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Abstract Hypersonic boundary-layer flows over a circular cone at a moderate yaw angle can support strong
crossflow instability away from the windward and leeward rays on the plane of symmetry. Due to the more
efficient excitation of stationary crossflow vortices by surface roughness, a possible path to transition in such
flows corresponds to rapid amplification of the high-frequency instabilities sustained in the presence of finite
amplitude stationary crossflow vortices. This paper presents a computational analysis of crossflow instability
over a 7-degree half-angle, yawed circular cone in aMach 6 free stream. Specifically, the nonlinear evolution of
an azimuthally localized crossflow vortex pattern and the linear amplification characteristics of high-frequency
instabilities evolving in the presence of that pattern are described for the first time. Focusing on the azimuthally
compact vortex pattern allows us to overcome significant limitations of the prior secondary instability analyses
of azimuthally inhomogeneous boundary layer flows. A comparison between plane-marching parabolized
stability equations and direct numerical simulations (DNS) reveals favorable agreement in regard to mode
shapes, most amplified disturbance frequencies, and the N-factor evolution. In contrast, the quasiparallel
predictions are found to result in a severe underprediction of theN-factors. The most amplified high-frequency
instabilities are found to originate from Mack’s second mode waves sustained within the upstream region of
nearly unperturbed, quasi-homogeneous boundary layer.

Keywords Laminar-turbulent transition · Hypersonic boundary layers · Crossflow instability · Second mode
instability · Secondary instability · Yawed cone

1 Introduction

Boundary-layer transition from the laminar to a turbulent state is known to have amajor impact on the design and
performance of hypersonic flight vehicles. When the vehicle surface is relatively smooth, the transition process
is initiated by linear instabilities of the laminar boundary layer, including Mack’s second mode instability,
Görtler instabilities, stationary and traveling modes of crossflow instability, and the attachment line instability
[1–3].
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Regardless of the speed regime, linear stability correlations based on the primary instability mechanisms
have been reasonably successful in predicting the onset of boundary-layer transition when a single instability
mechanism dominates the transition process. However, in recent years, the limitations of this approach have
also become increasingly apparent in the case of crossflow-dominated transition in three-dimensional (3D)
boundary layers. Because the boundary-layer flows encountered in a majority of technological applications are
3D in nature, accurate prediction of crossflow transition has significant practical implications. Measurements
of crossflow instability in low-speed 3D boundary layers have shown that the onset of transition occurs only
after the primary crossflow instabilities have reached substantially large amplitudes so that appreciable portions
of the pretransitional boundary layer involve finite amplitude crossflow modes that evolve much more slowly
in comparison with the predictions of the linear stability theory [3,4]. The slow variation in the amplitude
of the quasisaturated crossflow modes also implies that an absolute amplitude criterion based on nonlinear
predictions of the primary crossflow instability would not be a robust predictor of the transition location [4].
The onset of transition in the presence of finite amplitude stationary crossflow vortices is usually initiated by
the rapid growth of secondary instabilities, and the measured transition locations in a low-speed, infinite-span
swept wing boundary layer have been found to correlate well with the linear growth correlations based on the
amplification of those secondary instability waves [4].

Even though the basic physics of the stationary crossflow instability remains the same at higher Mach
numbers, predictions of crossflow transition over high-speed configurations must tackle an additional source
of complexity. Whereas low-speed configurations such as the high aspect ratio wings of a subsonic transport
aircraft involve boundary-layer flows that are nearly homogeneous in the spanwise direction, the geometry of
most supersonic and hypersonic flight vehicles corresponds to a relatively slender configuration with an O(1)
or lower aspect ratio. Thus, the azimuthal inhomogeneity of the 3D boundary-layer flow must be taken into
consideration in predicting the evolution of the crossflow instabilities.

For boundary-layer flows that are homogeneous in at least one spatial dimension, such as the flow past
an axisymmetric body at zero angle of attack or a 2D/infinite-swept wing, the growth of linear perturbations
can be easily analyzed by invoking a Fourier ansatz in the homogeneous coordinate. A majority of boundary-
layer flows encountered in practical applications are fully three dimensional in nature, i.e., vary along both
coordinate directions parallel to the body surface. The boundary-layer flows over a yawed circular cone and
an elliptic cone represent canonical examples of such flows. The lack of flow homogeneity along either the
streamwise or the azimuthal direction results in both fundamental and practical challenges for linear stability
theory and its application to transition prediction. In particular, the modal ansatz for the perturbation field,
which decouples the various length scales (i.e., Fourier modes) along the azimuthal flow direction, is no longer
applicable in the case of such fully three-dimensional boundary layers. Even though a local modal ansatz
may be justified under the framework of classical stability theory for weakly nonparallel mean flows, the fact
that disturbance amplitudes evolve in both directions parameterizing the body surface makes it necessary to
invoke additional (and typically ad hoc) approximations to select a curvilinear trajectory for the integration of
disturbance amplification rates. These difficulties are further amplified in computing the nonlinear evolution
of primary instabilities and the ensuing growth of secondary perturbations.

The canonical high-speed configuration of a circular cone at nonzero yaw (or, equivalently, at a nonzero
angle of incidence) includes the necessary elements to study both crossflow development and mixed mode
transition in the context of both supersonic [4–12] and hypersonic [13–35] boundary-layer flows. Control of
crossflow transition via patterned roughness has been investigated viawind tunnel experiments inRefs. [36,37].
Instability mechanisms for the boundary-layer flow over an elliptic cone have also been investigated in Refs.
[20,38–56]. While the elliptic cone configuration supports similar instability mechanisms as the circular cone
at an angle of incidence, the details of the transition patterns can be rather different as noted by Berger et al.
[45].

Recent experimental measurements have established the presence of both stationary and traveling modes
of crossflow instability in 3D hypersonic boundary layers over cones. Oil flow visualizations [4] and surface
heat transfer measurements have revealed the relatively strong, axially elongated vorticity structures associated
with stationary crossflow instability. Measurements of unsteady surface pressure on an elliptic cone [51] have
yielded encouraging comparisons with the predictions of traveling crossflow instability by Li et al. [20].
Measurements of crossflow instability over a yawed circular cone in three different Mach 6 wind tunnels
have been reported in Refs. [21–26]. Besides a low-frequency peak between 15 and 60 kHz that was likely
to have been caused by traveling crossflow disturbances, the circular cone measurements from Refs. [21–24]
indicated higher-frequency peaks, particularly in the vicinity of 300 to 350 kHz. However, a lack of sufficient
detail in the measurements prevented them from establishing whether these disturbances were associated with
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Mack’s second mode instabilities in the underlying boundary layer over the yawed cone, or with the secondary
instabilities of finite amplitude crossflow instabilities in that boundary layer. Measurements by Craig and
Saric [25,26] revealed lower-frequency disturbances near 110 kHz, i.e., at higher frequencies than those of the
traveling crossflow disturbances of the unperturbed boundary layer.

Computations of secondary instability of crossflowmodes in a hypersonic boundary layerwere first reported
by Li et al. [30] for the case of a quasiperiodic, i.e., noncompact pattern of stationary crossflow vortices that was
computed by using direct numerical simulations. The predicted high-frequency secondary instabilities with
the highest growth rates had frequencies that were comparable to those measured in the experiments at the
Technical University of Braunschweig [21] and the Purdue University [22–24,34], but the computations had
also revealed the existence of less unstable modes with lower disturbance frequencies that were comparable
to those measured by Craig and Saric [26]. Recently, more detailed secondary instability analyses for large-
amplitude stationary crossflow vortices over the yawed cone were described by Li et al. [30–32] and Moyes
et al. [33]. These works have identified three major types of instability modes: those that originate from low-
frequency traveling crossflowmodes and high-frequencyMackmode instabilities of the unperturbed boundary
layer, but get modulated (and potentially further destabilized) by the presence of large-amplitude stationary
crossflow vortices; and genuine, high-frequency secondary instability modes that arise entirely due to the
presence of large-amplitude stationary crossflow vortices and are concentrated in the shear layer that bounds
those vortices. Secondary instabilities of crossflow vortices over the simpler configuration of a spanwise
homogeneous swept wing boundary layer at Mach 6 have been reported by Xu et al. [57,58], who identified
the role of the so called Type II secondary instability modes.

Li et al. [30] focused on the secondary instability of selected individual vortices from the crossflow vortex
pattern excited via an azimuthally periodic array of roughness elements upstream. Even though the disturbance
sourcewas azimuthally periodic, the resulting vortex patternwas stronglymodulated in the azimuthal direction,
with the strongest vortices locatedwithin the leeward half of the cone. To enable an application of the secondary
instability theory, each crossflow vortex of interest was rendered azimuthally periodic via detrending and
Fourier low-pass filtering. Thus, the cumulative effects of the azimuthal nonuniformity of the vortex pattern
are neglected in this analysis. In the present work, we build upon the prior research by Li et al. [30–32] by
addressing the other limiting case of a compact disturbance source, which leads to a commensurately compact
crossflowvortex pattern behind the source. Specifically, this paper is devoted to the computations of azimuthally
compact, stationary crossflow vortex packets over a 7-degree half-angle, yawed circular cone in a Mach 6 free
stream, namely, stationary crossflow vortex patterns generated by azimuthally localized roughness height
distributions and the characteristics of high-frequency secondary instabilities associated with those crossflow
vortex packets. Such analysis is important for both predicting and controlling the process of laminar-turbulent
transition over the cone, since roughness elements provide a potential means to control the transition process
initiated by stationary crossflow vortices.

By analyzing the secondary instability of the entire vortex pattern, we are able to avoid the ad hoc approx-
imation associated with local periodicity and, hence, provide an exact account of the interactions between
secondary instability perturbations across neighboring vortices. It is worth emphasizing that while the mod-
ulation of the noncompact vortex pattern in the work by Li et al. [30–32] was caused by the basic state
inhomogeneity, the modulated vortex patterns encountered in practice would likely reflect a combined effect
of the inhomogeneity of both the basic state and the forcing field as studied herein. Similar to Li et al. [30–32],
the present paper targets the high-frequency secondary instabilities, including the modes that originate from
the Mack mode instability as well as those that emerge from the otherwise stable part of the spectrum after the
stationary vortices have attained sufficiently large amplitudes. We address the effects of the crossflow vortex
modulation on the secondary instability via nonparallel predictions for the evolution of secondary instabilities
in the azimuthally inhomogeneous, three-dimensional boundary layer and a comparison between those predic-
tions and the DNS results. Related work may also be found in the earlier references [59,60]. In this context, we
also note that the effects of spanwise modulation of stationary crossflow vortices by a subharmonic stationary
mode were examined by Choudhari et al. [61] for a subsonic boundary layer over a swept airfoil. They showed
that even a weak modulation by the first subharmonic of the input stationary mode leads to a mode splitting
phenomenon that leads to a pair of secondary modes with somewhat different amplification rates and that are
concentrated within different individual vortex structures across the subharmonic wavelength. A somewhat
similar behavior is found in the present context as well.

The remaining sections of this paper are laid out as follows. A brief summary of the flow configuration of
interest is given inSect. 2,which also describes the analysis codes used in this study.Thegeneration of stationary
crossflow vortices via selected azimuthal distributions of roughness elements and the subsequent evolution of
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the generated vortices is considered in Sect. 3. Development of the secondary instabilities sustained by finite
amplitude, stationary crossflow vortices is outlined in Sect. 4 which also includes a comparison between the
DNS results and the predictions of parabolized stability equations (PSE). Summary and concluding remarks
are presented in Sect. 5.

2 Flow configuration and analysis codes

The flow configuration of interest corresponds to a yawed circular cone in a uniform, hypersonic free stream
(Fig. 1). The primary configuration for the Purdue experiments corresponds to a 0.457 meter (18 inch) long,
nominally sharp nosed cone (modeled with a nose radius of 10−4 times the cone length) with a half angle
of 7 degrees and a yaw angle, α, equal to 6 degrees. The freestream conditions correspond to a free-stream
Mach number of M∞ = 6, unit Reynolds number Re = 10.8 × 106 per meter, and free-stream temperature
T∞ = 52.44K. The freestream velocity at these conditions corresponds toU∞ = 870.9m/s. The temperature
of the model surface, Tw, is equal to 300 K. The above flow configuration is identical to that used by Li et al.
[30,31] and the same computational mesh and basic state solution from those studies are used in the present
work as well. For the sake of completeness, the details of the computational scheme are repeated below.

The working fluid is assumed to be perfect gas (air) and the usual constitutive relations for a Newtonian
fluid are used: the viscous stress tensor is linearly related to the rate-of-strain tensor, and the heat flux vector
is linearly related to the temperature gradient through Fourier’s law. The coefficient of viscosity is computed
from Sutherland’s law, and the coefficient of thermal conductivity is computed by assuming a constant Prandtl
number Pr = 0.71. The unperturbed boundary-layer flow over the cone is computed using the VULCAN-
CFD (Viscous Upwind aLgorithm for Complex flow ANalysis) software [62]. The code solves the unsteady,
conservation equations appropriate for laminar or turbulent flow of calorically or thermally perfect gases with
a spatially second-order accurate cell-centered finite volume scheme. In the present computations, the inviscid
fluxes were constructed using the MUSCL κ = 0 scheme, the van Albada gradient limiter [63], and the low
dissipation flux split scheme (LDFSS) of Edwards [64,65]. The cell face gradients required to construct the
viscous fluxes were obtained using an auxiliary control volume approach that results in a compact viscous
stencil that produces a second-order accurate approximation of the full Navier–Stokes viscous fluxes. In
previous work, similar computations of the mean flow over an elliptic cone configuration were cross-validated
against the solutions obtained with the LAURA code [66] for various grid sizes [18]. Additional grid sensitivity
analysis for the present flow configuration is reported by Li et al. [31].

The evolution of stationary crossflow disturbances in the boundary-layer flow is computed by using the
basic state obtained from the VULCAN solution described above. The stationary crossflow vortices are excited
via an array of axially localized roughness elements centered at X = 0.18m. The streamwise shape of the
roughness elements corresponds to a half-wavelength cosine shape with an axial wavelength of 0.008 m and
a peak height perturbation of 5μm. Different azimuthal distributions of roughness height are used, including
an azimuthally periodic forcing with a single azimuthal wavenumber of n = 60 (where n denotes the number
of vortex wavelengths across the full circumference of the circular cone) and various localized azimuthal
distributions obtained by windowing the periodic distribution over one half wavelength, one wavelength, three
wavelengths, and five wavelengths, respectively. The choice of roughness parameters used herein enables one
to approximate the observed spacing and the strength of nonlinear crossflow vortices as gauged by the rollup of
mass-flux contours across the cross section and the spatial region (axial and azimuthal locations) of vorticeswith
sufficiently large amplitudes. Given this limited purpose of the roughness array, we invoke the assumption of a

Fig. 1 Schematic of the yawed circular cone (left: top view, right: rear view)
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suitably small roughness height to transfer the boundary condition from the actual geometry of the roughness
elements to the underlying smooth surface. This amounts to imposing nonzero velocity perturbations and a
modified surface temperature based on a linear Taylor series approximation to the unperturbed (i.e., smooth
surface) boundary-layer profiles, allowing the no slip condition on the rough surface to be satisfied to the
leading order in the regular perturbation approximation [67].

The stationary crossflow disturbances are computed by using a high- order discretization that will be
referred to as the DNS solution for simplicity. A detailed description of the governing equations and their
numerical solution via the DNS code is given by Wu et al. [68]. The inviscid fluxes from the governing
equations are computed using a seventh-order weighted essentially nonoscillatory finite-difference WENO
scheme introduced by Jiang and Shu [69], with the WENO adaptation turned off for optimal resolution of the
high-frequency secondary instabilities. Both an absolute limiter on the WENO smoothness measurement and
a relative limiter on the total variation are employed simultaneously during the simulation. The viscous fluxes
are discretized using a fourth-order central difference scheme, and time integration is performed using a third-
order low-storage Runge–Kutta scheme [70]. The numerical code has been previously applied to simulation
of turbulence in hypersonic boundary layers [71,72] as well as laminar-turbulent transition due to crossflow
instability in swept wing boundary layers [73,74]. The lessons learned from these simulations were applied to
develop the computational grid for stationary crossflow evolution in the present work.

The primary instability computation is performed on a grid consisting of 600 × 1200 × 140 points in
the axial (X), azimuthal (ϕ), and wall-normal (Y ) directions, respectively. Without any loss of generality, the
stationary crossflow disturbances are assumed to be symmetric about the windward and leeward planes, so
that only one half of the circular cone was included in the computational domain. The grid points are spaced
uniformly in the azimuthal direction. For select cases, the numerical accuracy of the basic state calculation
was verified by Li et al. [30–32] via computations on a finer grid with significantly higher resolution in the
azimuthal and radial directions. Additional calculations for similar configurations had also established that
the grid spacing in the axial direction is adequate for the purpose of computing the evolution of the crossflow
vortices.

Choudhari et al. [59] had investigated the secondary instability of the finite amplitude stationary crossflow
vortices emanating from an azimuthally compact source. They reported quasiparallel, spatial predictions that
were based on a planar eigenvalue analysis as first described by Li and Choudhari [75,76] for the case of a
periodic pattern of crossflow vortices in infinite-span swept wing boundary layers. For an azimuthally periodic
source that leads to a quasiperiodic pattern of crossflow vortices in the downstream region, Li et al. [30,31] had
employed both quasiparallel predictions and a nonparallel framework based on plane marching parabolized
stability equations (PSE) as described by Paredes et al. [77–79]. For cases involving a quasiperiodic vortex
behavior (which applies both when a periodic roughness array extends around the entire circumference of the
cone and to the vortex/vortices near the center of a sufficiently wide vortex pattern in cases where the periodic
roughness array is truncated to a noncompact azimuthal width), the basic state for each individual vortex can
be made azimuthally periodic via a combination of detrending and Fourier low-pass filtering and then used for
local secondary instability computations. For further details of the procedure used for secondary instability
analysis in this case, the reader is referred to the earlier works by Li et al. [30–32]. In the opposite limiting
case that corresponds to a sufficiently compact vortex pattern (i.e., where the entire pattern is limited to a small
number of vortices that are nearly parallel to each other), the basic state for secondary instability must include
the entire pattern at a given axial location. To set the stage for the stability results presented in Section IV, we
now provide a summary of the methodology used to predict the disturbance evolution characteristics.

The secondary instability of the compact vortex pattern due to the single-wavelength forcing is studied
with the local, quasiparallel spatial eigenvalue problem (EVP) analysis and the nonparallel plane-marching
parabolized stability equations (PSE). The vector of fluid variables, q = (ρ, u, v, w, T )T , is decomposed into

q (x, y, z, t) = q̄ (x, y, z) + q̃(x, y, z, t), (1)

where q̄ = (ρ̄, ū, v̄, w̄, T̄ )T is the vector of basic state variables and q̃ = (ρ̃, ũ, ṽ, w̃, T̃ )T is the vector
of perturbation variables. The coordinates (x, y, z) denote a curvilinear, orthogonal, body-fitted coordinate
system, where x denotes the distance along the cone meridian at a fixed azimuthal angle ϕ, y denotes the
wall-normal distance from the cone surface, and z represents the azimuthal direction.

In the context of the local, quasiparallel eigenvalue problem (EVP), the basic state and perturbation variables
are assumed to be locally independent of x . Therefore, the perturbations are assumed to have the form

q̃(x, y, z, t) = q̂(y, z)exp[i(αx − ωt)], (2)
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where ω = 2π f is the circular frequency, f is the frequency of the perturbation, and α is the complex
streamwise wavenumber, with its real part denotes as αr = 2π/λx and the imaginary part is αi = −σ , where
λx is the local streamwise wavelength of the disturbance and σ is the local growth rate of the perturbation.
Substituting Eq. (3) into the linearizedNavier–Stokes equations, a generalized EVP is obtained that is quadratic
in the eigenvalue α. The companion matrix method can be used to reduce the quadratic terms in α and obtain
the linear EVP,

Âq+ = αB̂q+, (3)

where ̂q+ = (ρ, u, v, w, T, αu, αv, αw, αT )T . The generalized EVP is solved either with the Arnoldi algo-
rithm combined with a shift-and-invert strategy to calculate a number of eigenvalues on the vicinity of a
selected complex value [80,81], or to compute a single eigenvalue with the inverse Rayleigh iteration method
[82].

The nonparallel effects are considered in the plane-marching PSE by using the following ansatz for the
perturbation field

q̃(x, y, z, t) = q̂(x, y, z) exp

[

i

(∫

α
(

x∗) dx∗ − ωt

)]

(4)

where the unknown, streamwise varying wavenumber α (x) is determined in the course of the solution by
imposing an additional constraint

∫

z

∫

y

q̂ H ∂q̂

∂x
dy dz, (5)

which implies a slow variation of the amplitude functions in the streamwise direction in comparison with the
phase term. Substituting Eq. (3) into the linearized Navier–Stokes equations and involving the scale separation
to neglect the viscous, streamwise derivate terms, the plane-marching PSE are obtained and can be written in
the following form

(

L + M
∂

∂x

)

q̂ = 0 (6)

The parabolic system of partial differential equations (6) is solved by marching along the streamwise direction
together with the normalization condition of Eq. (5). The initial condition q̂0 = q̂(x0, y, z) and α0 = α (x0)
is given by the quasiparallel EVP solution at the streamwise location x0 that corresponds to the location just
upstream of the neutral location of the selected mode. The Arnoldi algorithm is used to select the mode at an
unstable location, and the inverse Rayleigh iteration method is used to calculate the instability mode at the
consecutive upstream locations until the mode becomes stable. The PSE marching is initiated near the lower
branch neutral location by using an initial disturbance profile obtained from the EVP analysis. A more detailed
description of the EVP and the plane-marching PSE methodologies is given in Refs. [77–79].

The disturbance amplification is estimated using the logarithmic amplification ratio, also known as the
N -factor, relative to the lower neutral location xlb at which the disturbance first becomes unstable. Thus,

Nq (ω) = −
x
∫

xlb

αi
(

x∗, ω
)

dx∗ + ln
[

q̂(x)/q̂(xlb)
]

, (7)

where q̂ represents an amplitude norm of the disturbance at a given streamwise station, e.g., either the square
root of the disturbance kinetic energy integrated in the wall-normal direction or the local maximum of the
streamwise velocity fluctuation associated with a given disturbance. The disturbance kinetic energy is defined
as

̂ke =
∫

y

ρ
(

ûH û + v̂H û + ŵH ŵ
)

dy. (8)

The metric factors associated with the streamwise and azimuthal curvatures are defined as hx = 1 + κy and
hz = rb+y cos (θ), where κ denotes the streamwise curvature, rb is the local radius andϑ is the local half-angle
along the axisymmetric surface, i.e., sin (θ) = drb/dx . A three-dimensional coordinate transformation of the
form ξ = ξ (x) , η = η (x, y, z) , and ζ = ζ (x, y, z) is used to account for the boundary-layer growth and the
curvilinear vortex trajectory, where ∂ (q̄, q̃) /∂ξ � ∂ (q̄, q̃) /∂η, ∂ (q̄, q̃) /∂ζ. The discretization plane is kept
perpendicular to the streamwise direction with ξ = x . A fixed domain extent of [0, η∞], as well as a fixed grid
distribution along the η axis is used at all streamwise stations. The semi-infinite domain in η is truncated to
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η = [0, η∞], and the grid is clustered toward the wall by using the following one-dimensional transformation
from the uniformly spaced finite-difference grid η0 ∈ [−1, 1] to the grid distribution across η,

η = l
1 − η0

1 + s + η0
, s = 2l/η∞, l = η∞ηh

η∞ − 2ηh
,

where one half of the total number of wall normal grid points are included within η = [0, ηh]. The mapping
y (ξ) = η

√
ξ/ξ0 allows the grid extent along the physical y coordinate to expand with the boundary layer

growth in the downstream direction. The domain along the ζ axis has a constant extent, but the physical domain
extent in z is adjusted with the width of the vortex to ensure that is large enough to capture the secondary
instability modes at all streamwise locations. A uniform grid distribution is used across the domain; however,
whereas the ζ grid remains fixed at all streamwise locations, the domain along the physical z coordinate is
shifted with increasing ξ in order to follow the trajectory of the vortex:

z (ξ) = lvζ +
ξ
∫

ξ0

tan (ϑ (ξ)) dξ, (9)

where lv denotes the vortex width and ϑ (ξ) denotes the local angle of the vortex trajectory with respect to x.
It may be noted that the derivative matrix operators in the PSE are calculated using the three-dimensional

coordinate transformation as explained by Paredes [77]. For example, the derivatives with respect to the
streamwise direction x include the transformation terms,

∂q̃
∂x

= ∂q̃
∂ξ

+ ηx
∂q̃
∂η

+ ζx
∂q̃
∂ζ

,

and, given the separation of scales invoked in the PSE approximation, the ξ derivative can be expressed as

∂q̃
∂ξ

= ∂q̃
∂ξ

+ iαq̂

We end this section with an outline of the procedure used for the DNS of nonstationary instabilities
supported by the compact pattern of crossflow vortices. The stationary crossflow vortices excited via the surface
deformations represent convective instabilities and, therefore, a separate simulation involving an additional,
unsteady forcing is necessary to study the evolution of those nonstationary instabilities in the presence of
the finite amplitude, stationary crossflow vortices. Since the boundary-layer flow modified by the crossflow
vortices already includes short-scale azimuthal variations, the secondary instabilities can be excited by using
an unsteady surface forcing that is invariant along the azimuthal direction, but is localized within a narrow
streamwise slot that is centered at X0 = 0.28m. The time dependence of the wall-forcing function includes a
superposition of time harmonic signals comprised of multiple discrete frequencies from 20 kHz to 480 kHz at
an interval of 20 kHz. In particular, the forcing distribution corresponds to a nonzero surface-normal velocity
of

v′(X, φ, t)

U∞
= g(X)

∑n f

j=l
A j sin

(

2π f j t
)

(10)

at the cone surface, where f j = 20 × j kHz and n f = 24. The range of forcing frequencies is guided by the
earlier analysis by Li et al. [30–32] as well as by the results of local stability analysis presented in Section
IV. The streamwise distribution function g (X) involves the single-wavelength cosine variation, g (X) =
0.5 [1 + cos (2π (X − X0) /w)], where the slot width w is set equal to 1 mm. To reduce the computational
cost, the unsteady forcing location of X0 = 0.28 m is chosen to be somewhat downstream of the roughness
elements used to excite the stationary crossflow vortices. Given the large range of excitation frequencies,
the slot width is chosen to be sufficiently narrow so as to excite unsteady disturbances across a broad band
of wavenumbers that would couple into the unstable modes at the relevant frequencies. To investigate the
linear amplification of the secondary instabilities, a suitably small amplitude of the wall forcing is used, with
A j = 10−7for all j . Fourier decomposition of the time history from the output signal is used to analyze the
disturbance evolution at each selected frequency.

Finally, we note that white noise could have been used to define the temporal variation of the forcing
function; however, the purpose of this investigation was to study the amplification characteristics of secondary
instabilities in the frequency domain and that task is more efficiently accomplished by using the time harmonic
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forcing involving a mix of discrete frequencies. A white noise forcing would have required data accumulation
over a significantly longer time interval in order to allow accurate Fourier analysis of the data, whereas clean
predictions of spectral amplitudes can be obtained by using time harmonic forcing and by accumulating the
flow response over a single period of the lowest frequency. For instance, spectral analysis at frequencies from
120 kHz to 480 kHz in intervals of 40 kHz would only require the storage of simulation data over a single
period of 40 kHz.

3 Effect of azimuthal extent of roughness distribution on the crossflow vortex pattern

Computational results pertaining to stationary crossflow vortices in the boundary-layer flow over the cone are
presented in this section. As mentioned previously, the evolution of the quasiperiodic pattern of stationary
crossflow vortices due to an azimuthally periodic array of roughness elements was described by Li et al. [32].
Vortex patterns due to azimuthally compact distributions of roughness elements were first investigated by
Choudhari et al. [59]. The present paper includes a broader range of roughness configurations that help bridge
the gap between the limiting cases of azimuthally periodic and azimuthally compact forcing, respectively.

The periodic forcing case corresponds to a forcing wavenumber of n = 60. The latter wavenumber was
chosen to approximate the azimuthal wavelength of the crossflow modes found in the experiments of Craig
and Saric [26]. Farther downstream from the forcing location, the vortex structures, or equivalently, streaks
generated by the roughness patternmove toward the leeward ray and the streak spacing changes as a result of the
nonparallel-flow effects. Consequently, there is a pronounced difference between the larger vortex wavelength
near the sideline ray and the smaller wavelength on the leeward side.

The effect of the azimuthal extent of the roughness height distribution on the generated vortex patterns is
shown in Fig. 2, which shows the axial velocity contours at X = 0.4m for various selected roughness element
distributions. Figure 2a corresponds to the periodic forcing case [32], whereas Figs. 2d, e correspond to
azimuthally compact forcing where the periodic forcing is truncated to a single azimuthal wavelength and one
half of the azimuthal wavelength, respectively. The half-wavelength azimuthal distribution resembles a single
protuberance, whereas the single-wavelength distribution involves a protuberance and a dimple adjacent to
each other. Crossflow vortex patterns due to roughness distributions with intermediate azimuthal extents equal
to five and three azimuthal wavelengths are plotted in Figs. 2d, c, respectively.

As expected, the localized distributions generate considerably narrower crossflow vortex patterns (Fig. 2b,
e) compared to the vortex pattern due to an azimuthally periodic roughness distribution (Fig. 2a). Whereas
Fig. 2a for the periodic-forcing case displays at least 12 vortex structures, only three prominent vortex structures
are observed for the most compact roughness distributions in Figs. 2d, e. The azimuthal location of roughness
elements in the latter two cases was chosen such that the three dominant vortices excited by the azimuthally
localized roughness elements are approximately aligned with vortices 8 through 10 from the vortex pattern
excited by the periodic roughness height distribution as described in Ref. [32]. The location of vortex 10 from
the periodic roughness case is labeled as V10 in Fig. 2a, and for reference, it is also indicated in the remaining
parts of Fig. 2. For each of the roughness configurations considered in Fig. 2, the velocity contours associated
with the dominant vortices exhibit strong roll-up as reflected in the overturned contours at X = 0.4m, indicating
a highly nonlinear crossflow disturbance field at that location. As the roughness pattern becomes increasingly
compact, the number of clearly visible vortices within the overall pattern decreases in a monotonic fashion,
from nearly 12 in the periodic case (Fig. 2a) to eight for five-wavelength forcing, six for three-wavelength
forcing, four in the single-wavelength case, to three in the half-wavelength case (Fig. 2e). As the azimuthal
extent of the forcing is increased beyond the last configuration, the case of three-wavelength forcing is the
first to indicate the emergence of an apparently quasiperiodic behavior for the center vortices (Fig. 2c) and
the quasiperiodic nature extends to increasing number of vortices for the five-wavelength forcing (Fig. 2b)
and the periodic roughness array (Fig. 2a), respectively. The similarity of the dominant vortex evolution in
the three-wavelength and five-wavelength cases with that in the periodic-forcing case would become more
apparent from the subsequent comparison between the vortex amplitudes. Given the relatively smaller number
of vortices contained within the vortex patterns in Fig. 2d, e as well as the stronger inhomogeneity across
those patterns, those two cases will be referred to as the compact vortex patterns in this paper, and the stability
characteristics of these compact vortex patterns will be the primary focus in this work.

Amore sensitive detection scheme for the vortex structures excited by the various roughness configurations
is based on an automated analysis of the azimuthal distribution of the surface heat flux distribution. Any
perturbation quantity associated with a small-amplitude stationary crossflow disturbance has a quasi-periodic
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Fig. 2 Axial velocity contours at X = 0.4 m for roughness distribution with varying azimuthal extent. Parts a through e indicate
the half cone viewed from upstream, with the leeward ray at the top
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Fig. 3 Comparison of vortex characteristics associatedwith different azimuthal distributions of roughness height. The line/symbol
types indicate azimuthal extent of roughness distribution (solid: periodic, dashed: half wavelength, dash-dot: single wavelength,
filled circles: three wavelengths, open triangles: five wavelengths)

variation in the azimuthal direction. However, it is easiest to distinguish between the separate vortex structures
on the basis of their signature at the surface and the surface heat flux just happens to be a convenient, scalar
quantity to bound the azimuthal range of each vortex structure. Other quantities such as wall shear perturbation
could have been used as well, but wall shear is a vector quantity and, therefore, we deemed the heat flux
to be a more convenient measure. Specifically, the vortex structures were deemed to be bounded by each
pair of adjacent minima in the azimuthal distribution of the surface heat flux perturbation. The trajectories
corresponding to the centerlines of selected stationary vortices from the various cases in Fig. 2 are shown in
Fig. 3a. Specifically, the figure shows the four vortices detected within the compact vortex patterns of Figs.
2d, e, as well as an additional, (i.e., fifth) inboard vortex from the other three cases. The extra vortices seen in
Figs. 2a–c are not included in this figure. The ordinate in Fig. 3a denotes the azimuthal angle ϕ with respect
to the windward plane, which increases to 180 degrees at the leeward plane as indicated in the schematic from
Fig. 1. Figure 3a shows that the vortex trajectories for all five roughness distributions align very well with
each other, except for some small discrepancies in the downstream portions of the trajectories (X > 0.35m)
that are likely to be associated with nonlinear effects at higher vortex amplitudes. The overall comparison in
Fig. 3a suggests that the vortex trajectories are insensitive to the azimuthal extent of the forcing, at least for
the cases displayed in Figs. 2 and 3.

The amplitude Au of each crossflow vortex plotted in Fig. 3a was determined as the peak value of the
velocity perturbation parallel to the vortex trajectory at each axial location. The amplitude of the dominant
crossflow vortex from each of the two compact roughness cases (Fig. 2d–e), along with the amplitude of the
vortex along the same trajectory from the other three cases (which corresponds to vortex 8 from the periodic
case of Li et al. [31]) is plotted as functions of the axial coordinate in Fig. 3b. Figure 3b shows that the
amplitude evolution curves in all cases are nearly parallel to each other until the nonlinear effects come into
play. The distances between the parallel evolution curves indicate the influence of the azimuthal distribution
of roughness height on the effective initial amplitude of the dominant vortex.

The amplitude evolution curves from Fig. 3b demonstrate that the vortex amplitudes for the three-
wavelength and five-wavelength forcing, respectively, are nearly the same as the vortex amplitude in the
periodic-forcing case. The similarity in amplitude evolution implies that a nearly quasiperiodic behavior can
be established for roughness extents that are as small as three azimuthal wavelengths. In this case, at least,
further extensions of the roughness extent do not contribute significantly to the amplitude of the central vor-
tex. As a result of the considerably larger initial amplitude for the noncompact roughness configurations,
the vortex corresponding to blue trajectories in Fig. 3a) achieves nonlinear amplitude levels just upstream of
X = 0.35m and remains in a quasisaturated state within the downstream portion of the computational domain.
The amplitude of the dominant vortex in the single-wavelength case reaches its peak value just downstream
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of X = 0.36m and exhibits a weak oscillatory pattern thereafter. This oscillatory evolution of the vortex
amplitude is associated with a cyclic energy exchange between the fundamental mode corresponding to the
vortex wavelength and the mean flow distortion induced by nonlinear effects [83]. The vortex amplitude in the
half-wavelength case displays a similar behavior, except that its evolution lags behind that in the other four
cases. The post-saturation vortex amplitudes in the two limiting cases of a compact vortex pattern are similar
to each other, but remain somewhat lower than the peak vortex amplitude achieved in the remaining three cases
with larger extents of roughness height distribution.

4 High-frequency instabilities of a compact vortex pattern

In this section, the DNS data are used to assess the accuracy of secondary instability predictions for the
compact vortex pattern excited by the single-wavelength, stationary forcing as shown earlier in Fig. 2f. This
vortex pattern is relatively compact in comparisonwith the quasiperiodic vortex system studied by Li et al. [32],
and hence, its instability characteristics must be analyzed in the context of the entire vortex pattern, unlike the
previous analysis of the secondary instability of a single vortex from the quasiperiodic pattern in Ref. [32]. The
secondary instability analysis for the compact pattern does not involve the ad hoc simplifications adopted during
the prior analysis of a quasiperiodic vortex pattern, namely, the conversion of the azimuthally inhomogeneous
basic state from Fig. 2a to a locally periodic flow and the assumption that the secondary disturbances amplify
along a given stationary vortex rather than in some oblique direction with respect to the vortex axis. In this
section, we will first analyze the local stability characteristics via planar eigenvalue analysis [75] and then use
plane marching PSE [32,76] to predict the overall amplification of specific secondary instability modes. As
noted in Ref. [32], the quasiparallel analysis does include the effects of transverse surface curvature associated
with the conical surface; however, the effects of mean flow variations along the vortex trajectory are neglected
in the local eigenvalue computations. The mode shapes based on the local computations are used to initiate the
marching process for the plane marching PSE, which account for both surface curvature and the nonparallel
effects on the downstream amplification of the secondary instability modes.

In general, the compact pattern of crossflow vortices is found to support two different types of unstable,
high-frequency, secondary instability modes. One of them originates as Mack’s second mode instabilities in
the upstream region, where the amplitude of the stationary crossflow pattern is still small, and hence, the
basic state closely resembles the unperturbed boundary layer over the cone at angle of attack. Mack’s second
mode instabilities have generally been studied in the context of 2D or axisymmetric boundary-layer flows
that are invariant along the spanwise/azimuthal coordinate. In the context of those flows, the second mode
instabilities correspond to acoustic disturbances that are trapped within the region of relative supersonic flow
within the inner part of the boundary layer. The frequencies of these trapped acoustic modes are closely linked
to the local thickness of the underlying boundary layer. Accordingly, at any fixed location, Mack’s second
mode waves in 2D/axisymmetric boundary layers are unstable over a relatively narrow range of frequencies
or, conversely, a fixed frequency disturbance amplified over a narrow range of locations if the boundary-
layer thickness continues to increase along the streamwise direction. In the present case, however, the basic
state in the upstream part of the region of interest is close to the unperturbed boundary layer over the yawed
cone, which decreases in thickness from the leeward to the windward plane of symmetry. Thus, the Mack
mode instabilities in this region correspond to the generalization of the classic second-mode instabilities to
an azimuthally inhomogeneous flow. Therefore, following the terminology from Li et al. [32], this family of
modes is denoted with the prefix MM in this paper. As the crossflow vortices continue to gain in strength, the
MM instabilities continue to get amplified and, often, at a higher rate, in contrast to Mack mode instabilities
in the unperturbed boundary layer, which would have begun to decay beyond a moderate distance from the
initial onset of instability. In other words, theMMmodes behave as primary instabilities in the upstream region
(where the crossflow disturbances are weak) and morph into secondary instabilities farther downstream when
the crossflow vortices have become sufficiently strong.

There exist additional families of unstable modes, but they emerge only after the crossflow vortices have
become sufficiently strong. Thus, at the onset of their amplification, the latter modes are equivalent to purely
secondary instability modes associated with localized instabilities of the shear layer that bounds the crossflow
vortex pattern, and hence, thesemodes are denotedwith the suffix SI. As seen later, theMMmodes also become
concentrated in the shear layer region when the crossflow vortices become strong and may have similar mode
shapes and amplification rates as the SI modes. In that regard, the classification of the instability modes as
MM or SI modes pertains to the locations where those modes first become unstable. The MM modes have
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a dual behavior, namely, primary Mack mode waves in the upstream limit and secondary instabilities in the
downstream region. On the other hand, the SI modes owe their amplification to the localized shear layers
induced by finite amplitude crossflow vortices. This is a crucial point that must be kept in mind in order to
avoid any misinterpretation of the mode notation.

It is worth mentioning that lower-frequency traveling crossflowmodes that are modulated by the stationary
crossflow vortices were also found in the eigenvalue spectra within the downstream region, but their mode
shape extended beyond the azimuthal boundaries of the selected domain for the stability analysis. Similar to Li
et al. [32], the focus of this work is on the high-frequency instabilities that are concentrated within the compact
vortex pattern, and hence, the lower-frequency modes are not further discussed within this paper.

For the compact crossflow vortex pattern of interest in this paper, the fluctuations associated with both
MM and SI modes can extend over a majority of the azimuthal extent of the vortex pattern. However, the
peak fluctuations associated with any given mode typically occur inside a single crossflow vortex from the
overall pattern. The base flow contours from Fig. 2f indicate that there are two prominent crossflow vortices
at X = 0.33m (third station from the left), whereas an additional vortex becomes visible by X = 0.37m. For
simplicity, the dominant vortex on the windward side is denoted as V1 from here on, whereas the adjacent
vortex on the leeward side of V1 (i.e., corresponding to the middle vortex at X = 0.37m) will be denoted
as V2 in the remaining paper. The remaining vortices do not play a significant role in the amplification of
secondary instabilities.

BothMMand SImodes of secondary instability are subclassified according towhether the peak fluctuations
are concentrated in the windward vortex (vortex V1) or in the adjacent vortex V2. Because the remaining
vortices are relatively weak, the peak fluctuations associated with all dominant high-frequency instability
modes occur within vortex V1 or vortex V2. Thus, mode MMV1 corresponds to the continuation of the Mack
mode that induces peak fluctuations within the vortex V1. As described later, the modal peak may shift to a
different vortex in the far downstream region, after the crossflow vortices have reached large amplitudes and
begin to interact strongly with each other. However, the modal notation adopted herein is based on the location
of peak fluctuations within the initial region of instability and that is also representative of a majority of the
overall computational domain.

4.1 Local, quasiparallel secondary instability predictions for a compact vortex pattern

Growth rate predictions based on quasiparallel secondary instability analysis for the single-wavelength source
corresponding to Fig. 2f are shown in Fig. 4.Asmentioned previously, the traveling crossflowmodes are beyond
the scope of the present study and their eigenvalues were not converged for the selected azimuthal domain.
Hence, those modes have been excluded from the eigenvalue spectra in Fig. 4. Representative mode shapes of
|u′| fluctuations associated with the peak growth rate frequency at two selected stations are shown in Fig. 5,
where the flood contours of normalized disturbance amplitude are superposed with line contours associated
with the axial base flow velocity across the cross-section of the compact vortex pattern. The base flow contours
from Fig. 5 (as well as those seen earlier in Fig. 2f) indicate that there are two visible crossflow vortices at
X = 0.33m, whereas an additional crossflow vortex has gained sufficient amplitude by X = 0.364m. As
mentioned earlier, the vortex on the windward side within this range of locations is denoted as V1, whereas
the vortex adjacent to V1 (i.e., the middle vortex at X = 0.364m) is denoted as V2 herein. The third vortex
(V3), which has just emerged on the leeward side of the vortex pattern near X = 0.364m, is the weakest of
the three vortices.

At the most upstream station shown in Fig. 4a, there are two unstable modes. The narrow frequency
bandwidth of these modes along with the associated mode shapes (not shown here) reveals those modes to be
Mack’s second mode instabilities concentrated in the vicinity of crossflow vortices V1 and V2, respectively.
The peak growth rate of the Mack mode that is colocated with V1 (and, hence, is denoted as Mack mode
MMV1 in Fig. 4) is slightly larger than that associated with Mack mode MMV2 that is located along vortex
V2. Similar to Mack’s second mode instabilities, these modes are unstable over a relatively narrow range
of frequencies and support significant fluctuations within the inner part of the boundary layer. Although not
shown, at further upstream locations where the stationary crossflow disturbances are even weaker, the MMV1
and MMV2modes reduce to the generalization of the classic second-mode instabilities to a fully 3D boundary
layer with slow azimuthal variation. The peak growth rates of both MMV1 and MMV2 modes increase from
X = 0.313m to X = 0.33m. In addition, the frequency range of the growth rate lobe connected with the
MMV2 modes increases significantly across these two locations, with Fig. 4b for X = 0.33m indicating a
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Fig. 4 Growth rate as function of frequency for dominant secondary instability modes at selected axial stations (red, solid: mode
MMV1, green, dashed: (nominal) mode MMV2, blue, dash-dot: mode SIV1, black, dashed: mode SIV2)

frequency bandwidth that is nearly three times larger than that at X = 0.313m. The growth rate lobe shown by
the green curve clearly indicates two distinct subregions, namely, a narrow lobe at the low-frequency end that
displays a clear maximum at approximately 200 kHz and closely resembles the classic growth rate behavior
of Mack’s second mode instabilities that was also seen at X = 0.313m in Fig. 4a, and a second lobe at
higher frequencies that displays a flatter peak in the growth rate spectrum. The latter behavior is attributed
to the strengthening of the stationary crossflow vortex from X = 0.313m to X = 0.33m and, indeed, the
mode shapes at the higher frequencies are primarily concentrated away from the surface, within the shear
layer region that bounds the vortex structure V2. Thus, the higher-frequency part of the green curve in Fig.
4(b) is denoted as the SIV2 modes. An illustrative mode shape for these modes may be seen in Fig. 5c. An
additional unstable mode corresponding to SI modes emerges at X = 0.33m, as indicated by the blue curve
in Fig. 4b. Farther downstream, at X = 0.346m, the previously Mack mode MMV2 with a dual character
at X = 0.33m has split into two distinct modes, a Mack mode and a higher-frequency SI mode. As the
crossflow vortices continue to become stronger from X = 0.346m to X = 0.364m, the peak growth rates of
all four modes increase significantly, and particularly so for the modes riding on vortex V2. Furthermore, the
frequency range of unstable disturbances now stretches from very low values to frequencies that are as high
as approximately 600 kHz. However, subsequent results will show that, because the high-frequency modes
come into play much later, those high-frequency disturbances do not correspond to large amplification ratios
and that the peak N-factors within the domain of interest correspond to disturbance frequencies in the vicinity
of 240 kHz.

Figure 5a, b shows that, in the presence of low- to modest amplitude crossflow vortices, the location of peak
|u|’ fluctuations associated with theMMV1mode moves farther away from the wall and into the inclined shear
layer bounding the crossflow vortex. Yet, the |u|’ levels in the lower part of the boundary layer remain weak but
significant. On the other hand, the SI modes tend to be highly concentrated in the localized shear layers away
from the surface (Fig. 5c), but our computations (not included here) have shown that, at certain location, weak
but significant fluctuations may be observed underneath the off-body location of the peak fluctuation. Again,
we emphasize that the primary distinction between the two modes is related to their upstream origin. However,
in so far as the MMmodes have a significant surface signature over a longer distance, those fluctuations would
be more easily measured via surface-based instrumentation. Overall, the secondary instability results from
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Fig. 5 |u|′ eigenfunctions corresponding to most unstable frequencies from Fig. 4b and d, respectively, for both Mack modes and
SI modes. The azimuthal angle ϕ increases from right to left

Figs. 4 and 5 indicate that the frequencies and mode shapes associated with the compact vortex pattern are
rather analogous to those found earlier for a quasiperiodic vortex pattern [32].

4.2 Nonparallel evolution of secondary instability modes

Next, we consider the nonparallel evolution of secondary instability modes as predicted by the plane marching
PSE. The PSE marching begins near the lower branch neutral station identified from the local eigenvalue
analysis, and the eigenfunctions from that analysis are used as the inflow condition for the marching process.
Mode shapes of |u′| fluctuations associated with two representative instability modes of types MM and SI are
shown in Fig. 6a, b, respectively. Both figures display the crossplane contours of the meridional component |u′|
at f = 240 kHz, superposed with gray shade contours of the logarithmic amplification factor (i.e., N-factor)
based on the surface pressure fluctuations in each case. Subsequent results will show that f = 240 kHz falls
within the range of most amplified secondary instabilities within the vortex pattern of interest here. Figure 6a
shows that, as the amplitude of the crossflow vortices increases from relatively small values near the upstream
end of the computational domain to larger, yet modest amplitudes near X = 0.330 m, the location of peak
|u′| fluctuations associated with the MMV1 mode moves away from the wall and into the inclined shear layer
bounding the stationary crossflow vortex. The |u′| levels in the lower part of the boundary layer are weaker but
not negligible. Although not shown, a similar behavior is noted for the MMV2 mode shapes, except that the
peak fluctuations are located within the vortex V2. On the other hand, the SI modes are primarily concentrated
in the localized shear layers away from the surface as indicated by the SIV2 mode shape in Fig. 4b. Similar
findings were reported by Li et al. [31] for a quasiperiodic vortex pattern due to an azimuthally periodic source,
but they also found certain cases where weak but significant SI mode fluctuations occurred below the peak
inside the shear layer.

The axial evolution of the logarithmic amplification ratio, i.e., theN-factor, associated with fixed-frequency
secondary disturbances of the MMV1 and MMV2 type is shown in Figs. 7a, b, respectively. Because the N-
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Fig. 6 Contours of disturbance amplitudes (“mode shapes”) based on |u′| fluctuations at f = 240 kHz and selected axial stations.
At each station, the peak fluctuation amplitude is normalized to unity. To highlight the regions of strong fluctuations at multiple
axial stations, contours are shown only within the boundary-layer region. Gray-shaded contours along the cone surface indicate
N-factor distribution based on the surface pressure fluctuations

factors for the SI modes are uniformly lower than those of the MMmodes, only the results for the SIV2 mode
are shown in Fig. 7c for the purpose of illustration. N-factors for the SIV1 mode are even lower than those of
mode SIV2, i.e., maximum N-factor of 6 at the end of the domain, and hence, they are omitted from Fig. 7.
The MM modes typically display an initial region of growth that is dominated by the Mack mode instability,
followed by a downstream region of accelerated growth (manifested via the increased slope ofN-factor curves)
as the Mack modes get further destabilized by the finite amplitude crossflow vortices. The envelope of the
N-factor curves in Fig. 7a is reflective of the Mack mode behavior up to approximately X = 0.30 m, whereas
the onset of shear layer instability is delayed until X = 0.32 m for the MMV2 modes, perhaps because the
vortex V2 lags behind the vortex V1 in terms of its amplitude saturation. The SI modes owe their amplification
entirely to the large amplitudes of the crossflow vortices, and hence, their amplification curves do not include
the initial region of growth encountered by the MMmodes when the crossflow vortices are relatively weak. In
the downstream region, where both MM and SI modes coexist, the mode shape and growth rate characteristics
of both modes are similar to each other. However, because of the initial phase of growth as predominantly
Mack modes of a quasihomogeneous boundary layer, the N-factors for the MM modes are generally higher
than those of the SI modes, at least for the range of locations considered in this paper. Thus, it is the prior
history of the MMmodes that sets them apart from the SI modes, and it would also enable those modes to play
a potentially more important role than the SI modes during the transition process.

4.3 Disturbance evolution based on DNS and comparison with plane marching PSE

To assess the accuracy of the secondary instability analysis presented above, DNS is used to investigate the
propagation of high- frequency instabilities in the presence of the azimuthally localized vortex pattern due
to single-wavelength forcing as shown earlier in Fig. 2f. Disturbances at various selected frequencies were
introduced via azimuthally uniform, time harmonic, surface suction and blowing over an axially localized strip
near X = 0.28 m. The suction/blowing distribution is azimuthally uniform and harmonic in time, consisting of
multiple frequencies ranging from f = 20 kHz to f = 480 kHz as mentioned previously. The grid spacing of
the DNS grid is based on prior experience while applying the code to similar problems involving transitional
and fully turbulent flows. The overall size of the grid corresponds to 2000 × 450 × 450 points in the axial,
azimuthal, and radial directions, respectively. The azimuthal grid is clustered within the region of the compact
vortex pattern. The axial grid spacing is reduced near the region of forcing, in order to resolve the receptivity
process. Magnitudes of surface pressure fluctuations (normalized by a suitably chosen constant) at selected
disturbance frequencies, based on a discrete Fourier transform of the computed data, are plotted in Fig. 8a–f.
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Fig. 7 Amplification characteristics of dominant secondary instability modes of the compact crossflow vortex pattern. Each curve
in these figures denotes the N-factor evolution of a fixed frequency disturbance from a specified family of modes

Because of the strong destabilizing influence of stationary crossflow vortices, the azimuthal regions of the
highest amplitudes of secondary disturbances up to f = 320 kHz correspond to the region of the crossflow
vortices (Fig. 8a–d). Figure 8a also shows a second peak with weaker fluctuations near the ϕ = 160 deg
azimuthal location. There are no significant crossflowvortices in this region and the latter peak is associatedwith
purely Mack mode instabilities of the underlying boundary layer over the cone. As the disturbance frequency
increases from Fig. 8a–f, the azimuthal region of Mack mode fluctuations shifts progressively toward the
windward meridian. The windward shift at increasing frequencies is consistent with the fact that the frequency
of Mack’s second mode instabilities is approximately tuned to the local thickness of the boundary layer, which
increases from the windward ray toward the leeward ray. In the region of approximately 0.35m < X < 0.40m,
Mack mode fluctuations at the relatively low frequency of f = 120 kHz are unstable only within the region
of the relatively thicker boundary layer near ϕ 160 deg (Fig. 8a). At the significantly higher frequency of
f = 320 kHz (Fig. 8d), the region of Mack mode fluctuations has moved to significantly lower azimuthal
angles and now appears on the windward side of the crossflow vortex pattern. Because there are no crossflow
disturbances in this region, the underlying basic state is the same as the quasi-homogenous boundary layer;
these fluctuations essentially represent primary instabilities in the form of Mack’s second mode waves in the
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Fig. 8 |p|′ contours on cone surface for selected forcing frequencies (continued on next page)
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Fig. 9 Contours of unsteady fluctuation in axial velocity component u (i.e., “mode shapes”) at f = 240 kHz for selected axial
stations. At each station, the peak fluctuation amplitude is normalized to unity. To highlight the regions of strong fluctuations at
multiple axial stations, contours are shown only within the boundary-layer region. Azimuthal range of locations corresponds to
the region of the compact vortex pattern as indicated by the presence of progressively stronger rollup at the downstream locations

unperturbed boundary layer over the cone. These results represent a byproduct of the DNS and provide useful
extra insights into the growth of Mack’s second mode instabilities over a cone at angle of attack.

At f = 440 kHz (Fig. 8f), even the boundary-layer flow along the windward ray is seen to exhibit a
modest growth of Mack mode fluctuations. As mentioned previously, the frequency of Mack’s second mode
instabilities is closely related to the thickness of the boundary layer, which explains the windward shift in
the region of peak fluctuations as the frequency is increased. Figure 8 also shows that the amplification of
the Mack mode fluctuations becomes progressively stronger as the disturbance frequency increases from 320
to 440 kHz. However, the highest overall amplification factors over the entire cone surface correspond to a
disturbance frequency of 240 kHz, which is in approximate agreement with the N-factor predictions based on
secondary instability theory. Overall, the results in Fig. 8 indicate a qualitative similarity to the growth rate
spectra in Fig. 4 based on the secondary instability theory.

Another interesting aspect of the disturbance contours presented in Fig. 8 involves the opposite orientations
of the loci of peak fluctuation amplitudes corresponding, respectively, to the secondary instabilities of the
crossflow vortex pattern and the Mack’s second mode instabilities within the unperturbed, 3D mean boundary
layer on either side of that vortex pattern. The orientation of the stationary crossflow vortices tends to be
within a few degrees of the direction of the inviscid streamlines, which move gradually toward the leeward ray
along the downstream direction. Because the secondary instabilities derive their energy from the disturbance
energy production associated with the high shear regions created by the crossflow vortices, the locus of highest
secondary instability amplitudes is closely aligned with the trajectory of the crossflow vortex pattern. The
leeward inclination of this locus is clearly seen at f = 240 kHz (Fig. 8c). On the other hand, the locus of peak
fluctuations associated with the Mack’s second mode instabilities in the unperturbed boundary layer is clearly
tilted toward the windward ray as seen most clearly at f = 440 kHz in Fig. 8f.

Mode shapes of |u|’ perturbations at selected locations from theDNSflowfield are shown in Fig. 9. The peak
fluctuation level at each station has been normalized to unity. The mode shape at X = 0.313 m indicates two
separate azimuthal regions of high fluctuations. The windward peak corresponds to Mack mode fluctuations
inboard of the crossflow vortex pattern, whereas the other peak corresponds to the secondary instability modes
of the crossflow vortex pattern as seen in Fig. 5. The computed |u’|mode shapes at X = 0.330 m and X =
0.364 m within the region of vortex V1 are quite similar to the Mack mode eigenfunctions predicted by the
quasiparallel secondary instability theory (Fig. 5a, b, respectively).

The PSE mode shapes for the |u|’ fluctuations due to mode MMV1 (Fig. 6a) are also similar to the DNS
results from Fig. 9. Indeed, the PSE predictions are also successful in capturing a rather subtle feature of the
mode shapes from the DNS results. Specifically, we note that the MMV1 mode shapes in Fig. 6a indicate a
switchover in the location of peak |u|’ fluctuations from the shear layer of vortex V1 at X = 0.364 m to the
shear layer of vortex V2 at X = 0.385 m and then back to the vortex V1 at X = 0.405 m. An identical behavior
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Fig. 10 Contours of normalized disturbance amplitudes (“mode shapes”) based on pressure fluctuations at f = 240 kHz and
selected axial stations. At each station, the peak fluctuation amplitude is scaled to unity. To highlight the regions of strong
fluctuations at multiple axial stations, contours are shown only within the boundary-layer region

is also observed in the DNS calculations, suggesting that the modeMMV1may account for a dominant portion
of the disturbance field from the DNS solution.

Mode shapes of |p|’ perturbations at selected locations from the DNS flowfield and the corresponding
PSE predictions for mode MMV1 at the same locations are shown in Fig. 10a, b, respectively. The DNS
mode shape at X = 0.313 m indicates two separate azimuthal regions of high-amplitude fluctuations. The
windward peak corresponds to Mack’s second mode fluctuations inboard of the crossflow vortex pattern,
whereas the other peak corresponds to the secondary instability modes of the crossflow vortex pattern as seen
from the surface pressure fluctuations in Fig. 8c. The inboard fluctuations are excited as Mack’s second mode
(primary) instabilities of the unperturbed boundary-layer flowwithout any crossflow vortices. The wall forcing
in DNS extends across the entire circumference of the cone and, hence, can excite the instability modes of the
boundary-layer regions both with and without the crossflow vortices. However, the instabilities modes of the
boundary-layer flow outside of the crossflow vortex packet were neither targeted nor expected to be captured
within the PSE predictions. Between X = 0.330 m and X = 0.385 m, the peak pressure fluctuations in DNS
are located close to the surface underneath vortex V1, similar to the PSE predictions for mode MMV1 in Fig.
6b. As a result of the continued interaction with the underlying crossflow vortex, the peak pressure fluctuations
at X = 0.405 m have shifted away from the surface and to the top of the crossflow vortex structure. The
same trend is also captured by the MMV1 mode predictions based on PSE. The DNS solution also indicates
relatively stronger |p|’ fluctuations within vortex V2 for X ≥ 0.385 m, and that feature is again predicted by
the PSE.

Frequency spectra of the disturbance N-factor from the DNS calculations and those of mode MMV1 from
the PSE computations are shown in Fig. 11a, b, respectively. Both N-factors are based on the integral of the
disturbance kinetic energy across the cross-section of the vortex pattern. The PSE N-factors are defined with
respect to the neutral location. Because of the proximity of the neutral station to the wall-forcing location,
the neutral station cannot be easily defined from the DNS calculation, and therefore, the DNS N-factors are
shifted vertically so that the N-factor for f = 240 kHz matches the PSE prediction at X = 0.313 m. We
observe that the peak of the N-factor spectra corresponds to nearly the same frequency in both the DNS and
the PSE results. The peak frequency from the DNS corresponds to f = 240 kHz, subject to some uncertainty
due to the relatively coarse frequency resolution of the DNS analysis (� f ≈ 40 kHz). The peak frequency
from the PSE calculations is slightly higher, between f = 240 kHz and f = 260 kHz, depending on the axial
location; however, the discrepancy in peak frequency could, in part, be caused by the finer resolution of the
PSE calculations (� f ≈ 20 kHz).
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Fig. 11 N-factor spectra based on disturbance kinetic energy at selected axial stations. To focus on the effects of the compact
crossflow pattern, fluctuations at azimuthal locations beyond the crossflow pattern are ignored in this analysis.

Fig. 12 N-factor evolution for f =240 kHz

Figure 12 shows the N-factor evolution for high-frequency instabilities with f = 240 kHz as computed
via the DNS, plane marching PSE, and the quasiparallel predictions. Over a significant range of distances,
the PSE-based N-factor curves for modes MMV1 and MMV2 are rather close to each other. To begin with,
the N-factor for the MMV2 mode is slightly less than that of the MMV1 mode. However, near X ≈ 0.36,
the MMV2 N-factor crosses above the N-factor curve for the MMV1 mode. A notable difference between the
evolution of these two modes involves their far downstream behavior near X = 0.4, where the MMV2 mode
ceases to amplify, whereas the MMV1 mode continues to grow across the entire region included in the basic
state calculation for the crossflow vortex pattern. The domain for the DNS continues up to X = 0.41, and the
continued rise of the N-factor in the DNS solution is analogous to the MMV1 mode from the PSE predictions.
This behavior is consistent with the mode shape similarity between the DNS solution and the MMV1 mode,
and tends to confirm that the DNS solution is dominated by the MMV1 mode.

Figure 12 also shows that the N-factors based on the PSE predictions are in relatively good agreement
with those inferred from the DNS solution, whereas the N-factors based on the quasiparallel predictions are
substantially below the corresponding values from the PSE and DNS calculations. The difference between
PSE and quasiparallel N-factors for the MMV1 mode near X = 0.41 is approximately �N ≈ 3.5, whereas the
quasiparallel N-factor for theMMV2 is way below theN-factor values from both the PSE andDNS predictions;
it reaches a peak value of less than 2 near X = 0.37 and decays rapidly beyond that location.
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5 Summary and concluding remarks

The crossflow vortex patterns over a yawed cone are not exactly periodic in the azimuthal direction, even when
the disturbance source is periodic. In general, an azimuthally nonuniform vortex pattern can arise either because
of the azimuthal inhomogeneity of the unperturbed boundary layer at a nonzero angle of yaw as well as of the
roughness height distribution over the cone surface. This paper described computations of stationary crossflow
instability confined to a finite azimuthal width, with the goal of bridging the gap between the two limiting cases
of azimuthally periodic and azimuthally compact crossflow vortex patterns. Simulation results indicate that
the azimuthal distribution of forcing has a strong influence on the stationary crossflow amplitudes; however,
the vortex trajectories are nearly the same for both periodic and localized roughness height distributions.

The high-frequency secondary instabilities of a compact vortex pattern were examined to help address
the effects of azimuthal inhomogeneity across the pattern. Equally significant, this analysis addressed certain
shortcomings of the previous analyses pertaining to the secondary instability of quasiperiodic vortex patterns.
The linear secondary instability analysis for a compact crossflow pattern included both quasiparallel and
nonparallel predictions and a quantitative comparison with the DNS results. Results have shown that the quasi-
parallel predictions can reveal the general topology of instability modes and, to some extent, their approximate
spatio-temporal characteristics. However, they do not provide accurate predictions of instability growth in the
present case and lead to severe underprediction of the N-factors for the dominant instability modes. In contrast,
the nonparallel plane marching PSE framework is able to yield predictions that agree more closely with the
DNS results and the agreement between the two extends across mode shapes, dominant frequencies, as well as
the N-factors of the most amplified instability modes. The PSE results also capture relatively subtle features
of the DNS solutions in terms of a switchover in peak disturbance location from one vortex to another, and
back shortly thereafter.

Secondary instabilities of azimuthally compact crossflowvortex patterns are qualitatively similar in terms of
mode types, frequencies, andmode shapes to the secondary instabilities of azimuthally noncompact, quasiperi-
odic vortex patterns. However, whereas the previous analyses based on azimuthally periodic BCs imply that
the secondary instability field extends over multiple crossflow vortices, the current analysis shows that even
when the vortex pattern includes three dominant vortices, the prominent modes of secondary instability are
confined to a single vortex in general. The present analysis also does not involve any ad hoc simplifications
associated with making the azimuthally inhomogeneous basic state locally periodic in the azimuthal direction
and the assumption that the secondary disturbances amplify along a given stationary vortex. If anything, the
secondary instability presented herein appears to provide some justification to the latter assumption.

The frequencies of the most amplified secondary disturbances are in the range of 200 kHz to 360 kHz.
This frequency range is approximately consistent with the frequencies measured in the experiments at Purdue
University [22–24] and the Technical University of Braunschweig [21]. The present computations have also
shown that the high-frequency secondary disturbances can achieve sufficiently large amplification factors
to induce the onset of transition over the cone. The stationary crossflow disturbances are rather weak in
the upstream part of the computational domain and the instability amplification in this region is dominated
by instability modes that represent the generalization of the classic, Mack’s second mode instabilities in
2D/axisymmetric boundary layers to the case of azimuthally inhomogeneous 3D boundary layers. These MM
modes coexist with the so- called SI instabilities in the downstream region where the stationary crossflow
vortices have become strong enough to sustain secondary instabilities. Computations reveal that the two mode
types can have similar amplification rates and mode shapes in this region. The MM modes are differentiated
from the SI modes primarily on the basis of their upstream origin (MM modes are present even when the
vortex amplitude is small and SI modes emerge only after the stationary vortex has attained a large enough
amplitude), but the two mode types may also exhibit some differences in terms of the relative strength of their
fluctuations in the vicinity of the wall (MM modes having a stronger near-wall presence than the SI modes
over a larger portion of their streamwise evolution). By virtue of the extra initial amplification of the modes
originating from the Mack’s second mode instability, the MM modes achieve higher amplification factors in
this case and, therefore, are likely to play a more important role in the flow dynamics and the laminar-turbulent
transition process. However, depending on the difference between the N-factors of the MM and SI modes,
respectively, and their receptivity characteristics in the relevant disturbance environment, the SI modes could
certainly produce a small to modest correction to the overall disturbance amplitudes.
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