
Missouri University of Science and Technology Missouri University of Science and Technology 

Scholars' Mine Scholars' Mine 

Mechanical and Aerospace Engineering Faculty 
Research & Creative Works Mechanical and Aerospace Engineering 

01 Jan 1972 

An Application Of Bubble Shape Theory To The Determination Of An Application Of Bubble Shape Theory To The Determination Of 

Air Transfer Through Adsorbed Surface Films Air Transfer Through Adsorbed Surface Films 

Robert A. Medrow 
Missouri University of Science and Technology 

Follow this and additional works at: https://scholarsmine.mst.edu/mec_aereng_facwork 

 Part of the Aerospace Engineering Commons, and the Mechanical Engineering Commons 

Recommended Citation Recommended Citation 
R. A. Medrow, "An Application Of Bubble Shape Theory To The Determination Of Air Transfer Through 
Adsorbed Surface Films," Journal of Colloid And Interface Science, vol. 41, no. 1, pp. 175 - 177, Elsevier, 
Jan 1972. 
The definitive version is available at https://doi.org/10.1016/0021-9797(72)90101-4 

This Article - Journal is brought to you for free and open access by Scholars' Mine. It has been accepted for 
inclusion in Mechanical and Aerospace Engineering Faculty Research & Creative Works by an authorized 
administrator of Scholars' Mine. This work is protected by U. S. Copyright Law. Unauthorized use including 
reproduction for redistribution requires the permission of the copyright holder. For more information, please 
contact scholarsmine@mst.edu. 

http://www.mst.edu/
http://www.mst.edu/
https://scholarsmine.mst.edu/
https://scholarsmine.mst.edu/mec_aereng_facwork
https://scholarsmine.mst.edu/mec_aereng_facwork
https://scholarsmine.mst.edu/mec_aereng
https://scholarsmine.mst.edu/mec_aereng_facwork?utm_source=scholarsmine.mst.edu%2Fmec_aereng_facwork%2F5144&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/218?utm_source=scholarsmine.mst.edu%2Fmec_aereng_facwork%2F5144&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/293?utm_source=scholarsmine.mst.edu%2Fmec_aereng_facwork%2F5144&utm_medium=PDF&utm_campaign=PDFCoverPages
https://doi.org/10.1016/0021-9797(72)90101-4
mailto:scholarsmine@mst.edu


An Application of Bubble Shape Theory to the Determination of Air Transfer 

Through Adsorbed Surface Films 

The efforts of var ious inves t igators  (1-4) have  
led to the  deve lopment  and verif icat ion of a theory  
for the  shapes of f loating bubbles .  The purpose of 
th is  note is to apply this  in format ion  to the  da t a  
collected by  Brown, T h u m a n  and McBain  (5) in  
the i r  a t t e m p t  to  determine the  permeabi l i ty  of 
adsorbed surface films to air by  observing f rom 
above the  radii  of floating bubbles  as a funct ion  
of t ime. As in the  work by  Brown, T h u m a n  and 
N[cBain, i t  is assumed here t h a t  all mass t rans fe r  
takes place t h rough  the  t h in  spherical  cap of the  
f loating bubble.  In  the  original  work i t  was as- 
sumed t h a t  bubbles  f loating at  a surface assumed 
a spherical  shape while floating half-submerged.  
Thus,  the  area of one side of the  bubble  cap always 
amounted to 50% of the total bubble area. In 
reality the bubble cap, for the sizes of bubbles 
considered, amounted to from at most 40% to as 
little as 1% of the total area. 

The permeability k of a bubble dome or cap is 
defined by the equation 

dn 
- d~ = ksac, [1] 

where - d n / d t  is the  molal flux th rough  the  film, 
s is the  dome area, and  Ac is the  concen t ra t ion  
difference across the  film. Assuming air to be a 
perfect  gas, expressions for n and Ac are readi ly  
developed. Combining  these wi th  Eq. [1] we find 

k =  7rr'2 Ip?d  dr~ 4 dr" 4re dre~ [2] 
- - ~  - - ~  + dt 3ra dt l '  

where r~ is the  equiva lent  bubble  radius,  ra is the  
cap radius,  - / is  the  surface tension,  and po is the  
pressure above the  bubble.  The second and th i rd  
b racke ted  terms can be dropped wi th  the  in t ro-  
duct ion  of only a negligible error.  In  order to best  
uti l ize the  shape in format ion  of (4) i t  is convenient  
to render  the  var ious radii  and s dimensionless 
t h rough  division by  a and a s, respectively,  where 
a, the  capi l lary cons tan t ,  is equal  to (27/gAp) 112. 
t Iere,  g is the  accelerat ion due to g rav i ty  and  Ap 
is the  difference in dens i ty  be tween the  fluid and 
the  gas. Dimensionless  var iables  are wr i t t en  as 
capi ta l  le t ters .  I t  is convenient  to in t roduce the  
observed radius r into  [2] by  mul t ip ly ing  the  
equa t ion  by  dr~dr. Thus,  we find 
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~rapo R~Rd dR~ dr 
k [3] 

3' S dR dt" 

From (4) R~2Rd/S is a funct ion  only of dimension~ 
less bubble  size while the  re la t ionship between 
R,  and R is dependent  upon bo th  size and the  in- 
dex of refract ion.  This  l a t t e r  dependence exists 
because the  submerged por t ion  of the  bubble ,  
when  viewed from above, is seen th rough  an a i r -  
fluid in terface  which is not  normal  to the  l ine of 
sight.  In  the  calculat ions presented an index of 
ref rac t ion  of 1.34 was used. For  the  sake of con- 
venience,  R~2Rd/S and Re were expressed as series 
t h rough  the  e ighth  powers of, respectively,  R~ 
and R. The method  of least-squares was used to 
determine the  coefficients of these t runca ted  
series. 

Supposing for the  moment  t h a t  k is cons tant ,  
Eq. [3] is readily solved. The sca t t e r  in the  da t a  
repor ted in (5) as well as the  lack of measured 
ini t ia l  bubble  radii  in several  cases make i t  con- 
ven ien t  to present  this  solut ion in the form 

T = .ykt f~ Re2R~ dRe dR 

where T is the  dimensionless t ime required for a 
bubble  to shr ink  from a dimensionless observed 
radius of un i ty  to any radius R. U n i t y  was chosen 
because no R exceeded this  value. Ts , then,  rep- 
resents  the  nondimenional  t ime, based upon the  
un i ty  reference radius,  at  which some par t i cu la r  
bubble  reached the surface. The las t  equat ion  thus  
predicts ,  for a given index of refract ion,  a unique 
re la t ionship between R and T. The problem of 
finding the  appropr ia te  value  of k is thus  the  
problem of de termining  the  values of 7k/a~po and 
Tz for which a given set of r- t  data  is best  fi t ted 
by  this  single /~-T curve. A least-squares  proce- 
dure was used to determine these values,  using for 
s impl ic i ty  an error ¢ defined by 

7/el 
=--+T~-- T. [51 

a2po 

Figure 1 demonst ra tes  the  accuracy wi th  which 
the  " u n i v e r s a l "  R-T  curve for an index of refrac- 
t ion  of 1.34 fits the  data .  Table  I displays the  
results  ob ta ined  for all of the  cases reported in (5), 
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176 NOTES 
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Fro. 1. Observed radius versus time data for a bubble floating at the surface of a 0.1% NaSL solu- 

tion (5). (--) The theoretical cmwe for a constant surface tension of 45.7 dyn/em and a permeability 

of 0.0758 cm/sec. 

TABLE I 

CALCULATED P E R M E A B I L I T Y  V A L U E S  FOI~ V A R I O U S  SOLUTIONS a 

Case Solution No. of Time b Fractional Permeability (cm/sec) 
points ( m i n )  standard 

deviation c Present Ref. (5) ~ 
resu]ts 

1 0.1% NaSL (commercial) 4 75 0.0005 0.0095 0.0037 
2 0.1% NaSL 36 495 0.0148 0.0758 0.0099 
3 0.1% NaSL, 0.00025% LOI-I 6 120 0.0031 0.0238 0.0051 
4 0.1% NaSL, 0.00025% LOI-I 6 81 0.0013 0.0155 0.0030 
5 0.1% NaSL, 0.00025% LOCI 6 86 0.0003 0.0151 0.0024 
6 0.1% NaSL, 0.0005% LOH 10 300 0.0013 0.0156 0.0027 
7 0.1% NaSL, 0.002% LOH 17 391 0.0022 0.0144 0.0039 
8 0.1% NaSL, 0.008% L0H 14 390 0.0038 0.0166 0.0047 
9 0.5% NaSL 11 399 0.0262 0.0957 0.0092 

10 0.5% NaSL, 0.01% LOtt 11 376 0.0179 0.1052 0.0112 
11 0.5% NaSL, 0.02% LOH 5 90 0.0023 0.0974 0.0130 
12 0.5% NaSL, 0.025% LOH 8 144 0.0020 0.0221 0.0032 
13 0.5% NaSL, 0.03% LOH 11 216 0.0063 0.0161 
14 0.5% NaSL, 0.03% LOH 6 87 0.0014 0.0182 
15 0.5% NaSL, 0.03% LOH 4 54 0.0017 0.0191 
16 0.5% NaSL, 0.04% LOH 4 54 0.0022 0.0222 0.0022 
17 0.1% Potassium laurate 7 90 0.0038 0.0082 0.0014 
18 0.1% E607L 9 86 0.0033 0.0473 0.0091 
19 0.1% Quaternary 0 7 82 0.0060 0.0449 0.0065 
20 0.1% Santomerse 3 10 67 0.0086 0.0658 0.0130 
21 0.1% Triton X-100 10 88 0.0076 0.2144 0.0150 

From the data presented by Drown, Thuman and McBain (5). 
This is the time interval during which the bubble was observed. 

c See text. 
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NOTES 177 

using surface tension values reported therein. 
Since the method of interpretation followed by 
Brown, Thuman and McBain yielded a significant 
apparent change in k with time the k values from 
(5) are initial (first hour) ones. To demonstrate in 
a reasonably compact way the accuracy with 
which the "universal" R-T curve fits the data, 
Table I contains values of a fractional standard 
deviation, ¢', defined by the equation 

L h i = l \  r~.i / _ j  

In [6], r~ and rp.~ are, respectively, the observed 
and the predicted radii at t~. 

In light of the results reported by Princen and 
Mason (6) it is appropriate to comment upon the 
possible time dependence of k which one can 
obtain from [3]. Various order polynominal fits of 
the data were used to accomplish this. The results 
thus obtained were found to be so highly sensitive 
to the smoothing procedure followed that no firm 
conclusion about the time dependence of k could 
be reached. Conclusions in this area are compli- 
cated by the possibility that, in the case of very 
small bubbles, significant mass transfer might 
take place through areas other than that of the 
cap. Somewhat crude estimates of an effective 

surface area indicate that the assumption of mass 
transfer through only the bubble cap may well 
introduce measurable error for bubbles whose 
dimensionless equivalent radii fall below 0.35. 
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