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ABSTRACT 

The isotope effect of carbon interstitial diffusion 

in a Fe-2.75at%Si alloy has been measured at -J.l0°C using 

the disaecommodation technique. The disaecommodation has 

been analyzed in terms of two relaxation processes which 

are discussed on the basis of the reorientation mechanism 

of carbon interstitials at Fe-Fe sites and Fe-Si sites 

respectively. The ratios or the relaxation t1mes'r13;~12 
are 1.0382 for the former and 1.0072 for the latter 

relaxation process. This result is discussed on the basis 

of many-body reaction rate theory. 
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I. INTRODUCTION AND LITERATURE REVIEW 

A. Magnetic Aftereffects Due to Interstitials 

Ever since the discovery (1) that minute amounts of 

either nitrogen or carbon are capable of producing 

elastic and magnetic aftereffects in iron, studies of 

both magnetic and elastic aftereffects have been carried 

out extensively (2). 

In 1941, a detailed theory of the magnetic after­

effect on an atomic basis was developed by Snoek (3,4). 

1 

He assumed that the magnetostrictive strains were the 

physical basis. In 1952, Neel argued that there was 

direct coupling between the interstitial and the spontane­

ous magnetization which was more important than the 

magnetostrictive strains (5,6). This coupling has been 

explained as the electronic spin-orbit interaction of 

the 3d orbit electrons of the iron atom (7,8). Especial­

ly, it was shown that the electron interaction energy 

was much greater than the magnetostrictive energy in the 

dilute iron carbon or iron nitrogen alloys (9). 

B. Magnetic Aftereffects in Binary Iron-Base Alloys 

1. Substitutional-Iron-Base Alloys 

Measurements of the time dependence of the initial 

magnetic permeability, the disaccommodation, have been 

applied to study the behavior in Fe-Si alloys. A dis­

accommodation occurring at around 400°C was reported 

(10,11). Two kinds of explanations for this type of 



disaccommodation were forwarded: 

a. Reorientation of silicon pairs (Zener relaxa­

tion) with respect to the spontaneous magnetization 

(12,13). 

b. Long range diffusion of continuously migrating 

vacancies to sinks and/or sources into Bloch walls 

(14,15). 

By investigating the dependence of the disaccommoda­

tion on silicon content (10,13) and the stabilization 

field (11), it was concluded that the Zener mechanism was 

the more likely of the two. 

2. Interstitial-Substitutional-Iron-Base Alloys 

It is known that additional internal friction peaks 

adjacent to the normally existing Snoek peak are due to 

the diffusion controlled reorientation of the inter­

stitials located next to the substitutionals (12-18). 

While the extra internal peaks found at temperatures 

above the Snoek peak were interpreted as due to the 

reorientation of interstitials located next to the one 

substitutional, peaks found at temperatures below the 

Snoek peak were interpreted as due to the reorientation 

of the interstitials located next to substitutional pairs 

(19,20). The equivalent disaccommodations have been 

found in Fe-Si-C (21), Fe-Mn-N, Fe-Cr-N, Fe-V-N and 

Fe-Ti-N alloys (22). 

2 



c. Isotope Effect of Diffusion 

1. Substitutional Binary Alloys 

Measurements of the isotope effect of diffusion have 

been reported for various substitutional binary alloys 

3 

such as Ni58 , Ni 60 & Ni62 in Cu (23), Fe55 & Fe
59 

in Ag 

(24), CdllS & Cd109 in Ag, Cu (25), Na22 & Na24 in NaCl 

(26), Li6 & L1 7 in Si and W (27,28). The investigations 

have generally shown that the jump frequency is proportion­

al to the inverse square root of the mass of the diffusing 

isotope. The explanation was commonly based on convention­

al classical theory of absolute reaction rates (29). The 

many-body aspects of the diffusion problem as introduced 

by Vineyard (30) were considered as a correction to the 

above oversimplified reaction rate theory. 

In Vineyard's theory, the diffusion process was 

considered as the motion of a representative point over a 

potential barrier·in theN-dimensional phase space of the 

crystal containing N/3 atoms. The jump frequency L of 

one diffusing element is then given by: 

r= CH c• 
~ 

= ~ EXP [-(.(P)-~(A))/kT] (1) 

where 

N 
m* = ~ 

2 
mici 

i=l 
(2) 

am r jump frequency 

m* effective mass 

T absolute temperature 

k Boltzmann's constant 



.(P)-¢(A) - aativation energy 

~ average relaxation time 

C' ,C" constants 

and ci is a direction cosine between the normal of the 

hyper-surface and the coordinate axis x
1 

of the diffusing 

4 

i th . spec1es. The hyper-surface is defined as a configura-

tion surface that passes through the saddle point between 

two adjacent minimum potential equilibrium sites and is 

perpendiaular to the potential energy contour everywhere. 

The mass to be associated with the xi axis is m
1

• This 

analysis showed that the jump frequency is proportional 

to (m*)-i, where m* is an effective mass, the value of 

which is bound by the smallest and largest masses in the 

entire system. 

Rice et al (31-34) have also examined the many-body 

aspects using classical dynamics instead of Vineyard's 

thermodynamic approach. The treatment differed from that 

of Vineyard in that the assumption of an equilibrium 

state at the top of the potential barrier was removed. 

However, so far it has not been possible to use this 

dynamic model to calculate the mass effect on the many-

body aspects on any realistic basis. 

2. Binary Alloys with Interstitials 

The isotope effect of interstitial diffusion in binary 

alloys has not yet been investigated. It was reported that 

the isotope effect of the carbon interstitials in the pure 

iron behaved according to the conventional reaction rate 

theory ( 35). The ratio 6 of relaxation times ?-11/?;? of 
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the samples one containing c13 and the other c12 is equal 

to the ratio of the square root of the mass of c
13 

and c12 , 

1.044 • 

The present investigation is an attempt to determine 

the isotope effect of interstitial diffusion in binary 

alloys. The isotopes chosen for this experiment were 

c13 and c12 , and the host po1ycrystal, Fe-Si. Disaccom­

modation rather than anelastic techniques were used because 

of the superior sensitivity of the former as can be seen 

by comparing the extra disaccommodation (21) and the extra 

internal friction peaks (17) of a Fe-6at%S1-.05at%C alloy. 

The carbon isotopes were selected for the following 

reasons: (1) the study of the disaccommodation of these 

isotopes permitted a careful re-examination of the carbon 

isotope effect in the Fe-Fe sites; (2) the extra dis­

accommodation to be utilized in this study is known to 

exist in Fe-Si-C alloys {21); (3) neither carbon isotope 

is radioactive and thus both could be handled easily. 



II. EXPERIMENTAL PROCEDURE 

A. Permeability Measurement and Apparatus 

The initial magnetic permeability measurements were 

performed using a self balancing a.c. bridge (Fig. 1). 

With the mutual inductance coil containing the specimen 

as a core, the disaccommodation defined as the change of 

the permeability with respect to time of the Fe-Si-C 

specimen could be measured with a precision of J parts 

in 105 using a measuring field of 7 mOe and a bridge 

frequency of 220 cps. Through the lock-in amplifier and 

tuned control loop, the amplified unbalanced signal from 

6 

the inductance coil was fed into a recorder which adjusted 

a bridge to rebalance the signal. The earth magnetic 

field was kept from the specimen and the inductance coil 

by shielding it with a double layer of nickel sheets. 

In order to randomize the domain boundary configura­

tion the specimens were demagnetized before each disaccom­

modat1on run by sweeping an a.c. 60 cycle field from 50 Oe 

to 1 mOe through a coil around the inductance coil for 

several relaxation times. The demagnetization procedure 

did not disturb the thermal equilibrium of the specimen. 

As the permeability is temperature dependent and, 

more important, the expected isotope effects is small, the 

temperature control requirements were very string~nt. 

For instance, a temperature change of 0.1 degree would 

cause a change of the relaxation time of 2%, which is of 

the order of magnitude of the expected isotope effect. 
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Fig. 1 

Schematic diagram of disaooommodation 

measuring apparatus 
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Fig. 2 shows the furnace and the temperature control 

circuit. The furnace, made of an Aluminum alloy, was 

wound noninductively with resistance wire. It was 

operated by a low voltage (less than 4o volts) high 

9 

current (up to 30 amps.) d.c. power supply. At the ends 

on both sides of the furnace, two pyrex glass plates were 

installed to minimize heat losses. The furnace was placed 

in the center of a freezer (8 cubic feet) and was controll­

ed by a proportional-rate-repeat-approach adjusting type 

temperature controller. This arrangement allowed the 

temperature to be controlled to within the limit of 

detection of :0.025°C at 0°C with a temperature gradient 

along the 1 3/4 inch specimen length of less than o.05°C. 

This temperature gradient does not affect the measurement 

of the isotope effect as the nearly identical c13 and c12 
specimens were placed in the same location for the dis-

accommodation measurements. 

B. Specimen Preparation 

The ingot was prepared by inductively melting of 

Armco iron 99.0% Fe and silicon 99.9% S1 with charge ratio 

99.495 Fe to 1.531 31 in an MgO crucible at Helium 

atmosphere at -5" Hg pressure. The analysis showed 1.4wt% 

(2.75at%) Si content. The ingot specimen was swaged into 

rods of 0.1038 inch diameter. The specimens were annealed 

simultaneously at 800°C in wet hydrogen for 24 hrs. follow­

ed by another anneal of 10 hrs. in dry hydrogen in order 

to reduce the carbon, nitrogen and oxygen contents. 
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Fig. 2 

Furnaee and temperature control system 
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Two kinds of methane were used for the carburization 

of two identical specimens chosen from the above lot. 

Methane with c12 (98.9% c12 and 1.1% c13) and methane with 

c13 (93.9% c13 and 6.1% c12 ) were mixed with pure dry 

hydrogen at the same ratio (14% cH4 to 86% H2 ) for both 

carburizations. The two specimens were carburized 

separately with the above isotope gas mixtures in a sealed 

quartz chamber at the same temperature (800°C) for the same 

period of time (8 hrs.). This carburization treatment 

resulted in a carbon content about 0.015 weight percent as 

estimated from Smith's and Darken's data (36,37). The 

specimens were quenched directly from the chamber into a 

brine solution. The quenching rates were of the order of 

103 deg/sec. No phase transformation or surface oxidation 

was observed. 



III. EXPERIMENTAL RESULTS AND DATA ANALYSIS 

A. Disaccommodation Measurement 

The disaccommodation measurements on a Fe-c12 and a 

Fe-Si-C12 specimen carried out between -20°C and 10°C at 

13 

1 min. and 10 min. are shown in the Fig. 3 • By comparing 

the two curves in this Figure, it can be seen that the 

disaccommodation in the Fe-Si-c12 specimen above -5°C was 

predominantly due to the disaccommodation of carbon inters­

titials located near to silicon substitutionals i.e. in 

Fe-Si sites. Consequently, the temperature region for 

the most sensitive disaccommodation measurements of the 

carbon-silicon pairs was between -5°C and 0°C. 

No history dependence of the disaccommodation measure­

ments was observed during the heating and cooling cycles in 

the -20°C to 10°C range. This indicated that no precipita­

tion of carbon occurred in this temperature range within 

the period of observation. 

The disaocommodation of the Fe-Si-c12 and Fe-Si-c13 
was measured at exactly the same temperature of -J.l0°C 

from 0.5 min. until 50 min. and 60 min. respectively. The 

disaccommodation curves, taken from the self-balance 

recorder, were converted into reluotivity change R (see 

next paragraph for definition) versus time as shown in 

Fig. 4 and Fig. 5 • 

B. Data Analysis 

All data analysis was accomplished by Fortran IV 
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Fig, 3 

Normalized relucti vi ty difference .t:. R versus 

temperature 8 for Fe-2.75at%S1-C and Fe-C alloys 
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Fig. 4 

Isothermal relaxation of the logrithmic 

reluctivity change LOG R versus time t of 

Fe-2.75at%Si-c12 alloy at -J.l0°C 
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Fig. 5 

Isothermal relaxation of the logrithmic 

reluctivity change LOG R versus time t of 

Fe-2.75at%Si-ClJ alloy at -J.l0°C 
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programming on the IBM 360 computer. A sample program is 

shown in the Appendix. 

1. Sum of Exponential Analysis 

The isothermal permeability data were analyzed as a 

sum of first order relaxation processes (35): 

1 
R = _,P(co} 

1 where _p(t) 

t 

and 

1 
- J'(t) 

inverse permeability, i.e., reluctivity 

time 

the relaxation time of the jth relaxation 

the relaxation strength of the jth 

relaxation 

1 
- }C(o) • 

(3) 

The curve fitting of the data points with respect to 

the above nonlinear equation was programmed according to 

the method described by Draper and Smith {38). This 

method allowed the number of relaxations, the relaxation 

strengths, and the relaxation times to be adjusted to 

obtain a best least square fit. 

The results of these analyses show that with two 

relaxation stages, the ratio of the first stage relaxation 

times &1 = ?-13, 1/?i2 , 1 is 1.0412 and that of the second 

stage relaxation times &2 = ~13 , 2;~12 , 2 is equal to 

1.0152 • The results are also displayed in Table 1 • It 

is noted that 61 agrees well with Bosman's results (35) who 

obtained for the ratio of the relaxation times of Fe-c13 
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Table l 

Computed results of the sum of 

exponential analysis. lognormal analysis 

and lognormal analysis with constraint 



Table 1 

Mode of 
/)1 fl2 ?-13,1 ?-12,1 ?"13, 2 ?-12,2 51 62 Analysis 

[min] [min] [min] [min] 

Single 0 0 0.545 0 • .523 10.047 9.897 1o0412 1.0152 Exponentials 

0,6 0.8 o.41o 0.)95 8.549 8.468 1.0)7.3 1.0095 
Lognormal 0.6 1.0 0.382 0.368 7.593 7.541 1.0366 1.0069 Analysis 

o.6 1.2 0.351 0.339 6.555 6.542 1.0,368 lo0048 

Lognormal o.6 0.75 0.417 o.4ol 8.770 8.678 1.0)82 1.0106 
Analysis o.6 1.0 0.382 0.)68 ?.597 ?.538 1.0)82 1.0077 with 
Constraint 0.6 1.25 0.)44 0.331 6.293 6.262 1.0382 1.0048 

* VAR - the relative variance is the sum of squares about the regression 

*VARlJ *VAR12 

2.321 2.]94 

1.646 1.868 
1.242 1.288 
1.919 2.233 

1.701 1.900 
1.267 1.290 
1.899 2.241 

l\) 
l\) 



23 

to Fe-c12 1.044 • 

The absolute value for the relaxation time of the 

carbon interstitials in Fe-Fe sites (first stage) agrees 

well with previously published data. The relaxation time 

for carbon interstitials in pure Fe ?-is given by (39): 

~ = 2.92 x 10-l5 EXP(l9800/RT) • 

For T = 269.9°K, ~ is equal to 0.41 min. which is in 

agreement with the value of ?-12 , 1 = 0.523 min. (see Table 1) 

obtained for the first stage relaxation. 

2. Lognormal Anal~sis 

As was shown in the paper by Nowick and Berry (40), 

it is more accurate to analyze relaxation processes in 

terms of a distribution of relaxation times than in terms 

of single exponentials. Thus, in view of the small mass 

difference between c13 and c12 , and consequently in view 

of the small isotope effect, a further analysis of the 

relaxation was required: 

For a lognormal distribution of the relaxation times 

the disaccommodation is given by: 

1 
R = ,U{oo) -

where 

?'"mj 

..u(\) = I: ;; J_: EXP[ -x2 -EXP(ln(t/?-mj )- ~jx)] dx 
j (4) 

relaxation strength of the jth relaxation 

the half width of the Gaussian relaxation 

time distribution of jth relaxation process 

the most probable relaxation time of the 

jth relaxation process 

x dummy variable • 
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The procedure to obtain a least square fit of the 

data to Equation (4) was conceptually the same as the one 

described for the sum of exponential analysis. By compar­

ing the figures in Nowick and Berry's paper with Wert and 

Zener's results (29), it was concluded that~= o.6 would 

be a proper estimate for the width of the Gaussian relaxa­

tion time distribution for the carbon interstitials 

reorienting in the neighborhood of the Fe-Fe sites. Thus, 

in fitting the two stage relaxation processes,~ 1 was 

fixed at 0.6 • A best fit was obtained for the ratios 

6 1 = 1.0366, , 2 = 1.0069 with~ 2 = 1.0 as can be seen from 

Fig. 6 and Table 1 •• 

As will be shown later, the theoretical ratio cal-

culated from reaction rate for the gas mixtures used in 

this work will be 1.0382 • The discrepancy between the 

above analysis and the theoretical calculation 1s 0.16% • 

3. Lognormal Analysis with Constraint 

As the isotope effect of carbon interstitial diffusion 

is known (35), the lognormal analysis of the data was 

repeated with the constraint 6 1 = 1.0382 (see below for an 

explanation of this figure). For this purpose, the two 

sets of data for Fe-Si-c
13 

and Fe-s1-e12 were analyzed 

simultaneously. The result is shown in Table 1 • As can 

be seen, the obtained value of6 2 = 1.0077 differs very 

little from the value of 6 2 = 1.0069 as obtained from the 

lognormal analysis without the constraint 6 1 = 1.0382 • 
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Fig. 6 

Relative deviation of experimental data 

of the reluctivity change from calculated 

curves using the lognormal analysis with various 

half widths ~2 of the Gaussian relaxation time 

distribution of the second stage relaxation process 
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IV. DISCUSSION 

The main question arising in connection with the 

experimental results concerns the significance of the 

observed isotope effects of the carbon interstitial 

reorientation in Fe-Fe sites, 6 1 and particularly in 

Fe-Si sites, b
2 

• 

27 

As has been reviewed in the introduction, the 

effective mass plays an important role in diffusion. This 

effective mass is determined by the mass of the diffusing 

element and the masses of other atoms in the alloys and 

depends on the correlation of their motions. The results 

obtained in this work show that o1 is different from b2 • 

Thus, following Vineyard's treatment, the effective mass 

determining the jump rate in the first stage relaxation 

is different from the effective mass for the second stage 

relaxation process. 

It is known (35) and has been confirmed here that the 

first stage relaxation is due to the carbon reorientation 

in the neighborhood of Fe-Fe sites. The isotope effect 

for this stage can be understood in terms of an Einstein 

Model, i.e. if only the motion of the carbon interstitial 

is considered. In this case the effective mass is equal 

to the real mass leading to a theoretical value of 61 = 

1.0382 as will be shown below. 

As 6
2 

~ 61 while ultimately the same atomic species 

is diffusing, it is strongly suggested that correlated 

motion of the diffusing carbon atom and the neighboring 
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silicon atom affects the effective mass of the carbon. 

The reasons might be seen in the difference of the binding 

energies of the Si-C pair and the Fe-C pair. This asym­

metric energy distribution may distort the normal potential 

energy contour of carbon interstitials in Fe-Si sites. 

Thus, the direction cosines of the angle between the 

normal of the hyper-surface and the coordinate axes may 

differ from 1.0 (see Equ. 2). 

If only jumps of the diffusing carbon and the corre­

lated motion of the nearest silicon atom (which is not 

jump~ng, only moving) are taken into account, the direction 

cosines of carbon will be cc ~ 1.0 and of silicon c8i 2 
_ 

1 - cc 2 and the direction cosines of all others will be 

equal to zero. The effective mass of carbon interstitial 

m* is then given by m* = cc2 mc + CSi2 mSi where me· mSi are 

the real masses of carbon and silioon. Therefore, the 

ratio of relaxation times of the second stage due to two 

isotopes c13 and cl2 in this model will be: 

For the carbon interstitial jumping in the neighbor­

hood of Fe-Fe sites, the ratio will reduce to 'l = 

<mc, 13!mc,12 >i as cc ~ 1.0 , on account of the symmetric 

distribution of the potential energy contour in the sur­

rounding Fe-Fe-C sites and because of the negligible dis­

placements of iron atoms during the carbon interstitial 



29 

jump. The theoretical isotopic masses of c13 and c12 need 

to be modified for the methane used in this experiment as 

the gas carburization mixture consists of neither pure 

(CH4)13 nor (CH4) 12 as stated above. Referring to the gas 

composition given the modified real mass of clJ' mc,l) is 

equal to 12.939 while for cl2' mc,l2 is equal to 12.010 • 

Therefore, the theoretical ratio for ~l is (12.939/12.010)1 

= 1.0)82 • 

The results of this investigation are in agreement 

with the above argument as can be seen from Table 1: 

The results of lognormal analysis with independent 

first stage relaxation times, showed that the ratio of the 

first stage relaxation times was equal to 1.0366, which 

is 0,16% lower than the theoretical value. The reason for 

this deviation may be the simplified assumption cc ~ 1.0 • 

It is more likely, however, that temperature fluctuations 

below the limit of detection are responsible for the 

deviation. 

The ratio of the second stage relaxation times 6 2 is 

significantly smaller than b1 • It varies from 1.0069 to 

1.0077 depending on the kind or lognormal analysis perform­

ed. The result can be understood formally if it is assumed 

that cc ~ 0.6 {see Equ. 5). As this cosine represents an 

angle on a 5 dimensional hyper-surface in phase space, 

little can be said concerning its physical significance in 

real space. It might merely be noted that for oc ' 1.0 

the diffusion of a oarbon interstitial from one site which 



is a nearest neighbor site of a substitutional to an 

equivilent site must involve the motion of the substi­

tutional, silicon in this case. This appears to be 

entirely reasonable, if it is recalled that the addition 

of silicon to iron contracts the iron lattice (41). 
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V. CONCLUSION 

Measurements of the isotope effect of diffusion of 

c13 and c12 in a dilute Fe-2.?5at%Si alloy demonstrated 

that 1) carbon interstitials diffusing in the vicinity 

31 

of Fe-Fe sites behave according to the conventional 

reaction rate theory, 2) carbon interstitials diffusing 

in the vicinity of Fe-81 sites show less mass dependence 

which is due to the correlated motion of the interstitial 

carbon and the substitutional silicon during the diffusion-

al jump. 
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APPENDIX 



c 
C LOGNORMAL ANALYSIS 
c 
C pqoGRAMMED BY EOWARO T. YfN 
C *N1TfS AT THE ENO OF THIS PROGRA~ 
c 
C MATNtiNE 
c 

OJMF.~SION T(lCO),PHI(l0C),FARAO(l00),P(4), 
1 PHR{l00l,R(l00),~(10,10l,~(l0),~~(20l, 
2 X~P5f4),X05CON{4},R~Sfl00l,CAL{t00),~K(l00,, 
3 DfR({l0Cl,~ER{4,100l 

COMMnN SPI,T,R,P,N,NP 
$OJ = l. 772454 

C I"JPUT 
c 
C R~AO IN: N DATA, TRIPLETS T,PHI,~AO~~;INITIAL 
C G U E S S E S P A I'J 0 E R R 0 R l P~ I T E P S 
c 

c 
r 
'-' 

c 
c 
c 
c 
c 

N = NN 
~c:llo { 1, 31) NN,RO 

31 FnPMAT (7X,J?, IF 10.1) 
on 42 J= l. NN 
~FAn ( 1 9 41} I, T(J),PHI(J), FAPAO(J) 

41 FORMAT (J3,Fl7.2,2F20.2l 
'•? CONTINUE 

77 

8~ 

~~p = 4 
REan (1,77) (P{I),I = l,NP) 
FOPVi\T {ttElR.B) 
RE~11 fl,8B) EPS 
FORMAT ( ·rx,FB.4J 

RELUCTIVITY CALCULATION 

~OAPT INPUT DATA Tn NUM8ERS PROPORTIONAL TO 
P~R~F~RILITY, REFfRENCE PARALLEL P.ESISTnR 
~5SU!\1EO TO l.O I(QHM<; 

1)11 2000 K=l,NN 
2000 DHR(K}=(FARAD(K)*50.*(1COO.+(PHI(Kl*lO.l)/ 

1 (1000.+(PHl(Kl*l0.)+50.JJ -RO 
OQ 2005 K=l,NN 

2005 PHJ(Kl=l./PHR{KJ 
\1'1 2'10A K-=l,NN 

?.008 R(K)=(PH!(NN)-PH!(K) )*l.OE+07 
'ri~ITF (3,999) 

999 FORM~T (lHl, 7X,3H I ,lOX,SH T ,14X,5H R /} 
1)'1 331 I=l,NN 
WRITF (3, 777) Y,T(!), R(l) 

777 FORMAT (7X, !3, 2E20.4 ) 
333 CONTINUE 

37 



c 
C ITERATION 
c 

91-:TJ\ = .0 
1007 CONTINUE 

St~{T(H: .o 
l=l 

100 on 103 Nl\ ~ l,N 
C BIJILO NOR~AL EQUATIONS 

f: 1\ l L ~ ."J K ( "1 a , R E T A , X F '< ) 
F'<.(N.A) = XFK 
f)'l 103 K = 1,NP 
catL nERFNK ( NA , BETA,XDER,Kl 

103 0ER f K,NA) = XOER 
C SET UP ~ATR!X 

1)'1 666 K = !,NP 
g{l() = o.o 
f)~ 104 NA = lt N 

10'+ e{~) = R{K) + ( RfNAl- FKPJA))* OER(K,N.I\J 
6f_1f:-, C'l\!TTNUE 

!1'1 105 K = I,NP 
00 lCC) J = K,NP 
·H'<,J) = .0 
nn 10f, f'-1~= t,N 

106 ~fK,Jl = A{K,J) + OER(K,NAJ * OER (J,N~) 
lOS ~(J,KJ = A{K,J) 

p:: CS\HTCH) 10,33,30 
33 C1NTINlJE 

nn 13 K = l, NP 
')') 13 J = l,NP 
{ F .{I( -1) fh 7, 8 

7 AI\LP = ACJ,KJ 
f.G TO 13 

R I'- CK-2) lO,q,to 
o A~(J+4) = A(J,KJ 

Gfl TO 13 
10 yr: ('<-3 ) 12,11,12 
11 AJ\(J+R) = A(J,K) 

GO TO 13 
12 I\~ (J+l2) = A (J,K) 
13 CllNTJNUE 

C SOLVE NORMAL EQUATIONS 
CJ\ll STMQ (A~,B,NP ,KSJ 
I~ fi~BS{KSll 14,15,14 

14 W~ITF (3,90) 
ao FORHJ\T (lX,lPHMATRIX IS SINGUll\R ) 

caLL FXIT 
15 CONTINUE 

X'<FPS = .0 
C A~JU~T PA~AMETERS 

OfJ 16 K = l,NP 
XEPS (K) ::: D(l<) I P(K) 
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16 
c 

300 

~R 

c 

?01 
~Cl2 

?0 
101 

51 

5~ 

P{Kl = P(K) + B(K) 
XXFPS = XXFP5 + XEPS (Kl**2 
TF.5T FOR CONVFRGENCE 
TF (FPS- ABS ( SORT f XXEDS })) 3R,300,~00 
SWITCH = 1. 
G'l Tfl 100 
C!JNTIMUE 
I~TERYEOI~JF OUTPUT 
p: ( L-1) ~C,201,20 

t-J ~ I T f.: ( 3 ' 2 0 2 ) 
FOR~~T (1Hl,l2X,l9HINTERMFDIAT~ OUTPUT ) 
1,·P TTJ:(3, 101) 
FnRMAT (lX,////1) 
1-JqJTf: (~,53) fi,I=l,NP) 
FOP~AT ( 5H ITER~4(7X,2HO( ,Tl,1Hl,3X)) 
1-JQJTF {3,52) L,(P(J),I=l,NPl 
F fJ R ~~ -\ T ( 2 X , I 2 , 3 X , 1 P 4 E 1 4 • 6/ I I ) 
L = l.+l 
r,o TO 100 

c vaPIANCE ,CONFIDENCE LIMIT, ~F~l~UALS hND 
C P(PCPH OEVIATION Cl\LC'Jl!\TIO"JS 
c 

30 C~LL CONF( RETA, X05CON,~,VAR,FKl 

on 40 K= l,N 
CAL(K) = FK(K) 

RFSfK) = RfKJ - CAL(K) 
~0 P~RCfK) = RFS(K)/R(KJ 

C OUTPUT 
c 

HRITE (3,61) 
f>l PJRHI\T (lHl, 14X , l5H FfNAL RJ:SULTS //) 

t-JqYTF (3,62) 
62 FOPMAT (15X,lOHPARAMETE~,1lX,l0HCONF.LJMIT /) 

~qJTF (3,63) P(l),X0 5CON(l) 
~RITF (3,64) P(2),X95CON(2) 
wqrr~ (3,65) Pf3),xascnNl3) 
wqJT~ (3,66) P(4), X95CON (4) 
WQ!T~ (3,67) BETA 
W~ITE (3,68) VAR 
W~[TJ: (3,69) fPS 

A3 ~1R~nT ( 5X , lOH Rl = ,lPEl4.7,3X, 
1 1 H*, 1 X, E 1 -'-t. 1 l 

A4 FORM~T ( 5X , lOH R2 ~ ,1PE14.7,3X, 
1 lH*,lX,fl4.7) 

65 FnPMAT ( 5X , lOH Tl = ,lPF.l4.7,3X, 
l lH*, lX, E14. 7) 

66 FnRMAT ( 5X , lOH T2 = ,lPE14.7,3X, 
1 lH*,lX,El4.7) 
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c 

c 

c 

c 

67 FORMAT ( 5X , 
68 FOR~AT ( 5)( , 
69 I=ORt-'AT ( 5X, 

W~ ITE (3, 71) 

lOH AETA 
104 VAR 
lCH FPS 

= 
= 

,Fl4.7) 
,1Pfl4.7) 
,1Pr:l4.7) 

71 I=ORM~T filii 7X,2H T,l5X,4HTIM~,lOX,44PERM, 
1 14X,BHOPSERVFn,oX,llH ChLClJI.ATEO ,q'(, 
2 0HPFSIOUAL ,ax,I0H OEVIATTnN II) 
on 1ooo 1 = l,N 
HqiTF (3,72) I, T({), PHI(!l,P{f),C~L(I), 

1 RF~(Il,PERCCIJ 
72 F~RMAT(7X,J3,6ElA.4) 

1000 t:f1NTJNUE 
IF ( BETA-2.0 ) 1009,1005,l005 

1009 Rr:TA = ~ETA + .20 
f;f) TO 1007 

1005 Cnt,HTNUE 
STOP 

SURROUTJNE FNK { NA,BETA, FXJ 

EXTFRNAL FCTl,FCT?,FrTJ,FCT4 
OTMENSTON P(4),T{l00),P(l00) 
COM~nN SPJ,T,R,P,N,NP 
7ETA -= 0.6 
C~ll WlCHlO CFCTl,NA,lETA,XINT) 
CAll WlQHlO ( FCT3,NA,RETA,YINTl 
EX= (P{l) *XINT + P(2l * YINT ) I SPY 
~~TURN 

Ef~J 0 

SUBRQUTINE OERFNK { NA,~ETA,EX,Kl 

FXTERNAL FCT1,FCT2,FCT3,FCT4 
Of~FN~ION P{4),Tfl00),P{l00) 
C~MMnN SPJ,T,R,P,N,NP 
ZETI\ = 0.6 
rc: fK-1 1 2, 1, 2 

1 C~ll WlOHlO CFCTI,NA,ZET~,XINT 
EX = X!NT I SPI 
GO TO 100 

2 IF .(K-2) 4,3,4 
3 C~ll W10Hl0 ( FCT3,~A,BETA,YINT) 

EX = VtNTISPI 
GO TO 100 

4 IF (K-3) 6, '5, 6 
5 Ca.Lt WlOHlO {FCT2,NA,Z:ETJ\,XINT ) 

FX =(Pf1l I SPI)* XINT*(T(NA)I Pf3) **2) 
GO TO 100 

6 C~ll WlQHlO ( FCT4,NA ,8ETA,YINTJ 
EX =tPC21 I SPIJ* YINT*(T(NA)I P(4J **2) 

100 ~F.TURN 

E~O 
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c 

c 

c 

c 

r: 

c 

c 

c 

~UNCTION FCTl { NA,ZETA,Ul 

DIMFNSTON Pf4),T(lOOJ,RflOOJ 
COM~QN SPJ,T,P,P,N,NP 
C ~ EXP (-ZETA*Ul 
~CTJ = EXP (-T(~h)/P(3l *C l 
~~TlJPN 

1:"10 

~UNCTION FCT2 ( NA,ZETft,U) 

DIMENSl~N P(4),T(l00),R(l00) 
COMMON SPI,T,P,P,N,NP 
n = ~XP (-ZETA*U) 
~CT? = EXP (-T{~Al/P(3) * D - lETA*U l 
P_FTURN 
E"J 0 

F!JNCTTON FCT"3 { Nf\,RETh,Ul 

OIMF~SJON Pf4),T(l00),D(l00) 
CnM~n"1 SPY,T,R,P,N,NP 
C = ~~P (-RETA*U) 
FCT3 = EXP (-T(~A)/D(4) *C ) 
qETI_IRN 

E~O 

J=UNCTTON FCT4 ( Nll,~ETA,Ul 

OIMENSTnN P{4),T{lOOJ,R(lOOJ 
COMMON SPI,T,R,P,N,~P 

Q = EXP (-8FTA*Ul 
~CT4 = f.XO (-T(NA)/P(4) * D - ~ET~~U ) 
RETURN 
E"Jn 

SUBROUTINE WlQHlO t FCT,NA,BETA,YJ 

OIMFNSION P(4},T(l00),R(100) 
)( -· 3.'+3615q 
l = -X 
Y ~ .7640413 f-05 * ( FCT{NA,RETA,XJ• 

1 ~CTfN~,B~T~,lll 
X = 2.53?.732 
v = Y +.134364E-02* ( FCT(NA,R~TA,XJ + 

1 FCTfNA,RETA,ZJJ 
)( = 1.756684 
l. = -X 
Y=Y+. 338 7'-t-4E-Ol * ( FCT(NA,RETA,XJ • 

l~l 



c 

c 

1 ~(T(NA,BFTA,ZJJ 
X = 1.036611 
7. = -X 
Y = Y + .2401386 * ( ~CTCNA,BETA,XJ + 

1 ~CTINA,BETA,Zll 
X = .3420013 
l = -X 
Y = Y + .6108626 * ( FCTfNA,RET~,X) + 

1 FCTfNA,BET~ 9 7)J 
R'::TURN 
F"JO 

SURROUTJNE CON~ ( RETA,Xo~CO~,~,VAR,XEXl 

niMF~SinN P(4),TC1CO),R{100),X95CON{4l. 
1 /\(lf'J,lO),XflC),Y{l(l),t(l('I),J(lO),XfXClOO) 

C0MMnN SPI,T,P,P,N,NP 
~JI) = 10 
F.OS :: .001 
V'\R = .0 
00 10 K = l,N 

10 V~R = VAR + (R(K) - XE~CK) J **2 
f)F = N - 3 
V ,, P 1 = V AQ I OF 
TF~(T = (l.o6*~F•.60033+.9~91/0Fl/{DF-.90259 

1 t-.l!C)BA/OF) 
r'Ll INVPT (A,ND,NP,EPS,OEL,X,Y,I,J,KEYl 
Ofl 11 K = I,NP 

ll X95CON {K) = TFACT * SORT(A(K,Kl* VARl) 
~fTIJPl\,1 

F'JO 
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c 
C I\IOTES 
c 
C I~ THIS PROGRAM FOLLOWING TERMS ARE USED AS 
C EX -- THf ~A IN FUNC T l nN S ERV ~11 F nR L0G"Jf1R "'1Al 
C AN~LVSIS CALCULATION 
C PHR -- SW3SIOAFY FU~CTION FOR PER1·H::asrLTTY 
C CftLCULATTO~ 
C R -- qELUCTIVITV CHANGE 
C F~RAD -- OASERVEO fAQAQ FARAD IN A.C. BRIDGE 
C ~0 -- RFFERENCE PfRMFA8IlTTV 
C T -- TE~DERATUqE 

C PHI -- OBSERVEO SCALE ON THE RFCORDER CHART 
C P -- PARA~FTEPS IN ~STI~ATION 

C fDS -- ERROR LIMIT 
C ~! -- NU~!lER nF OATA POINTS 
C ~P -- NUMBFR OF PARA~ETERS 
C X9~CON -- QS P~PCF~T cn~FTDENCE LIMIT 
C RES -- RESIOUALS 
C (AL -- CALCULATED RELUCTIVITY CHhMGE 
C PERC -- PERCENTAGE DEV!~TION 
C DER OERfVATIVE 0~ THE FUNCTION FK 
C V~R -- VARI~NCE 
C SPI -- INVEPSE SQUARE ROOT OF PIE 
C ~FTA,ZETA -- VARI~~LES 
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