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AXISYMMETRIC VIBRATIONS OF REINFORCED 

ORTHOTROPIC SHALLOW SPHERICAL CAPS 

By Victor Birman1 and George J. Simitses2 

ABSTRACT: Axisymmetric vibrations of reinforced shallow, spherical caps man­
ufactured from orthotropic materials are considered. The closed form solution is 
obtained for the natural frequency of the cap with a clamped and immovable cir­
cular edge by assuming that the motion component parallel to the cap boundary 
plane (in plane) is negligible. Parametric studies are performed to assess the effect 
of various geometric and structural parameters on the natural frequency of the cap 
and, most importantly, to identify the most influencing parameters of the problem. 
From the generated data, it is concluded that the national frequency increases with 
increasing extensional stiffness and eccentricity of reinforcements and to a lesser 
extent with increasing bending stiffness of reinforcements. Other important param­
eters include the base circle radius and the initial rise of the cap. 

INTRODUCTION 

Spherical shells and caps have numerous applications in aerospace, ma­
rine, and civil engineering structural systems. Satellites, protective structures 
of radars, pressure vessels, and curved bulkheads in submarine hulls are just 
a few examples. The number of reported studies considering statics and dy­
namics of isotropic spherical structures is considerable. However, the studies 
of nonisotropic spherical shells are relatively few. 

Axisymmetric snap-through buckling of shallow spherical caps manufac­
tured from a polar orthotropic material was studied by Varadan (1978). The 
caps were supposed to be clamped at the boundary. The analysis employed 
a two-term approximation for the transverse deflection mode shape. Nonlin­
ear axisymmetric free and forced oscillations of such caps were studied by 
Varadan and Pandalai (1978). The effect of a circular hole on buckling was 
considered in Dumir et al. (1984). Static and dynamic analysis of geomet­
rically nonlinear orthotropic shallow spherical caps on a linear Winkler-Pas-
ternak foundation was presented by Nath and Jain (1986) by assuming that 
the deformation is axisymmetric. 

Problems of dynamic buckling of orthotropic spherical caps subjected to 
step loading were investigated by Alwar and Reddy (1979), Ganapathi and 
Varadan (1982), Dumir et al. (1984), Nath and Jain (1986), and Jain and 
Nath (1987). These studies considered the effects of a central circular hole 
(Alwar and Reddy 1979; Dumir et al. 1984), viscous damping (Ganapathi 
and Varadan 1982), a Winkler-Pasternak elastic foundation and boundary 
conditions (Nath and Jain 1986; Jain and Nath 1987). 

Axisymmetric free vibrations of a shear deformable orthotropic spherical 

'Univ. of Missouri-Rolla, Engrg. Education Ctr., St. Louis, MO 63121-4499; for­
merly, Assoc. Prof., School of Naval Architecture and Marine Engrg., Univ. of New 
Orleans, New Orleans, LA 70148. 

2Prof., School of Aerospace Engrg., Georgia Inst, of Tech., Atlanta, GA 30332-
0150. 

Note. Discussion open until December 1, 1989. To extend the closing date one 
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tober 18, 1988. This paper is part of the Journal of Aerospace Engineering, Vol. 
2, No. 3, July, 1989. ©ASCE, ISSN 0893-1321/89/0003-0155/$1.00 + $.15 per 
page. Paper No. 23645. 
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shell were studied by Chao and Chern (1987), who employed a first-order 
shear deformation theory. Anisotropic spherical shells including orthotropic 
shells and shells assembled from several isotropic layers were also consid­
ered by Ambartsumyan (1974). 

The bending stiffness of shells and caps can be greatly increased by ap­
propriate stiffening. The studies of Simitses and Blackmon (1975) and Sim-
itses and Cole (1970) represent an example of an approach to axisymmetric 
and asymmetric buckling of reinforced isotropic spherical shells, respec­
tively. Reinforced cylindrical shells manufactured from composite materials 
were investigated by Block (1968), Bogdanovich and Koshkina (1983, 1984, 
1986) and Birman 1988a, 1988b). 

In this paper, small-amplitude axisymmetric vibrations of an orthotropic 
eccentrically stiffened thin spherical cap are considered. The material be­
havior of both the reinforcements and the cap is assumed to remain in the 
elastic range. The cap edge is clamped and immovable at the boundary plane 
and the motion is assumed to be strictly transverse without a component 
parallel to this plane. 

ANALYSIS 

Consider a thin spherical cap reinforced in the circumferential and merid­
ional directions (Fig. 1). The stiffeners in each direction are identical and 
uniformly spaced. The cap is shallow; its material is orthotropic. The prin­
cipal material directions coincide with the corresponding coordinate direc­
tions of the triangular coordinate system used in Simitses and Blackmon 
(1975). The assumptions used in this paper coincide with those in Simitses 
and Blackmon (1975), i.e., those of small strains, moderate rotations, and 
the Donnell-Mushtari-Vlasov approximation. The spacing of stiffeners is such 
that their stiffnesses can be smeared out. 

The analysis is limited to axisymmetric vibrations. Because the amplitude 
of motion is assumed to be small and the cap shallow, the component of 
motion in the planes parallel to the boundary plane can be neglected. Hence, 
the linear kinematic relations of point on the midsurface are: 

STIFFENER i , . 

CENTROID^ffr r k i -

MIDSURFACE-^ 1 

e 
FIG. 1, Geometry of Cap 
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e„ = z.,.vv.,. eBe = 7,.„ = 0 

-w, 
K, , = - VV ,.,. K B e =

 L K,.9 = 0 ( 1) 
r 

where w = transverse displacement of the middle surface of the unreinforced 
cap; z = distance from the boundary plane to the undeformed middle surface; 
and r = radial polar coordinate. Moreover, e,.,., eee, and yr„ are the reference 
surface strains, while K„ , KBB, and K,0 are reference surface changes in cur­
vature and torsion. 

The strains in a point at distance z from the middle surface are 

er = €,.,. + ZK„ (2a) 

6o = zKee (2b) 

•Yre = 0 (2c) 

The constitutive relations of a specially orthotropic material subject to axi-
symmetric deformations are 

a,. = 2,.,.e,.,. + z(Q„Krr + 2,-eKeo) (3a) 

ffe = G,8e,-, + z(GreKrr + gsftKee) Ob) 

cr,e = 0 (3c) 

where Qtj are the reduced stiffnesses given by 

E, 

1 - v r e v 9 r 

VorEr 

Qrt = ~ (46) 
1 - v r 6 v 0 r 

EB 
See = " (4c) 

1 - vrBv6r 

and CT,., CTB, and o-,B are stress components at any material point. In Eq. 4, 
Er and E9 = moduli of elasticity of the cap skin material in the meridional 
and circumferential direction, respectively, and v,.e and vBr = the Poisson's 
ratios. Note that Eq. 3 applies to the cap skin. 

The stress-strain relations in the stiffeners are 

CT; = £ ,e „ aB = £,.ee, (5) 

where cv and crB = stresses in the meridional and circumferential stiffeners, 
respectively. In addition, all stiffeners are supposed to be manufactured from 
the same material with the modulus of elasticity in the direction of the stiff-
ener axes Er. 

The stress resultants Nr, Ne and stress couples Mr, Me can be represented 
as functions of the strains: 

Nr = (An. + £?.)€„ + £>,.«„ (6a) 

NB = A,.Be,.,. + Eeee K8B (6b) 
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Mr = Es
rererr + (Drr + Es

re) + £>;>,,. + D,.eKoe (6c) 

M0 = D,.6K„. + (Dee + E%e\ + DS)KM (6d) 

In Eq. 6, e,. and e6 = the eccentricities of the corresponding stiffeners, 

(h, h>\ 
(A0,DJ = Qu[—j (7) 

h being the thickness of the cap skin, and 

E,A,. ErAe E'r = — El = —- (8a) 
/,. /e 

E,.I,. E,.Ie 
Dl = — Dl = — - (8ft) 

/, /e 

where /, and /e = moments of inertia of the corresponding stiffeners about 
their centroidal axes; A,, and A9 = stiffener cross-sectional areas; and /,. and 
le = stiffener spacings. In the subsequent analysis, the height of the stiffeners 
(and their eccentricity) remains constant. However, the width of the radial 
stiffeners changes with r so that all parameters in Eq. 8 remain constant. 

The potential and kinetic energies U and T of a cap experiencing axisym-
metric deformations are given as follows: 

U = TT (Nrzrr + MrKn. + M6 Kie)rdr (9a) 
Jo 

r ^ 
T = IT uhwj rdr (9b) 

Jo 
where cr = effective mass density of the material of the cap including the 
"smeared out" reinforcements. The area of the stiffeners in the radial direc­
tion varies linearly with r, therefore the mass density can be represented as: 

(To + <T,r 
ff = ^ ( 1 0 ) 

Substitution of Eqs. 1 and 6 into Eq. 9 yields the expressions for the 
potential and kinetic energies, which can be conveniently represented in a 
nondimensional form: 

UR2 

U°=E^ = 1T (A,.,. + Es
r)&%w% - 2EUMz,iW.iW& + (Dn. + Es

reiRA 

d£ ( ID 

= -rr/?4 I (<o$ + <o?©£w^ (12) 

+ D ^ w 2
K + 2Drtw, tw.e + (DrB + EUlR1 + D%) -r 

Eh5 

where E = reference modulus. 
The nondimensionalized parameters, identified by a bar, are defined as: 
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h Eh3 

r z 
i = - z = -

/? ft 

e,.,eB R 
(er,ee) = R = - (13a) 

R h 

A„ 
A,.,. = — (136) 

Eh 

(E'„El) = - r - 2 (13c) 

L)rr,LJrii 
(D„,Dr9) = —-J- (13d) 

Eh 

The nondimensional time in Eq. 12 is: 

T = M (14) 

where w = time-scale parameter that has the dimensions of frequency. Then 

(0)2, ai?) = ^ ~ (15) 
E 

The approximation for the meridional curve used in this paper coincides with 
that of Huang (1964) and Simitses and Blackmon (1975): 

z = e0(\ -?) (16) 

The motion of the cap clamped at the reference surface can be represented 
by (Simitses and Blacmon 1975): 

w = a„(i)[J0(k)k) ~ Mk!,)] (17) 

where J{(k'„) = 0. The boundary conditions 

w = w,{ = 0 at £ = 1 (18) 

are satisfied identically by the assumed displacement function, Eq. 17. 
Substitution of Eqs. 16 and 17 into Eqs. 11 and 12 yields 

U0 = Tta2„U0 (19a) 

To = T7<Tr0 (19fc) 

U0 and T0 are given in Appendix I. 
The total energy of a conservative system remains constant. Hence, the 

squared nondimensional frequency of motion is: 

n 2 = — (20) 

Note that the time scale parameter w is arbitrary. If this parameter is known, 
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the corresponding value of O, can be obtained from Eq. 20. Then the period 
of motion is available directly from 

2TT 

coil 
(21) 

R E S U L T S A N D REVIEW 

In the chosen numerical examples, it was assumed that both the cap skin 
and the reinforcements were manufactured from the same orthotropic ma­
terial. The geometry was assumed to be such that Es

r = E\; D", = D^; and 
<?,. = ee. The reference modulus E was taken as being equal to the modulus 
of elasticity of the material in the direction of the fibers. In this case 

Arr 1 
1 - vrev9r 

for almost all materials. 
Then, if the time scale parameter is taken as co = \/Er/u0h, the nondi-

mensional analysis that yields the natural frequency il is material indepen­
dent. 

In the following examples, the geometric and stiffness parameters of the 
cap are: E\ = E9

r = 0.5; Ds
r = D,e = 12.5; e,. = eB = 0.035; e0 = 80; R = 

250; and co? = 2.0, if not indicated otherwise. 

J.U 

2.0 
3 

10JT 

1.0 

- ^ ~ ^ ^ R =100 

^ 

_ _ _ _ _ _ _ _ R _ = L 2 5 0 _ _ 

0 .5 1.0 

- s - s 
ET = E-e-

1.5 

FIG. 2. Effect of Stiffener Extensional Stiffness on Natural Frequency 

TABLE 

D;. = D* 

(1) 

R = 100 
R = 175 
R = 250 

1. Effect of Stiffener 

5 
(2) 

23.247 
7.518 
3.663 

15 
(3) 

23.384 
7.563 
3.685 

Bending Stiffness on Natural Frequency 

25 
(4) 

23.520 
7.608 
3.707 

35 
(5) 

23.655 
7.652 
3.729 

45 
(6) 

23.789 
7.697 
3.751 

55 
(7) 

23.923 
7.741 
3.773 
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30 

20 
3 

10 TL 

10 

50 100 

FIG. 3. Effect of Cap Rise Parameter on Natural Frequency 

The effect of the extensional stiffness of the reinforcements on the non-
dimensional natural frequency is illustrated for three different values of R 
(Fig. 2). As the extensional stiffener stiffness increases, the total stiffness 
of the cap increases and, therefore, its natural frequency increases. This phe­
nomenon is more pronounced for caps with smaller values for R. It can also 
be concluded that an increase in the stiffener spacing yields smaller fre­
quencies. Note that the effect of varying the bending stiffnesses of rein­
forcements is less important, as seen from Table 1. 

The cap rise parameter has a significant effect on the frequency, as shown 
in Fig. 3. This can be explained by the fact that an increase of e0 makes the 

-s -s 

200 300 400 

R 

FIG. 4. Effect of Dimensionless Radius at Boundary Plane on Natural Frequency 
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103 i \ 

4 -

-

• 

1 : 

2 : 

3: 

E S
= E S

= 2 .75 
r -a-

ES=ES=1.50 
r -s-

ES= ES= 0.25 
r •&• 

1 / 

2 ^ 

__3_--

0.05 0.10 

FIG. 5. Effect of Stiffener Eccentricities on Natural Frequency 

cap less shallow. If other geometric parameters are kept constant, a less 
shallow (deeper) cap is usually stiffer. 

Figs. 2 and 3 indicate that the dimensionless radius of the cap at the boundary 
plane R affects the natural frequency. This is shown in Fig. 4 for different 
values of nondimensional stiffener stiffnesses. All curves in Fig. 4 are sim­
ilar and reflect the fact that smaller values of R result in much higher fre­
quencies of otherwise identical caps. 

103X1 

1 : 

2: 

3: 

E = ES= 2.75 
T « • 

E = E S = 1 . 5 0 
r .9. 

ES= ES= 0.25 
r -e-

GO, 

FIG. 6. Effect of Mass Distribution Parameter on Natural Frequency 
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The eccentricity of the stiffeners is another important factor which influ­
ences the frequency, as follows from Fig. 5. The caps with larger extensional 
stiffnesses of reinforcements appear to be more sensitive to variations in 
stiffener eccentricities. This is expected because such cap reinforcements make 
a larger contribution to their total stiffness. 

Finally, the effect of the mass distribution on frequencies is illustrated in 
Fig. 6. Redistribution of the mass to the top of the cap can increase its 
natural frequency. This can be explained by the larger stiffness of such caps. 

CONCLUSIONS 

The natural frequency of axisymmetric vibrations of reinforced shallow 
orthotropic caps was shown to increase with an increase of the extensional 
stiffness and eccentricity of reinforcements. An increase of the bending stiff­
ness of reinforcements also results in larger natural frequencies but to a lesser 
degree. Natural frequencies can also be increased by an increase of the cap 
rise parameter and the concentration of the mass at the top of the cap. Con­
versely, an increase of the cap radius at the boundary plane as well as larger 
stiffener spacings resulted in smaller frequencies of vibration. 

APPENDIX I. 

2 
Ua = - elk2(A„ + Es

r)[j](k) + J2
2(k)] +2Re0erE

s
r (J0(k) + J2(k))Jl(k) - i, 

+ - (Drr + Es,.e2R2 + Ds
r) 

4 
- {Jl{k) + J2(k) - 2i2 + i3 
2 

+ Dr,k
2j]{k) - - (Dr9 + ElelR2 + DDUl(k) + j]{k) - 1] 

where Jv(k) are Bessel functions of the order v; and k = k), are the zeroes 
of J,(x) = 0. Moreover, /, (j = 1,2 and 3) are integrals, which are defined 
as: 

*|/2y,(iP)y2(4»)*ft|i = 4 2 (2 + 2p)J2
2+2p(k)--[J0(k)+J2(k)]J,(k) 

;»=0.l,2,. 

^joW^w^ = 2 X Am - - vim + Am 
p = 1 . 2 , . 2 

^y2
2(4W = 2 2 (3 + 2P)J\+2p{k) 

p = 0 , l , 2 , . . . 

T0 = R4ui - vim + Aim - - j0{k)jm 
2 k 

+ - A0(k) + /Tcof 
1 2 1 , 

75 U ~ ~1 Jo(k)h + - ./o(&) 
K K J 

Finally, /4 and z5 denote 
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Jo 

i5 = tfjoww, 
Jo 

and can be calculated by using power series. 
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APPENDIX III. NOTATION 

The following symbols are used in this paper: 

Ar,A% = stiffener cross-sectional areas; 
A„,A rf,,Am — orthotropic extensional stiffnesses (cap skin); 

A,.,. = parameters identified by bar denoting nondimensionalized 
parameters (see Eq. 13); 

a„(t) = function of time (see Eq. 17); 
Drr,Dr%,Dm = orthotropic bending stiffnesses (cap skin); 

Ds
r,Dl = stiffener bending stiffnesses (smeared); 

E,.,E„ = stiffener Young's moduli; 
E*r,E% = stiffener extensional stiffnesses (smeared); 

e,.,<?0 = stiffener eccentricities; 
<?0 = cap rise parameter (see Eq. 16); 
h = cap skin thickness; 

/ , , /6 = stiffener second moments of area; 
Jv = Bessel functions of order v; 
k'„ = values of variable x that leads to Jt(x) = 0; 

/,.,/e = stiffener spacings; 
A/,,M8 = cap stress couples (moment resultants); 
Nr,N0 = cap stress resultants; 

Qrr,Qr»*Qw = elements of orthotropic stiffness matrix; 
R = radius of cap base circle; 

r, 0 = polar coordinates; 
T = kinetic energy; 
t = time variable; 

tp = period of oscillatory motion (see Eq. 21); 
U = total potential; 
w = transverse displacement of reference surface points; 
Z = distance from reference surface; 
z = initial shape of cap; 

£,.,.,em,yrB = extensional strains of reference surface points; 
e,., e8 = extensional strains of any point; 

K „ , Ke8, K,.e = changes in curvature and torsion of reference surface points; 
v,.0,ver = orthotropic Poisson's ratios; 

£ = nondimensionalized radial coordinate = r/R; 
u = effective mass density of cap material; 
T = nondimensionalized time variable; 
\\i = dummy variable of integration; 
w = time scale parameter; and 
O. = nondimensionalized frequency. 
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