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The purnose of this thesis is ©o find a method of
synthesis, for a four-bar mechanism, so that the mechanism
that is synthesized will have a low value of jerk. In the
field of svnthesls there has been little or no effort made
to consicer jerk when designing mechanismse.

Jerk is cefined as the time rate of change of acceler-
ation. Jerx can also be exnressed as being proportional to
the time rate of change of the inertia forces. When the
jerk is large the effect on the link of a mechanism is the
same as that of an impact load. Another effect of Jjerk is
the excessive wear at the »nin connections.

The model useé to study jerk is the four-bar mechanism
and in particular the crank-lever mechanism. A crank-
lever mechanism has one fixed link (the ground link), one
link that rotates (the crank), one link that oscillates with
plane motion (the coupler), and one link that oscillates
with rotary motion (the lever). As the crank rotates the
lever oscillates through an angle 6. The advance swing of
the lever take place during a larger angle of crank rotation
than the return swing of the lever so we have a quick-=return
mechanism. The time ratio determines an angle & which
along with 6 svecifies a family of mechanisms. A family of
mechanisms is a group of mechanisms having the same angles
8 and &, but having different proportions. It is assumed

that some criterion can be found that will precdict or deter-
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mine which mechanism in a family will have the lowest value of
maximum jerk. For the analysis ifour different families
were chosen, each family contains ten mechanisms.

The velocitles, accelerstions, and jerks for a four-
bar mechenism cen most reacily te determined by graphical
means. However the gravhicel methols bhecome cguite tedious
when they must be reveated many times. For this reason
analytical egustions were cerived that could be used on the
digital comnuter. These edustions were deriveé by writing
nosition vector equations., for a four-bar, and éifferentiat-—
ing once to obtein the angular velocity, differentiating
twice to cetermine the angular acceleration, and differen-
tiating a third time to determine the angular jerk. A
program can e written for the IBM 1620 that will calculate
the values of jerk for a mechanism. These calculated
values were then plotted against the crank angle. From the
trend of these curves the methods of synthesis were deter-

mined,
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I. INTRODUCTION

The vurpvose of this thesis is to find a method of syn-
thesis for a four-bar mechanism, so that the mechanism that
is synthesized will have a2 low value of jerk. In the field
of synthesis there has been little or no effort made to
consider Jjerk when cesigning mechanisms. The reason for this
is first, little is known about jerk and secondly, the know-
ledge of synthesis and analytical methods, in mechanism
design, has been rather limited. The process of synthesiz-
ing a mechanical linkage has long been by trial and error.
The engineer could, by constantly varying the lengths of the
links in a mechanism, design a mechanism that is workable
but this would not neccesarily be the best one. In recent
years the increasing availability and use of modern high
speed digital computers has made it possible to solve con-
plicated mechanism problems by analytical methods and has
led to the increased interest in the methods of synthesis.
However none of these methods of synthesis take into account
the possibility of a mechanism having a large value of Jjerk.

Jerk is defined as the time rate of change of accelera-

—g-% . To think of jerk only as the time

tion i.e. Jerk =
rate of change of acceleration of a link one does not get
a clear picture of what is actually happening. The forces
due to the accelerations are the important considerations.
From Newton!s seconé¢ law of motion one knows that F = MA,

Considering the mass to be constant and differentiating



both sides with resnect to time the result is

SF = y dA

ct T dt
Rearranging this eacuation an expression for jerk is obtained.

44 - 1 dF
at -~ ¥ dt

jerk =
One can now think of Jjerk as being proportional to the time
rate of change of the inertia forces. In most mechanisms
the acceleration is made to change from a positive value
to a zero or negative value in a small time interval. As
this time interval becomes infinitely small the Jerk be-
comes infinitely large. Infinite Jerk is rarely ever achieved
in actual practice because of the clearances at the pins and
the elasticity of the links. When the Jerk is large the
effect on the 1link is that of an impact load which induces
vibrations that affect the resulting stress. Another effect
of jerk is excessive wear at the pin connections.

The model used to study jerk will be the four-bar
mechanism. The four-bar mechanism was choosen for several
reasons.,

(1) The four bar mechanism is the most widely used
of all mechanismse.

(2) The four-bar mechanism is used as the basis for
more corvlex mechanisms. Therefore theory developed for
the four-bar is applicable to these other mechanisms,

(3) Many mechanisms which are not four-bars are equi-

valent to four-bars in some aspects of their motion. As
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far as these motions are concerned, four-bar theory applies
to them.,

The four-har and its ecuivalent mechanisms anrear in
some of the oldest and in some of the most modern machinery
known. The functions performed by the four-bar defy class-—-
ification except in the most general manner such as guiding,
converting or transforming motion, and providing mechanical

advantagef (1)

* Numbers in parentheses refer to sources listed in the

Bibliographye.



ITI. DISCUSSION
There gre many types of four-bar mechanisims but the
most wicdely used is the crank-lilever mechanism so it will
be used for the analysis. 4 crarnk-lever mechanism, as
shovn in Figure 1, has one link that is fixed (the ground

link r4), one link that rotates (the crank r,), one

F'IGURE 1

CRANK-LEVER MZCHANISM
link that oscillates with plane motion (the coupler r3), and
one link that oscillates with rotary motion (the lever r, ).
Thus as the crank rotates the lever oscillatcs through some
angle 6., In reference to Figure 1, By and B, are the extreme
positions of the lever pin and A4y ané A, are the corresponding
vositions of the crank pin. The two swings of the lever do

not take place during the same angle of crank rotatione.



Starting at A, the forwarc swing occurs as the crank rotates
through the angle 180 +oand the return swing takes vlace as
the crank rotates through an angle of 180 - &« . This then

is a guick-return mecnanism. The time ratio for this mech-

anism is the time of advance divided by the time of return.

The time ratio can also be expressed in terms of the angle

through which the crank rotates for each swing of the levere.

. R, = Lime for advance - 180 +
o L] - Xe
time for return 180 - «

The most common design pnroblem will be one in which the
angle through which the lever oscillates 6y and the angle &
(or the time ratio which cetermines o ) are specified. It
can be shiown! that for a svecified 6 and <o a family of
rechanisms can be designed. A family of mechconisms 1s a
group of mechanisms all of which have the same values for

© and &« , The mechanisms in a family however will have
different proportions.

To analyize the jerk in a crank-lever mechanism it will
be assumed that one knows the lengths of the links, the
angular velocity of the driving crank, and the angular posi-
tion of the c¢riving crank. These are the neccesary conditions
to determine the jerk in the mechanism.

The problem 1s to find some criterion that will predict
or determine which mechanism in a family will have the lowest

value of maximum jerk. The maximum jerk being the largest

1 Appencix A



value occuring in a link during one revolution of the crank.
For the analysis four different families of mechanisms were
choosen each family containing 10 mechanisms. The families
will be designated as families one, two, three, and four.
For family one © = 80° and =« = 36°, for family two 6 = 80
and & = 25, 6 = 60 and & = 36 for family three, and for
family four 6 = 60 and o= 25. The dimensions for the mech-
anisms used were determined by the first method as shovn in
Appvendix A. The actual calculations were done on the Royal
McBee LGP-30 digital computer. The second method as shown
in Appendix A was not used¢ because for a svecified 6 and <<
the dimensions are nearly proportional to each other and
thus the velocities, accelerations, anéd jerxs would also be

proportional.



The velocities, accelerations, anc jerks for a four-
bar mechanism in a given rosition can be most readily
c¢etermined by gravhical methods. When the velocities,
accelerations, and jerks must be determined for many posi-
tions of a mechanism the graphicel methods become guite
tedious. Most analytical methoés zre too complex and un-
wieldy for hand computation but they lend themselves readily
to the céigital computer. The best analytical method appli-
cable to the digital computer is Raven's (2) method.

The four-bar in Figure 2 will be used to illustrate

FIGURE 2

FCUR-BAR MECHANISM
Ravens method. The lengths of the links and the angle 6,
are known quantities. The angles 63 and ©4 can be deter-
mined from the geometry of the mechanism? The first step
is to revlace the links of the four-bar by position vectors

as shown in Figure 3.

2 Appencix B



&,
R
&,
R
R, i
» ﬂz 5/
R,
FIGURE 3

POSITION VECTORS

The position vector equation is

R1 3= R2 —=R3—+>=R+ = 0
The position vector equation can be differentiated to give
a velocity vector equation . The velocity equation can be
differentiated to give an ecuation that will determine the
accelerations. Carrying Raven'!s method one step further
and differentiating the acceleration equation, an equation
for jerk results. To perform the differentiation the posi-
tion vector equation can be rewritten in polar form.

ie, s 93

re® cpe® spe‘” wpe‘® =0

Differentiating with resvect to time the first term is zero

because 847 is a constant. The resulting equation is

. . ¥ - . " . - 'g
(66 «+(r6,e" -( 6, =0
Knowing that 6 = w and using Euler's notation, e‘¢cos 6+is/Ne

the eaquastion becomes

(1 W, (COSO, +CSING,) + Lf; Wy (COS Gy +LSING, )+L 17 W(COSE, (SING,)=0



The eguation can now be sevarated into real and imaginary parts.
£ [, cose, + 5 ,CO86; + [ W COSB,] =0

[ W SING, = L, SING, — 1, &eSING,] = O
The unknown ¢uantities in the &above equations are wj and wy .
These two quantities czn test be founcd by using determinants.

Rearranging the ecuvations for the determinants we have

/_{C«J;COS‘G:., v‘/}&/gCOS'&y =—/Z(¢)2CDS@2

/3. &)35//\/93 */y‘(d;«S/Néy = "/é wa S/Nez

£y, COS6, £ COS6.

-l SIVE, fo SINV Gy

Gdy = '
4 COS 6, £ COS6,
L SIN 6, / SIN 6y
-k s COSE, 1, SING. + 17 COS 6,13 (), SING,
L), =
Y [ COSO L SING, - r,CO0S0.F, SIN 6,
% s (COSO, SING, - COSE, SING, )
oty &

r(cose, SIVNG,-COS6, S/VE;

£, SING-6)

Wy =
k SIV(E-6.)
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w, 1is determined in the same manner

£ G, SIN (6,-6,)

Differentiating the velocity equation

(éy

s /6, € =0

(6,

(r6E% . (rbe

the acceleration ecuation is obtained

y O .
() (G)e'® //6/67" - (i) (6)e”

o ¢ . 2 . . )
wir e’ ()R (6.)e b e =0

The second term in the equation is zero because w, 1is con-
stant. Using Euler's notation and substituting w for 8 and

o for 6 the ecuation is written
-1 (R(C0S6, +{SING, ) - % WE (cose,+ ¢ SIN 6;)
+{ fot; (COSE, +ESINVE;) - 5 WE(Cose, + £ S/NEy)

2L Vo, (COSBue £ SIVE )= O
The equation can now be broken up into its real and imagi-

nary partse.
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[-7# wfcose, -1 Wicose, -1 x, SING,

-l WS C0S6, -, SING, [=0

C[-R I SING, - fESING «ha,COS 6,

-RWESIN G, +KaA, COSE, /=0
The above equations can be rearranged so that determinants
can be used to sblve for &<z and X4 .

1, SING; +#y o, SING, =-(f &FCOSE,+£ L7 COS6, +; L)? COS 6;)

KA;CO086; +RA,COS8, = (10 SINBy+f (WESING, sk LFSING, )

For ease in evaluating the determinants the right hand mem-

bers can be denoted by A and B respectively.

Loy SING, /2 X, SING, = -4

LA COS6:,+hhax,056,=L

-4 /y SIN By

B LCOS By

7 SIV 8, 5 SING,

| cose, £ COSo,
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-ACO0SH, - BSING.
LRSING 1 COSE: -1, SINE, /5 CO58;

Q’3‘—’

ACO08S 8, +8BSIN By
-/.’;: S//V(Q_? "@#/

Substituting in the values for A and B

LR+ BLECOS(6; - Ou) + Ky COS(6; -6k )
- G S//V(Q;-@;:)

3=
By the same manner &y is found.

£ R+ R UE COS(6,-65) +4 LOF cOS(6,-6)

o= =2
/:f S//V(e.?*e"

Since jerk is a vector quantity it can be determined by
carrying Ravents method one step farther and differentiating
the acceleration equation. The result of this differentia-

tion is:
. 3 4o, . - 3_¢6, - e.
lr(e)e t-¢h(8)e T -21K6,6,¢

\2 Y "8, . sloe '8,
+(z)r3e,eae“’fz/;938‘ SAC

256,68, () 6,6, indg et _p
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The quantity ® is the angular jerk and is denoted by 23 .
Now by changing from polar form to trigonometric form
and substituting « and o for © and @ the equation be-

comes
-( £ Wi (C0SB, +LSING,) -/ 05 (COSB; +(SING, )
-3 5% (C0S6,+L SING) »¢F (3;(COS 8, +£8IN 6, )
Ll F(COSB L SING)-3 WX, (COSO,LSING,)
1 3,(COS 8y +2516s) =0

The equation can now be broken up into its real and imagi-

nary parts in order to solve for 33 and [’?, by determinantse

£[fh W COS6, -1 W] COS 6, -3k s Oy SIN 6; +£ 13, COSH,

-/ W) COS6, -3% W, X, SING, +//3,C0S8, [=0

[l W3 SING, +£; W35 SIN Gy -3K W, X, COS B5 - 5 /23 SING;

» K WESING, -3l &y &, COS O, - 13/3, SING, [=0.

These equations can be rewritten as

% /3,C0S8; +/; /3,005 8, =4

12 13, SING, + 1B, SINO, =8



Where the quantities A and B are
A = [ LFCOSE, £ Wi COS O, +3K by o Simve,

+/’;wa089¢ "3/2 CJVO(VS/Nee]

B </h W3 COS6,+5w,SING, -3)5 &y, COS 6,

+HLIF SING, -3, y Oy COS 8]

Solving for /3, and /5, by determinants we get.

A KCcos e,

-B /‘yS/Néy

£5C086,  KCOSO,

/3 S/N 6; fo SIN Oy

PRY SINEy +B# Cos ey
:CO08 6; 1, SINBy-/3COS8S684; SIN G

Gg-'-'

ASING, +BCOS 64
‘,_; S/N(Qg'ev)

G_g:

1%
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Upon substitution of the values for A and B the ecuation

becomes
£ WESIN(B,+8.) +1; WiSIN (6,+0,) +f; &) SIN 28,
/3. =
? _'/; S/N(@;'ey)
-1 W, Ky COS(B, +B.)*35 Wy, (SIN?6, -cos?e.)
+

-5 SIN(6, -6.)

By the same manner it is found that

t Wi SIN(B*6,) + 1 W3 SIN2 G, + 15 L) SIN(6, +64)
t SIN(685-6v)

=2 =

%

35 Wy ot; (SIN® G, -C0S%8,) -3k Ly, COS(B,+0.)
t; SIN(6,-6.)

+

The equations that were just derived for the angular velocities,
angular accelerations, and the angular jerks and the equations
for determining the angles ©3 and 6, are sufficient to calcu-
late the angular jerks in the lever and coupler of a crank-
lever mechanism when the lengths of the links, angular velocity
of the crank, and the angular position of the crank are knowne
With the equations and given conditions known a computer
program was written in the "Fortran Language" for the IBM

1620 digital computer.3

3 Appendix C
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The program was designed to compute and print the values of
0,5, /33 5, and /2, « The input data for the program was wj,
delta ©,, and the dimensions of the links which were com-
puted on the LGP-30 digital computer. The quantity delta

©, was choosen to be 39, This allowed the jerk to be cal-
culated for every 3° of crank rotation, from an initial value
of 0° to a final value of 360°., The value for w, was choosen
to be 100 radians per second. This value was choosen because
a realistic mechanism, in which jerk rmust be considered, will
onerate at least at this s»need or higher speeds. At speeds
much lower than this Jerk would probably not be a problem.
The values of jerk calculated by the computer were plotted
against the crank angles for all of the forty mechanisms.

It should be understood that the jerk that was computed is
the angular jerk. The total jerk has three components that
are rw?, rwe o, and ¥/3 o, The final equations used in the
derivation of /3 were equations for the total jerk so there-
fore the value of angular jerk is a reflection of the total
jerk. Angular jerk is the largest single component of the
total jerk in a crank-lever mechanism. The curves, Figure

4 through Figure W+, show that a similar pattern exists for
each family of mechanisms. The first thing that is noticed
is that the maximum jerk, in both the lever and coupler,
occurs when 8, is in the range of plus or minus 15°. Also
the jerk in the lever and the coupler are the same when

€, equals 0° and when 6, equals 180°, Another similarity



TABLE I
VALUES OF JERK FOR MECHANISM ONE FAMILY ONE

E- /35 (/0 : kﬂ%ic’) Gy(/a RA%{;’)

1 17077425 17.,077426

3 18.81554% 18934864

6 184544113 184556592

9 15.951276 15.935609
12 11.761066 124157441
15 7171959 8.24172%
18 3161991 5.039079
2 » 187480 2.818648
24 -1.73%142 1.479881
27 -2.808861 «777398
36 -3.314412 «374573
9 -3.113651 409746

2 -2.869785 R
L5 -2.617645 472773
L8 -2.375%22 L4+84758
51 -2.151436 Lo4013
54 -1.94855% 473413
57 -1.766788 L4+65023
60 -1.60480% «4+35192
63 -1.460273 L4+11022
66 -1.332562 .397103
69 -1.218437 363871
72 -1.116652 « 342071
75 -1.025731 322179
78 -.944L08 « 304477
81 -.871617 .289110
84 -.806464 «276139
87 -.748208 « 265566
90 - 696241 «257362
93 -.650068 . 251481
96 -.609293 . 247871
99 -+ 57360% 246478
102 -.542763 . 247254
105 -+516595 «250150
108 -. 494976 .255121
111 -.477823 262113
114 - 465082 .271065
117 -456711 .281892
120 - 452664 < 294477
123 - <452867 308651
126 -e457192 324177
129 -.465418 «340726



TABLE I (continued)

VALUES OF JERK ¥OR MECHANISM ONE FAMILY ONE

-6 N

62 3 (/0 RA%ret) /3y (s0¢ ﬁ”%éc’)
132 - 477194 «357851
138 -.1:91988 23711953
138 - . 509041 «391297
141 -.527307 405903
1Ll - . 5517 -¥17627
147 -.561648 25125
150 -.573925 L4+26899
153 -.579831 421372
156 -.576961 407007
159 -.562617 .382473
162 -+ 534559 « 346844
165 -1491069 0299814
168 -.431323 241891
171 -.355669 o 174521
174 - «265790 . 100099
177 -.164695 - 021837
180 -.056508 -,056614%
183 .053925 -.131052
186 .161560 -.198151
189 . 261700 -.254864
192 « 350463 -+299199
195 425107 -+330248
198 <484153 -.348158
201 « 527333 -+353962
204 « 555400 -.349333
207 « 569856 -¢336316
210 0572673 -+317070
213 . 566023 - 293681
216 . 552080 -.268011
219 « 532864 -.241630
222 .310164 -¢215783
225 < 4+85491 -+19140
228 .iégg76 -.1&91
231 «+34891 - 149419
234 <4H10684% -.132454
237 388011 -.119325
2Lo 367277 -.107002
243 « 348776 -.093382
246 «332717 -.092309
249 .319257 -.088600
255 « 300634 -.874638



TABLE I (continued)
VALUES OF JERK FOR MECHANISM ONE FAMILY ONE

2 /33 (/o R“o/sec’) (34 (/0- ©ra %z:—'c’)
258 «295716 -.89620%
261 «293919 -.093315
264 « 295436 -.098339
267 .300513 - 104479
270 « 309471 111514
273 322718 -+119208
27% 0264312 -+ 135481
282 «395153 -.143398
288 477196 -.156587
291 . 533336 -.160632
294 .601800 -.161879
300 . 786461 -.151187
303 « 909722 -+135953
306 1.059736 111114
309 1.24%2428 -+073596
312 1.464977 -.019468
315 1.735928 .056245
318 2.065159 «15976
2324 2.463556 « 29872
324 2.942115 482276
327 3.510393 721060
330 Y.173124% 1.027100
333 4.926200 1.%13853
336 5.751568 1.897482
339 6.615229 2.501492
342 7.476032 a.2687ho
345 8.317487 « 283972
3483 9,.208052 5.699370
351 10357770 7.725322
354 12.068512 10511526
357 14.461088 13.879905
360 17.065348 17.046309



TABLE II

DIMENSIONS OF THE MECHANISMS

20

FAMILY ONE
T, T T3 By
10 10.147332 6.221388 8.127615 10.000000
20 10.319135 5.965550 9.765%99
30 10.509127 5.668297 11.329061
L0 10.710731 5.32590% 12.806402
50 10.917351 4.942977 14,186278
60 11.122606 4,522%432 15.458189
70 11.320501 4.0674+68 16.612453
80 11.505552 3.581549 17.61+0286
90 11.672873 3.068371 18.533866
100 11.81823% 2.531842 19.286392 Y
FAMILY TWO
Ty T, T3 s
10 10.781305 6.279217 8.93043k% 10.000000
20 11.709390 6.082769 11.365025
30 12.727357 5.84%0028 13.713123
4o 13.787970 5.552840 15.95685%
50 14.853377 5.2233919  18.079145
60 15.893474% 4.85%191 20.063842
70 16.38%181 L, 448046 21.895841
80 17.80604%7 4+.008050 23.561200
90 18.643229 3.5375%9 25,0472
100 19.382788 3.040126  26.342663 '




21

TABLE II (continued)
DIMENSIONS OF THE MECHANISMS

FAMILY THREE

ol T T3 o
12 9.786099 4.802793 6.581137 10.000000

P2 9.521066 4,552965 8.090170
36 9.212628 L, 25325% 9.510566
48 8.870496 3.90694% 10. 826761
60 8.506509 3.517828 12.024336
72 8.13%73% 3.090170 13.090171
8% 7771467 2.629656 14,012586
96 7434961 2.1383%1 14, 781477
108 7. 144676 1.624598 15.388%418

120 6.919818 1.093056  15.826761 5

FAMILY FOUR
T ) T3 Ty
12 10.2593%5 4.856743 7.330097 10.000000

2k 104592996 4, 66027% 9.57988%
36 10.980353 4. k12746 11.724%711
48 11.,399943 %.116870 13.7%1080
60 11.831009 3.775890 15.606899
72 12.254498 3.39351 17.301726
8L 12.653567 3.3935%1 18806991
96 13.013780 2.521897 20.016230
108 13.323128 2.042153 21.185127

120 13.571975 1. 540034 22,03194%2 '
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that is noticed in each family is that as the angle increases
the maximum value of jerk, in the lever and coupler of each
mechanism, decreases until a minimum value is reached, then
the jerk increases until a maximum that is essentially
infinity is reached.

Considering just the first family one can see that for
the first mechanism there is a very large value of maximum
jerk occurring in both the lever and the coupler. In the
second mechanism the value of maximum jerk in the lever and
coupler is less than it wgs in the first mechanism. The
value of maximum jerk in the lever continues to decrease
until its minimum value is reached 1in the sixth mechanism.
The value of jerk then increases for each mechanism until it
becomes nearly infinite for the last mechanism. The maximum
Jerk in the coupler continues to decrease until a minimum
value is reached in the seventh mechanism. Then it increases
until it approaches infinity for the last mechanism. The
maximum jerk in the lever and the coupler occurs at the same
time in each of the first five mechanisms, then for the sixth
mechanism the maximum jerk in the lever does not take place
at the same time as the maximum jerk in the coupler. This
is important because when the jerk in the lever and coupler
have the same sign and occur at the same time the effect on
the lever and crank pins 1is not as great as it would be if
the maximum jerks occurred at different times or were of

ovposite sign. In the seventh mechanism a second point of
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maximum jerk in each link is starting to appear anc this
point becomes readily discernible in the eighth mechanism.
The eighth and ninth mechanisms both have very large values
of maximum jerk that are of opposite sign. Then in the last
mechanism the jerk is nearly infinite. To pick the best
mechanism in this family one can start by eliminating mech-
anisms 1, 2, 3, ¥, 8, 9, and 10 on the basis that the values
of maximum Jjerk are too high. Of the three that are left,

5, 6, and 7, seven can be eliminated because on this mech-
anism the second point of maximum jerk is beginning to apnear.
As a margin of safety one wouldn!t want to design near this
mechanism. Number six can be ruled out because the maximum
jerk in the lever doesnt!t occur at the same time that it does
in the coupler. This leaves mechanism number five as the
best choice. Actually the maximum jerks occurring in the
links of this mechanism are not much greater than the maximum
jerks occurring in mechanism sixe.

Family two shows the same trend as the first family except
that the lowest values of maximum jerk in the lever and coupler
occur in mechanisms four and six respectively. The fourth
family has the lowest wvalues of maximum jerk in the lever and
coupler occurring in the fifth and sixth mechanisms. In
families two and four the fifth mechanism is the best one.
Mechanism seven and eight in the third family have the lowest
values of maximum jerk in the lever and the coupler. The

four families are compared in the curves of maximum jerk
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versus angle - in Figures 45-52. The curves for farilies
one and two are quite similar as are the cuvrves for families
three and four. These sirilarities are based larcely on the
angle of oscillation 8. The angle 6 for families one and
two is 80° and & is 60° for families three and four. This
means that for one revolution of the crank the lever moves
through a total angle of 160° for the first two families
while in the last two families the lever moves throurh a
total angle of 120° in the same amount of time. Obviously
the accelerations in the lever for the first two families
will be greater than the accelerations for the second two
families. Then it follows that the jerk will be greatest

in families one and two. The curves of maximum jerk for the
coupler show the same trend,

The original problem is to find a method of swvnthesis
for a four-bar mechanism so that the mechanism that is syn-
thesized has a low value of jerk. A definite trend has al-
ready been shown for families one, two, and four. This trend
indicates that the best mechanism for each family is the
fifth or middle one. Tor family three the best mechanism is
number seven. This choice is based on the same consicerations
used to establish mechanism five as the best in family one.
Family three differs from the other families in another
asnect namely the value of 6 - 2X is negative whereas it 1is
positive for the other families. The significance, of the

sign of the quantity © - 2 , 1s best understood with the
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VALUES OF MAXIMUM JERK FOR EACH MECHANISM

FAMILY ONE

P B (10 ¢ F*%ec?) By (16 €% ec3)
10 18,815,544 18493%,86k
20 12,171,059 12,171,059
30 8,781,712 8,743,192
40 6,577,420 645399, 72%
50 4,848,140 4,412,380
60 3,275,117 4,247,452
70 3,070,28% 5,498,340
80 4,829,566 8,788,330
90 12,765,751 23,879,861

100 35,232,653 x 1020 67,951,070 x 102°



TABLE III (continued)
VALUES OF MAXIMUM JERK FOR EACH NMECHEANISM

FAMILY TWO

P 33 (107¢ #AGY5 0 7) By (r0© **%ec2)
10 12,944,119 12,942,052
20 74+300,857 7 3264 5 77\
30 4,771,037 4,583,066
L0 3,221,400 2,764,326
50 2,077,343 3,107,027
60 1,152,772 3,776,279
70 2,242,116 5,236,496
80 3,742,440 9,061,439
90 10,324,151 26,070,560
100 722,422,220 1,902,587 ,000



TABLE III (continued)

VALUES OF MAXIMUM JERK FOR EACH MECHANISM

FAMILY THREE

£ 35 (10 ¢ **%Ys£3) 3, (10742 ec)
12 6,307,828 6,837 ,03%
2k 55,191,102 542724564
36 4,325,725 4,325,725
48 3,662,822 3,627,976
60 3,070,036 2,989,400
72 2,461,432 2,308,427
84 147294504 149214305
96 1,661,263 2,577,396
108 35921717 5,464, 507
120 213,73%,220 338,109,200

67



TABLE III (continued)
VALUES OF MAXIMUM JERK FOR EACH MECHANISM

FAMILY FOUR
P B, (10°¢ RP%Ysec’) 3y (/0 7P %ec3)
12 541614442 54323,2%0
ok 3,606,038 3,606,038
36 2,705,972 2,666,667
48 2,061,092 159504 19%
60 1,521,422 143774514
72 1,012,232 1,528,156
84 957,776 1,925,191
96 1,413,945 2,917,902
108 3,468,073 7,402,887
120 155,161,470 341,635,270
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help of either of the geometric constructions (Figure 64 or
65) which were the basis for the equations used to determine
the dimensions of the mechanisms. However the geometric
construction for method one, Figure 64, will be used because
the illustration is clearer. When 6 - 2X is negative the
center of the arc, which is the locus of all points M, lies
inside the triangle QB4B, and on line QD. With the center

of the arc in this position the distance MQ, which is rq,
decrcases as £ increases. MQ (ry) decreases, with an
increasing ~ 4 only when € - 2X 1is negative. It would be
difficult to prove, but not unreasonable to assume, that the
different proportions of the links for family three account
for the fact that the lowest values of maximum jerk in the
lever and coupler occurs in mechanisms seven and eight rather
than in mechanisms five and six. On the basis of the assumed
validity of this assumption it can be further assumed that in
all cases where 8 - 2 1is negative the mechanism determined
when 2 =;% (/90-6) will be the best mechanism or close
enough to the best mechanism te be considered the best.

The designer is now faced with two situations the first
being when 6 - 2X 1s positive and the second occurring when
© - 2& is negative. On the basis of the trencs already
exhibited and the assumptions made, a “rule of thumb" can
be forrmulated that will aid the édesigner in synthesizing a
mechanism with a low value of jerk. It is to be understood

that the rmle of thumb is not to be considered an exact method
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because the assumvtions are not backed by rigorous proofs.
When © - 2& 1is positive we shall design for the mechanism
determined by /’=;§ (/80—8) and when 6 - 2& 1is negative we
shall design for the mechanism cetermined by pP=_Z(/¢0-6) .

No formal proof will be given for the following methods
of synthesis as the methods are basically the same as shown
in Appendix A.

I Geometric Synthesis

A, Yethod one: 6, X, and r, specified

(1) Start by picking any voint,Q, for the lever pivot
and then construct the isosceles triangle (@B4B, with the
included angle 6.

(2) Extend a line from the midpoint of the base B3B,
through the apex. On this line locate point C so that angle
B4CB; is equal to 2o ,

(3) Scribe an arc, with center at C and with a radius
of CByy from point By to the arcs intersection with the ex-
tension of line B,Q (point A). See Figures 53 and 54.

(k) If © - 2x is positive locate the point where the
bisector of angle ACB; intersects the arc. This is point
M the crank pivot. If © - 2&X 1is negative a line crawn fronm
Cy at an angle of f%;§(/86%-6) degrees counter-clockwise
from the line CBy,y intersects the arc at the pvoint M which
is the crank pivot.

(5) Now by direct measurement the neccesary measurements
can be made to determine the links from the following rela-

tionshipse.



A
FIGURE 53

LAYOUT FOR METEOD ONE
® - 2X POSITIVE

N

FIGURE 54
LAYOUT FOR METHOD ONE
® - 20 NEGATIVE

64
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- MB, - MB, = MBy + MB4

T2

B Method two: 6, < 4 and r4 specified.

(1) Start the layout by choosing the distance »Q which
is r,4.

(2) Draw line MG at angle 8/2 - X (clockwise if 6/2 = &
is positive) with line MQ.

(3) Draw line QG at an angle of 180 + 8/2 degrees coun-
ter-clockwise if /2 - « is positive (Figure 55). If 6/2 - o«
is negative draw line QG at an angle of 6/2 degrees counter-
clockwise. (Figure 56).

(4) The intersection of these two lines locate point G.
Now locate point G' so that G and G*' are symetrically located
with respect to line MQ.

(5) With G as center and MG as the radius, scribe an
arc from G to where the arc intersects the extension of line
MQ. This arc will always be above the line MQ. Now if 6 - 2
is positive, draw a line GD at an angle of P=75(r80-6)
degrees clockwise from line MG (Figure 55). If 6 - 2e<
is negative, draw a line GD at an angle of £ = % (/#0-8)
degrees clockwise from line MG (Figure 56). In both cases D
is a point on the arc and it represents one of the extreme

positions of the lever pin.



FIGURE 55

LAYOUT FOR FETHOD TWO

© - 20 POSITIVE

8



L

6l—~

FIGURE 56
LAYOUT FOR METHOD TWO
6 - 2X NEGATIVE

c8
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(6) With G' as center and MG as the radius scribe a
second arc from point ¥ around to the point where the first
arc intersects the extension of line Q. This second arc is
always above the line Q.

(7) Scribe an arc, with center at Q, and with radius
QRD, between the two arcs whose centers are at F and G!'.

See Figures 57 and 58. This third arc strikes the first
arc at point D which i1s already established and it strikes
the second arc at the point that will be called E. Point E
is the other extreme position of the lever pin.

(8) Now we can measure the distances MD and ME and

determine the links from the following relationships.

I‘z— 2 I‘3— 2
r, = QD

II. Analytical Synthesis

The analytical equations already derived in Appendix A can
still be used. The only consideration is that # , for both
methods one and two, depends on the value of 6 - 2a. If

< s
6 - 2 is positive P=75 (/80 9) e If & - 2X 4is negative
=% (180-2)



FIGURE 57

DETERMINATION OF POINT E
6 - 2&X POSITIVE

8



FIGURE 58

DETERMINATION OF POINT E
6 - 2 NEGATIVE

S8



ITI CONCLUSION

The methods of synthesis that were developed will make
it possible for a designer to synthesize a crank-lever mech-
anism so that it will have a low value of jerk. These methods
of synthesis are actually rules of thumb because it has not
been proven that for any angle 9 and any angle ™ the methods
will determine the mechanism that is absolutely the best
from the stand point of jerk. Instead it i1s intended that
these methods allow the designer to synthesize a mechanism that
is aporoximately the one with the lowest value of jerk.

The whole procedure that led to the final determination
of the methods of synthesis could be applied to any of the
other four-bar mechanisms such as the drag link, double
rocker, and crank-shaper mechanism. The procedure would be
as follows.

(1) Determine equations for jerk from the position
vector equations.

(2) Write a computer program to calculate the jerk in
a mechanism for any position of the mechanism.

(3) From the calculated values of jerk determine some
criterion that will predict or determine the mechanism with
the lowest value of jerk.

Further investigations might answer many interesting
questions that came about during the investigations for this

thesis.
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Some of them are:

(1) What factors determine the position of a mechanism
at the time maximum jerk occurs?

(2) VWhat effect does the proportions of the mechanism
have on the jerk?

(3) 1Is there a definite relationship between ry, Ta,
r3, and ry that is the same for the mechanism with the
lowest value of jerk in all possible families?

These questions and many more would make absorbing subjects

for investigations.
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APPENDIX A
THE CRANK-LEVER MRCHANISM (3)
In Figure 59 a crank-lever mechanism is shown with the
notation that will be used in the cdiscussion. As the crank
(link 2) rotates, the lever (link %) oscillates through the
angle 6. B; and B, are the two extreme positions of the

pin at the end of the lever. A4y and A, are the corresponding

crank positions.

FIGURE 59
CRANK-LEVER MECHANISM

Notice that the two swings of the lever do not take place
during equal rotation angles. This means that the four-
bar functions as a "quick-return" mechanism. If the crank

turns at constant speed, the time ratio of the two swings

of the lever is
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The most common design problem will be one in which the angle
of oscillation,®, and the angle & (or the time ratio, which
determines &) are snecifieCeceos

DESIGNING CRANK-LEVER MECEANISMS FOR SPECIFIED 6 AND <& :
FIRST METHOD

To design a crank-lever for a svecified 6 and X we can pro-
ceed as illustrated in Figure 60.

(1) Start a layout by picking any point Q for the lever
pivot and drawing an isosceles triangle QB1B, with angle
B1Q@B, ecual to 6.

(2) Through B, draw a line B,X. Through B; draw a line
B1Y at an angle & with B,X. The two lines intersect at 1,

a possible location for the crank pivot.
(3) The lengths, r, of the crank and r3 of the connect-

ing rod, can be determined from the following relations:
r3 + r = MB,
I'3—r2=1"£B1

(%) The mechanism designed is shown in Figure 61.

The above process is simnle and leads quickly to a cesign.

Since line B,X wgs arbitraralv drswn, a great manv ¢ifferent

cesigns could be worked out. [Italics not in the originall
For positive &X the locus of all vossible locations for the
pivot M is the darl portion of thee...circle showm in Figure
62....The light portions of the circle are not possible
locations for M because the lever would be required to swing

past the line of pivots MQ an impossibility in the crank-



X
Y FICURE 60
DESIGN LAYOUT
B
.
/
M
X ’/
‘ ~ FIGURE 61
4 ESIGNED MECHANISM
By 82
FIGURE 62

LOCUS OF ALL POINTS M

o1
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lever mechanism.,

DESIGNING CRANK-LEVER MECHANISM FOR SPECIFIED © AND <X :
SECOND MET:OD

[Before explaining the cdesign procecures Mr., Hall ciscusses
similarly varying triangles and uses them to nrove the va-
lidity of his cdesign procecures which follow in part.]

(1) Start a layout by choosing a pivot distance MQ.

See Figure 63.

FIGURE 63

DESIGN LAYOU T METHOD TWO
(2) Draw line MG at angle /2 - o (clockwise is positive)
with line MQe..o
(3) Draw line QG at angle /2 = 40 degrees (counter-
clockwise with line QM). Point G, the center of the circle
locus for By has now been located. The locus for B, is the

circle with center G* and radius G' Mywhere G' and G are
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symetrically locatecd with respect to line MQ.... The usable
nortions of the locus are shown by heavy lines. ILocating
By or B, outside these limits would require the impossible
action of swinging the lever past the MMQ line,

In the two methods outlined by Hall the end result in each
is a layout from which different mechanisms can be picked off.
From the geometry of the layouts the mechanisms can also be
determinedé analytically.

Consider Figure 62. From the geometry of the Figure equa-
tions can be written for the links r4y, r,y and 3. There
are two dark portions of the circle which are the loci for
M. One of these dark arcs can be disregarded because the
mechanism designed from one arc is the mirror image of the
mechanism designed from the other arc.

Let us now consider Figure 6%, The angle P can be
determined from triangle ACQ. It can be seen that angle
ACQ = 8/2 and that angle ¥ = 180 - /2 - (#+xX), Thus

@ =180 - §/2 —xX = Y
From triangle C@B,, angle QB,C = ¥
¥= 180 -(180 - 8/2) - &x = g/2 X
Therefore
=180 - ©
The chords MB; and MB, can be determined because the angles
that their ares subtend are known. Thus
MB; = 2R sin f/2
MB, = 2R sin (/2 +&)



FIGURE 64

GEOMETRIC CONSTRUCTION FOR METHOD ONE

Center of arc which is the locus of M
Pivot of the lever ry
Radius of the arc
Angle of oscillation of the lever ry
19B2 = Extreme positions of the lever pin
Fivot for the crank r»
Angles subtended by the arc of the locus
Line QC
Perpendicular Bisector of BB,
f— Angle that is a fractional part of angle @ and is
subtented by the arc MB,
&= Angle that is determined by the time ratio

Il ihile

oﬁazwmwoo

o4
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We have the relationship that

I'3 + o = TfBz

I'3 - I'2 = I"{Bj

From this it can be found that

T, = MBo ; 1By T3 = MBo Z 1B,

All that remains is to find the distance MQ which is r4.
This can be done by considering the triangle M¥B,Q. The
angle 6 must be determined then MQ can be found by using

the law of cosines.
£ MB4C = 90 - £/2
*.CB4Q = 180 -(180 - 6/2) - X = §/2 - &
+*Q@B1B, = 90 - 6/2
<MByB, =¥MB;C +¥CBy;Q +¥@B;B, = 180 - /2 - &
+B1BoM = 180 - & -(180 - £/2 - ©o¢ ) = F/2
S+ /2 =90 - 6/2
Thus

S =90-98/2- %2

By the law of cosines

ry = MQ = (r2 + (MB,)? - 2(ry )(MB,) cos 6 f@



In summary, to find a family of mechanisms containing N
mechanisms with 6 and < sgecified¢ and r, specified we

use the following formulas.

P=£ - 180 - 8
N N

r, sin (&/2)
sin &

oy}
"

~
&

-
I

2R sin (£/2)

MB, = 2R sin (/2 +ox)

o,
I

90 - (8/2 + £/2)

ry = (rv? + (MB,)2 - 2r, (MB,) cos & )%

r, = MBz - VB
B

ry = MBa + VB
)

For the first calculation use /# , for the seconéd calculation
use 2 £ , for the third calculation use 3 £ , and so forth
until for the Nth calculation the value N £ is used which is
equal to 180 - 8. This method is readily adaptable to the

digital computer.
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From Hall's second method analytical expressions for
deternining the lengths of the links can be derived 2also,
The procecdure for deterrmining the configuration of a mech-
anism from Figure 63 consists of scribing an arc, whose
center is at Q, between the locus of By and B,. The vpoints
D and E where this arc strikes the locus of By and B, are
the extreme positions of the lever vpins. The distances
MD and ME can be determined anc rrom this r»; and r, can be
found., In Figure 63 the angles subtenc¢ed by the arcs of the
locus By and B, must be determined. Figure 63 can be re-
drawn and labled as shown in Figure 65. TFrom Figure 65 the
following relationships can be established.

¥ MGQ = 180 - (8/2 =x¢) - /2 = 180 + =% - ©
*GCQ = /2 - from symmetry

Thus & cog = 180 - /2 - 8/2 - 6/2 - (180 - 28) - (8/2 -o¢)

4 CGQ = =<
Thus & mge = €MGQ - €CGQ

LMGC = 180 +o¢ = 6 = x¢x= 180 - ©
This is the angle subtended by the arc of the locus Bj.
The angle subtended by the arc that is the locus of B is
angle AG'B and can be determined as follows.

*AG'Q = 180 - /2 - (8/2 =) = 180 - 6 + ¢

4QG!'B = 180 - (8/2 ==¢) = g/2 - 8 - (180 - 28) = o



FIGUEE 65

GEOMETRIC CONSTRUCTION FOR VFETHOD TWO
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Thus
X AG'B =< AG'Q - £QG'B

AG'B = 180 = 8 + X =x = 180 - B

Now it is clear that the two arcs have the same racius and

subtend the same angle. Now the links r,;, r3, and ry can

-
be determined. In Figure 66 the angle A~ = /8,0\, where N

is the desired number of mechanisms. MD is the chord of
the arc subtending angle £ . Thus
MD = 2R sin ¢°/2)
From triangle MG'E
ME = 2R cos (¥ - 8/2 + &)

Vhere ¥ = 90- ( ’fé—a) from triangle MGD. By taking

99

triangle MGQ and using the law of sines it can be found that

R = Tq
sin (8/2) sin (180 + << =8)
s R= Tq sin (&/2)
sin (180 +o -8)
o + I'3 = ME
I'2 - r3 = MBE
Thus
ME - MD ME + MD
T2 = = Klaas m

And from triangle MQE using the law of cosines

r, = ((ry)2 + (ME)2 - 2(r¢)(ME) cos ¥ )2
Thus to find a family of N mechanisms when 6 and ©¢ are
specified and rq¢ is specifieé the following equations

can be usede.



FIGURE 66
GEOMETRY FOR ANGLE RELATIONS

00l
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The value of fF= 180 - ©

N
twice that value for the

8
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180 - 6

N

Ty sin 6/2

sin (180 + o - ©)

2R sin (£/2)

2R|cos (¥ - &/2 +°‘)|

ME

=MD
2

ME + MD

((rq)2 + (ME)2 - 2(r1)(ME) cos ¥ )'/2

is used for the first calculation,

second calculation, three times that

value for the third calculation, and so forth until the Nth

calculation when the value of £ becomes 180 - ©. This method

also can be used on the digital computer with good results.
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ERIVATION OF EQUATIONS FOR DETERNMINING ©; AND 64
In the derivation of the eauations for Jjerk it was
assumed that the angles ©3 and &, were known. These angles
can be determined analytically from the geometry of the
linkage. 1In Figure 67 all angles are considered positive
when measured counter-clockwise. Link 2 is the driver and

its angular nosition ©, is assumed to be known.

FIGURE 67
FOUR-BAR LINKAGE

Consider triangle OAD. From the law of cosines
L
a= ((rq)2 + (r2)2 - 2(r1)(r,) cos ©2) %

and from the law of sines

sin¥ _ sin 62
s a
Thus
.. =1 p .
Y = sin (-52 sin ©2)

Next, for triangle ABD,

(re)? =((r3) 2 + a® - 2(r3)(a)cos @) ”2
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" 2
A= cos (r3)® + a% - (r,)2
21’38

Now from the configuration of the linkages it is seen that

63 = ¢ - b,
Next, from triangle ARBD,
sinA . sing
T3 Ty

Thus

From the configuration of the linkage

ey = 27 - (h"'X)

Thus from the known lengths of the links, the values of ©j3

and O, can be determined for any choosen value of 6.



COMPUTER FLOW-CHARTS

APPENDIX C

COMPUTE
a

COMPUTE

¢=CO§'F -

B="/2

L
-

FLOW-CHART FOR COMPUTING JERK ON THE IBM 1620
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COMPUTE
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FIGURE 68
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Ar6zo
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ARG=0

COMPUTE
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COMPUTE
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&y

COMPUTE

COMPUTE
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/3y
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ENTER COMPUTE
FLODATING PT. rs
INPUT PRINT
DATA /3
COMPUTE COMPUTE
P g
COMPUTE COMPUTE
B ] 7
COMPUT £ PRINT
MBy A
COMPUTE CARRIAGE
MBg RETURN
CONMPUTE INCREMFNT
2 P
PRINT
é,l — ] 7EST
FIGURE 69

METHOD ONE, ON THE ROYAL MCBEE LGP-30
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FLOV-CHART FOR DETERMINING  THE DIMENSIONS OF THE LINKS RY
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Y ¥

ENTER

PRINT
FLOART/NG P7 /é
INPUT COMPUT &
LORTAH IS
CoOmMmPUTE PPRINT
P /3
ComMmPUTE COMPUTE
-
ya /e
COMPUTE PRIN T
w /4
COMPU T £ CARRIAGE
M D RETURN
COMPUTE INCREMNFY T
ME P
COMPUTE L
/2' Ve

I TEST

FIGURE 70

FLOW-CHART FOR DETFRMINING THE DIMENSIONS OF THE LIJNKS BY
METHOD TWO, ON THE ROYAL MCBEE LGP=~30
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