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ABSTRACT 
In an effort to study the laser induced dissociation of 

gas mixtures for an ongoing research project on diamond 
thin film coating using multiple lasers, it is necessary to 
determine the absorption coefficient of laser energy by CO2 
gas. An ab initio molecular dynamics (AIMD) model is 
used to determine the laser absorption coefficient of CO2 
gas as a function of laser wavelength and gas temperature. 
The translational, rotational, and vibration motions of 
molecules are all taken into account in our model. The 
intra-molecular potential energy is obtained by solving the 
Kohn-Sham equation. The Projector-Augmented Wave 
(PAW) exchange-correlation potential function is used in 
the ab initio calculation. Specific heat of the CO2 gas is 
also calculated. The calculated thermal properties of CO2 
gas and the vibration spectrum of molecules are in good 
agreement with the experimental results. The calculated 
normalized absorption line shape CO2 gas is close to the 
experimental results. 

 
INTRODUCTION 

Multiple laser beams diamond coating techniques 
demonstrate unique advantages over conventional PVD or 
CVD methods [1-7]. In a reported high-speed multiple 
laser coating process [5-7], a diamond or diamond-like 
carbon film was formed in which CO2 gas is used as the 
sole precursor or secondary precursor. Though the 
phenomenon was found in the experiments, the 
fundamental mechanisms involved in the process are not 
well understood [1,5-10].  

To study the laser matter interaction, an AIMD model 
is used in our calculations. One of the important problems 
in AIMD is to determine the intra-molecular potential 
energies. In our model, these potential energies are 
obtained by solving many-electron Schrödinger equations. 
Due to the antisymmetric property of electronic wave 
functions and interactions between different electron 
energy states, the exchange-correlation potentials exist in a 

many-electron system. The Projector-Augmented Wave 
(PAW) exchange-correlation potential function is chosen in 
our calculations. By solving the electronic Schrödinger 
equations, we get intra-molecular potential energies as well 
as dipole moments as a function of nuclear configuration. 

The calculated potential energies are used in a 
molecular dynamics model to calculate the thermodynamic 
properties of CO2 gas. The results are compared with the 
experimental data to assure the calculated potential 
energies are valid. 

The absorption coefficient of a gas is related to the 
time correlation function of the molecular dipole moment 
[11,12]. A CO2 molecule has no permanent dipole moment. 
The oscillating dipole moment is produced by its 
asymmetric stretch and bending vibration modes. To 
calculate the transitional dipole moment, nuclear 
Schrödinger equations must be solved. The potential 
energies used in the equations are the ones obtained from 
the electronic Schrödinger equations mentioned above. 

In the following sections, we amplify these 
introductory remarks, and then show the results. 

NOMENCLATURE 
   Ĥ  = Hamiltonian operator 
   R    = nuclear coordinates 
   x    = electron coordinates 
   TN  =  nuclear kinetic energy operator 
   Te  =  electron kinetic energy operator 
   Vee  =  electron repulsive potential 
   VNN  =  nuclear repulsive potential 
   VeN  =  electron-nuclear attractive potential 
   J    =  rotational state quantum number 
   N(EJ) =  energy distribution 
   EJ  = energy of rotational quantum states 
   G(J)  =  degeneracy of energy level J 
   CV  = heat capacity 
   µK   = electric dipole moment 
   E0  = the amplitude of electric field 
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   i    = initial quantum state 
   j   = final quantum state 
   Ei,j  = energy eigen values for rotation-   

vibration motion of molecules 
   uK  = unit vector along the direction of the  

transition dipole moment 
 
    
Greek Symbols  
   Φ  = electron-ion system wave function 
   Ψ    = electron wave function 
   χ  = nuclear wave function 
   ε  =     energy eigen value 
   εK   = unit vector along the electric field 
   l

K
  = lattice vector of cubic box 

  K
K

  = wave vector 
  ( )Kα

K   = coefficient of basis set 

   ρi = Boltzmann factor for the initial rotation- 
   vibration state 
 

ANALYSIS  
The intra-molecular dynamics, i.e. rotational and 

vibration motions, of molecules play a critical role in laser-
gas interactions. The intra-molecular dynamics are 
determined by the following Schrödinger equations for an 
electron-ion system: 

( ) ( ) ( )
( ) ( ) ( )

ˆ           , , ,

ˆ ˆ ˆwhere ,N e ee NN eN

H x R x R x R

H T T V r V R V r R

εΦ = Φ

= + + + +

K K K

K KK K
      (1) 

Equation (1) is too complex to be solved directly. 
Using a highly accurate and simplifying approximation – 
Born-Oppenheimer (BO) approximation, the electronic 
motion and the nuclear motion in molecules can be 
separated [13],  

( ) ( ) ( )RRxRx
KKK

χ,, Ψ=Φ       (2) 
and equation (1) can be separated adiabatically into two 
coupled Schrödinger equations: a many-electron 
Schrödinger equation (3) and a nuclear Schrödinger 
equation (4). 

( ) ( ) ( ) ( ) ( )ˆ , , ,e ee eNT V r V r R x R R x Rε + + Ψ = Ψ 
K K K KK K      (3) 

( ) ( ) ( ) ( )N̂ NNT V R R R E Rε χ χ + + = 
K K K K     (4) 

The electronic potential energies ε(R) obtained from 
equation (3) will be used in equation (4).  

The wave function Ψ in a many-electron Schrödinger 
equation (3) must fulfill anti-symmetric property since 
electrons are fermions. This property leads to the use of 
Slater determinants as the basis functions of the electron 
wave function, which is too complex to be implemented. 
To solve this problem, Density Functional Theory (DFT) is 
used. Using DFT, the many-electron Schrödinger equation 
could be transformed to an effective one electron 
Schrödinger equation (i.e., Kohn-Sham equation) as 

( ) ( )

N
( ) ( )

( )

221
1 22

12kinetic energy
of electrons

ˆ                 1 1

ˆwhere  1

eff

KS KS KS KS
i i i

KS A
xc

A iA

V r

H

rZH dr v
r r

ψ ε ψ

ρ

=

= − ∇ − + +∑ ∫
K

K
K

K
������	�����


       (5) 

In equation (5), ψKS(1) is one electron wave function and 
2

1

n
KS
i

i

ρ ψ
=

=∑  is electron charge density. Equation (5), i.e., 

the KS equation is written in atomic units. The Hamiltonian 
in KS equation contains 4 components. The first one is the 
electron kinetic energy. The remaining three are the 
effective one electron potential. The first two potentials 
have semi classical interpretations, i.e., electron-nuclear 
attraction potential and electron-electron repulsive 
potential. The last potential is the exchange-correlation 
potential of electrons vxc. This potential is not found in the 
Hamiltonian of equation (3). It is caused by anti-symmetric 
property of many-electron wave functions and electron 
configuration interactions. It does not have semi classical 
interpretations.  

If vxc is known, the Hamiltonian ĤKS can be easily 
found. To solve the KS equation, we need to construct ψKS 
with basis functions as follows: 

1
   1, 2,

K

i iC i Kµ µ
µ

ψ φ
=

= =∑ …      (6) 

where 
uφ  are known as the basis functions. Using 

equation (6) in equation (5) and dot multiplying 
uφ  on 

both sides of the KS equation, we can get the following 
K×K matrix equation. 

( ) ( ) ( )

( ) ( )

*
1

*
1

                                 HC SC  
where H is the KS Hamiltonian matrix:

ˆ1 1 1

and S is the basis function overlap matrix: 

1 1

=

=

=

∫

∫

K

K

KSH dr H

S dr

µν µ ν

µν µ ν

ε

φ φ

φ φ

       (7) 

The coefficients Cµi in equation (6) and the eigen 
values εi are determined by solving equation (7). 

Two problems exist in solving the KS equation; one is 
the unknown exchange-correlation potential vxc and the 
other is the choice of basis functions. We will discuss the 
selection of basis functions in the next section. 

Since vxc is unknown, some approximations must be 
made to obtain appropriate vxc. In our calculations, we used 
a PAW vxc which is supplied by the Vienna Ab Initio 
Simulation Package (VASP). In VASP, plane wave (PW) 
basis functions are chosen. VASP calculates the electronic 
ground state self-consistently at each molecular 
configuration. We use this software to calculate the intra-
molecular potential energy and dipole moment. These 
results are used as the data base for later calculations. 

RESULTS AND DISCUSSION 
CO2 molecule in a cubic box 

In the first step, we calculate the intra-molecular 
potential ε(R) in equation (3) which will be used in 
equation (4). 

At each nuclear configuration, the nuclear coordinates 
{R} are fixed. We choose PAW exchange-correlation 
potentials of carbon atom and oxygen atom to setup the 
Hamiltonian of KS equation HKS. By solving equation (7) 
the total potential energy ε({R}) is determined.  

In the calculation, the CO2 molecule is placed in a 
cubic box with length L. Periodic Boundary Conditions 
(PBC’s) are applied. Compatible with PBC’s, PW functions 
are chosen as the basis sets. 

( ) ( ) where 2 ,   intergersiK r

K
r K e K l m mψ α π⋅= ⋅ =∑

K K

K

KK KK    (8) 
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Fig. 1 CO2 in a cubic box with PBC’s 

 
The PW functions have a big advantage in solving KS 

equations because the Hamiltonian matrix elements in 
equation (7) now becomes ( ) ( )

*

1
1ˆ ˆ 1
V

iK r KS iK r
K KH dr e H e′⋅ ⋅
′ = ∫

K KK K
K K

K . 

In equation (5), we know ( )21
12

ˆ KS
effH V r= − ∇ + K . So 

( ) ( )
( )

* 21
2

2

Fourier transform of 

1ˆ
V

1       
2 V

eff

iK r iK r
effK K

i K K r
effKK

V

H e V e dr

K V e drδ

′⋅ ⋅
′

′− ⋅
′

= − ∇ +

= +

∫

∫

K KK K
K K

K K K
K K

K

K
K

����	���


             (9) 

One can see that the second part of the Hamiltonian 
matrix elements is the Fourier transform of an effective 
potential which can be easily evaluated. 

Although the PBC’s with PW basis sets could save 
much computational time, this method brings one problem. 
As shown in Fig. 1, there exist spurious interactions of 
aperiodic charge density with its images in the neighboring 
boxes. The potential energy E(L) calculated in a finite 
cubic box with length L differs from the potential energy 
calculated in the limit E0 = E(L→∞). To estimate E0 from 
the calculated E(L), we need to know the asymptotic 
dependence of E on L. It was proved [14] that the 
asymptotic behavior of an isolated neutral molecule in a 
cubic box can be determined by the quadrupole-quadrupole 
interaction, which has a functional dependence of L-5. 

( ) ( )5
0E L E O L−= +      (10) 

To get the appropriate box size we calculated the 
equilibrium configuration of CO2 and the energy required 
to stretch a C=O bond 0.05Ǻ off the equilibrium position as 
a function of box size, which is shown in Fig. 2. The cutoff 
energy of PW basis functions are set to be 500 eV. 

From the simulation, at equilibrium configuration, the 
three atoms in the CO2 molecule are collinear; C is in the 
center of two O atoms. From Fig.2 we can see both the 
bond length and the stretching energy converge rapidly 
with box size. Although more accurate results could be 
obtained by using a larger box size, the computational time 
increases tremendously. Box size of 10Ǻ is a good choice 
for CO2 potential energy calculations. At this box size, the 
C=O bond length and the CO2 molecule rotational constant 
are calculated and compared with experimental values [15] 
which are shown in Table 1. 

 
Table 1. Constants of linear molecule CO2 

bond length (Ǻ) rotational constant (cm-1) 
ab initio  experiment ab initio  Experiment 

1.168 1.162 0.384 0.39 
 

 
Fig. 2 C=O bond length and stretching energy vs. box size 

 
Using this cubic box we made a table of CO2 intra-

molecular potential energies at different nuclear 
configurations. Three coordinates are enough to describe 
one CO2 molecular configuration. This result will be used 
in the calculation of the CO2 vibration spectrum which is 
shown in the next section. The dipole moment is also 
calculated as a function of nuclear configurations which 
will be used in the calculation of the absorption coefficient.  
 
CO2 molar heat capacity 

From the above results we can see CO2 is a polyatomic 
linear molecule. Hence, the heat capacity of CO2 gas 
contains three parts. 

• Translational heat capacity, Cv,t 
• Rotational heat capacity, Cv,r 
• Vibration heat capacity, Cv,v 

Assuming the translational, rotational and vibration 
motions of molecules in the gas are separable, we calculate 
the three parts of heat capacity, respectively. 

If the weak interactions between molecules are 
neglected, the translational heat capacity of CO2 gas is Cv,t 
= 3kB/2 since the translational motion has 3 degrees of 
freedom. This result is proved by the equipartition theorem. 

The rotational and vibration heat capacities do not 
have the above simple relation because of the quantum 
effects of rotational and vibration motions of CO2 
molecules.  

The rotational motion of a CO2 molecule can be 
modeled as a quantum rigid rotor. The exact solution of the 
rigid rotor Schrödinger equation exists. The rotational 
energy distribution fulfills the following Boltzmann 
distribution. 

( ) ( )    J = 0,1,2,
−

∝ "
J

B

E
k T

JN E G J e           (11) 

( ) ( )
( ) ( )

21
where  and 2 1

2  B

J J
E J G J J

I k T
+

= − = +
=  

E(J) and G(J) are the solutions of the rigid rotor 
Schrödinger equation. 

Rotational energy E(J) depends on the CO2 moment of 
inertia I. The value of I can be obtained from the 
simulations shown in the first step which is equal 

l 

   PBC’s 
 
Equivalent to 
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 4 Copyright © 2007 by ASME 

to 46 27.2904 10  kg m−× ⋅ . The average energy and heat 
capacity are both a function of temperature, and they are: 

( ) ( ) ( )
( )

( ) ( )
( )

2 2

0

2

0

1 1
2 1 exp

2 2

1
2 1 exp

2

and 

J B
T

J B

V

J J J J
J

I I k T
E

J J
J

I k T

E
C

T

∞

=

∞

=

 + +
+ −  

 =
 +

+ −  
 

∂
=

∂

∑

∑

= =

=
   (12) 

The results are shown in Fig. 3.  
 

 
Fig. 3 CO2 rotational heat capacity vs. temperature 

 
In classical mechanics, the heat capacity of a rigid 

rotor is exactly 1kB because its motion has two degrees of 
freedom. From Fig. 3 we can see that the quantum 
mechanics result only differs from the classical mechanics 
result at very low temperatures. The temperature of CO2 
gas is usually higher than ~102K. At this range of 
temperature, the quantum effect of rotational motion can be 
neglected. So the rotational heat capacity of CO2 gas is 
Cv,r= 1kB, a constant. The results are reasonable because the 
rotational energy gaps between neighboring levels are quite 
small (~10cm-1) compared to the temperature at ~102K 
(kBT~102cm-1). 

The vibration energy and heat capacity depends on the 
solution of the CO2 vibration Schrödinger equation. Since 
CO2 has three atoms, there is no analytical solution of its 
Schrödinger equation. When temperatures are not high 
(~102K), we approximate the intra-molecular potential as a 
harmonic potential so that we can use the solutions of the 
harmonic oscillator Schrödinger equation in our 
calculations. 

A good property of the quantum harmonic oscillator is 
the energies on different energy levels depend on the 
frequency ω of the corresponding classical harmonic 
oscillator. The energy function can be expressed as 

( )1
2    0,1,2,nE n nω= + == "    (13) 

As a linear molecule, CO2 has 3n − 5 = 4 vibration 
modes, where n is the number of atoms in the molecule. To 
determine the frequencies of these different vibration 
modes, we stretch the atoms in the molecule a little bit 
from their equilibrium positions and let it go. The initial 

velocities of atoms are all set to be zero. The force acting 
on each atom in the molecule can be calculated from the 
potential table. Using classical MD simulation, we can get 
the atomic positions as a function of time r(t). The Fourier 
transform of this function is the molecular vibration 
spectrum in classical mechanics as follows: 

( ) ( ) i tg r t e dtωω −= ∫      (14) 

The results are shown in Fig. 4. 
 

 
Fig. 4 Vibration power spectra of CO2 molecules 

 
A CO2 molecule has 4 vibration modes. In figure 4, we 

only find 3 vibration modes. This is because the bending 
mode is doubly degenerated. The results are very close to 
the experimental values [16] which are shown in Table 2. 

Table 2. Vibration spectrum of CO2 

Vibration 
mode 

ω(cm-1) 
calculated 

ω(cm-1) 
experimental 

Bending 684 667 
Symmetric stretch 1367 1388 

Asymmetric stretch 2376 2349 
 

The average vibration energy and heat capacity of each 
vibration mode are both a function of temperature, and they 
can be written as follows: 

( )
1
2  and 

exp 1 VT
B

E
E C

k T T
ωω

ω
∂

= + =
− ∂

==
=

         (15) 

In equation (15), ω=  is the vibration energy gap. The 
values of energy gaps can be found in Table 2.  

, , where n is the mode number
nV v V v

n
C C=∑          (16) 

The result is shown in Fig. 5. The dashed line in Fig. 5 
is the vibration heat capacity in classical mechanics. In 
classical mechanics, each vibration mode has a 1kB heat 
capacity. Hence, the total vibration heat capacity is 4 kB for 
CO2 molecules. From Fig. 5, we can see the CO2 vibration 
motions have a very strong quantum effect even at ~103K. 
The quantum mechanics results are much lower than the 
classical results at room temperature. Apparently, the 
classical approximation is not valid here. We cannot use 
classical MD simulation to study the dynamics of CO2 
vibration. 
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 5 Copyright © 2007 by ASME 

Using the above result, we find the vibration heat 
capacity of CO2 gas Cv,v (T = 288.15K) = 0.905kB. 
Combining with the former results, Cv= Cv,t+Cv,r+Cv,v = 
3.405kB at 288.15K. This result is very close to the 
experimental value 3.40kB at 288.15K and 1atm. 
 

 
Fig. 5 CO2 vibration heat capacity vs. temperature 

 
Absorption coefficient of CO2 gas 

 
When molecules in the gas interact with an electric 

field of frequency ω, the interaction between the field and 
the molecules can be written as 

( ) ( )1Ĥ E tµ= − ⋅
KK      (17) 

If we let the field be monochromatic, then we can 
write 

( ) ( )0 cosE t E tε ω=
K K      (18) 

According to Gordon [11], the expression for an 
absorption band shape, in terms of transitions between 
quantum states, is 

( ) ( )

( ) ( )

2

1
3

1        0  
2

v
i j i

ij

i t v v

I f i E E

e t dtω

ω ρ ε µ δ ω

µ µ
π

+∞ −

−∞

 = ⋅ − − 

= ⋅

∑

∫

K K =

K K
   (19) 

Equation (19) expresses the Heisenberg-type 
description of an infrared band shape. The distribution of 
absorption frequencies about the vibration frequency is the 
Fourier transform of the average motion of the transition 
dipole moment [11]. 

The normalized absorption line shape function is 

( ) ( ) ( )1ˆ 0  
2

i tI e u u t dtωω
π

+∞ −

−∞
= ⋅∫

K K    (20) 

Hence, the key to determine the absorption coefficient 
is to obtain the time correlation function ( ) ( )0u u t⋅K K . This 

correlation function is related to the thermal motion of 
molecules. 

A CO2 molecule has no permanent dipole moment. 
However, the anti-symmetric stretch and the bending 
vibration mode produce oscillating dipoles. The dipole 
moment in the first case oscillates along the axis of the 
molecule, and the dipole moment in the second case 
oscillates perpendicular to the axis. The oscillating 
frequency is determined by the corresponding vibration 
band as the result shown in Table 2. In this case the 

frequency ω in equation (20) is replaced by ω0+ω, where 
ω0 is the vibration band center. 

An MD model is used to calculate the correlation 
function. The CO2 molecule is considered as a linear rigid 
molecule. A Lennard-Jones potential is used to calculate 
the interaction between molecules. The parameters we used 
in the simulation are shown in Table 3. Interactions 
between unlike atoms are approximated using the 
venerable Lorentz-Berthelot mixing rules. 

 
Table 3. Interaction parameters 

Atom ε/kB (K) σ (Ǻ) 
C 51.2 3.35 
O 61.6 2.95 

 
An NVT ensemble is used in the simulation, and 4096 

molecules are included. The translational and rotational 
velocities are initialized according to the Boltzmann 
distribution at the simulation temperature. A leap frog 
algorithm is used to integrate the equations of motion. At 
each time step, the direction of the molecular vibrating 
dipole ( )u tK  is measured. Note ( ) ( )0u u t⋅K K  is the project 

of ( )u tK  on the initial direction. Fig. 6 is a snapshot of CO2 
gas at thermal equilibrium. 

 

 
Fig. 6 A snapshot of CO2 gas 

 
The first 1ns computation time is used for equilibrating 

the system. The distributions of translational and rotational 
kinetic energies are measured and compared with 
theoretical results which are shown in Fig. 7 and Fig. 8, 
respectively. The system is simulated at 300K and 1atm. 

From Fig. 7 and Fig. 8 we can see both the 
translational and rotational kinetic energy distributions are 
close to the theoretical results which prove the system has 
reached the thermal equilibrium condition. 

After the system reaches thermal equilibrium, we used 
another 1ns to measure the time correlation function 

( ) ( )0u u t⋅K K . The result is shown in Fig. 9. 

 

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/IM

EC
E/proceedings-pdf/IM

EC
E2007/43025/1013/4542648/1013_1.pdf by M

issouri U
niversity of Science & Technology user on 13 M

arch 2023



 6 Copyright © 2007 by ASME 

 
Fig. 7 Translational kinetic energy distribution 

 

 
Fig. 8 Rotational kinetic energy distribution 

 

 
Fig. 9 Normalized dipole moment correlation function 

 

The absorption band corresponding to Fig. 9 is the 
parallel band between the first excited states of the 
symmetric stretch and the first excited states of the 
asymmetric stretch mode.  

The negative region in Fig. 9 indicates that it is 
possible the molecule swings its dipole moment to a 
direction opposite to which it had at t = 0. This 
phenomenon is also found in Gordon’s paper [11]. The 
difference is that Gordon got the dipole correlation function 
by experiments. 

The normalized absorption line shape is the Fourier 
transform of the correlation function, and the result is 
shown in Fig. 10. 

 

 
Fig. 10 Absorption line shape of CO2 

 
In Fig. 10, we can see two resonant wavelengths at 

about 10.55 µm and 10.25 µm which correspond to R 
branch and P branch absorption, respectively. If the laser 
frequency is very close to the vibration band center 
frequency, i.e. 10.4 µm, it has a very small absorption 
coefficient since this kind of transition is quantum 
mechanically forbidden. The absorption coefficient 
decreases rapidly when the laser wavelength deviates from 
its resonance frequency. The full width at half maximum 
(FWHM) of the absorption band shown in Fig. 10 is about 
0.27 µm and 0.24 µm corresponding to P branch and R 
branch, respectively. These results are close to the 
experimental results [17]. The results will be improved if 
we use a larger t in calculating the time correlation function 

( ) ( )0u u t⋅K K . 

The results of Fig. 10 tell us the relative absorption 
coefficient at a certain range of laser wavelengths. To 
determine the absolute value of the absorption coefficient, 
we need to know the wave function of the CO2 vibration 
modes. This involves solving the many body Schrödinger 
equation and is currently under research. 

CONCLUSIONS 
Quantum effects must be considered in both gas 

thermal properties calculations and laser-gas interaction 
calculations. To consider the quantum effects, the ab initio 
MD model is used. The most critical problem in ab initio 
MD is the calculation of intra-molecular potential energy. 
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The intra-molecular potential energy of CO2 molecules is 
determined by solving the many electron Schrödinger 
equation. This information is used in the calculation of the 
CO2 vibration spectrum. We show that, at room 
temperature or higher, both the translational and rotational 
motions of CO2 molecules can be approximated as motions 
of classical bodies. However, the classical approximation 
of vibration motion is not valid if the temperature is lower 
than 104K. On the other hand, quantum effects must be 
included to get the right value of CO2 gas heat capacity. 
The calculated CO2 vibration spectrum and heat capacity 
are close to the experimental results which verify the 
correctness of the potential calculated from the ab initio 
method.  

The absorption coefficient of CO2 gas can be 
calculated from its time correlation functions of the 
transition dipole moment. The normalized absorption line 
shape tells us the resonant laser wavelengths and FWHM 
of the CO2 gas absorption band at 300K and 1atm. 

Using a similar method described above, we expect 
this model is able to calculate thermal dynamics properties 
and laser absorption coefficient of other molecules at 
different temperatures and pressures.  
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