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B!t Penetration into Rock--A 
Finite Element Study 
J. K. WANG* 
T. F LEHNHOFF+ 

The sequence of rock fltilttre mecltanisms amt quantitatit'e it!formation on 
stress, displacement aml material Jizilure in the proeess of t~it penetration 
have been obtained through computer simuhttion. A finite element approach 
has been developed to simulate hit penetration from bit rock interaction to 
chip formation. A mathematical rock fililure model, based on a~'ailable rock 
fitilure experiments, has been proposed to represent post-Ji~ilt,'e rock behavior 
and applied in the penetration simulations. The finite element code was devel- 
oped fin" two-dimensional plane strain problems to consider non-linear mater- 
ial properties, geometric non-linearity, and fi'acture propagation. An anistro- 
pic element as well as variable stiffness and stress release methods have 
been used, An iteration method, using an incremental displacement approach, 
has been applied for contimlous penetration with modification of material 
properties and displacements. The simulation results of the bhmt point bit 
are in reasonable agreement with penetration experiments on Limestone. 
Wedge and cylinder hit profiles have also been presented to demonstrate 
their shape effects. 

INTRODUC-TION 

Basic studies on bit penetration into rock have been 
of interest to manv investigators in recent years 
1-1,2]. Much of thc past success has been achieved 
through experimentation, and some empirical modcls 
for brittle chip formation rock have been introduced. 
They generally cover some important events in the fail- 
ure sequence, however, they rarely describe the details 
of chip formation and give no quantitativc evaluation 
of the stress and displacement field during the 
penetration process, The simplified models also neglect 
the effects of some important post-failure material 
properties. 

The primary difficulty of an analytical study of bit 
penetration lies in the fact that the constitutive theories, 
which are generally applied for describing rock behavior 
in the elastic state, become inadequate for the fractured 
rock. The complexity of the post-failure character of 
rock makes our task for a general constitutive law and 
its solution practically impossible at present. 

The purpose of this study is primarily to develop 
a general mathematical rock failure model and along 
with the available finite element techniques to establish 
a computer code, which will allow the simulation of  
the sequence of penetration mechanisms and provide 
a better description of the failure phases--initial crack- 
ing, crushing, and chipping. The code can also be used 
for the study of the effects of tool shapes and material 
properties. 

* Design Engineer. Brown & Root. Inc., Houston. T X .  U . S . A .  
+ Assoc. Prof., University of Missouri--Rolla, MO, U.S.A. 

MATHEMATICAL MATERIAL FAILURE MODEL 
FOR ROCK 

In the interest of studying practical engineering pro- 
blems, a mathematical model based on observations of 
experimental results is proposed [2]. 

1. Before the stress state reaches the maximum failure 
strength, rock is considered linear-elastic, isotropic and 
homogeneous. 

2. As shown in the results of many experimental tests, 
the maximum strength of an intact rock can be approx- 
imated by a linear Mohr envelope as shown in Fig. 
1. Rock failure occurs when the Mohr circle of a stress 
state of rock reaches the envelope. The shape of the 
linear envelope can be determined by its tensile and 
compressive strengths and the slope of the envelope. 
The transition between tensile and compressive failures 
can be determined by the following relations: 

1. z2 accos 0 
6 = --  + a,, ro - (1) 

2ro/2 2(1 + sin 0) 

where/2, a t, a c and z o are the slope of the Mohr envel- 
ope, tensile strength, compressive strength, and intrinsic 
shear strength respectively. 

3. After tensile fracture, rock loses its cohesion on 
the newly created surface and still retains its strength 
in the direction parallel to the fracture surface. 

4. After compressive failure, rock strength and stiff- 
ness decrease gradually along with displacements until 
they finally approach a minimum value corresponding 
to the residual strength [3-6]. Degrees of failure are 
represented by dividing the space between two extreme 
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Fig. 1. Idealized failure envelope for rock. 

envelopes, intact and residual, into many levels. On 
each level, i.e. the same failure envelope, the degree 
of failure and material properties are assumed the same. 

Because the study of the post-failure behavior of rock 
is still in the developing stage, knowledge of material 
properties after failure is very limited. Some interpola- 
tions between bounded values and extrapolations from 
the available properties are necessary. 

Since the stiffness of rock decreases with displace- 
ment, the instantaneous value of Young's modulus for 
a fractured rock is assumed to be the slope of the chord 
of the stress-strain curve as shown in Fig. 2. A simple 
ma.thematical relation, representing this characteristic, 
can be expressed as 

E, = E(. a~ T_.a_, .~* (2) 
\ a , ~ ,  - a , /  

where Ei = instantaneous stiffness, c = slope constant, 
a t = instantaneous strength, amax= maximum strength, 
ar = residual strength. 

Figure 2 shows two post-failure stress--strain curves 
with constants c = 2 and 2.5. These two values are used 
in the penetration simulations. 

As the stiffness of rock decreases in progressive 
failure, Poisson's ratio should also be changed 
accordingly. Since Poisson's ratio for fractured rock is 
not available, an alternative approach is suggested. If 
the compressibility of a rock is constant before and 
after failure, then Poisson's ratio becomes a function 
of the instantaneous stiffness E+. The variable Poison 's  
ratio is given as: 

<+, 

Figure 2 illustrates the change of Poisson's ratio 
along the stress-strain curve. Material properties of 
Indiana Limestone are listed in Table 1 [8]. 

THE FINITE ELEMENT METHOD AND ITS 
APPLICATION FOR PENETRATION 

SIMULATION 

In order to ass~iate the finite element method with 
the proposed mathematical failure model as described 

TI k 6 

4 

-" + l_.]_+,_,++ 
= 

i L - / , \ , . ~ ' ~  ~ * 

O0 t 
0002 

. . . . . . .  ~ + s -  +~+ . . . .  

0.004 i t O.OOG 0.008 O.Oi 

~.5 

o" 
3.4 ~ 

0.3 1 

0.2 ~ 

0,1 

STRAIN, in/ i~ 

Fig. 2. Idealized stress-strain curves for salem Limestone. 

in the previous section, some finite element techniques 
will be used in the simulation [7,9]. An anisotropic 
.element is introduced to represent an element after tem- 
sile failure. Variable stiffness is used in the simulation 
of progressive strength failure of rock. A stress release 
technique and iteration method are applied during the 
process of continuous penetration. 

Bit penetration studies of long wedge (or blunt point) 
bit acting on a large block of rock can be considered 
a plane strain problem without considering the end 
effects. 

1. Anisotropic element 
When the mino/ principal stress of an element 

reaches its critical value in tension, a fracture surface 
is created perpendicular to the principal direction. This 
newly developed sur.~ce imposes an additional bound- 
ary to the system and results in a significant stress 
redistribution in the immediate vicinity as well as a 
change in the structure stiffness. The simulation pro- 
cedure can be accomplished by assuming that the crack 
plane is a principal plane for the anisotropic element. 
In the direction normal to the plane, Young's modulus 
and Poisson's ratio are reduced to very small values. 
Nevertheless, the element is still capable of withstand- 
ing stress parallel to the crack plane. The plane strain 
elasticity matrix. [D], for a symmetric a n i = ~ t r o p i c  ele- 

TABLE | .  MATERIAL PROPERTIES OF INDIANA LLMI~ONE USED IN 1"HIS 
STUDY 

Tensi le  strength, o t -759 pst 

Compressive s t rength ,  o c 6.370 psi 

Young's modulus, E 3,660,000 pst 

Po4ssofl' r i t t o ,  v 0.2?2 

Angle of mxtam Hohr envelop, e 30 ~gree~ 
~ x  

Resid~Jal Ingle of I4oltr Imve]ope, O r 2S degrees (1$t re)de1)* 

30 degrees (2rid toxic| ) 

Slope c~stAnt. ¢ 2,0 ( Ist  node1) 

2.5 (2rid -o4~1) 

*The 1$t rode1 ts used tn al l  bi ts, the Zr41 model 1$ used vtth a 

blunt point bi t  only. 
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ment can be expressed as: 

E, [ i ) ]  . . . . .  
ql + v l ) l l  - v I - 2 m ' _ ~ )  

[ n(l - m'~) ,qv2(1 + Vl) 
× re'e(1 + vl) 11 - v~) 

0 0 

0 ] 
0 

m(l + v~) 

( 1 - v  I - 2 m ' ~ )  

(4) 
1 E l 

where " = f : ' 7 "  and , , ,=  
2(I~-i'~, t" 

The constant E~ and v~ are associated with the be- 
havior in the fracture plane, and E_, and v, with a direc- 
tion normal to these. 

2. Non-linear material properties 

For non-lincar material problems, the stiffness matrix 
of each clement is a function of its stress or strain level. 
Therefore, the final stiffness matrix [K] of the whole 
structure can be expressed as 

[ K ( > ' , ) ]  {,s: = {R', or [ u ( k t , ) ]  [,st = :g ' , .  (5) 

The above equations can be solved by iterative 
methods. In order to study successive penetration, the 
incrcmental displacement method is used. Rewriting the 
above equation in terms of small penetration incre- 
ments, wc obtain 

[K] ,_ ,  {A,St,,, = 'tAR}, (6) 

where [K],_ 1 is the stiffness matrix at the previous 
stress state, and {A6}. and {AR ], are matrices of small 
incremental displacement and nodal loads. 

3. Geometric noll-lim,arity 

Equation (6) has been derived based on small dis- 
placements with non-linear material properties. For pro- 
blems with large displacements or strains, assuming the 
geometry of elements remains unchanged and using 
first-order, infinitesimal linear strain approximations 
may yield an inaccurate solution. Using the iteration 
method as suggested in equation (6), adjustment for 
this geometric non-linearity can be accomplished by 
redefining element coordinates in the computation of 
stiffnesses. Rewriting equation (6) we have 

[K(&rr)],_a {Aa], = {AR}, (7) 

where [K(6.r.)]._, is the stiffness matrix formulated by' 
the most recent coordinates of the elements. 

It should be noted that not all non-linearities are 
accounted for in this study. But since bit penetration 
is conducted on a large block of rock and large strains, 
which occur at the edges of a bit, are not possible with- 
out fracture, significant errors are not introduced [7]. 

4. Stress release 

Zienkiewicz et al. have suggested a so called. 'stress 
transfer" method to study linear elastic rock behavior 
by considering rock as a "no tension' material [9]. The 

method converts excessive stresses that an element can- 
not bear to nodal loads and re-applies these nodal loads 
to the system, i.e. excessive stresses can be released from 
an over stressed element to neighboring elements. 
Assuming {Ac~ }" are the excessive stresses in an element, 
then the transformation for nodal loads ~AR }" is given 
by: 

, ( s )  -tAR, = 

5. Iteration process 

Simulation of bit penetration starts from the initial 
contact of a bit and an intact rock without pre-existing 
stresses. A small assigned incremental penetration is 
imposed in each iteration to obtain incremental 
stresses. If the displacement increment is sufficiently 
small, then each incremental solution may be consi- 
dered linear and could be accomplished accurately in 
one step. In order to trace actual fracture propagation, 
the computer program is designed to adjust the 
penetration magnitude in each iteration by allowing no 
more than one unfailed element to reach the failure 
envelope. The ratio of the adjusted penetration to the 
assigned penetration is used in calculating actual in- 
cremental stresses. After the accumulated total stresses 
for each element are obtained, the stress states of all 
failed elements are checked to determine their current 
situation. Further modifications for material properties 
and releases for excessive stresses follow, if necessary'. 
An additional loop within the same iteration is per- 
formed to release these excessive stresses. In this loop, 
transformation from stresses to nodal loads is accom- 
plished using equation (8), and thc incremental 
penetration is taken as zero. Stress redistribution is 
accomplished at the end of this loop bv adding the 
incremental stresses, generated from the transferred 
nodal loads, to the total stresses of all elements. 

Since the incremental displacement is small, modifi- 
cation for geometric non-linearity is taken after a speci- 
fied number of'iterations, n. A simplified flow chart 
of the program is shown in Fig. 3. Detailed information 
on the program is presented in reference [9]. 

6. Simulations 

Blunt point, sharp wedge and cylindrical bits are 
used in the penetration simulations. A rough bit-rock 
interface is assumed for all cases, i.e. no relative 
movement on the contact surface between bit and rock. 
The overall size and the imposed boundary conditions 
of the grid are comparable with the experimental test 
conducted by Maurer [1]. 

Bhmt point bit--A series of plots showing principal 
stresses, degrees and types of element failure and posi- 
tion of elements at various stages of penetration of 
blunt point bit, using the first material model, are illus- 
trated from Figs. 4a-4c. Rock begins to fail after a 
small elastic deformation at the boundary of the cutting 
edge, where high stress intensity exists. Major principal 
stresses in all elements are in compression with direc- 
tions toward the penetrating bit. Elements immediately 
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Fig.  3. F l o w  cha r t  for bit  pene t r a t i on  s imula t ion .  

under the bit have high compressive minor principal 
stresses which keep these elements in the elastic state. 
The highest stress intensity elements at this stage are 
under the cutting edge. Fracture in the rock propagates 
from the edge downward a certain distance creating 
a central high compressive zone and separating it from 
two sides of the rock as shown in Fig. 4a. As the 
penetration continues, the failed area expands toward 
the symmetric center of the rock and forms a compres- 
sive failure zone surrounding a small portion of the 
high compressive elastic area immediately under the 
bit. Increasing penetration at this point has little effect 
on the side elements, but gradually reduces material 
strength and stiffness of the compressive zone. The ele- 
ments which have failed in compression, under the 
pressure .of the penetrating bit, are squeezed into lateral 
movement and as a consequence tensile fractures start 
from the bottom of the compressive zone and sradually 
spread to both sides as shown in Fig. 4b. If the 
penetration is further increased, the increasing pressure 
on the side elements will reach the point that fractures 

T. F. Lehnhoff 

start to propagate in these elements and finally form 
a chip, as shown in Fig. 4c. The corresponding force-- 
displacement curve of this penetration simulation is 
plotted in Fig. 5. Cross marks on the curve indicate 
the positions of bit penetration, where stress field and 
element failure are plotted. Every dot represents an ite- 
ration in the computer program. As shown in Fig. 5, 
the force-penetration curve of this simulation is lower 
than the experimental result, however, the depths of 
bit penetration at the peaks of both curves, where the 
first chip is formed, are close. The analytical F-P  curve 
at the beginning of the penetration showing a steeper 

l, 8,r i 
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Figs. 4 (a-c).  Bh,  nt point bit penetration using the first material 

model• 

Sharp wedge hit. The initial position of the bit starts 
with a dent in the rock. Only one element makes con- 
tact with the bit at the beginning of this simtflation. 
Additional contact area will be added, if the bit starts 
to reach other elements. 

As shown in Fig. 6a, the cornpressivc failure zone 
quickly spreads from the edge of the wedge to the area 
under the bit. The tensile crack under the compressive 
failure zone starts to propagate before the side elements 
have developed high enough pressure to form a chip. 
Thc final stage of this simulation is sho~vn in Fig. 6b 
and the F-P curve is given in Fig. 7. 

-- ~r" / 

z 

slope is probably due to the linear-elastic assumption 
for rock before failure. 

Figure 5 also shows the bhmt point bit penetration, 
using the second material failure model of higher post- 
failure strength. Some differences between the two 
simulations are observed: (a) the depth of penetration 
to form the chip is greater in the second simulation, 
(b) thc degrces of failure of the elements in the compres- 
sive zone are more homogeneous, and (c) thc F--P curve 
in Fig. 5 for the second simulation is higher than thc 
curves of the first simulation and the experimental 
rcsuh. These results demonstrate the influence of the 
post-failure rock behavior and properties on bit 
penetration. 
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Fig. 5. Force-penetration ct,rves for blunt point bit. 
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Fig. 7. Force-penetration curves for sharp wedge and cylindrical bits. 

A wedge bit, with the action of the inclined bit sur- 
faces, creates quicker lateral pressure on the side ele- 
ments, which results in early chip formation and more 
effective bit penetration. 

Cylindrical bit. The simulation starts from only one 
element making contact with the bit. Along with the 
continuing penetration and increasing contact surface 
with the bit, the compressive failure zone of the rock 
keeps expanding in the lateral and vertical directions. 
Final chip formation is shown in Fig. 8. 

The F-P curve of this simulation shows a jump in 
applied force for every new element to contact the bit, 
as illustrated in Fig. 7. The number at each jump indi- 
cates the order of the new contact element. After the 
element at the edge of the contact zone decreases its 
strength with penetration, the increased force starts to 
fall as shown in the figure. 

CONCLUSIONS 

Using the proposed mathematical rock failure m(xtel 
and the developed finite element code, the sequence 
of rock failure mechanisms and the quantitative infor- 
mation on stress, displacement and material failure in 
the process of bit penetration can be obtained. The 

analytical results presented in this study have shown 
reasonable agreement with experimental observations. 
Effects of tool shape (e.g. bit wear) and post-failure rock 
strength can be studied using the method. 
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