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ABSTRACT

Integral equations for the isotropic and anisotropic ray path
of a radio wave propagating through the ionosphere are developed.
These equations assume a spherically stratisfied ionosphere and are
equivalent to a detailed ray-tracing process. A method is devised to
utilize these equations in the evaluation of combined Faraday rotation
and dispersive Doppler data from earth satellites for subionospheric
electron content, The method, which corrects for horizontal ion-
ospheric gradients, is applied to data from the Explorer 22 satellite

and some preliminary results are discussed.
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I. INTRODUCTION

Because of its influence on world-wide radio communications,
the earth's ionosphere has been the subject of extensive study for sev-
eral years. In order to perform an accurate, long-term analysis of
the spatial, diurnal and seasonal variations in this region of the upper
atmosphere, the National Aeronautics and Space Administration (NASA)
placed two Beacon Explorer Satellites into earth orbits. Each of these
satellites, designated Explorer 22 and Explorer 27, after successful
launches on October 10, 1964 and April 29, 1965, respectively, trans-
mits linearly polarized signals on four harmonically related frequencies
(20, 40, 41, and 360 MHz). By recording these transmissions at a
ground-based receiver as the satellites pass overhead, it is possible
to observe the cumulative effect of the ionosphere on propagation and
deduce the total amount of ionization along the ray path. This informa-
tion is interpreted as the electron content in an imaginary column ex-
tending vertically from the earth's surface to the height of the satellite.

There are two phenomena which are readily detectable from
observations of the transmissions and can be related to this electron

content., The more prominent is a rotation in the plane of polarization



as the wave traverses the ionosphere, an effect known as Faraday ro-
tation. The effect is a result of the anisotropic properties of the ion-
osphere and the number of rotations is directly proportional to the
ionospheric electron content. Unfortunately, it is impossible to direct-
ly measure the exact number of these rotations; however, it is possible
to observe their time rate of change as the satellite passes overhead by
recording the signal level of the transmissions at a fixed dipole antenna.
The second detectable phenomenon is a slight offset in the Dop-
pler shift frequency of the moving satellite, primarily due to refractive
changes in the phase path of the radio waves as they traverse the iono-
sphere, This offset, however, is so small that uncertainties in the
relative velocity of the satellite make absolute measurements impossible.
The difficulty is avoided by making use of the dispersive properties of
the ionosphere. A second, much higher frequency is transmitted in
phase with the lower frequency and, at the ground-based receiver, the
two transmissions are converted to some third frequency and compared
in phase. The higher frequency will be relatively unaffected by the
ionosphere, but the motion of the satellite has the same proportional
effect on both transmissions. When the phase comparison is made,
the geometric Doppler shift is cancelled, and it is possible to measure

the offset which occurs at the lower frequency rather precisely. This



phenomenon has become known as the dispersive Doppler effect.

The Beacon satellites are able to produce a measure of the
entire ionosphere over a fairly large geographical area and thus have
an advantage not found in most other methods of studying the ionosphere.
To make use of this advantage, however, it is necessary to evaluate
data received while the satellite is at a low elevation angle with respect
to the horizon. This low elevation angle means the transmissions will
enter and leave the ionosphere at a large angle of incidence and there
will be considerable amount of refraction along the ray path. Most
authors [1] avoid the problem and confine their analysis to data re-
ceived from very high elevation angles.

The efforts to solve ionospheric propagation problems more
exactly [2 ] have involved complicated techniques in which a ray is
aimed from the satellite toward its point of arrival, the path traced
through the intervening ionosphere with Snell's law and the amount of
"miss" used to calculate a better aiming direction., Although the
method produces results which are interesting and accurate, it is much
too time consuming to apply to a large amount of data,

In this thesis, the integral equations for the Faraday rotation
and dispersive Doppler effect in the ionosphere are developed. These

equations include the effects of ionospheric refraction and are derived



with the minimum number of approximations. Since the equations

can be evaluated much more easily than a detailed ray tracing tech-
nique, they are convenient to use as the basis of a method for evaluating
data from the Beacon Explorer satellites. One such method is developed
here. The method, which also corrects for horizontal gradients in the
ionosphere, is applied to data received from the Beacon satellites and

the results are discussed.



II. DATA RECORDING AND REDUCTION

At the time this work was initiated, Marshall Space Flight Center
had facilities that could receive and record both Faraday rotation and
dispersive Doppler data from the Beacon Explorer satellites. These
facilities, located at the MSFC Radio Propagation Test Site (Figure 1)
on Green Mountain near Huntsville, Alabama, were installed several
years prior to record data from a predecessor to the Beacon Explorer
Satellites 22 and 27. This preceding satellite (S-45) was never success-
fully orbited; however, the receiving equipment was compatible with
Explorers 22 and 27.

The information recorded from the satellites is the signal level
of the 20-,40-, and 41- MHz beacons at a dipole antenna, the phase dif-
ference between the received 20 MHz signal and a frequency equal to
one-eighteenth of the received 360-MHz beacon and the phase difference
between the received 40-MHz signal and a frequency equal to one-~-ninth
of the received 360-MHz signal,

A continuous record of the beacon's signal level, as seen by a
dipole antenna, can easily be related to the time rate of change of the
angle of rotation of the plane of polarization since the antenna will re-

ceive a maximum signal when the plane of polarization is parallel to



FIGURE 1 - Green Mountain Radio Propagation Test Site, Huntsville, Ala.



it, and a minimum when perpendicular. A short sample of the recorded
data is shown in Figures 2 and 3. The first record was received at mid-
afternoon while the second was recorded shortly after dawn and the
diurnal variation is quite evident.

All of the transmissions from the beacon satellites, with the ex-
ception of the 360 MHz beacon, are received at dipole antennas (Figure
4) which are connected to the receivers by low-loss coaxial cable. The
receivers (Figure 5) exhibit a noise figure of less than three decibels
and a band width of 100 Hz, The block diagram of the 20 MHz receiver
in Figure 6 is typical of all four receivers and is fairly self-explanatory
as to their internal operation. The only difference in the separate re-
ceivers is the scheme used to obtain the 32 MHz intermediate frequency
from the received frequency and the 1.00025 MHz frequency of the
voltage-controlled oscillator (VCO).

It will be noted that instead of actually measuring the signal
level of the transmissions, the AGC voltage is recorded so that a loga-
rithmic response is obtained, The approximately 1 MHz output of each
VCO is multiplied by the appropriate factor within the phase comparator
before being beat together with the output of another VCO,

The output of the receivers and phase comparators is recorded
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FIGURE 2 - Ionospheric Data from Explorer 22 (Huntsville, Ala., 16:20 CST, 10/29/64)



FIGURE 3 - Ionospheric Data from Explorer 22 (Huntsville, Ala., 04: 24 CST, 10/31/64)



FIGURE 4

20 AND 40 MHz DIPOLE ANTENNA
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on both magnetic tape (for permanent storage) and on oscillographic
strip charts (for immediate~reduction). In addition to the five channels
of data which are recorded during each pass of the satellite, a timing
channel is also recorded. The time is recorded in a binary coded
format, thus requiring seventeen bits for the exact hour, minute, and
second., This information is recorded at one bit per second and after
each seventeen bits, three index markers are recorded. Thus, the
exact time is recorded each twenty seconds, and since the bits are
exactly one second apart, it is possible to make accurate time determi-
nations at any point on the records. This timing code is transmitted to
the data recording site from the nearby MSFC on a 226.5 MHz carrier,
At its origin, the timing is continually synchronized with the National
Bureau of Standard's WWYV radio transmissions from Washington, D.C.,
and is accurate to within a few milliseconds.

The major problem which occurred at the Green Mountain site
after the launch of the first satellite was in the reception of the satel-
lite's 360 MHz transmissions. The original plan was to receive this
beacon on a dipole antenna, but the satellite's transmissions on this
frequency were somewhat weaker than predicted. The six-meter dish

antenna (Figure 7) was used to track the satellite with considerable



FIGURE 7 - TRACKING ANTENNA (GREEN MOUNT AIN)
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success, but other tracking commitments occasionally pre-empted its
use. The system of nine element yagi antennas in Figure 8 was con-
structed and the receiver was switched from one antenna to the next as
the satellite passed overhead. This scheme met with only limited suc-
cess, and it was necessary to install a high gain preamplifier. This
preamplifier was connected to an eight-turn helix antenna which was
set at a fixed elevation but ajustable in azimuth., The twenty-two deci-
bel gain in the helical antenna was sufficient to keep the 360 MHz re-
ceiver locked on the satellite's signal from horizon to horizon.

The polar orbit of the Beacon Explorer-B satellite brings it
over the Huntsville location on a high elevation pass (above 45°) once
each twelve hours, while the more equatorial orbit of the Beacon Ex-
plorer-C satellite brings it over Huntsville on a high elevation pass on
four consecutive orbits each twenty-four-hour period. During a typical
twenty-four hours, the day time and night time pass with the highest
elevation was recorded, and, on the occasions when the Beacon Ex-
plorer-C satellite passed overhead on three of four consecutive orbits
during the transient conditions which exist in the ionosphere around
sunrise or sunset, several additional passes were recorded.

An attempt was made to automate the data reduction by reading

the desired information off the magnetic tapes directly into the computers



FIGURE 8

360-MHz YAGI ANTENNA SYSTEM
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with automatic data processing equipment., It was discovered, however,
that the slightest amount of noise on the tapes upset the machinery. When
the technique was finally developed, it required a working time-to-data
time ratio of over thirty to one, and so was abandoned.

The large amount of data received by the Green Mountain Station
was reduced by undergraduate students from the Alabama Agricultural
and Mechanical College. In reducing a recorded pass, the data channels
were paired, with the 20-MHz Faraday rotation channel being reduced
together with the 20- and 360-MHz dispersive Doppler channel and the 40-
MHz Faraday rotation channel being reduced together with the 40- and
360-MHz dispersive Doppler channel. The times of two adjacent signal
level nulls were read from the Faraday rotation channel and the number
of dispersive Doppler cycles between the two times was counted. The
data were then tabulated in a form which was acceptable by the digital
computers at MSFC which evaluated it for electron content.

The recording chart speed was five millimeters a second and it
was possible to determine the time of each signal level minimum to
within two-tenths of a second and the number of dispersive Doppler cy-
cles in an interval to within one-half cycle, An increase in chart speed
would not have increased the accuracy substantially, as the background

noise often made the exact position of the signal level minima uncertain

by one or two tenths of a second.
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III. MAGNETO-IONIC THEORY

The ionosphere is that region of the upper atmosphere which is
characterized by a relatively high density of free electrons. The re-
gion extends from approximately sixty to one-thousand kilometers
above the surface of the earth and the electron density distribution is
approximately a parabolic function of height with a maximum at about
three-hundred kilometers. The geomagnetic field influences the entire
region [3] J

The use of transmissions from earth satellites to analyze the
ionosphere requires the development of a theory which relates the
presence of free electrons to the propagation of radio waves. A com-
plete mathematical analysis of the theory of the propagation of radio
waves in the ionosphere would require a full wave theory treatment of
considerable complexity. It is possible, however, to make a few as-
sumptions about the ionosphere itself which greatly simplify the problem.

Thus, the ionosphere is considered to be a partially ionized, ho-
mogeneous gas made up of free electrons, heavy positive ions and heavy
neutral molecules. It will be assumed that the medium as a whole is
electrically neutral and subjected to a uniform, external magnetic field.

The medium just defined is called a magneto-ionic medium and the theory



15 called the magneto-ionic theory [4]. In most cases, it is possible
to assume the ionosphere to be well represented by a magneto-ionic
medium and obtain results which are consistent with experimental ob-

servations made by other means.

19
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A, The Appleton-Hartree Equation

If a sinusoidal electromagnetic wave is traveling through a mag -
neto-ionic medium with an electric field E = E, e XP(/w t), it will sub-
ject a single free electron to the force,+eE (where e is the magnitude
of the charge of the electron). The force exerted by the magnetic field
of the wave can be neglected; however, the magnetic field imposed upon
the medium exerts a force of e';: xg on the electron. If the electron
makes ¥ collisions per second with other particles, then it will be sub-
jected to a damping force of ¥ m¥ . Thus, the equation of motion of
the electron is

-

- e

,a —
m¥F = ~eE -erxB - vm

e
=

(1)

It is convenient at this point to replace the electron displacement
with an equivalent dipole moment, ,Z;_-.-e? . The equation of motion be-
comes

- e 2
P*twm

X§+V;=%E (2)

Ok

It is possible to extend this equation to the case of a continuous

charge distribution and average it over a finite region of space by intro-

B

ducing the concept of a dipole moment per unit volume, P=-Ne -,
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where N is the electron density. This results in the following equation:

.:a:. -;' — ...:-- - -
e
P+&£PxB +vP =3¢ E (3)
In solving this equation, it is generally assumed that P varies
- >_ P
with E , thatis, P= £ exp(jwt). Substituting this expression into
(3) gives

NeE .i;;-l)P-f-g PXB )

m

This equation is called the "constitutive relation" of the iono-
sphere. Rewriting it in the more convenient notation which was intro-

duced by Appleton, the equation becomes

€XE = (;Z -1)P+ 5 PxY (5)
where %
Ne
A et
Y= 8B
.2 Y

It is now necessary to consider the electromagnetic wave itself,
The electromagnetic field of the wave is governed by the four equations
of Maxwell and a solution must satisfy these equations as well as the
constitutive relation. In the case of the ionosphere, Maxwell's equations

are simplified since it is assumed that there is no charge density and no
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e

net current density, With these conditions and the relation D= e E+ P,

the equations become [5]

Ve(eeE + P)= o (6)
V-H= o (7)
VxH = $:(eE+P) (8)
Vx E = —,u,géz (9)

For present purposes, it is sufficient to consider the special
case of a plane wave. It is then possible to simplify the equations
further. If the z-axis is chosen to be the direction of propagation, then
all of the components of E and -:‘-:/ will vary with z, e.g., eXP(—//f z),
but will not vary inthe x and vy direction. Under this restriction,

Egs. (8) and (9) reduce to

fHhHy = o (EE+R) (10a)
- 7k H, =7'w(e°E7+ﬁ7) (10Db)
O = jew (€&, +R) (10¢)
7KE, = —7 o H, (11a)

FAE =7 wp A, (11b)

with all other components zero.
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Equations (5), (10), and (11) are sufficient to completely analyze
the propagation in a homogeneous ionosphere of a plane wave with other-
wise arbitrary polarization. In general, this polarization will change
as the wave propagates; however, there exist certain polarizations which
do not change. An electromagnetic wave possessing this property is
known as a "characteristic wave, "

In order to determine what types of polarization will propagate as
characteristic waves, it is necessary to define the polarization of a wave

E £,

H H
in terms of the complex ratios _EJ - -

» E, * Hx® and Hx ® In a char-

acteristic wave, these ratios remain constant.

Now, combining Eqs. (10a) and (11b), and Egs. (10b) and (11a)

gives
K _ .+ &
€ Mo o € E, (12a)
2
A 1 R
—2 = | *+ & 12b
€o plo W ° E7 (12b)
It follows that
RB_ Ex (13)
B
It is possible to determine the ratio T’f in terms of macro-

scopically observable parameters, but first it is necessary to define
a coordinate system, The z-axis has already been chosen to be the

direction of propagation, but there is still some freedom in the choice
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of the direction of the x- and y-axis. If the y-axis is chosen so that
the imposed magnetic field is in the y-z plane, the components of Eq.

(5) can be simplified somewhat, These components are

C©XE=GINR 17BN -iRY, (14a)
€.XE, =(2-0F - /R Y, (14b)
eXE,=(42-1)F +4 RY, (14c)
where ¥ = Y, = |¥] cos 6
=X = IYl sine

and @ is the angle measured from the magnetic field to the wave normal,
Combining Eqs. (10c) and (14c) gives

. —— _R
p, = T Z-% (15)
Using Eq. (15) to eliminate A from Eq. (14a) gives
2

. R
e,z—g:= —(:-,‘z—‘,—:,-—,%)*f““’ﬂ (16)

X

From Eqgs. (13) and (14b)

. P
e‘,x-fgs = -(-72) =7 Y, (17)
X

Equating the right-hand sides of Eqs. (16) and (17) results in

‘I'1 e P
:‘K(‘g)-(f%sz)*fﬁ('ﬁf)=° (18)
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Multiplying by (R,) gives the quadratic equation

. - [
(B # (+—Hme) & 1= o
y (X

whose solution is

7 Z [ 2T - £ 1T + V2 ]
R=('p;) =(' )2) I-7z-X +( [-;z-x1* Y. ) (20)
This equation is called the "polarization equation" and a wave

propagating within the ionosphere must have a polarization given by

one of its two solutions., In general, R is complex, corresponding to

25

elliptical polarization. The two limiting cases, R real and R imaginary,

correspond to linear and circular polarizations, respectively,

In order to complete the treatment of propagation within a homo-

geneous ionosphere, it is necessary to develop an expression for the

index of refraction of the medium., Recalling Eq., (12b), and that ¥= “{",

— /
- /4"05; , and rl-%, then

z-___./__@. 21
”"/ eoE" ()

where n is the index of refraction. From Eq. (14b), it is seen that

N € X (22)

. . B
E‘} /'7z+7(p~,)):
Combining Eqs. (21) and (22) gives

(23)
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The term (%), the polarization of the wave, has already been
?

evaluated in Eq. (20). Introducing this term into Eq. (23) gives

e s
I Ay Lyt % (24)
| =22 —-—-—-’,_,.;_x - = (-*'3---—-,_,.2_1,3-5- Y.

This formula, known as the Appleton-Hartree equation, is a
major tool in the study of the ionosphere by means of radio wave propa-
gation. Recalling that the equation was derived for a continuous medium,
it is to be noted that the equation is strictly valid only for homogeneous
regions in the ionosphere; however, its successful application to a va-
riety of problems has proved to be quite representative of the actual
ionosphere.

An examination of the equation indicates that the ionosphere po-
sesses very complicated optical properties. The geomagnetic field
makes the ionosphere an anisotropic medium similar to a biaxial crystal,
and produces the two indices of refraction of Eq. (24).

The two solutions of Eq. (24) are the refractive indices for the

so-called ordinary and extraordinary modes of propagation,
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B. Approximations to the Appleton-Hartree Equation -

In its entirety, the Appleton-Hartree equation is rather cumber-
some to work with due to its complicated dependence upon the electron
density and the earth's magnetic field. It is possible to simplify the
equation considerably by placing a few restrictions on it.

The first approximation assumes that the electron collision
frequency is small (i.e., Z <<1) and introduces very little error at
higher frequencies, pérticularly in the middle or upper regions of the
ionosphere,

By restricting the use of the equation to regions of the ionosphere
where the angle between the magnetic field and the ray path (angle ©)
is small, it is possible to utilize the quasi-longitudinal (Q-L) approxi-
mation., This approximation is valid (above 20 MHz) for an observer
of the ionosphere at mid-latitudes in the northern hemisphere, except
for a small region of the sky to the north, When the condition of the

approximation is realized, then

"
%,’-'-, << (1-%)* (25)

Applying both of these approximations to Eq. (24), the Appleton-

Hartree equation becomes

A F37 (26)
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The ordinary and extraordinary refractive indices are then

given by
Ho= [' - —'-;‘x?u.—] (27)
WA=

where the symbol g4 has been used in keeping with standard notation.
In several applications, it is possible to neglect the geomagnetic
field altogether and treat the ionosphere as if it were an isotropic me-

dium. In such cases, the isotropic refractive index is given by

(29)

Ni~

r=[1-x]%.
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C. Propagation in an Anistropic Medium

The analysis of radio wave propagation within the ionosphere
would be greatly simplified if it were possible to neglect the anisotropic
properties of the region. However, since it is these properties which
are responsible for the Faraday rotation effect, it is necessary to study
them in detail.

In the ionosphere, the refractive index depends upon the angle
between the magnetic field and the wave normal, but when tracing the
path of a ray through an interface between two regions of different re-
fractive indices, the direction of the wave normal in the second region
cannot be detemm ined unless the index of refraction of the second region
is already known. In addition, the ray direction (direction of Poynting's
vector) does not coincide with the wave normal and, in general, does
not remain in the plane of incidence [6] .

The relation between the ray direction and the direction of the
wave normal can be determined with the aid of Figure 9., This figure
is an approximate plot of the "wave-velocity" surfaces (71-) of the
ordiﬁary and extraordinary modes of propagation using Eqs. (27) and
(28). The figure is actually a surface of revolution about the magnetic
field vector, Ifla. disturbance originates at 0, then each surface rep-

resents the wave front after some time 7T . At the point S , the wave
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front is traveling in the direction normal to the surface and obviously
not radially. Since the energy which is arriving at the point S is
traveling from the point 0, it is apparent that in an anisotropic medium,
the direction of phase propagation differs, in general, from that of en-
ergy propagation. From the figure, it is seen that both the ordinary
and extraordinary rays lie in the plane defined by their wave normals
and the magnetic field, but for - T <g< “% the direction of the extra-
ordinary ray is such that it lies between its wave normal and the mag-
netic field, while the opposite is true for the ordinary ray.

At this point, it will be appropriate to introduce the concept of
a ray velocity ( V. ) which will be defined as the phase velocity in the
direction of the energy flow., The velocity of the point S, given by the
expression v= ";:T is the phase velocity in the direction of the wave
normal. It is seen that the phase velocity in the direction of the ray
is given by

————

V, © Tos x (30)

It is also interesting to consider the phase path length (the dis-
tance the wave would travel in time ¥ if it were in free space) in an

anisotropic medium,. In travling the distance d, the wave takes a



time
v = - (31)

From Egs. (30) and (31) and the definition of the index of refraction,

= Ls cos o) d (32)
c _

If the distance traveled by the wave in free space in time 7 is P,
then
v = (33)

‘and combining Eqs. (32) and (33) gives for the phase path length
P=(Cmcos x)d (34)

It is possible to determine the relation between the refractive
index and the angle & by referring to Figure 10. From the geometry
of the figure and the sign convention that the angle @ is positive when

measured to the wave normal in the same sense as the angle o, it is

seen that
| dr
and

Combining Eqs. (30), (35), and (36) gives

fa.na:lz_..vLé-g-‘_-_- _;f.js (37)

32
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When this relation is combined with the full Appieton-Hartree

equation (Z=0) the results are

+ (nZ0) Yr X
tar = T 7 [Yreau-m)yi)*

(38)

where the plus and minus signs refer to the ordinary and extraordinary
ray, respectively. Applying the qua.si—longi'tudina.i approximation re-
duces the equation to

XY scn &
2(1-X)(1tYcos o) (39)

tany « = +
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D, The Faraday Rotation Effect

To consider the problem of propagation of a linearly polarized
electromagnetic wave in the ionosphere, it will be necessary to return
to Eq. (20), the polarization equation. If the quasi-longitudinal approxi-
mation is applied to this expression, then Rst;', indicating that under
this condition there are two characteristic waves (both circularly éo..
larized, but with different senses of rotation). Since these two circu-
larly polarized waves are the components of a single linearly polarized
wave, it would appear that a linearly polarized wave is also a character-
istic wave. A closer examination, however, shows that this is not strict-
ly true because the ratio R= 'E:does not remain constant,

To determine the effect of the ionosphere upon R for a linearly
polarized wave [7] , consider such a wave propagated at £=0 and z=¢
with its electric vector along the y-axis (i.e.,Ey =©). The x and y com-
ponents of each circularly polarized wave are related to the x and y

components of the linearly polarized wave by

Ex = Exe *Exe (40a)

E,= Eyo+Eye (40Db)
where the © and e subscripts refer to the ordinary and extraordinary

modes of the circularly polarized waves.
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These circular components each vary with z and t as

Exo = &, expli(wt-4,2.)] (41a)
Exe =€xe expli(wt-kez,)] (41b)
Eyo =€y exp [(wt-ko2.)] (41c)
Eve =&y exply(wt—kez.)] (414)

In these expressions Zo and Z¢ have been included to allow for
the possibility that the ordinary and extraordinary rays may follow sep~-
arate paths., For brevity, the term cos « is contained implicitly in

the definition of the refractive igdex in the remainder of this section,
At the initial conditions,
Ex; S8 # Eye ™ © : (42a)
Ey = £ go * Eue (42b)

and R is initially zero for the linearly polarized wave.

Equation (40) may be rewritten as
Ex = Re Eya * Rc E,. (43a)

E:"—" Ega + E,g (43D)

where Ro and Renow refer to the polarization of the two circular waves.
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Thus,
- _EE = Ro€yeeXp(=7kezZe) + Ro€ia exp(-7 ke ze)
! Eroexpl-fkeZ.) + €, exp(-7te 2. ) 54)
Rewriting Eq. (42) as
iy = Roego + Re E-,c e
€, = Eyo + Eyge
and recalling that Re=-7 and R, = j indicates that
Eyo = —5_-‘“ (45a)
€e = 'iE'" (45b)
Substituting Eq. (45) and R=#4into Eq. (44) gives
B - —1'¢-xp(":f'./folo) + s exp (':'r'knzc) (46)
exp(-7KRoz.)+ exp(-7 ke 2. )
Multiplying the numerator and denominator of Eq., (46) by
" exp[é‘(hoz.*-lr'z,ﬂ gives
o expl-Z(kezo-keze)] —exp[F (k2o —baz.)] i

Fexpl-4(kezo - keze)] +fexpl 4 (HoZehy 2, )]
Defining the quantity @= £(R.Zs~he%) and substituting into Eq. (47)
gives

exp(-76)-exp(78)
exP (-78) +exp(18) (a8

|
K= <
Now, comparing Eq. (48) with the identity

exp(78)—expl-716)
exP(7€)+exp(-78)

tan @ =?‘p
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indicates that R= -Tan ﬁ .~ Thus, after traveling a distance =z
within the ionosphere, the quantity R remains real, indicating the
wave has retained its linear polarization; buf R has changed in mag-
£

nitude by an amount ten@. Recalling that R= , it is apparent

that the plane of polarization has rotated an angle @ , where

ﬁ =£ (k.z, - ke ze) (49)

Since k= afh , it is possible to express the angle @ in terms
of the solutions of the Appleton-Hartree equation, Thus,Q“ f (}d.zb-&ze)‘
Dividing the rotation angle by 2 to get the total number of rotations

after the wave has propagated a distance 2z gives
£ _+
=25 =35 (Mozo-peze) (50)
For the actual case of propagation through the ionosphere, it is

necessary to go to the integral form of the equation since o, and N,

are continuously changing functions. Thus,

= fa j,uoc/s‘, - _;:Eé j}‘edse (51)

where the integration is along the separate ray paths, 5 and o5 .
Since subsequent derivations will be in terms of phase path length
differences, it will be convenient at this point to express the above Fara-

day rotation formula in terms of the phase paths. Equation (51)becomes
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a=z=(L-R) (52)
where 13:][“9"5- is the phase path length of the ordinary mode and
E ‘_'j’-l, d% is the phase path length of the extraordinary mode.
Several authors [8] have developed an approximate expression
for the Faraday rotation angle which demonstrates the effect of the
various parameters somewhat better than does Eq. (51). They assume
a common ray path for the two modes of propagation and combine Eqgs.

(27), (28), and (51) to get
X )i X )2
ﬂ'i% f(""'nn '(""f-);_)’sz
Expanding the terms under the square root sign as a power series

and dropping the higher order terms gives

ﬂ=;a"j[‘zx"‘( i-'}g - I:r:. )]dz

Expanding the fractions in terms of a series and again dropping

the higher order terms gives
0N = ;%IXY._ dz

Recaliing the definition of X and Y% reduces the expressionto

n--f;scosef:cdz (53)
3
— _e
I 1672 C €, M2

The term jN dz is interpreted as the total ionization along the

where

ray path. Although Eq. (53) is only an approximate solution to the

problem, it has been used frequently with some success.
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E. The Dispersive Doppler Effect

The dispersive Doppler effect arises from relative changes in
the phase path length of two transmissions from the moving satellite

[9] . This phase path length is defined as

Rs
- [fa

where p. is the refractive index of the ionosphere at frequency £

Rs is the range to the satellite

ds is along the ray path.

As the satellite passes over the receiver, the pase path length
will change with time., This time rate of change is due to changes in
both the range to the satellite and the refractive index itself. Rewriting

Eq. (54) to show its dependence on the various parameters gives

Rs
- 55
R (Rst) = [/A{_(S,f)a’s (55)
o
since p is a function of the height above the earth. The time derivative

of Eq. (55) is

%% %Es & (56)
where k‘

2F =[(%f‘) ds (57)

oP (58)
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and (g4 )”s is the refractive index evaluated at the position of the satel-
lite and at frequency f, For present purposes, it will be possible to
assume the satellite is in free space (i.e., above the ionosphere) and
set (H‘)Rs equal to one.

Combining Eqs. (56), (57), and (58) gives
Rs

IR -
i f(f‘f‘)ds (59)

Recalling that the time rate of change in the phase of a wave is

dg _ 2rf dP
dt -~ ¢ dt (60)

and the frequency seen by the receiver is equal to the transmitted fre-
quency plus (’i'r'r) times the rate of change of the phase, then
Rs
f=fr v 5 +-§=f(§£+).;s (61)
°
where e is the received frequency.

Examining the right-hand side of Eq. (61), it is seen that the
second term is just the ordinary Doppler shift frequency. The third
term is a slight additional change in the received frequency and has be-
come known as the "Doppler shift offset, "

It is possible to eliminate the regular Doppler shift by trans-
mitting a second wave of frequency mf, in phase with the first. The

frequency observed by the receiver of this second wave is

Rs
#e e ot dl v 2 () ds e
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If the frequency of the second transmission is divided by the
factor m upon reception and then subtracted from the first frequency,

the observed beat frequency will be
Rs

-+ f f)ds - < f (5¢77) Isms (63)
°
where it must be remembered that the integrations are along the sep-
arate ray paths.

Sinc.e the ionosphere is a highly dispersive medium, the beat
frequency is readily observable if » is as small as two; however, since
the frequency is often less than a cycle per second and changing rapidly,
it is impossible to determine it accurately from transcribed records.

In order to utilize the effect it is necessary to resort to finite time in-
tervals and consider the total change in phase during this interval. In
this case, the expression for the dispersive depler effect becomes
the Eq. (63)

Fot = .f-['.(,,,‘ Js,.‘ f’-‘;c’s.‘ f’-(n‘ JS;.{"" éf,.(.‘Js* (64)

where ¢, and t, indicate a change in the geometry.

In terms of the respective phase path lengths, Eq. (64) may be
written
Fat= £ a(B,-R) (65)
It will be noted that in going from Eq. (63) to Eq. (64) the free
space Doppler shift was reintroduced into each term, but in calculations

using Eq. (64) these extraneous terms will cancel one another,
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IV. THE RAY PATH LENGTH FOR OBLIQUE INCIDENCE IN
IN A SPHERICALLY STRATIFIED IONOSPHERE

Equations (52) and (65) are exact expressions for the Faraday
rotation and dispersive Dopplér effects, but the implicit ray path lengths
have not yet been defined. The problem is easily solved by assuming
that the ray paths coincide with the straight line between the receiving
station and the satellite, but this is not realistic. For instance, the
most easily observed parameter of the ray path, the angle of arrival
of the satellite's transmissions, can vary (at 20 MHz) more than ten
degrees from the actual elevation of the satellite.

To develop an expression for the ray path length as a function
of the position of the satellite, it is necessary to assume the ionosphere
to be a completely known quantity. This, of course, defeats the pur-
pose of the entire analysis and will require further discussion. In ad-
dition, it will be assumed that whatever the distribution of electrons
within the ionosphere it is a function of only the height above the surface
of the earth (i.e., spherically stratified and ephemeris time). Although
it would be possible to remove these last two conditions, they are quite

plausible and the refinement would not justify the required effort.
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A, The Isotropic Ray Path

Since the dispersive Doppler effect is a phenomenon which is
dependent upon only the dispersive properties of the ionosphere, it will
be possible, in its analysis, to assume the ionosphere to be an isotropic
medium. In addition, it is somewhat simpler, mathematically, to as-
sume that propagation is taking place from the station to the satellite.

The coordinate system is defined in Figure 11. The satellite
will always be taken to be in the positive quadrant of the y - z plane
which, it will be noted, is also the plane of incidence. It can be seen
from the figure that

d
ds = C—oshx, (66)

_ Jh
ds = Fsing (©7)

where ¥ is a continuously changing angle of incidence at the interfaces
of the differential geocentric stratifications.

If the ionosphere is spherically stratified, then

sinX = (ﬁ%") .2;{.1; (68)

where
X, = the apparent zenith angle
R = the radius of the earth

H = refractive index at height h
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That this is true can be demonstrated with the aid of Figure

12, From the law of sines,
-4 ﬁ*h i -~
sinX_ = (——R—') sin X, (69)
From Snell's law,

sin Z,’ = pMa Sin Xa (70)

Applying the law of sines at the second layer gives

ha hl . ”
sin X, = (-%") sinX, (71)

Applying Snell's law a second time gives

Pz Sin X;-"-' A3 Sin Xy (72)
From Eqs. (69) and (70),

Mz (.._E.ii'-!-) sin X, (73)

sin J(J_ = R

From Eqs. (71), (72), and (73),

R "'hl"'h‘l- .
SinX, = M3 e—r{ ) sin X, (74)

Since the increments of height between successive layers can be
made arhitrarily small, then Eqs. (73) and (74) imply that Eq. (68)
is true,

Substituting Eq. (68) into Eq. (67) gives

p dh (75)
[Mr— () sn X4 ]

ds =
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Integrating this expression to the height of the satellite gives

hg
= M dh
- a E 1 . 2 ?6
S [ [ (7e) "sen™ X, 1% .

where 7(4, is the "apparent" zenith angle of the satellite and p is cal-

culated according to Eq. (29).

For high elevation angles, it is possible to make the approxi-
mation )(*::x; however, this introduces a large error at elevation
angles below about sixty degrees. To find the true value of X"_ , refer

to Figure 11 and note that

tanmx = EmY (17)
Thus,

sin X dh
d¥ = @rh)[1- sin"x] 72 (78)

Recalling Equation 68 and integrating gives

Rsin X4 dh (79
Y= (R*h)" EH‘-(%‘)‘S‘.”"X;JVI )

In the absence of an ionosphere p will be unity along the ray

path so the regults of Equation (79) can also be obtained from the

expression
hs
_ j R sin Xs dh (80)
¥ = Ry -G s X T
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This equation can be integrated to give

Y= Sin"[{[l-(gf;‘)‘s;nlx,]"i (R_§;) cosX, } sinx,] (81)

By iterating the value of x* in Eq. (79) until its results agree
with the results of Eq. (81), it is possible to obtain ')(.F to any degree

of accuracy consistent with the assumptions.
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B. The Anisotropic Ray Path

The problem of determining the anisotropic ray path is much
more complex and it is necessary to assume that the isotropic ray path
is a good first approximation to the two anisotropic ray paths. This is
justified by the results of detailed ray-tracing techniques [2] which
show the ordinary and extraordinary ray paths to be virtually coincident
along most of their length, even at very oblique angles of incidence.

The coordinate system to be used is the same as in the isotropic
case and again the propagation will be assumed to be from the station
to the satellite. In reversing the direction of propagation, the angle be-
tween the wave normal and the magnetic field is increased by 180 degrees.
Although it can be seen from Figure 9 and Eqgs. (27) and (28) that the ef-
fect of this is just to interchange the ordinary and extraordinary ray
paths, it will be possible to retain the present definitions by mathemati-
cally reversing the magnetic field also.

The first quantity which must be determined in the calculation
of the anisotropic ray path is the angle 9 .  Referring to Figure 11,
the equation of the vector which extends from the center of the earth

to a point of the ray path at height h is

e A
N = [(R+k)sin ?]j + [(R+h) cos ¥] 2



and the unit vector in this direction is given by

A . A A
N= Sin¥qy + cos ¥ R (82)

Resorting to the approximation of coincident ray paths, the angle be-

tween the vector N and the two anisotropic ray paths is given by Eq.
(68), that is,
., =l R Sz
X= Sin [(m) T&“]

Thus, the unit vector in the direction of the ray paths becomes

~
S =sinlwsx) v cos (waex) R (83)

If the geomagnetic field (reversed) is given by
B=Bxi+B,j+B:k
then the angle between it and the wave normal at a point within the ion-
osphere can be calculated from the relation
- A i
B-S = 1Bl cos®©
Thus,

8, sin (veX)+ Bzcos (w+Xx) (84)
( B+ By + B2 )k
With this angle determined, it is possible to calculate both the

cosb =

refractive index and the angle & for the ordinary and extraordinary

51

modes of propagation. This information is enough to solve the problem,

but caution must be exercised in the process. It will be recalled that,
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in an anisotropic medium, it is the wave normal which obeys Snell's

law and not the ray. The relation between the direction of the ray path

and the wave normal and the geomagnetic field is shown in Figure 13,

Letting S/: be the unit ve.ctor in the direction of the extraordinary ray
”~

and \Aé the unit vector in the direction of the extraordinary wave nor-

mal, then

A — -
Se # oa +oc (85)
where
— —— A
oca = |oal \h/e
— A
ée = (¢l B
Pal

. e
We = Stn(¥+Xe) 1 + cos (w+ x.)?

From the law of sines

=y 1881
T ——— )
Sin(6-w)  sine = Sioe (86)
n e

Combining Eqs. (85) and (86) gives

A szgge-sl ,’\ Sinokg AN
- W o+ —L e
Sgs SO c* s{ng B (87)

A similar procedure for the ordinary mode gives

Q. Sin(e+rxe) 5 sinx, B
So— Sl’?e WQ— sine B (88)

If the ray path did coincide with the wave normal and was not deflected

through the angle & , it would be possible to find its length in the
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(a) ORDINARY RAY DIRECTION

(b) EXTRAORDINARY RAY DIRECTION

FIGURE 13
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height increment dh by the same equation which was used to find the

isotropic path length. In this case, the height would be

, dh

dS = TosxX, (89)
. _ _dh

ds = Gos X (90)

where X, and Xg are the angles of incidence of the ordinary and extra-
ordinary wave normals at the spherical stratifications and the primes
are to indicate that the quantities are not the ray path length.

It is possible, however, to relate the lengths JS‘: and d%’to
the actual ray path lengths with Eqs. (87) and (88). Figure 14 shows the
relation between the height increment, the ray path and the quantity given
by Eq. (90). The more obvious method of relating the ray path incre-
ment to the height increment is through the angle between the unit vec-
tors g and i . This however, leads to difficulties in obtaining the
signs of the various angles. The difficulty can be avoided if an inter-
mediate step is included. This intermediate step will be to first find
the projection of J% on the y-z plane and then relate this projection to
the quantity Js;

The vector equation of the projection of i onto the y-z plane
can be obtained by dropping the x component from Eq. (87). If this

e
vector were called S.” » then the angle between it and the vector Qe
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can be found from the relation
s -~
Sin ol = Se X We .7
- a’
e | 5¢1
where the cross product has been used so that sign of the angle can be

determined.

The result of the intermediate step is a differential length given

dh

ds? =
e cos (xe“""e) (91)

This length is the projection of the ray path length on to the y-z

plane, and its relation to the ray path length is

-

/ Se
dsi = ToSaT (92)

where the angle o(g can be found from the relation

Se - S&

Cos xé/ = —T?-zf_ (93)
e
Combining Eqgs. (90) and (92) gives
dh

= (94
dse Cos(Xe+xi) Cos X7 2)
This expression can be written as
dh
dse = —— (94b)

. 4 . .
{[|-— stnz‘xe] zccs«;-—sur'xe SU’“; } Cos g
The angle 'Xe is the angle of incidence at the spherical strati-

fications, and, since it still changes according to Snell's law, it is

56
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possible to use an expression similar to Eq. (68). In this case, the

expression would be

. R sin X
Stn Xe = ( R+h ) Fe—ef (95)

At this point it should be possible to utilize the assumption of

nearly coincident ray paths and approximate Xe* with the angle x‘_ .

Equation (95) then becomes

) R Sin X
Sl")(e=(ﬁ+h) He !
and combining this with Eq. (94) gives

dse _ ___FPe dh (96)
© {[r-(FRVsin X I% coso/= (75) sinXy sinaefeosa

The same procedure applied to the ordinary path leads to

L - ©o7)
in" X4]7 cose - (,—?% )Sm)’_FS:'na(o’_} cosx”

3= {[I“:‘(ﬂgﬁ)zs

where
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V. THE FARADAY ROTATION AND DISPERSIVE
DOPPLER EQUATIONS
With the results of the last section it is possible to write in-
tegral equations for the Faraday rotation and dispersive Doppler effects
which should be reasonably accurate. From Eqs. (34), (52), (96), and
(97), the number of rotations in the plane of polarization of a signal

after transmitting through a given ionosphere is

hy
0n =if /“oz COS X clh
&) (i T sz, cor i = (R ein Ky sined Joos o

hs
- if Mo cos e dh
2e) {lre-( R%)zs"”’xﬂé coseg™~(zap J5in X, 5"”“{} coso”

(98)

From Eqs. (64) and (75), the number of dispersive Doppler
cycles observed during a time intervalAt? is given by
Fat = ;“_f y,:%dh f pi dh

2 . = - 2 B
¢ A [H;‘_—(m) sin xm.;]{ ¢ A [l“{" (?TR};')“SM x_}Ji
! 4
2

Y S VS
c tl["‘%’F('R%F)zs‘”wa-]% t *lm-(-;é;)zsin’x4]?

It is convenient to group this equation into two terms. Thus,

let

hs 2
C"ifh’ pip b Y e . E—
T e [k -G )i, g% ) [He- G ) sin X 1t (100)
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where C is interpreted as the number of cycles the upper and
lower frequencies are out of phase at a single instant during propa-
gation through a given ionosphere. The number of dispersive Doppler

cycles observed during &t then becomes
FAt — C‘ - C,.

It is obvious that these equations are useless without a previous
knowledge of the ionosphere. In the program of analysis which uses
these equations to evaluate actual data for the electron content, this
difficulty is solved by evaluating the equations with a model ionosphere,

The model selected is the & -Chapman [10] and is given by

N=N,, expl+(i-q-e)] (101)

where
N = the electron density at height h
N,..= the maximum electron density
Q = (h-h,)/ H
hm = the height of maximum ionization

H

the scale height [11]

The model has the convenient property that its integrated elec-

tron density is proportional to N,,,, that is,

hs hs
N.,,=]Ndh = Nm.,‘fexp[%(/-a—e'q)] dh (102)

o ©
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A second quantity which cannot be directly measured and must
be evaluated from a model is the geomagnetic field. The model used
is a sixth-order spherical harmonic expansion [12] . 1t can give
rather accurate values for the direction and the magnitude of the geo-
magnetic field at any point within the ionosphere. Unfortunately, the
Gaussian coefficients [13] used in these calculations are rather out
of date, being epoch 1955, but it is anticipated this will be corrected
in future work.

The integrals are evaluated according to an eight-step Simpson
integration scheme. While this is not the most accurate method, the
results should be quite reliable. All of the integrands in question are
slowly varying functions with only one inflection point and are approxi-
mately parabolic in shape.

The question of the effect of using the e -Chapman model to
represent the actual ionosphere arises. The subject has been studied
in detail by several authors [14] (using equations different from those
presented here), and it has been concluded that varying the height of
maximum ionization has only a very small effect upon the value of the
integrated electron density and the number of Faraday rotations. This

implies that the Faraday rotation effect is relatively independent of the
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shape of the i.onosphe re, and that it is only dependent upon the integra-
ted electron density.

Another interesting property of Faraday rotation and dispersive
Doppler is that both phenomena vary almost linearly with increasing
electron content. That this is true for Faraday rotation can be seen
from Eq. (53). A similar expression can be derived for the dispersive
Doppler equations; however, to substantiate the assumption even further,
Eq. (100) was plotted as a function of Ny, It will be recalled from
Eq. (102) that N is directly proportional to Namax; hence, Figure 15 can
also be considered to show the behavior of the dispersive Doppler effect

for a varying electron content.
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Vi, METHOD OF ANALYSIS

The observed time rate of change of the Faraday rotation angle
and Doppler shift offset is the result of two separate events., The first
of these, the changing geometry as the satellite moves overhead, can
be calculated with the equations and techniques of the previous section.
The second event, a change in the electron content of the ionosphere
(either with time or with position), is unknown and must be determined
from the data. When neglected, rather modest gradients in the electron
content can introduce errors in excess of fifty per cent into the analysis.
However, since it was assumed in the derivations of the equations of
the Faraday rotation and dispersive Doppler effects that no horizontal
gradients were present in the ionosphere, the gradients which are de-
tected will be attributed in the calculations to a time rate of change of
the ionosphere. It is then necessary to utilize the equations in such a
manner that the effects of possible horizontal gradients will be mini-
mized.

The data which are read from the recorded charts are the num-
ber of dispersive Doppler cycles and the change in the Faraday rotation

angle observed during the time interval between some t,and t,. If{
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the times t, and t, are selected so they coincide with adjacent signal
level minimums in the AGC record (Figure 2 or Figure 3), then it is

possible to write

0,-0,=%t% (103)
FAL 2 &=Cy = LN (104)

Using Eq. (101) for a model ionosphere and selecting some
starting value for Nnmx: Egs. (98) and (100) are used to calculate the
quantities ﬂ: and C,' at the geometry of time ¢, and _n.; and C':.' o
the geometry of time 'tz .

The value of these quantities cannot be considered to be very
close to the value of the corresponding quantities in Eqs. (103) ang (104),
however, because of the almost linear dependence of £} and C upon N.,,,

!
it should be true that the ratio of £¥ and € is close to the ratio of )

and € . Thus, the quantities

L, o
o, MNes: R
G = 7, C.’ (105)
= Koy o, £F, 106
G, = —-Cz ~ —-Fc; (106)

are defined and calculated.



It is possible to solve Eqs. (105) and (106) and the equation

_____n"'n’- — +

c,-C,. ~— 7 7% (107)
for the term
L, _ G.( Ga2 ¥ /2
S22 7 G, \6,n + /2 ) (108)

65

Barring the possibility of very large ionospheric gradients, it is possible

to determine the signs from the relative values of ﬂ,,, .ﬂ.; , C,, and C:.

Once the ratio between {2, and £2, has been determined, it is
tempting to solve Eqs. (108) and (103) for the number of Faraday rota-
tions at times 't; and T, . This operation produces reasonably accu-
rate results when the ratio in Eq. (108) is sufficiently different from
unity. However, when the number of Faraday rotations becomes fairly
large (greater than thirty or forty) a slight inaccuracy in the value of
Eq. (108) can cause several hundred per cent error in the results.

This ratio, however, contains information on the change in the
electron content between times % and t, . Recalling that the Faraday
rotation effect is almost directly proportional to the electron content, it

is possible, for the purpose of demonstration, to write

0, = Kk, Nr, (109a)

L)1, =K, N, (109b)
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where the K, and K, are the geometrical constants of proportionality
at times %, and # , respectively.
It will be recalled that, in the original calculation of .ﬂ,,and fo

the same model ionosphere was used at both times %, and t:c’ thus

O] =K, Ny (110a)

N7, = Ka Ny (110b)

If the electron content of the model ionosphere is sufficiently close to
the electron content of the real ionosphere, and if Eqs. (98) and (100)
accurately describe the phenomena, then it can be argued that the con-
stants in Eq. (109) are the same as the constants in Eqs. (110). If this

is true, then,

£, N,
¥o Nt
:(l’i - NJ’-
£ Ny
and
= MNr _ L L1, (111)

where E could be called the "ionosphere variation ratio, "

Recalling the properties of the & -Chapman model ionosphere,

it will be noted that Eq. (111) could be written
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= ‘ Nmnx 21
E (NMAX )z (112)

Equation (112) gives a convenient measure of the change in elec-
tron content between times t,and #,. It is now necessary to return
to Eq. (98) and, with two model ionospheres which are constrained to
meet the condition of Eq. (112), calculate new values for .ﬂ,/and nl
The value of (Ngg), and (Nme,), can then be iterated, still con-
strained by Eq. (112) until the difference between -ﬂ-; and .ﬂ:is one -
half rotation.

If the final values of (Ng,,), and (Nm, ), are appreciably
different from the originally selected value of Ny, then it is advisable
to repeat the entire process with a starting value of Ny, based upon the
results of this first set of calculations; otherwise, it is possible to take
the integrated electron content of the two model ionospheres { Ny; and
Ny, ) to be the electron content of the ionosphere at times ¢, and #, .

A fundamental deficiency in the method becomes evident in the
last step of the calculations. Since the integration has been over the
variable h, rather than along the ray path, it is difficult to interpret
the results. However, had the integration been performed along the
ray path, the answer would have had very little value to the geophysicist,

To correct for this in the best possible way, the value of Ny, and N4 is
§ 2
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related to a location called the "subionosphere point. " This point is
related to the height of maximum ionization in the manner shown in
Figure 16. It is around the point of maximum ionization that most of
the contribution to the various integrands occurs, although it might be
argued that the subionosphere point should be referred to the somewhat

higher centriod of the of -Chapman model.



69

oman

SATELLITE

HEIGHT OF _ — —
__ = "MAXIMUM IONIZATION -~

\ \ / ’
N
/
/ N
/ N
EARTFH‘S // U
SURFACE / , N
[Reconoms / \
STATION /
uB- \
IONOSPHERE
POINT \

FIGURE 16 - SUBIONOSPHERE POINT



70

VII. RESULTS OF ANALYSIS

The data selected for the initial analysis were received from
the Explorer 22 satellite on September 4, 1965, during the satellite's
four thousand five hundred twenty-first orbit. During the orbit, the
satellite was observed from the Green Mountain Station from approxi-
mately 10:15:30 CST to 10:31:30 CST. The pass over Green Mountain
was from south to north with close approach to the station occurring
at approximately 10:23 CST. Continuous reception of all four of the
satellite's transmissions was maintained during the entire pass, but
usable data were received only between 10:17 CST and 10:26 CST.

The pass was selected primarily because it occurred near mid-
day when refraction effects are most serious, but it also had the advan-
tage that the satellite was almost directly overhead during close approach.
It was anticipated that a pass with a very high maximum elevation would
be required to determine if there were errors in the analysis at low
elevations,

It was possible to discern a change of twenty-four complete rota-
tions (forth-eight data points) in the plane of polarization of the 40 MHz
transmissions during the pass and one hundred twenty-four complete

rotations in the plane of polarization of the 20 MHz transmis sions .
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Since experience has shown that analysis of both the 20 MHz and 40 MHz
data lead to almost identical results, only the 40 MHz data were analyzed.
The data and the orbital parameters of the satellite are listed in Table 1,
The results of the analysis are listed in Table 2 and graphically repre-
sented in Figure 17.

As can be seen, the results of the analysis were discouraging.
Three separate types of errors are apparent in these results:

1. The agreement between adjacent points is not
too good,

2. The results go toward infinity near the center
of the data

3. The results at the end of the data disagree with_
those at the first by almost an order of magnitude.

The first of these errors can be traced to the computer program
itself. At present, the program is rather clumsy and a considerable
amount of error can build up in the various iterations. For example,
it was possible for the calculated difference in the angle of arrival of
the satellite's transmissions between two data points to be in error by
as much as a quarter of a degree.

The second error is somewhat more serious, particularly since
it occurs in the region of the sky where the angle between the ray path

and the geomagnetic field goes to zero. It will be recalled that a major



TABLE 1 72
Recorded Data and the Position of the Satellite

Relative to the Green Mountain Station

OV EFEWN=0OD'0D0NO N N —

OBSERVED DATA SATELLITE POSITION AT t

t ELEV. AZIMITH RANGE HEIGHT
(Hr :Min:Sec)

(GMT) (cycles) (deg) (deg) (km) (km)
16 17 26,52 9,134 186,99 2607.1 888, 3

32.20 9.30 9.80 186.98 2570.7 888.1
38,01 9,52 10,28 186,96 2533,6 888.0
L3,68 9.50 10,76 186.95 2497 .5 888.9
L9 81 9,33 11,28 186.93 2458 .4 887.7
56,52 10.60 11.88 186.92 2415.8 887.6
18 3,56 10,10 12,51 186.90 2371.1 887 .4
10,68 9.95 13,17 186.87 2327.1 887.3
17.76 10,15 13,84 186,85 2281.4 887.1
25.80 10.75 14,63 186,82 2230,9 887.0
34,3 11,00 15,50 186,79 2177.3 886.9
2,70 11,40 16,37 186,78 2125.2 886
50,58 10,85 17,23 186.72 2076.3 886
58.51 10,50 18,12 186,69 2027.3 886
19 6.38 10.50 19,04 186,65 1978.,9 886
14,33 11,00 20,00 186.60 1930.3 886
22.28 10,75 21.00 186,56 188B2.0 886
30.72 11,00 22.10 186.50 1831.0 886.2
39,46 10,80 23,30 186,44 1778.7 886.1
48,22 10,75 24,56 186,37 1726.,8 886.0
56.50 10,51 25,80 186,30 1678.2 886.0
20 4L.97 10,51 27.14 186,23 1629.0 886.0
13,19 10,40 28,50 186,14 1581.9 885.9
21.24 10,00 29.90 186,05 1536.3 885.9
29,21 10,00 31.35 185.95 1491 .8 885.9
37.41 10,15 32.92 185.84 1446,8 885.9
45,70 10,00 34,60 185,71 1402 ,1 885.3

53,65 9.45 36,30 185,57 1360.1 885,
21 2,98 9,80 38.1 185,39 1312,0 886.0
14,70 10,80 kL1.25 185,12 1253.7 886.0
25,94 9,65 44,20 184,80 1200,2 886,1
37.84 9,40 47,59 184,39 1146.6 886.2
51.97 9.55 51,98 183,75 1087.5 886.3
22 4,96 8.40 56,39 182,96 1038.4 886,5
18,14 7.50 61,25 181.82 994 .4  886.6
31,20 6.40 66,42 180,11 957.3 886.8
Ly L5 5.50 71.98 177.22 927.2 887.0
57 .46 5.00 77.65 171,61 905.8 887.2
23 10,62 2.80 83,24 156,14 892.9 887.5
24,12 1,25 86,19 90,07 889,2 887.8
37'.64 0.00 8192 37.08 895.2  888.1
52.00 2900 75.71 24,13 912.2 888.5
2L 8,06 5.40 68.81 18,91 943,4  888.9

2437 7.50 62,23 16,36 986.8 889,3
LO 86 9.80 56,12 14,86 104y L 889.8
57.34 9,40 50,62 13,90 1105,0 890.4
25 13,63 10,00 L4574 13,24 1175,3  890.9
29.60  10.40  L1.46 12,76  1250.,3 891.5
46,23 12,35 37.46 12,39 13335 897.]
26 4.28 14.86  33.61 11,90 1428,7 892.8



TABLE 2
RESULTS OF ANALYSIS

OBSERVED CALCUIATED CAICUIATED
N IONOSPHERE
electro T VARTIATION
(}kééﬁ&jSec) ns x 10-16 RATIO
1 16 17 26.52 7.98 .967
2 32.20 7.54 .964
3 38.01 9.47 .963
L L3.68 6.01 .959
5 49,81 7.74 .953
6 56,52 8.15 948
7 18 3,56 7.95 9Ly
8 10.68 7.87 943
9 17.76 8.99 .93k
10 25.80 8,46 .924
11 34,36 9.16 .923
12 42,70 9.33 .923
13 50.58 9.14 .918
14 58.51 9,97 .915
15 19 6.38 9.51 .91
16 14.33 9.94 .906
17 22.28 9,54 .895
18 30.72 10.01 .885
19 39.46 10,63 .877
20 L8, 22 12,84 .875
21 56.50 13.47 .862
22 20 4.97 15.26 .856
23 13.19 18,131 .8L5
24 21.24 24,93 .8132
25 29.21 41,59 .810
26 37.41 140,11 .784
27 45,70 136.20 742
28 53.65 49,05 .667
29 21 2.98 112.32 .L8L
30 14,70 3.59 .183
31 25,94 6.83 1.695
32 37.84 41,27 1.374
33 51.97 87.98 1.199
3l 22 L4.96 39,413 1.127
35 18 .14 28.05 1.089
36 31.20 21.76 1.052
37 L 45 16,79 1,012
38 57 .46 5.55 .995
39 23 10,62 6.48 .998
Lo 24,12 5.28 .992
L1 37 .64 8.06 1.003
L2 52.00 5.24 1.030
L3 24 8.06 L 86 1.032
Li 24 .37 4.72 1.031
Ls 40.86 3.81 1.000
L6 57.34 2.74 .978
47 25 13.63 2.71 .954
w0
o 1.1 .96
50 26 L.2 963
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approximation employed in the derivation of the Faraday rotation equa-
tions is most accurate in this region of the sky and the results would be
expected to be most accurate at this point.

The cause of the difficulty becomes evident if the ionosphere
variation ratio is examined. The value the computer calculated for
this term at each point is shown in Figure 18. It will be recalled from

Eqs. (108) and (111) that the expression for this quantity is

E = G G,’z:‘-“/:) {.O.Jl
T G \Gn 2 /kﬂ’

where

Combining these terms gives

n;’zi‘kcl
.n-:’! + %+ C/

Assuming, for simplicity, that ¢, and £, can be determined

(113)

E—

exactly, but that there is an error of A? in determing the number of

dispersive Doppler cycles, then the error in E is given by

ﬂfc: ﬂ:. C,’ A

= (114)
(B 4 C3)* =2

A E=

At the point where the discontinuity in E occurs both £1 and

C are decreasing quantities. This requires the negative sign to be

used, Thus,
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AE = SXCi-Q5c! ax
(n;,] —%CZ * 2

where

‘zL.‘: -O-/"‘nz
7( = C', - Ca2

Combining these expressions results in

AE - - (Cz’a;: Cl/ﬂ;) 2_42_2‘ (115)
[nr(cl'cz)"‘ C, (ﬂ, ‘nz.)]

Since the angle between the ray path and the geomagnetic field
is small and the satellite is at a fairly high elevation at this point, the
approximation of straight-line propagation should be reasonably accurate.
If this be true, then it can be shown, by means of the same approxima-
tions which led to Eq. (53), that

0
G = < - cos 9
This implies that

Q,= KC cosf (116a)
Q= k ¢ cosh (116b)
0, = K¢, cosf (116c)
', = k<, cosf (1164)

where the K is now the constant of proportionality between the Faraday
rotations and dispersive Doppler cycles and the primes are to indicate

that the quantities are calculated from a model.
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Combining Eqs. (115) and (116), and grouping the term, gives

s rd
C/C:(Cos 9,’— Ccos Oz )

AE — 4z
k[c.c ' (cos@-ces6, )+ CiCs (Cos 62 —cosg/)]* 2 (117)

Substituting the expressions
6‘ - 9,/ = i- A e

4
. 91 - 92 = * A &
into Eq. (117), and applying the small angle approximations, gives

s -
c/ci(cos 6, - Cos &z ) ”
K[c/Ca(cos®:—Cos8, ) EC; 4B, om0 ~Casin&’)]* 2 (118)

AE =

The cause of the discontinuity in the ionosphere variations ratio
now becomes apparent. In the region where the discontinuity occurs,
the angle O is going through a minimum. Only when A® is zero can
both the numerator and denominator of Eq. (118) reach zero simultan-
eously. This, of course, is possible only if the model of the geomagnetic
field is exact.

It is apparent from Figure 18 that the model of the geomagnetic
field used in these calculations was too inaccurate to lead to reliable
results. It is doubtful that it will be possible to obtain a model accurate
enough to entirely eliminate this source of error to the point where it
can be tolerated. Otherwise, it will be necessary to develop a method
of analysis which is not so critically dependent upon the accuracy of the

geomagnetic field model.
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Since the third error appears in the results at the point where
the angle between the ray path and the geomagnetic field is becoming
fairly large, it seems reasonable to attribute it to the Q-L approxima-
tion. Various authors disagree on the use of the approximation, but the
most thorough study [14] indicates that under the conditions existing
at the time these data were recorded, the approximation would become
invalid below an elevation of about fifty degrees to the north. If so, the
results of the last four or five calculations would have to be considered
inaccurate.

It is of interest to examine the calculated behavior of £2 with
a constant ionosphere as the satellite moves across the sky. The re-
sults of such a calculation are shown in Figure 19. ‘ The calculations
were made with the regular analysis program using the recorded data,
but with N,y fixed to the same value at each point.

The value of £ began negative (indicating the extraordinary
phase path was longer than the ordinary phase.path), increased through
zero to a maximum, decreased for several points, and then continued
increasing. At the two points where df1 /d* changed sign, the chart
record was examined but there was nothing unusual about the data at
that point. However, in both cases, the preceding data point did ex-

hibit a peculiarity. In the two cases, the variation in the recorded
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signal level of the 40 MHz beacon did not have the smooth, sinusoidal
appearance typical of the data in Figures 2 and 3. In both cases, it was
evident that dQ/ Jt was going through some type of rapid change.
These were the only points on the chart where the recording of the

40 MHz signal 1evé1 exhibited this phenomenon.

Although it is not possible to definitely conclude that the direc-
tion of rotation of the plane of polarization with respect to the fixed dj-
pole antenna actually reversed at these two points, it seems rather
likely. If the model of the geomagnetic field used in the calculations
was in error (a fact which has been established) it would be possible to
account for the displacement between the calculations and the observed

data.
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VIII. CONCLUSIONS

The several errors which occurred in the numerical calculations
make it difficult to determine the validity of the method. However, since
it was possible to determine the source of these errors, it seems likely
that it will be possible to obtain accurate results once corrections are
made., The value determined for the electron content in the early por-
tion of the data is quite reasonable and it would be plau;qible for a gra-
dient to exist which would account for the difference in electron content
between the early part of the pass and the time of close approach.

The most interesting results of the analysis was the behavior
of £ as the satellite moved across the sky. If a similar calculation is
made using Eq. (53) the results are drastically different., In this case,
L) is found to be at a maximum in the southern part of the sky and
decreasing monotonically to zero toward the northern part of the sky
where the ray path and the geomagnetic field are perpendicular. The
same general behavior is exhibited if the phase difference is evaluated
by integrating the difference in the two refractive indices along the
straight line between the receiver and the satellite.

However, when the corrections for path bending and splitting

are included in the integral equations, then the relative geometrical



lengths of the two- phase paths become a dominating factor. In the
northern part of the sky the refractive and anisotropic terms combine
to make the geometrical length of the extraordinary ray path shorter
than the geometrical length of the ordinary ray path, while the opposite
is true in the southern part of the sky.

It is felt that the apparent ability of the equation which includes
these effects to accurately predict changes in the direction of rotation
of the plane of polarization with respect to the receiving antenna is a

definite indication of its validity.

83
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