoroughly. Meanwhile,
another field perpendicular to fluid flow is applied to the channel effecting particle’s
distance from the channel wall. The applied field can be a fluid flow, electrical field,
magnetic field or temperature gradient (thermal field).
During past decades, there has been a growing interest on separation of rod-like
particles using FFF. Application of asymmetric-flow field flow fractionation (A4F) were
investigated by Gigault et al. [1]. In their work, A4F was used in order to fractionate
positively charged particles and as a result, an optimized condition for carrier fluid was
determined. Application of asymmetrical flow FFF was also conducted by Runyon et al.
[2] for size (and shape) separation of nanorods. In this work, diffusion equations of
Aragon and Flamik for cylinders were used as an estimation for hydrodynamic
characteristics of nanorods for a variety of sizes and aspect ratios. This kind of FFF
method has been extensively used for separation of other cylinder-shaped particles like
single-wall carbon nanotubes (SWCNT) and multi-wall carbon nanotubes (MWCNT) [35]. As another method for separation of rod-like particles, one can name flow field-flow
fractionation. Chun et al. [6] used flow field-flow fractionation for separation of singlewall carbon nanotubes suspended in aqueous dispersions. Then, they compared
effectiveness of FFF separation with that of size exclusion chromatography (SEC) at
constant pre-defined “hydrodynamic length” characteristic. Applying both slender body

3
theory and prolonged ellipsoid theories, they concluded that the slender body theory is a
stronger theory for approximation of dynamics of SWCNTs. Giddings et al. [7] used flow
FFF for separation of DNA chain molecules. They have maintained use of different FFF
techniques by subject. As for DNA example, molecules with same weight but different
shapes (circular, linear or different in number of superhelical turns) cannot be eluted
using sedimentation FFF. Instead, because of difference in hydrodynamic diameter and
diffusion coefficient, flow FFF is a strong tool in this case. On the other hand, for
molecules with the same shape and different weight, flow FFF is not useful and one
should use sedimentation FFF. Accordingly, they focused on acquiring diffusivity
measures using flow FFF. As a result, they concluded first, the accurateness of diffusivity
coefficients measured by flow FFF and secondly, highly dependency of D coefficient on
channel thickness. Chen et al. [8] on the other hand, focused on differences between
SWCNT and MWCNT separation in flow FFF. They fractionated SWCNTs in normal
mode and MWCNTs in steric mode. As a conclusion, logarithmic relation between
retention volume and carbon nanotube length is a linear one for SWCNTs and nonlinear
for MWCNTs. While in case of MWCNT fractionation is affected by parameters like
diameter and rigidity, by increasing particle length the effect of length becomes
dominant.

1.3. SHAPE SEPARATION
Synthesis of nanoparticles can lead to a wide variety of particle shapes each with
different properties. These kinds of nanoparticles are never totally monodisperse, which
makes them unable to be applicable directly in many cases. As an example of shape and
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size dependent of properties, one can mention cytotoxicity of gold nanoparticles in which
certain sizes of gold nanoparticles can cause toxicity in cellules and organisms [9, 10].
1.3.1. Chromatography. This method is similar to FFF technique based on
having a mobile phase containing mixtures and fractionation based on particles mobility.
One particular type of chromatography which is used for size and shape separation is
called Size Exclusion Chromatography (SEC). Basis of this technique is on difference in
particle’s hydrodynamic volume. While mobile phase is moving through porous media,
small particles can pass stationary phase easily and then elute slowly. On the other hand,
larger particles go through accessible volume and elute faster. Al-Somali et al. [11, 12]
used a new technique of Recycling Size Exclusion Chromatography (RSEC) as a strong
technique for high resolution separation of materials based on size. In comparison with
traditional closed-loop techniques, they have shown that RSEC have better efficiency and
is capable of separating nanocrystals with only 6 Å difference in size.
1.3.2. Magnetic Field Separation. Nanoparticles can be separated based on
magnetic susceptibilities and size. This method can be used mainly for particles with size
more than 50 nm. At lower sizes, contribution of thermal diffusion and Brownian forces
on particle, makes this method almost inapplicable [13]. Yavuz et al. [14] used low
magnetic field gradient (<100 T/m) in order to separate differently sized magnetite
(Fe3O4) particles. They showed that this happens because of high field gradient present
as surface of nanoparticles. Rheinländer et al. [15] on the other hand, compared
fractionation of magnetic particles using Magnetic Fractionation (MF) with Size
Exclusion Chromatography (SEC). They got almost similar results for fractionation of
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nanoparticles using each technique but concluded that MF is a strong technique for
optimizing magnetic fluids regarding their application.
1.3.3.

Electrophoresis.This method is based on migration of charged particles

towards opposite-polarity electrode in an electric field. Dominating force affecting
particles in this method is the force by electrophoretic mobility, which depends on
applied field, and frictional forces which depend on particle shape and size (this is the
basis of using this method for shape separation). There are three major categories of
electrophoresis, which are Gel Electrophoresis (GE), Free Flow Electrophoresis (FFE),
and Isoelectric Focusing (IEF) electrophoresis. Hanauer et al. [16] used agarose gel
electrophoresis to separate rod-like particles of gold and silver from spherical and
triangular particles. In order to functionalize particles for this technique, they coated
particles with a charged layer of polyethylene glycol. They used Henry formula and the
Gouy-Chapman and measured a clear separation of same-size silver particles.
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PAPER

Theoretical analysis of the local orientation effect and the lift-hyperlayer mode of
rod-like particles in field-flow fractionation
Abstract: We investigated theoretically the effects of the cross-stream migration and the
local average orientation of rodlike particles on the shape-based separation using fieldflow fractionation. The separation behavior was analyzed by comparing the retention
ratios of spheres and rods. The retention ratio of a rod was evaluated through the
derivation of its cross-sectional concentration profile by considering the rod migration
and the local average orientation. Our study in various flow conditions showed that the
rod migration, caused by the hydrodynamic interaction with a wall, can affect the
separation behavior as a lift-hyperlayer mode. We also demonstrated that the local
average orientation, which is a function of a local shear rate and a rotational diffusivity,
results in the transverse diffusivity which is different from its perpendicular diffusivity.
These results suggest that the experimental separation behaviors of rods in field-flow
fractionation may not be fully explained by the current theory based on the normal mode
and the steric mode. We also characterized each condition where one of the normal mode,
the steric mode of spheres, and the lift-hyperlayer mode of rods is dominant.
Keywords: field flow fractionation, lift-hyperlayer mode, hydrodynamic interaction,
particle shape separation, slender body, rodlike particles
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1. INTRODUCTION

As an increasing number of studies on the application of rodlike nanoparticles,
such as single walled carbon nanotubes (SWNTs) or gold nanorods (GNR), have been
performed, various methods for producing these nanorods have also been developed
[1,2]. As the desired physical properties of nanorods are usually dependent on their
shapes, there has been growing attention on the development of shape-based separation
or characterization methods for rodlike particles. Various methods, such as self-assembly
[3], centrifuge, chromatography and electrophoresis (references herein [4]), have been
proposed for GNR shape separation. However, in this study, we are especially interested
in the theoretical investigation of the shape separation of rods from spherical particles
utilizing field-flow fractionation (FFF) [5].
A fundamental principle of the FFF separation is demonstrated in Fig. 1.A. While
a particle mixture is flowing in the axial flow in the FFF channel, the cross force pushes
the particles towards the bottom of the channel (“accumulation wall”). However, the
cross force encounters an opposing force so that the particles can be distributed further
away from the wall. Since the axial flow has a parabolic velocity profile, the particles
with the stronger opposing force tend to be distributed in a higher velocity region, which
results in the faster elution [5]. Therefore, the desired particle separation using FFF
requires the careful selection of the type of the cross force field and the “mode” of the
opposing force. In this study, we focus only on the Flow-FFF (Fl-FFF) where a cross
flow is used as a cross force field. As the opposing forces, we do not consider only the
normal mode and the steric mode, as in the previous studies, but also the lift-hyperlayer
mode.
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The “normal mode”, which is a basic mechanism in the size separation, can be
used in the shape separation. Assuming that a particle is spherical and its concentration is
dilute, a smaller particle has a larger isotropic diffusivity (a stronger opposing Brownian
force) by the Stokes-Einstein equation,

(DO is a diffusivity of the sphere, kB is the Boltzmann’s constant, T is an absolute
temperature,  is the solvent viscosity, and ro is the sphere radius). Therefore, nonspherical particles are usually assumed as spheres with the same volume. However, if a
particle shape is radically different from a sphere, its anisotropic diffusivity must be
considered. It can be assumed that a non-spherical particle still behaves like a sphere with
DO as long as the value of its diffusivity in the transverse direction, DX, equals DO, as
demonstrated in Fig. 1.B. Under this assumption, the size of a non-spherical particle can
be characterized by the equivalent radius, req, which is the radius of a spherical particle
with DO=DX. Equating Eq. (1) with DX will obtain the relation between req and DX,

Therefore, the relation between the elution time and req for the normal mode FFF
would be also a monotonically increasing function. This also implies that particles with
different shapes can be separated by the normal mode FFF as long as they have different
req. For example, this principle was applied to SWNT separation using asymmetrical FlFFF (A4F) [6]. Chun et al. [7] characterized SWNTs according to their lengths by
comparing the elution times of each fraction of SWNTs with those of spherical particles
with known sizes.
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Figure 1. A) schematic diagram of a Flow-FFF channel and spheres/rods with D0=D⊥ in
different operating modes B) the normal mode with a rod aligned in the axial flow
direction, C) the steric mode, D) the normal mode with a rod with Brownian rotation, and
E) the lift-hyperlayer mode. The arrows on the particles represent the opposing forces in
each mode.
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The “steric mode” is also important in shape separation. When the cross flow is
strong enough to suppress the diffusion, particles flow almost on the wall surface.
Therefore, a particle of which configuration enables closer location to the wall is eluted
later. It was shown that there exists a condition where the elution order of sphere size
becomes reversed in a graph for the elution time and ro [5]. However, a simulation by
Phelan and Bauer [8] has shown that the trend for the relation between elution time and
req of rodlike particles does not show the steric inversion as in that of spheres with ro=req.
This is because the possible configuration on the wall is different according to the shape.
For example, as shown in Fig. 1.C, a rod in an axial flow with high velocity is aligned
near the surface so that the closest possible position from the wall is one half of the rod
diameter, d/2, which is much smaller than ro=req. Note here that Beckett and Giddings [9]
also performed a more rigorous analysis on the rod steric effect.
As we have reviewed, the normal mode and the steric mode have been applied to
the shape separation so far. The recent works using A4F [4,10,11] reported the successful
separation of gold nanorods by aspect ratio, A=L/d (a ratio between a rod length and a
diameter) using A4F. However, there still exist experimental results, such as the elution
order according to A, which are not clearly explained by the current theory based on the
normal mode and the steric mode [10]. The motivation of this work is to advance the
theory for the shape separation in FFF by considering the differences in particle dynamics
according to shape in a more rigorous way. Our analysis includes the local average
orientation and the transverse migration of rodlike particles, which are not considered in
the previous works [7-9].
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The concept of the local average orientation of non-spherical particles was
introduced to the FFF analysis by Gajdos and Brenner [12]. However, it has rarely been
applied in later studies. Chun [7] as well as Phelan and Bauer [8] chose the value of DX of
a rod as its perpendicular diffusivity, D, which is for the diffusion in a perpendicular
direction to its principal axis. They assumed that a rod is aligned in the axial flow
direction and DX is constant as D under a low retention time condition. However, it has
been shown that Brownian rotation of a rod makes its orientation not perfectly aligned in
shear flows and results in the average orientation being dependent on the shear rate [1315]. Moreover, the shear rate, ̇ , in the parabolic flow is dependent on the x-position.
Consequently, DX of a rod is not equal to D, nor constant in the transverse direction.
Therefore, we evaluated DX as a function of position by considering the local average
orientation of a rod, as demonstrated in Fig. 1.D, to include this effect in our analysis.
We also included the transverse migration effect, as another opposing force, to
consider the “lift-hyperlayer mode”, as in Fig. 1.E. Based on rod migration theory [1618], the hydrodynamic interaction between a rod and a wall can induce transverse motion
of a rod in some conditions. Since this mechanism is unique to rods, not to spheres,
identifying the condition to affect the separation behavior can be applied to shape
separation. It is noteworthy that Chun [7] referred to only a minor effect of the
hydrodynamic interaction [19], compared to the migration theory [16-18] developed
further, for justification of the rod alignment.
We will demonstrate how to evaluate the concentration profile of rods considering
the local orientation and the migration. Using the profile, the retention ratios of
rods/spheres will be evaluated to discuss the feasibility of the shape separation.
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2. THEORY & NUMERICAL METHODS

2.1. CONCENTRATION PROFILE
In this section, we will demonstrate how to derive the concentration profile of
rodlike particles for each mode of the opposing forces. As shown in Fig. 1.A, there is a
rectangular FFF channel with its thickness, w, and its breadth, B. Here, we set a
coordinate system such that the axial flow direction is the y-direction, and the cross field
is applied in the negative x-direction. The accumulation wall surface is set as x=0 and the
opposite wall as x=w. It is assumed that B>>w to neglect the z-direction effect. It is also
assumed that the flow is Newtonian and in the Stokes-flow region. Note here that we only
derive the steady state concentration profile by considering only the effect in the xdirection. Therefore, the peak dispersion will be considered in our future work.
It was shown that the concentration profile of a solute in the transverse direction,
c(x), can be derived by balancing the cross force and the opposing force [5]. For the
normal mode of Fl-FFF, the flux of a particle in the x-direction, Jx, can be expressed with:

Here, the first term on the right hand side represents the cross flow effect with a flow rate
of Ux and the second term describes the opposing Brownian force with DX. When those
two forces are balanced, the flux becomes 0 and the concentration profile reaches a
steady state. The steady state c(x) can be obtained by solving Eq. (3) for Jx=0:
(

)

Here, co is the particle concentration at the accumulation wall. It is noteworthy that Eq.
(3) has an underlying assumption that the particle has a constant DX over the whole x-
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position. However, the diffusivity of a non-spherical particle is in a tensor form which
can describe the dependency on its configuration, which is also determined by ̇ and the
Brownian rotation.
The x-position dependency of the configuration of the non-spherical particle,
consequently DX, in FFF is due to the parabolic velocity profile of the axial flow field,
v(x), which can be expressed as:
〈 〉[

( ) ]

Here, <…> indicates an average over the cross section.
〈 〉

∫

The position-dependent ̇ can be obtained by differentiating v(x) over x:
〈 〉
̇

[

]

In this study, we investigated the effect of the rod orientation, which is dependent
on the x-position, on DX and the resulting c(x). To model a rodlike particle, we used a
slender-body theory [20]. Assuming that A is high enough, its diffusivity can be
approximated as the following tensor form:

(D is a diffusivity tensor,

is a resistance coefficient for a slender body, I is an

identity tensor, and p is a unit vector of a rod orientation). It was [12,16-18] assumed that
the rotational motion reaches its equilibrium much faster than that of the transverse
diffusion. Therefore, the local diffusivity values at each x-position can be obtained by
taking the orientation average of D. Since we do not consider the peak dispersion effect,
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the component of D in Eq. (8), which affects c(x), is 1+px2, where px is the x-component
of p. Taking the orientation average of the effective component of D, the flux balance in
the x-direction for a rod can be written as

Here, <<…>> is an orientation average using the orientation probability distribution
function, ,
∫
The expression for the steady state c(x) of a rod considering its local average
orientation can be obtained by solving Eq. (9) with Jx=0.
⁄

(∫

̅)

Here, ̅ is a dummy variable for the integration. Due to the position-dependent ̇ , as in
Eq. (7), the average orientation moment <<px2>> is not constant but also a function of xposition. Therefore, the integration in Eq. (11) requires the evaluation of <<px2>> in each
position.
Park [16-18] performed a Brownian dynamics simulation to evaluate the average
orientation moments as a function of the Peclet number for ‘shear’ flow in the axial
direction, PeS, which is defined as
̇

̇

The results were almost identical to the results from another approach by deriving

 [14,15]. Using Eq. (7) and Eq. (12), the average orientation moment as a function of

17
PeS can be converted into a function of the x-position. The converted results for an
example case are shown in Fig. 2.

Figure 2. The orientation moments as a function of x/w in a Fl-FFF channel for the
condition of req=1 m, A=100 as in Fig. 3.C.

In previous works by Chun [7] and Bauer and Phelan [8], the configuration of a
rod was assumed to be aligned only in the axial flow direction so that DX=D . In that
case, <<px2>> becomes 0 and Eq. (11) turns back to Eq. (4). Although they also assumed
that most of particles exist near the accumulation wall, Fig. 2 shows that <<px2>> still has
non-zero and the x-dependent values.
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According to the rod migration theory [16-18], for a Brownian rod under a shear
flow near a wall, the coupling of the average orientation and the hydrodynamic
interaction with a wall results in the rod migration away from a wall. This phenomenon
was observed experimentally [21] as well as numerically [22]. To include the transverse
migration effect in c(x), the rod migration velocity, [16-18], was added to Eq. (9).

Here, <<K>> represents the migration due to hydrodynamic interaction with a wall. The
detailed expression of this term is given as:
[

][

(

)

]
Note here that there are other average orientation moments <<pxpy>> and <<pypx3>> in
Eq. (14), of which the x-position dependency are also demonstrated in Fig. 2.
Additionally, <<>> is given by:

This term is related to a migration due to the anisotropic diffusivity effect, which makes a
Brownian rod migrate from a low shear region (the center of the channel) to a high shear
region (near a wall) [23,24]. As in the Eq. (9)~(11), Eq. (13) can be solved for the no flux
condition to get the expression for c(x) considering both the migration and the local
average orientation.
(∫

(

⁄

)

̅)
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2.2. NUMERICAL INTEGRATION
To get c(x) using Eq. (11) or (16) by integration, the average orientation moments
should be identified as functions of the x-position as in Fig. 2. Although the asymptotic
expressions for low and high PeS limits were also derived [16-18], analytical expressions
for the intermediate PeS region (240< PeS <12000) of the orientation moments are not
available yet. Therefore, the desired orientation moments should be estimated by linear
interpolation using the results from their Brownian dynamics simulation [16-18].
The numerical integration of Eq. (16) was performed by the trapezoidal rule. For
each integration point, a shear rate at that point was evaluated to be converted to local PeS
using Eq. (12). The integration was actually performed over the range between d/2 and wd/2, instead of 0 and w, in order to consider the steric effect by excluding the region
where rigid particles cannot be located. The same concept was used by Giddings [25].
Additionally, the value of c(x=d/2) cannot be directly evaluated by Eq. (16) because the
integration becomes 0. Therefore, c(x=d/2) is estimated by extrapolation using
c(x=d/2+x) and c(x=d/2+2x), where x is the integration point interval and its value
was set as smaller than d/2 to give convergent results.
The integration constant c0 corresponds to the wall concentration for normal mode
[5]. However, the wall concentration is not given for our analysis. Therefore, c(x), is now
modified as a probability distribution for the center of mass, c*(x)=c(x)/c0, by estimating
c0 as:
∫
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For convenience, the symbol * which indicates the center of mass distribution is dropped
for the rest of this paper. From this point on, c(x) is the center of mass probability
distribution function.
We also used the following parameters: w=250 m, T=293K, =0.001Pa.s, and
the fluid density, =1000kg/m3.

2.3. RETENTION RATIO
The separation capability can be characterized by a variable, called as retention
ratio, R, which is defined by:
〈
〈

〉
〉〈

〉

The physical meaning of R is the ratio between the average flow rate of the
eluting liquid and the solutes. For R~1, particles flow with the same velocity with <v>
while R=0 means no elution from FFF. The evaluation of R from Eq. (18) can be
performed by using Eq. (5) as well as c(x) either from Eq. (4), Eq. (11) or Eq. (16), which
can be chosen based on the types of particles: Equation (4) is used to obtain RS, defined
as R for a sphere. Equation (16) must be chosen to obtain RM, defined as R for a rod
considering the migration effect. Equation (11) can be used to obtain RR, defined as R for
a rod without considering the migration effect. The difference between RM and RR can be
used for indicating the emergence of the lift-hyperlayer mode. For example, if there is a
difference between RM and RR, the migration effect becomes dominant over normal
mode. RS also can be obtained analytically by using the expression for the steric mode of
spheres, derived by Giddings [25].
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[

(

)

]

Here, = req /w and =DO/(wUx).
The errors between the results from the numerical integration of Eq. (18), with
Eq. (4) and Eq. (17), and from Eq. (19) were less than 0.1%. In this study, RS from Eq.
(19) is used for comparison with RM.

3. RESULTS

We calculated RS, RM and RR as a function of req with varying A, Ux, and a Peclet
number in terms of the ‘axial’ flow rate, PeX=<v>L/D to investigate how the rod
orientation and the rod migration make a difference between spherical and rodlike
particles with the same diffusivities, Do=D. Since we chose to use Eq. (8) as the
expression for the rod diffusivity, the particles with the same diffusivity condition can be
written as:

For each req, the rod lengths, L, both for A=10 and A=100 were calculated using the Eq.
(20) so that the effect of A would also be investigated. Based on the rod migration
analysis [16-18], the rod migration becomes obvious at high flow rates of PeS >1200. The
effect of the axial flow rate on the lift-hyperlayer mode of rods was investigated for the
conditions of PeX =12000 and 60000. The values of <v> and req were selected for the
chosen PeX as well as for satisfying the Stokes-flow condition (

〈 〉

< 0.1). As

indicated by Giddings, Eq. (19) shows the steric inversion as the req increases. Hence, we
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chose two values of Ux: Ux=510-8 m/s and Ux=510-7 m/s for a normal and a steric mode
dominant condition, respectively. The results are shown in Fig. 3.

Figure 3. Comparison of R values as a function of req. A) PeX=12000, Ux=510-8 m/s, B)
PeX=12000, Ux=510-7 m/s,
C) PeX=60000, Ux=510-8 m/s, and D) PeX=60000, Ux=510-7 m/s.

Figure 3.A shows the results from the condition of PeX=12000 and Ux=510-8
m/s. As the req increases, RS decreases until req=2.5 m and slightly increases again at
req=5 m due to the steric inversion. The retention ratios of rods also decrease with
increasing req. For the particles of req<0.5 m, all the retention ratios of rods are similar
but their actual values are slightly larger than RS (the difference is not clearly seen in the
figure). An explanation of this is that the rod migration effect is not strong but the
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orientation effect causes non-zero <<px2>> to make DX slightly larger than D. For the
particles of req>0.5m, the difference between RM and RR becomes larger with increasing
req. This indicates that the lift-hyperlayer becomes more obvious in that range of req. The
difference between RS and RR is due to the difference in the steric effect, as discussed by
Phelan and Bauer [8]. However, the similar RM and RS are explained by comparison of
c(x) in Fig. 4.A. The maximum value of c(x) of rods is located at a similar position
(x=req) of the maximum value of c(x) of spheres because the rod can only migrate as
much as the distance of req in this condition. The stronger migration effect at larger req
can be explained in terms of the migration coefficient L/ln(2A) in the migration term, Eq.
(14) and <PeS>, the mean PeS, which can be derived using Eq. (10) and Eq. (12):
〈

〉

〈| ̇ |〉

〈 〉

As req increases while maintaining the same D and A, L also gets larger resulting in an
increase of <PeS> as well as the migration coefficient. Additionally, the migration
coefficient also explains why the effect of A on the RM is found to be weak: An increase
of A with the same D increases L but the term ln(2A) in the denominator also increases
slightly.
Figure 3.C shows the results from the condition of PeX=60000 and Ux=510-8 m/s.
Since only the values of <v> were increased from the previous condition of Fig. 3.A, the
stronger effect of the rod migration can be observed: The gap between RM and RR
becomes much larger because <<px2>> becomes smaller to decrease RR and rods migrate
further away from the wall so that RM value exceeds RS (Fig. 4.A). Interestingly, we can
find a "lift" inversion point around req~2 m where rods with larger req can be eluted
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faster in the condition since this inversion is due to the lift-hyperlayer mode not steric
mode.
Figure 3.B shows the results from the condition of PeX=12000 and Ux=510-7 m/s.
Increased Ux results in the trend of the steric mode where RS increases with increasing req
after the inversion around req=0.5 m. As in the case of Fig. 3.A, the retention ratios of
rods were all similar for req<0.2 m and show a slight lift-hyperlayer mode for req >0.2
m. However, the migration effect is not enough to push the rods away from the wall as
much as the steric exclusion of spheres from the wall. It is interesting to note that even
the steric inversion of the rod with A=10 is observed around req=1 m.
Figure 3.D shows the results from the condition of PeX=60000 and Ux=510-7
m/s. Increased PeX results in the increased RM as well as the lift inversion around req=1
m. For req<1.5 m, the lift-hyperlayer mode slightly prevails over the steric mode.
However, the steric mode becomes much stronger than the migration effect at req>1.5 m
(Fig. 4.B). We also note that the anisotropic diffusivity migration [23,24] was not
observed in the conditions of this study, where most particles are distributed near a wall
and <PeS> values are high. An explanation of this is that the anisotropic diffusivity
migration only affects the distribution near the center of the channel in high <PeS>, as
discussed in the rod migration theory [16-18]

4. DISCUSSION

As shown in Fig. 3 and Fig. 4, although rods and spheres have the same D and
DO, they can have different RM from RS in FFF separation. Besides the difference of the
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steric inversion between rods and spheres, identified by Phelan and Bauer [8], we have
shown that the local orientation effect and the rod migration effect can also make the
difference among the retention ratios. We will discuss how to characterize the conditions
where each effect is dominant.

Figure 4. Concentration profiles of rods with A=100 and spheres in Fl-FFF: A)
PeX=12000 and 60000, Ux=510-8 m/s, req=5 m, and B) PeX=60000, Ux=510-7 m/s,
req=0.5 m and 5 m.
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We introduced the following new Peclet numbers based on the ‘cross’ flow rate
for ‘spheres’ and ‘rods’, respectively:

The steric inversion of a sphere happens around PeCS~1, by reinterpreting the
analysis by Phelan and Bauer [8]. Likewise, analyzing the results of RR in Fig. 3.C can
easily find that the steric mode of rods becomes dominant when PeCR>>1 as well as there
is no migration. Additionally, the effect of the lift-hyperlayer mode of rods becomes
obvious and results in larger RM than RR around <PeS> >1200, as predicted in the rod
migration theory [16-18].
For the condition of PeCS>1 and <PeS> <1200, the steric mode of spheres
becomes dominant so that spheres are eluted faster (RS>RM). However, when both the
steric mode of spheres and the lift-hyperlayer mode of rods becomes effective for PeCS>1
and <PeS> >1200, there is a cross-over between RS and RM, as shown in Fig. 3.C. We
discovered that this cross-over can be characterized by the ratio between <PeS> and PeCS,
which are characterizing each mode. As shown in Fig. 5, the cross-over in Fig. 3.D
closely matches the point where <PeS>/PeCS=9ln(2A)<v>L/Uxw reaches approximately
2400. This ratio seems to characterize how much stronger the rods migrate away from a
wall against being pushed towards the wall by the cross flow. We guess that the value
2400 is related to the order of magnitude of <PeS>=1200, where the lift-hyperlayer
becomes effective.
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Figure 5. Identification of the cross-over of lift/steric mode by <PeS>/(2400PeCR) and
RM/RS as a function of req for the condition in Fig. 3.D. Ratios lower than 1 indicates that
the steric mode is dominant.

For the normal mode only the condition of PeCS<1 and <PeS> <1200, only the
orientation effect, causes slightly larger RM than RS due to the non-zero <<px2>>. Using
this result, the length estimation of SWNTs by Chun [7], which assumed only the aligned
configuration, can be improved. Based on our model, the lengths of SWNT are calculated
to be 40% longer than the results from the assumption of the aligned configuration.
However, the lengths measured by light scattering were shorter than the lengths evaluated
from the assumption [7]. Additionally, the Brownian dynamics simulation also showed
that the elution of spheres was slightly faster than that of rods for normal mode [8]. As
already discussed by Phelan and Bauer [8], this discrepancy is conjectured to be
attributed to how to deal with the dynamics of rods contacting with a wall. We can claim
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that the discrepancy is at least not due to the local orientation or the migration. Further
studies on Brownian dynamics simulation considering more rigorous modeling of
interaction between rods and a wall, including the comparison with the rod steric
correction [9], is required to resolve this issue. Experimental confirmation based on
rodlike particles with the well-characterized length must be accompanied, too.

5. CONCLUDING REMARKS

We investigated the FFF separation of rods and spheres which have the same
D=DO. Previous studies [7,8] are based on the assumption that rods are aligned in the
axial flow direction and the rods and spheres with D=DO show the same dynamic
behavior for normal mode. However, our study considered the local orientation and
included the rod migration for more rigorous analysis. The results have shown that
separation behaviors of rods and spheres can be different according to the FFF
conditions.
We characterized the conditions where each mode becomes dominant and
identified the separation behavior in each condition. Rods will have the smaller elution
time for the case of PeCS<1 and <PeS> >1200 as well as the case of <PeS>/ PeCS>2400,
where the lift-hyperlayer mode of rods is dominant. Rods are also predicted to be eluted
faster, but only slightly, for the case of PeCS<1 and <PeS> <1200. This is because the
normal modes for both spheres and rods are dominant but the orientation effect slightly
increases the diffusivity of rods. The elution of spheres will happen earlier for the case of
PeCS>1 and <PeS> <1200 as well as the case of <PeS>/ PeCS <2400, where the steric
mode for spheres is dominant.
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The theoretical analysis in this study can be used for the advancement of the
shape separation of micro/nanoparticles using FFF. Examples include the design of the
shape separation methods, the correction to length characterization of rodlike particles,
and the interpretation/prediction of the experimental observations. Further simulation and
experimental studies must be accompanied for the improvement as well as the
clarification of the discrepancy from the previous studies [7,8,10].
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APPENDIX

Figure A.1. PeX-req diagram indicating the dominant separation modes of a rod with A=10
with varying PeCS.



Region nS: non-Stokes flow condition



Region N (PeCS<1 and <PeS> <1200): normal mode condition



Region H (<PeS> >1200): lift-hyperlayer mode condition with sub-regions of


Region H0 (PeCS<1 and 1200< <PeS> <2400)



Region H1 (PeCS =1 and 2400< <PeS> <4800)



Region H2 (PeCS =2 and <PeS> >4800).
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In section 4, we discussed the conditions where each mode is dominant in terms
of Peclet numbers. In Fig. A.1, each separation criterion for a rod with A=10 is indicated
on a diagram in terms of PeX and req with varying PeCS.

Region nS: It corresponds to the condition where the Stokes flow assumption is not
valid. In this region, the inertia becomes effective to the particle motion, which gives
totally different dynamics from the scope of our study.
Region N (PeCS<1 and <PeS> <1200): It is the condition where normal mode is
dominant.
Region H (<PeS> >1200): If the value of PeX is below the region nS and the above the
region N, the lift-hyperlayer mode of a rod becomes effective in this region. However, if
spherical particles of the same req are mixed with rods, the separation behavior becomes
dependent on the competition between the lift-hyperlayer mode of the rod and the steric
mode of the sphere. Therefore, the region H can be divided into sub-regions according to
the cross flow condition, which can be characterized with PeCS.
Region H0 (PeCS<1 and 1200< <PeS> <2400): In this condition, the rods in lifthyperlayer mode are eluted faster than the spheres in normal mode.
Region H1 (PeCS=1 and 2400< <PeS> <4800): If the cross flow rate becomes higher, the
faster elution of rods is possible only for high enough PeX to overcome the steric mode of
the spheres. The border (green solid) line between the region H0 and the region H1
indicates the minimum value of PeX to prevail over the spheres under the cross flow of
PeCS =1.
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Region H2 (PeCS=2 and <PeS> >4800): As in Region H1, the value of PeX must be in
Region H2, or above the purple dot line, to achieve the faster elution of rods than the
spheres in steric mode under the cross flow of PeCS=2.
In summary, Fig. A.1. can be a guideline for the design of separation conditions
of rods and spheres in FFF considering the lift-hyperlayer mode of rods.
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