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A Strain Energy Comparison of Discrete
Modeling for Vibrating Continuous Systems

Lumped parameter models commonly used to describe continuous one-dimensional and
Bernoulli-Euler beam vibration problems have been conipared o the basis of maximam
system strain energy.
comparison. Standard matrix techniques have been employed to mathematically ob-
tain desired solutions.

The consistent mass matrix approach has been included in the

Closed form solutions and solutions via the models io the system

strain energy were obtained for all systems in three dynamic states: Free vibrations,
constant base acceleration, and half sine base acceleration. Behavior of the strain
energy errors, in general, were found to be similar to those of the frequency rool errors.

Introduction

MOST vibration problems involve continuous ele-
ments, but few are treated, in practice, on the basis of con-
tinuum theory. The most common approach is to model the
elements of a structure, i.e., replace the continuum by a multi-
degree of freedom discrete structure, and then solve the set of
governing total differential equations exactly. The solutions
obtained in this manner, however, will not be exact because of
error created in the modeling and errors made during numerical
manipulations of the equations. Ixamination of the modeling
error is of primary concern herein.

The terminology applied to the process of replacing continuous
elements by discrete ones, such as massless springs and point
masses, has for some years been called lumped parameter model-
ing. The more recent work of this type during the past few years

Contributed by the Design Engineering Division and presented
at the Vibrations Conference, Toronto, Canada, September 8-10,
1971, of TEE AMERICAN SOCIETY OF MECHANICAL KENGINEERS.
Manuscript received at ASME Headquarters, May 11, 1971. Paper
No. 71-Vibr-5.

has been termed the finite clement approach. The work reported
herein includes both lumped parameter and finite element models
as applied to continuous systems governed by the one-dimensional
wave equation and the Bernoulli-Euler beam equation.

The lumped parameter technique was first applied by Lagrange
[1]t and Rayleigh [2] in studying the vibrating string. Duncan
[8], using a lumped parameter model attributed to Lagrange,
was one of the first to study the behavior of errors resulting from
the use of lumped parameter approximations. Rocke [4-5]
evaluated one-dimensional models using a transmission matrix
approach and showed improvement to the basic Duncan model.

Several investigators [6-9] have evaluated lumped parameter
approximations of uniform continuous beams using many differ-
ent models. Use of the consistent mass matrix within the finite
element approach has been evaluated by Archer [10] and several
other investigators [11-12].

_ A suitable model is one for which successively finer subdivisions
of a system leads to a convergence to the exact solution, the best
model being the one which provides the required accuracy for a
minimum of computational effort. The basis of accuracy com-
parison for dynamie systems has to date been that of the principal

1 Numbers in brackets designate Reference at end of paper.

diagonal mass matrix

= lumped masses as a column

= displacement function for one-

dimensional systems
maximum system strain en-
ergy in the <th mode

Nomenclature
A = area of cross section of the sys- m. = mass of each segment
tem [M] mass matrix
El = bending stiffness of the beam [NMN]
(1) = time dependent part of the dis- {M}
placement function in the vector
3 rth mode N = number of segments
[NSN\] = diagonal inertia matrix of the { time
beam u(z, t)
k = spring stiffness
[K] = stiffness matrix U,
I = length of each segment
L = length of the system U(t) gystem strain energy
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coordinate displacement vec-
tor

= relative coordinate vector

displacement  function for
beams

beam rotation vector

normalized modal matrix of
the system

mass per unit length of the
system

= nth mode shape function
= circular frequency in the <th

‘mode
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Fig. 1 Lumped parameter models for uniform one-dimensional systems

mode frequency root errors. However, these comparisons do not
insure that the free or forced vibration solution, in total, is more
accurately produced by the model judged best on the basis of
principal mode frequency root errors.

The objective of the work herein was to provide a consistent
basis of comparison for models representing systems in a general
dynamic state. The basis used was that of the maximum system
strain energy. Strain energy being proportional to the stress
times strain summed over the entire system should be indicative
of system displacements and stresses independent of their position
within the system. Furthermore, the maximum system strain
energy should be a better measure of total system distortion than
any one particular parameter, i.e., maximum displacement or
maximum stress.

Lumped Parameter Models

A One-Dimensional Systems. Systems represented by the one-
dimensional wave equation, i.e., longitudinal vibrations of bars,
torsional oscillations of shafts, transverse vibrations of strings,
acoustical oscillations in ducts, etc., have the same solution within
the constants or parameters which are basic to that system’s
description. For simplicity the longitudinal rod with appropriate
constants is used as illustrative of this group.

Three types of lumped parameter models, as shown in Fig. 1,
have been used to describe the longitudinal rod. These models
each approximate the mass and stiffness of one increment of a
uniform continuous rod composed of N equal segments. Model
(a) was first used by Rayleigh and model (b) has been attributed
in the literature to Lagrange but has been investigated to some
extent by Duncan. Model (c¢) has been used to a large extent in
practice. Appendix A shows the general fornis of mass and stiff-
ness matrices for models (a), (b), and (¢) for a N-segmented rod.
Fixed-fixed and fixed-free boundary conditions were investigated
as these two types have shown the largest discrepancy in fre-
quency root error behavior among the three models.

B Bernoulli-EulerBeam Models. HEvaluation of lumped parameter
models for the uniform Bernoulli-Euler beam has received much
more attention in the literature than those for the one-dimensional
systems. Two of the models judged best on the basis of principal
mode frequency root errors are shown in Fig. 2. Livesly [6] and
Gladwell {7] have examined these two models to describe their
frequency root error behavior as a function of N for different
boundary conditions. The fixed-fixed and fixed-free cases are
included in this comparison because they have shown the greatest
differences in frequency root error behavior.

Appendix B gives the general stiffness matrix forms for the
two beam models when used to describe a uniform beam divided
into NV equal segments. The mass matrices are diagonal and simi-
lar to those for the one-dimensional models. 1t should be noted
that models (@) and (b) both include only mass and no rotary
inertia; hence, they describe directly only transverse displace-
ments of the beam element. The technique used to obtain the
matrix equations in terms of transverse displacements only is
illustrated in Appendix D.

C Consistent Mass Matrix Approach. This technique [11-12] has
been used for both the one-dimensional and Bernoulli-Euler
beam elements and differs from the lumped parameter models
being used only in that the inertia forces are considered to be dis-
tributed in the element rather than concentrated at the discrete
coordinate points. Distributing the inertia forces causes the
mass matrix to be nondiagonal as shown in Appendix C. The

24 / FEBRUARY 1972

POINT MASS MASSLESS BEAM ELEMENT EI
m = pAf /BENDING STIFFNESS = —
| | z
n |
2 2
i-1 i i+l
(a)
POINT MA37 MASSLESS BEAM ELEMENT BT
m = pAfL BENDING STIFFNESS = T

i-1 i

(b)

Fig. 2 Lumped parameter models for uniform beams

consistent mass matrix approach was used to describe the same
cases as used with the lumped parameter models for direct com-
parison.

Governing Equations for Lumped Parameter Models

A Homogeneous Equations. The differential equations of mo-
tion in matrix form for the homogeneous solutions via all of the
humped parameter models are given by:

NN + (K} = {0}, (1)

where {’c} are the absolute displacements of the coordinate points
in a Newtonian reference frame, i.e., in the lumped parameter
cases the mass displacements. Using {z} = [NM] {6}, i.e.,
a change of system coordinates, and substitution into equation
(1) with a premultiplication by [NM\]1~ Y gives:

{8} + [&1{s} = {o}, (2)
where:
[B] = [NMN] ™YK [NMN]

Eigenvalues of [K] are the same as those of [K] but the modal
matrix for equation (1) becomes:

(] = [NMN]B),

where [3] is the modal matrix of equation (2). A normalized
modal matrix {»] of equation (1) was obtained through a normali-
zation such that the product [v]T[NM\][r] is equal to the total
mass of the system, i.e.,

] = WNANT; AN = W) [[pl7[SMA[Rl] = (3)
and these normalized modes were used to obtain principal mode
strain energies.

B Forced Excitation Solutions. For systems with base acceleration
excitation the equations of motion in matrix notation are given
by:

DNMSHE + [KI{z) = —as@){ M} 4)

where {x} are coordinates relative to the base and g(¢) is o gen-
eral time-varying base acceleration, i.e.,

xi = up(t) + . (5)

A coordinate transformation, {#} = [¥]{#n}, and substitution
into Eq. (4) with a premultiplication by [¥]7 yields:

. 75103
{4} + Danl{n} = —qi]f%(?;)[vli"{M,-}. (6)
Duhamels integral solution gives:
¢ "
{77} = —[\wix]_lf [\sinwi(t—r)\]%fT(-n? [V]T{M.-}dr. (7)
0
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Constant Base Acceleration:

Letting #g(t) = Ay = constant, and using equation (7) gives:

N1 — cosw,t

{2} = ——[V][\w,-\]“[ ][V]T{Ms} (3)

w; N\
Half Sine Pulse Base Acceleration:
Using a half sine pulse such that,

Apsin (¢/t), 0<t < wh
=0 ) t > g2 '

i

ip(t)

(C))

Therefore, using equation (7) and substituting for 4a(¢) into it
yields: For 0 < ¢t < 7ty

3o A
{z} = Nom ] Dwand

Nw; sin (8/t) — 1/6 sin (wit)
X [ (w:? — 1/42) \i| [y]T{Ali}‘ (10)

For { 2> mly,

A
{#} = \,—; (][ Nwin] 1

l:\sin w;(t — ) + sin (w)

(o — L/an J IT{M}. (11)

Gonsistent Mass Matrix Formulation

A Homogeneous Solutions. The basic difference between the
Jumped parameter description of the discrete problem and that
of the consistent mass matrix is that the mass matrix for the
latter case is nondiagonal. Hence, the homogeneous equations
are the same as those for the lumped parameter models, or

[MI{#} + (K]{z} = {0} (12)

where [M] is a nondiagonal, positive definite matrix and can be
broken into a product of upper and lower triangular matrices [13)
of the form,

[M] = [B]"[B]

where [B] is an upper triangular matrix. Using a coordinate
transformation {r} = [B] ‘l{q} and premultiplication by [[B] ~17
reduces Eq. (12) to:

{a} + [K){q} = {0}, (13)
where:
[R] = [B7[K][B] -1

Kigenvalues of equation (13) are the same as those of equation
(12). The eigenvectors of equation (13) were transformed into
the original coordinates of equation (12) and normalized by the
same procedure as outlined in Section 2A.

B Forced Excitation Solutions. The equations of motion in ma-
trix form are given by:

IM{%) + [Kl{z}] = —us@)[M][1, 1, ..., 7.  (14)

It should be noted that this is of the same form as equation (4)
except [M] in equation (14) is nondiagonal and [M] [1, 1,
117 replaces { M,;}. The orthogonality conditions do not depend
upon the mass matrix being diagonal; hence, the solutions given
in equations (8), (10), and (11) are applicable to the consistent
mass matrix formulation if {M ;} in these equations is replaced
appropriately as shown in equation (14).

System Strain Energy

In matrix form the system strain energy for a discrete system
Is given hy:
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Fig. 3 One-dimensional maximum strain energy errors for fixed-fixed
end conditions
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Fig. 4 One-dimensional maximum strain energy errors for fixed-free
end conditions

U@y = 1/2{z}TIK]{=}. (15)

In examining the strain energy for a given principal mode the
displacement vector of equation (15) is replaced by the appro-
priate mode shape vector, {»};. Under forced excitation condi-
tions {«] in equation (15) is replaced by {&(t)}, for a given model,
from the appropriate solutions in equations (8), (10), or (11).
Maximum system strain energy can be obtained by maximizing
equation (15) over time.

In Appendix E the maximum system strain energy formulation
for continuous systems is given. The maximum system strain
energy obtained via the modeling techniques was subtracted
from the confinuous solution, in each appropriate case, to form
strain energy errors.

Comparison of Results

A One-Dimensional Systems. Models (¢) and (b) and the con-
sistent mass matrix technique produce nearly the same strain
energy errors in the lower order principal modes, see Figs. 3
and 4. When N is large the errors behave as 1/N? for the
boundary conditions investigated. Model (¢) is less consistent
under the same principal mode comparison; for fixed-fixed ends,
the strain energy error behaves as 1/N? while for fixed-free ends
as 1/N. The behavior of the strain energy error for all three
models and the consistent mass matrix technique is similar to
that based n the frequency root error comparison [3-5].

In extending the model comparison to transient behavior,
model (a) and the consistent mass matrix technique were found
to produce more consistent strain energy errors than models (b)
and (c), see Fig. 5. For a constant base acceleration these
errors behave approximately as 1/N? while model (¢) indicates
errors nearly proportional to 1/N and model (b) slightly better
than 1/N for values of N in the range 3, 5, and 9. This result is
similar to that of the frequency root error behavior for the fixed-
free case, except for model (b). Fig. 6 shows a case of the half-
sine pulse type of base excitation. Fig. 6 indicates that model
(a) and the consistent mass matrix approach produce errors
slightly better than 1/N? while models (b) and (c) arve nearly pro-
portional to 1/N for values of N in the range of 3 to 9. Results
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Fig. 5 One-dimensional maximum strain energy errors for constant
base acceleration excitation

10

= F

2

: \\

g r

g L

oL (a) (b) (e)

f=}

:z

[

a

5]

Z

2 1 Ll Ll Ll
107 1073 1072 107t

STRAIN ENERGY ERROR

Fig. 6 One-dimensional maximum strain energy errors for half sine
pulse base acceleration excitation (pulse duration = 25 percent of the
fundamental period of the system)
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Fig. 7 Beam maximum strain energy errors for fixed-fixed end condi-
tions (first mode)
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Fig. 8 Beam maximum strain energy errors for fixed-fixed end condi-
tions (second mode)

similar to those indicated in Fig. 6 were obtained when a half
sine pulse duration of 75 percent of the fundamental system period
was used. While the convergence behavior of the maximum sys-
tem strain energy has been the primary objective, it should be
noted from Figs. 5 and 6 that the overall error level also varies
from model to model. This latter point is of primary interest in
most vibration analyses where N is usually small for each member
of an overall structure.

B Bernoulli-Euler Beam. I'igs. 7-9 show the strain energy errors
for principal modes with fixed-fixed and fixed-free boundary
conditions. The first three principal modes in each case were in-
vestigated. The general behavior of the error convergence is the
same for all modes within a given set of boundary conditions
with an overall shift in the error magnitude hetween modes.
Figs. 7 and 8 illustrate this behavior for the first and second
modes of a fixed-fixed beam.

The consistent mass matrix technique indicates error behavior
which is neatly the same for both boundary conditions, wherein
the lumped parameter errors are distinctly different. This is
similar to previous comparisons of these modeling techniques
based upon frequency root errors. Monotonic convergence was

26 / FEBRUARY 1972

C.M.
FIRST MODE
1 1 Lol 1 1l L Lo L S W |
2 -1

N (NUMBER OF SEGMENTS)
J 4

1074 107 107

STRAIN ENERGY ERROR

Fig. 9 Beam maximum strain energy errors for fixed-free end conditions
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Fig. 10 Beam maximum strain energy errors for constant base accelera-

tion excitation
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Fig. 11 Beam maximum sirain energy errors for half-sine pulse base
acceleration excitation (puise duration = 25 percent of the fundamental
period of the system)

not obtained for model (b) with fixed-fixed end conditions, ax the
convergence was oscillatory in nature. However, wheu the ro-
tatory inertia terms were retained in the matrix equations, i.e., the
reduction technique of Appendix ID was not used, the errors de-
creased monotonically as N increased, see Fig. 7. This problem
did not develop with model (b) for the fixed-free end eonditions.

In comparing the models for a fixed-free beam with hase ac-
celeration, the consistent mass matrix technique was best in the
cases examined. However, the results obtained using this tech-
nique do not greatly exceed those of the lumped parameter
models () and (b) in these cases, as was evident in the prinecipal
mode comparison; see Figs. 10 and 11. The convergence of the
strain energy crrors under base excitation conditions is not as
rapid as it was in the principal modes. The magnitude of the
strain energy errors is smaller for models (@) and (b) under these
dynamic conditions than in the principal modes.

Gonclusions

Using the maximum system strain energy as the basis of com-
parison, lumped parameter models and the consistent mass ma-
trix technique have been compared in describing one-dimensional
and Bernoulli-Euler beam elements. In principal mode states,
the results obtained are similar to those of previous comparisons,
i.e., strain energy errors converge at the same rate as frequency
root errors made for the modeling techniques considered.

In more general dynamic states, as illustrated by constant and
half sine base acceleration excitation, the consistent mass matrix
technique is not clearly the best. TFor one-dimensional systems
model (a) gave errors of smaller magnitude, but which converged
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al the same rate as the consistent mass technique. TFor Bernoulli-
[tuler beam elements the consistent mass matrix technique was
slightly better than the best lumped parameter model. Based
upon the limited number of cases treated herein, the authors feel
that the better lumped parameter models and the consistent mass
matrix technique are much more comparable for deseribing
general forced excitation vibration than previous principal mode
frecriency root error analyses have indicated.
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APPENDIX A

Matrices for One-Dimensional Models

#)  Fixed-Fixed End Conditions:

2k -~k o
m. oo -k Zlc\\\
Models () and (c) M) = . s {K]) = N SN
(N-1)x(N-1) matrices 0 “m N, 2k <k
I
r -
3k -k 0
=k LN
moQ . I\\ZI\\ N
Mode) ih) M) = 0\\‘ , {K} = N0
N & N matrices m %k -k
0 ks
L -

(Continued in next column)
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b) Fixed-Free End Conditions:

2k -k 1
m_ g -k 2k
Model (a) M} = , (K] = N
N x Nmatrices “m N zk -k
o} m kK
P . - b
r 7
- RIS —k\ 0
m_ -k 2
Model (b . .= 0‘\\ , (K] = \:\,,._‘ -
N x N matrices - o \;:),..I\ ~k
- -k k
Ca 1
- 2k -k, o
m_ g =~k 2k‘\\
Mogel (¢ ) = , Tk} = RNANAN
N x N matrices 0 "m ANEUETR
- -k k
L s
AE L
where: k= ,i_ A ?\J‘ , andm = IJAL

APPENDIX B
Stiffness Matrices for Bernoulli-Euler Beam Models

a) Fixed-Tixed End Conditions:

Model (a) Model (b)
] E :
\ o
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1 e | d_j 2 g h
12 -6 1 [0-32 ] 032 1
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0o N
-6 12 0 -3 0 J
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\\ 0 g oh O
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fel = | 700N L m =AMy,
SN0 NI
0 \\ 0 ~
2 2
~34 92 )
b) Fixed-Free End Conditions:
Model () Model (b)
2 i 2E1 [ i v
b ] v u
(k) = 2B 1P L 2] enxom k] = L] enxey
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APPENDIX C

Consistent Mass Matrices for Fixed-Fixed and Fixed-Free Boundary Con-

ditions

1. Oue-dimensional systems:

-Fixed End Cowditions Fixed-Free Fnd Conditions

e
0L ARANAN pL DR
e I N ®-1) x (-1, [M] =2 e | 0N (NXN)
Nt NIt
[ 0 Ty

2. Beenoulli-Euler Beam

Fixed-Fixed End Conditions Fixed-Tree End Conditions

. _a‘ § b et i f
R N2 x28-2) 4 (M) = 2.t (2N x 2N)
. e - g

312 5—1\ 0 0132 0 0 -132
51312~ ~138 00 13g00
tw] = SO e N T P25 BN
0 \\312 51 0 \\0 132 o N, 0 -13z
54 312 -13¢ 0 154 0
[ 2 2 r r 7
o -312\ o 12 54 0 0184 4
N ¢
-34 82 N 54 312 N -132 0\ N
3 2 N
(a] = NN NP P AN P NN
N TRY) ~l312 54 Do
0 N2 ° “aiise 0 lap ez
~34 84 L L _J
L
i -s % 3t
0-134_ Lo
132 0.7 ~32% 5g2 N
< .
gl = SN0 Lol = SN e
AN N PR}
.2 .2
138 221 0 32 ag

APPENDIX D
Reduction of Equations to Eliminate Rotary Inertia Terms

The governing homogeneous differential equations for the
Bernoulli-Euler lumped parameter models can be partitioned to
the form:

NEANEUN N KuiKe | [yl _ [0
[ 0 E\J\:l {0} +|:K215K22j| le} B {o}' (16)

For the lower modes of a uniform beam it can be shown that J J0;
<« M ji; hence for reduction of equation J:8; =~ 0 and

DMNIg) + Kul{y) + (Kl {0) = {0}, and  (17)

(Kul{y} + [Kul{6} = {0}. (18)
Equation (18) gives:
{6} = —[Ku] [Eul{y}.
Substituting this into equation (17) gives:
NI+ [K{y) = {0} (19)
where:
(K] = —[Ku] [Kn] [Kn] + [Ku]

APPENDIX E
Strain Energy Formulation for Continuous Systems

1 One-Dimensional Systems

L 2
System strain energy = U(t) = 1/, f EA [b_ué_ai,_t)j] dz.
0 Z

(20)
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{a) Principal Modes

Fixed-Fixed End Conditions. The displacement function u(z, {)
can be written as u(z, ) = Pa(x)fu(t), where f»(¢) is sinusoida]
and the mode shapes ®,(z) for fixed-fixed end conditions are
given by:

®,.(z) = D, sin (nwz/L).

The normalization constant D, was obtained by normalizing the
first orthogonality relation to the total mass of the bar,

L
f p®.2(z)dx = pL.

]

L 12
o D= [:L/f sin? (mrx/L)dx} = /2.
0

Hence, strain energy in the nth mode is given by:

L 2 BA
Uy = 1/,B4 2-<@> cos? (nra/L)de = —— (n)t (21)
. \Z oI,

Fixed-Free End Conditions.

®,(x) = D,sin [@n — L)wa/2L], D, = /2.
LU = }8% [(2n — 1)) (22)

(b) Strain Energy in Forced Excitation. For constant base accelera-
tion, the displacement solution is:

@ 1) = —16A0pL2 _1.
“ - miAE n=13,5.. n?

.[1 — cos (’%t \/AE/pL2>:| sin (%) (23)

Substitution into equation (20) yields:

L
u) = 327ﬁE <A°—pL>2f Az, t)- Bz, t)dx
0

AE
where:
1
A, 0 = -
n=13,5..
. ‘1 — ¢os <£27T—t \/AE/pL2>l cos (nmx/2L)
Bz, t) = —

. '1 — €08 (%TQ: \/AE/pLz)} cos (pmx/2L).

Using orthogonality and normalization relations,

L
[, s
0

ox ox
f Lz [b@n(x):lz
— | -da, n =19
0 oz

the system strain energy becomes:

16AEL [ AopL\? 1
m \ AE Zs

(24)

i

Ut) =

4
n=123,5.. n

1 — cos <7%§ VAE/pL2>]2 (25)

| —

and at ¢ = 2\/pL2/AE',
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64A02p2L3 _ 2A02p2L3

1
Umux = — =
TAE | _{# . \nt 34E

(26)
For the half sine pulse base acceleration excitation during 0 <
L < wh

—84, p—ivz 1
m? AE n=1,3,5.. n’

u(.?T, t) =

oy ]

2L
(27)
and the strain energy is:
4A44%pL 1
Uit) = ——— —
LK n= 123 5. nt
wt  JAEN |
{ ‘/— sin (t/t;) — — sin < ‘/ >j|
P72 (28)
1

BEE

8A0 oL? A
uln ) = W ag nt
n=1,3,5..

‘Vsm nr ‘/A\E (t — mt) + sin <n1rt ‘/AE>:|
P P . [nmx
2L p t1

For ¢ > =iy

(29)
and the strain energy is:
444°pL 1
Uy = v Z o
. AE
sm — (t — wy) + sin
2L o
. (30)

WJARE ? 1 2
2L P 4H2
2 Bernoulli-Euler Beam.
L
o2 £) |2
System strain energy = U(l) = 1/2]‘ EI l:ﬂ):l dx
0

ox?
(31)

{a)  Principal Modes

Fixed-Fixed End Conditions. For fixed-fixed end conditions the
displacement of the beam in the rth mode is given by: y.(x,{) =
D, (x)f,(t) where f.(¢) is sinusoidal and the mode shapes P, (z)
are given by:

®,(x) = cosh (\,x) — cos (\,x) ~ o, [sinh (\2) — sin (\2)]

(32)
where:

_cosh (\,L) — eos (\L)
" sinh (ML) — sin (ML)

The A, are obtained from the transcendental equation

cosh (A\,L) cos (\,L) =

Journal of Ehgineering for Industry

Using equations (31) and (32), the maximum system strain energy

becomes:
L[ g 2
= B [F[2R0]
2 Jo dx?
where:
dzq)r <\ 2
< (QJ)> = A4[(cosh Az + cos \.x)?
da?

+ 7.2 (sinh Mz + sin Ax)? — 20, (cosh Az + cos A)
X (sinh A,z + sin A2)].
Therefore:

ET
U"mnx = ? )‘r3\br(>\r; o-r)

where:

Uy ) = [NL -+ (14 ¢,)%{ /s sinh 2\, L + cosh AL sin N\ L}
+ (1 = o)1/ sin 2\.L + sinh \.L cos AL}

— 20.{1/4(cosh 2\,I, — cos A,L) + sinh N\, Lsin \.L}]. (33)

Fixed-Free End Conditions. Maximum system strain energy is

given by the same expression as that for the fixed-fixed end condi-
tions except that for this case:

_ sinh NL — sin \L
= cosh ML — cos ML

and the A, are obtained from:
cosh (L) cos (ML) = —

{b} Strain Energy in Forced Excitation. The system strain energy

is given by:
Er (7T o%(z, t) ]2
U =~ [-Lx’ )] dy
2 Jo dx?

where y(z, t) can be written as y(z, t) = Z P, (2)fu ().
n=1

Therefore:

B (T o,
U@ = Elf { > & (x)fn(w}
1]

n=1
d2 @ (x)
X [ > =2 fp<t>}
=1
(34)
ElI 2 d*P(x) cl2‘1>p(x)
== ¢
5 n; a0 f o
Using orthogonality relations:
2. 2
(i@(x).d @p(qc)_ de = 0, n = p
0 da? dx?
L fda2d,(x)\?
= drt dz, n=p
0
(35)

the system strain energy becomes:
L /2d, 2
U@ = = Z 30) C) R (36)
n=1 0 dz?

Constant Base Acceleration. The time dependent part of the solu-
tion for a constant base acceleration excitation is given by:

20'7,4‘10
AuLisn?

fa) = [1 — cos (wat)]. (37)
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Therefore:

2EIA 2, ox*\a
Uw) = iy ¢ > o [1 — cos (wat)]2n(Ns, o0)
n=1 "

where ¥, (s, 0,) is given by equation (33).
Half Sine Pulse Base Acceleration. For a half sine pulse base ac-
celeration during 0 < ¢ < i

1
wy sin (¢/t) — — sin (wat
C9g.d, [ (¢/t:) n ( ):I

AnwnLs , 1
Wn* — —
02

. 1, 2
N, l:wn sin (¢/t) — - sin (wnt):]

1

fn(t) =
Therefore:

2FIA2
Ut) = 73

n=1 wa? wet — i ’
If]Z
'E&n()\n, O'n)-

30 / FEBRUARY 1972

(38)

(39)

(40)

For ¢t > =i
£ = — 20,40 [sin w,(§ — ) + sin (wat))
T N 1]
tl wn2 —_—
t?
Therefore:
2ETAg? 0,20y [8in w0 — wh) -+ sin (wat)]?
v = ’ Z 2 : 2
L 2w [w . l]

7

" wn(km 071)

(a1)

(42)

where A\, and ¢, are obtained from fixed-free case of section 2(a)

in the foregoing.

Transactions of the ASME

€20z aunr /z uo Jasn ABojouyos | B 82usIog Jo Ausiaaiun unossi Aq spd° L T€Z/2E£€0059/€2/ L /v6/4pd-ajo1ue/@ousiosBuLINoeNuEW/BI0 swWse: uoioa||0o|eNbipawse)/:dly woly papeojumod



	A Strain Energy Comparison Of Discrete Modeling For Vibrating Continuous Systems
	Recommended Citation

	tmp.1688008580.pdf.oyaKX

