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A State-Space Approach to RLCT Two-Port
Transfer-Function Synthesm

EDDIE R. FOWLER, MEMBER, IEEE, AND RAO YARLAGADDA, MEMBER, IEEE

Abstract—This paper presents an iniéresling procedure for the syn-
thesis of an RICT two-part transfer function. An RLC ladder, consisting
of n reactive elements ond two resistors, is derived by using a tridi-
agonal matrix developed by Navof., The entries in this matrix are ex-
pressed in terms of the element values of the ladder network. Two
voltage drivers are introduced into the ladder network to obtain a
desired short-circuit transfer-admittance function numerator degree, using
the classical theorems on transmission zeros. If the numerator degree of

the transfer function is i {i < n), then, in general, (i) ladder networks
need to be derived. The final netwaork, corresnonding to thic trarisfer

function, is obtained by purulle]nng the Iadder neiworks {with trans-
formers if necessary). Extensions to general short-circuit transfer ad-
mittance, operi-circuit fransfer impedance, and voltage transfer functions
are briefly discussed.

I. INTRODUCTION

HE SYNTHESIS of two-port transfer functions with
Tcomplex frequency-domam procedures is presently

done with a number of synthesis schemes based upon
the characteristics of the given transfer function. Examples of
these various synthesis procedures are the Dasher [1],
Guillemin [2], and Lucal [3] methods of realizing transfer
functions with two-port RC networks and Ho’s [4], [5]
RLC réalization procedure. Karni [6], Balabanian [7], and
Weinberg (8] have written texts which present various
transfer-function synthesis procedures in the frequency
domain. )

Most of the transfer-function synthesis procedures use
classical synthesis techniques and usually vary for each of the
different types of transfer functions; this is especially true
when a resistance termination is required. This paper pre-
sents a unified state-space synthesis procedure by which a
two-port s-domain transfer function yields an RLC network
with or without transformers and equations for determining
the network component values. The synthesis procedure is
unified in the sense that the procedure is the samie regardless
of type or characteristic of the transfer function.

The main part of this paper is concerned with the synthesis
of a short-circuit transfer-admittance function Y.(s) defined
by

P(s)
T Q)

Tay(8)

az(s) Vay(s)=0

Yia(s) = 1
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Fig. 1. Network driver configuration for Y1s(s).

where the voltage and current variables are defined as shown
in Fig. 1; P(s) and Q(s) are polynomials in s with real coeffi-
cients and their degrees are n, and n, respectively; the degree
ny is assumed to be, at most, equal to (n+1) [7]. Further, it is
assumed that Q(s) is a Hurwitz polynomial. The synthesis
procedure is based upon finding an RLC network which has
the characteristic polynomial Q(s). The synthesis is first
considered for a strictly Hurwitz polynomial and later

- extended for Q(s). The synthesis is achieved by first finding a

tridiagonal matrix by Navot’s method [9]. In [10] and [11]
synthesis procedures using tridiagonal matrices have been
considered. The tridiagonal matrix is modified to relate to
Bashkow’s 4 matrix [12]. A state model which is realizable
by n reactive elements and two resistors is derived. The
synthesis of this model is rather simple [10], [13]. The ele-
ment values are given in terms of simple equations, which
are very easy to solve. Two voltage drivers are introduced to
obtain a desired numerator degree in the transfer function
using the classical theorems on transmission zeros [14]. This
gives rise to an interesting synthesis technique for classical
low-pass filters, such as Butterworth, Chebyshev, etc.,
especially when one of the terminating resistances is arbi-
trary. In classical synthesis techniques, reflection and trans-
mission coefficients are used in obtaining this result [6]-[8].

Synthesis of short-circuit transfer-admittance functions,
the main part of this paper, is discussed in Section IV. The
method does not require the knowledge of one of the short-
circuit driving-point functions, like some of the transfer-
function synthesis techniques [7]. A detailed example is pre-
sented to illustrate the procedure. Extensions to other types
of transfer functions are briefly discussed, illustrating the
versatility of the synthesis method.

II. NAvoTr’s METHOD OF OBTAINING A TRIDIAGONAL
MATRIX AND ITS MODIFICATIONS

Given a strictly Hurwitz polynomial, called the primary
polynomial,

H, (s) 8"+ hpas® 14 - - -+ ko (2
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which is related to a secondary polynomial

Gu(s) = 8" + gors" '+ - - - g0
by .

Gr(8)Ga(—35) = Ha()Ho(—5) — C ®)
where

0<C<m and m=min{|H.(j) |; 0<w<w]}. (&)

A tridiagonal matrix
[ —fo —f1 T
10 —f
K= E . . (5)
1 0 '—'f n—1
L , 1 ~fn J

is generated such that |sI—K,| = H,(s). The entries in the
K; matrix are obtained from the continued fraction ex-
pansion

H”(S) - Gn(s) 1
(hnr— o) [Ha(5)] 7 (6)
fots+ 5

s+
s+

' + fn—l
s+7fa

where the f; are positive. Since C is not unique, it follows
that the f; are not unique.

III. SYNTHESIS OF A STRICTLY HURWITZ
POLYNOMIAL BY A PASSIVE NETWORK

Consider a strictly Hurwitz polynomial D(s)= H,(s). A
matrix K; in (5) can be generated such that ] sI— Klj = D(s).
Further, K, can be transformed into a matrix

K, = AK ;A™! (7)

where A is a positive diagonal matrix. This implies that a
state model can be generated:

d
— X = K,X. 8
” 2 ®)

Obviously, the characteristic polynomial of this state model
is D(s). The matrix K, in (8) can be realized as an 4 matrix of
a ladder network terminated with resistors [12], [13]. Since a
ladder network is a planar network, the dual of the realized
network has also the same 4 matrix. Furthermore, any other
realization of K, is two isomorphic with one of these dual
networks.

. R
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Fig. 2. Synthesized network for D(s) when # is even.

Since the procedure is straightforward, only the results are
presented. Further, these results are presented in terms of one
ladder network terminated by resistors. Dual networks
follow. When »n is even, the network will have the form
shown in Fig. 2. The element values of this network can be
related to the entries in the K, matrix in (5). These equations
are

fo= (R:C1) Ja = R,L,?
fi = (Ciln)™? fo = (CoL)™?
fa = (Caln)™*
foca = (CuLr—)™  far = (Cul)™M 9

It can be seen that there are (n4- 1) equations with (n+2) un-
knowns. By selecting one variable arbitrarily, one can solve
these equations. It can be shown that the system is consistent
and the element values are positive.

When n is odd, the network will have the same¢ general
form as in Fig. 2, except that L, will be a short circuit. The
element values of this network are related to the K; matrix by

fo= (Rlcl)fl fn = (R2 m) !
f1=(CiLy)™! fa = (CyLy)—!
fa= (C2L2)_1

fos = Cnoale )™ far = (CuLey)™.  (10)

Again, it can be seen from the above set of equations that
there are (n+1) equations (m+r—1=n) involving (n+2)
unknowns. By selecting one variable arbitrarily, say C;>0,
the remaining variables can be found. It can easily be shown
that the system is consistent and the element values are
positive.

IV. SHORT-CIRCUIT TRANSFER-ADMITTANCE FUNCTION—
CLASSIFICATIONS AND SYNTHESIS

Consider the transfer admittance Y1s(s) defined in (1). In
this section Yy4(s) is restricted to a proper function. Furtier,
it is assumed that Q(s)= D(s) and is strictly Hurwitz. There
are four classifications which includes all possible proper
transfer functions. These are the following.

Case 1 n;, even n even
Case 1, special P(s) constant n even
Case 2 n, even n odd
Case 2, special P(s) constant n odd
Case 3 n odd n even
Case 4 n; odd n odd

Authorized licensed use limited to: Missouri University of Science and Technology. Downloaded on June 27,2023 at 02:51:10 UTC from IEEE Xplore. Restrictions apply.
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Fig. 3. Network corresponding to Case 1, special: m~+r=n.

As can be seen from the above classifications, special cases
of 1 and 2 are particularly mentioned. These are important
because they correspond to the classical low-pass filters—
Butterworth, Chebyshev, etc. These will be considered first
as they are simple, important, and form the basis for the
other cases.

Note: As is well known for all cases, all of the numerator
coefficients will be negative for the orientation of the drivers,
as shown in Fig. 1. By reversing the orientation of one driver,
one can obtain all positive numerator coefficients.

Case 1, Special
The transfer-function admittance of this case is
Qg
YIZ(S) = )
§" b8 4 - - F s by
ay <0, neven. (11)

The ladder network corresponding to this case is shown in
Fig. 3. The degree of the numerator in Y1,(s) for this network
follows, as the transmission zeros of a ladder network are
contained among the zeros of the admittance functions of the
series arms and the impedance functions of the shunt arms
[14]. Now to solve for the element values, one needs to con-
sider (9) and another constraint, which is given by
—1 Qg

_ = (12)

Ei+ R, b
The constraint in (12) can easily be seen by considering s=0.
Element value C; can be solved from (9) and (12) and is

Clz—ao[(fn~1fn—3 © 'f3f1)+f0fn(fn—2fn—4 T f4f2)]
bofo(fa—1fa—s = - fof1)

The remaining variables can be solved from (9). Note that a,
is a negative number.

- (13)

Case 2, Special

The transfer admittance of this case is the same as shown
in (11) except that n is odd. The ladder network correspond-
ing to this case has the same form as in Fig. 3, except that
L,=0. The degree of the numerator in Y15(s) for this network
can easily be justified by again considering the classical
‘theorems on transmission zeros of a ladder network. In
addition to the equations given in (10), the constraint of (12)
also applies. The element value of C; can be solved from (10)
‘and (12) and is

Oy = _GO[fn(fn;an_4fn_6 .
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Fig. 4. Network corresponding to Case 1:
i=(n—x1)/2, n=m-+r, m=r.

The remaining variables can be solved from (10) and can be
easily shown to be real and positive. Note that a, is a nega-
tive number.

Perhaps a comment is worthwhile on the synthesis of
Butterworth, Chebyshev filters, etc. The above procedure
gives the element values, and by scaling, one of the resistor
values can be selected as the given source or load resistance,
but both of these cannot be satisfied. When both source and
load resistances R; and R, are specified and are not iden-
tically zero, C takes a value C=4a>R,R,, where a, is given
in (11) [17]. With C=m there will be only one resistor. Note
that C must be bounded by the limits in (4).

Case 1

The transfer admittance of this classification is

Uzy8"t + Qpas™ 4 - - - ais - ao
Ym(s) = (15)
§ 4 bpas™t 4 - -+ bis + bo

where a;<0, x;=even<0, and n is even. The ladder network
corresponding to this case is shown in Fig. 4, with i=(n—xy)/
2 representing the mesh consisting of the elements C;, L,
C:41, and in which the driver ¥,,* must be located to yield the
desired numerator degree of Yi(s) in (15). There are only
(n+2) elements in the network as in the previous case. There-
fore only one of the coefficients in the numerator can be
satisfied. The selected coefficient here is a,,. The remaining
coefficients in the numerator of Y14(s) are not arbitrary but
will be fixed by the network. To find the element values for
this network, nse the constraint in (12) with the numerator
coefficient a, replaced by some arbitrarily chosen nonzero
value ay’. Using the equations given in (9), solve for the ele-
ment values. Find the transfer-admittance function corre-
sponding to Fig. 4. Scale the network (magnitude scaling)
such that the coefficient of s# is equal to a.,. The remaining a;
are fixed by this procedure.

Case 2

The transfer admittance of this case is the same as shown
in (15) except that x;=even =0 and n is odd. The ladder
network corresponding to this case has the same form as Fig.
5, except that L, =0 with i =(n—x,+1)/2. Again as in Case 1,
this procedure satisfies only one numerator coefficient and
the numerator coefficient selected is a,,. The procedure to

o fsfsft) + fo(facrfasfas - - - fofaf2)]

bOfOfn(fn—an—4fn~6 N

. 14
-~ fsfafr) ()

Authorized licensed use limited to: Missouri University of Science and Technology. Downloaded on June 27,2023 at 02:51:10 UTC from IEEE Xplore. Restrictions apply.



18

LI Li Lr-| Lr

To T TmT T°T1

Fig. 5. Network corresponding to Case 3:
i=v(n—x1+1)/2, n=m+r, m=r.

Ciol RZ

determine the network element values is identical to that of
Case 1.

Case 3

The transfer admittance of this case is the same as shown

in (15) except that x, is odd and » is even. The ladder network

~corresponding to this case is shown in Fig. 5 with

i=(n—x,+1)/2. Again as in Case 1, this procedure satisfies

only one numerator coefficient in (15) and the coefficient

selected is a,,. The procedure to determine the network ele-
ment values is identical to that of Case 1.

Case 4

The transfer admittance for this case is the same as shown
in (15) except that x,=0dd=0 and »n is odd. The ladder net-
work corresponding to this case has the same form as in Fig.
4, except L,=0, with i=(n—x,)/2. Again as in Case 1, this
procedure satisfies only one numerator coefficient in (15)
and the coefficient selected is a.,. The procedure to deter-
mine the network element values is identical to that of Case 1.

V. SYNTHESIS OF Yys(s) WITH NUMERATOR
DEGREE GREATER THAN ZERO

In the last section, synthesis of all possiBle classes of proper
functions are considered, where in each case the ladder net-
"work satisfies only one coefficient in the numerator poly-
nomial of Yiu(s). Therefore if the numerator degree is (i),
then in general there will be (i) ladder networks paralleled
(with transformers if necessary to satisfy Brune’s conditions
[16]) in the resulting network that synthesizes the transfer
admittance. This procedure is illustrated in the following
example.

VI. EXAMPLE

Consider the Case-3 short-circuit transfer admittance of
—2s% — bg? — 35— 9

st+ 25% + 1052 + 10s + 17

The synthesis of this transfer admittance will be done by
synthesizing the four transfer admittances given below, which
correspond to the four coefficients in the Y,.(s) numerator:

Y12 0(s) = [as®s? 4 a:Vs? + a1Vs 4 ao™]/D(s) (17)

Ym(S) = (16)

Yi.@(s) = [a:@s? + a1®s + ao®]/D(s) (18)
Y1.®(s) = [a1®s + a0®]/D(s) (19)
Y1:@(s) = [ae®]/D(s) (20)

IEEE TRANSACTIONS ON CIRCUIT THEORY, JANUARY 1972
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(b)

Fig. 6. (a) Network for ¥;2™(s) in Example.
(b) Network for Yy(s) in Example.

where D(s)=s*+2s%+410s24+105s+17 and Yis)= Y1.(s)
+ Y122(s)+ Y1:@(s)+ Y12(s). Therefore the constraints on
a;® are a;V = —2; BV +a,? = —5; gV +a;P+a,P=—3;
aV+a®4a®+ay®=—9. Each of the transfer admit-
tances Y1, will be realized by the techniques discussed in
Section IV. Then the ladder networks are connected in
parallel (with transformers if necessary).

Synthesis of Y1:4(s)

This is a Case-3 transfer-admittance function. The ladder
network corresponding to this function is shown in Fig. 6(a).
The following steps are used in the synthesis of Y12®(s): 1)
the element values of Fig. 6(a) are calculated for some arbi-
trary a,; 2) the transfer function is derived for the above
element values; and 3) the network is scaled such that
@V =—2.

Let a{ = —1, which implies that 1/(R;+Rz)=1/17. Also
a K, matrix in (5) of order 4 derived by Navot’s method
yields fo=1, fu=1, fi=4, fo=1, and f;=4. It can be easily
seen that it has D(s) as the characteristic polynomial. Cal-

Authorized licensed use limited to: Missouri University of Science and Technology. Downloaded on June 27,2023 at 02:51:10 UTC from IEEE Xplore. Restrictions apply.
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culate C{ by (13). (The prime is added since the a;* derived
will not be the correct value.)

_—olew+ml 1

¢ 17(4)(4) 16

The remaining network component variables are calculated

from (10) and are
L1' =4 Cz’ = 1/4 L2’ =1 R1’ = 16 Rz’ = 1.

The above network component values applied to the
network of Fig. 6(a) yield a transfer admittance of

1s3 1s2
—— - — —10s—1
4

st + 259 + 102 + 10s + 17

(22)

Y@ (s) = (23)

Now the above network is scaled such that a;®=-2.
Since Y12:(s) is an admittance function, multiply the ca-
pacitor values by 8 and divide the inductor and resistor
values by 8 to scale the network as desired. The element
values are now Cy=1%, Cy,=2, L,=%, L,=%, R;=2, and
R,=1%. The new transfer admittance function is

—28% — 482 — 10s —8

Ym(l)(s) = 7 .
st 4 2s2 4 10s2 + 10s + 17

(24)

Upon comparing (24) with (17), the a;® coefficients can be
obtained and are a;V=-2, a,W=-4, ¢;V=—-10, and
aV=—8.

In a similar manner Y1,@(s), ¥Y1,®(s), and Y1,¥(s) can be
found and synthesized. The transfer functions Y;2®(s),
Y1,9(s), and Y1,9(s) are given below:

Y1:®(s) = (—s?— s — 4)/D(s)
Y1.(s) = — (8s+ 8)/D(s)
Y1.®(s) = — 5/D(s).

The resultant network which has the Yi(s) of (16) is
shown in Fig. 6(b). A transformer is added to the network
corresponding to the transfer function Y1,®(s) to satisfy the
Brune’s Condition. Note that by adding a transformer with
the proper turns ratio to each network, the same set of net-
work component values can be used for each Y1,¢(s).

VII. GENERAL RLC TRANSFER-ADMITTANCE-
FUNCTION SYNTHESIS

Previously, the synthesis procedure had been limited to
proper transfer-admittance functions that have strictly
Hurwitz characteristic polynomials. Here the characteristic
polynomials which have simple roots on the imaginary axis
in addition to the roots on the left half-plane are considered.
Further, the transfer function may in general have a pole at
infinity. Y1.(s) can always be written as

P(s) Py(s)

Yi(s) = 5(8—) = (a8 + as) + Drs)

= lel(s) + Y192(s) + Yies(s)

Pos)
Ds(s)

(25)

Authorized licensed use limited to: Missouri University of Science and Technology. Downloaded on June 27,2023 at 02:51:10 UTC from IEEE Xplore. Restrictions apply.
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where Yi.o(s) and Yi.5(s) are proper functions, Dy(s) is a
strictly Hurwitz polynomial, and D,(s) has roots only on the
imaginary axis. Synthesis of Yy,:(s) is presented in Section
IV. To synthesize Y1:4(s), the polynomial Dy(s) is realized
using the principles discussed in [13]. Drivers are inserted
in the network according to the principles discussed in
Section IV. Classical synthesis procedures can be used for
the synthesis of Y1s1(s). Now to complete the synthesis of
Yis), parallel the networks obtained for Yiai(s), Yise(s),
and Yi.4(s). Use transformers if necessary to satisfy Brune’s
conditions. The only restrictions on the transfer functions to
be synthesized are that the characteristic polynomial QO(s)
in (25) be Hurwitz, that the transfer function numerator
degree be no more than 1 greater than the denominator
degree, and that the numerator coefficients be real.

VIII. EXTENSIONS TO OPEN-CIRCUIT
TRANSFER-IMPEDANCE AND VOLTAGE
TRANSFER FUNCTION T(s)

Synthesis of Z1(s) and T(s) is very similar to that of Y;.(s).
The duality property can be used in obtaining the synthesis
procedures for Z,u(s), as it is dual to Y1(s). The synthesis of
T(s) is a little different from that for Y.(s) and Z,.(s) func-
tions, as the drivers will include both types, i.e., current and
voltage drivers. But the procedure is very similar; i.e., first
synthesize the characteristic polynomial and then insert the
drivers to achieve the proper degree in the numerator. The
synthesis of Z;.(s) and T(s) will not be discussed here any
further; see [15] for details.

IX. CONCLUSIONS

In this paper a systematic procedure is developed to syn-
thesize a short-circuit transfer-admittance function. The
only restrictions on the transfer functions to be synthesized
are that the characteristic polynomial be Hurwitz, that the
transfer-function numerator degree be no more than 1
greater than the denominator degree, and that the numerator
coefficients be real. Extensions to other types of transfer
functions, namely open-circuit transfer impedance and
voltage transfer functions are discussed briefly.
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New

2)-Node Resistive

n-Port Networks

P. SUBBARAMI REDDY

Abstract—Certain properties of the network of departure Nz and the
padding network N, of an (n 4+ 2)-node resistive n-port network con-
taining no negative conductances are established. Based on these prop-
erties, some necessary conditions and o sufficient condition for the
realizability of the Y matrices of (n 4 2)-node resistive n-port networks
are obtained. A new proof for the supremacy condition is given. Also,
a necessary and sufficient condition for the realization of (n 4 2)-node
n-port networks having specified Y and K matrices is given.

I. INTRODUCTION

HE PROBLEM of realization of a real symmetric
Tmatrix Y, as the short-circuit conductance matrix of

a resistive n-port network having more than (n+41)
nodes, has been a subject of research for more than a decade.
Guillemin was the earliest to suggest a method of solution
when the port configuration T of the required #-port network
is specified [1]. His approach is based on the determination
of 1) the unique network of departure N, [5] with respect to
the given matrix Y having the specified port configuration;
and 2) a suitable padding n-port network N, so that the
parallel combination of N; and N, contains no negative con-
ductances [5]. Later approaches [2]-[5] differ from Guille-
min’s only in the procedure used to generate padding n-port
networks. The procedures given in [1], [2], and [5] to gen-
erate padding networks are general and applicable to the
generation of all padding n-port networks having more than
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(n+1) nodes. The procedure given in [3] is applicable to
(n+2)-node networks only and the one given in [4] can
generate only a class of n-port networks whose potential
factors are related in a special way. Frisch and Swaminathan
[2] have also obtained a significant result, viz., the formula-
tion of the supremacy condition, which is necessary for the
realizability of the Y matrices of (n-+2)-node n-port net-
works.

In this paper we consider the synthesis of (n+42)-
node resistive n-port networks containing no negative con-
ductances. Unless stated otherwise, we follow the notation
used in [5]. In this section we restate certain results discussed
in [5].

Consider an (n+4-2)-node resistive n-port network N con-
taining no negative conductances. Permitting edges with zero
conductances, the linear graph of N may be assumed to be
complete. Let the two connected parts T; and T of the port
configuration T of N be linear trees. Let the vertices of any
linear tree T, of N, of which T, and T, are subgraphs, be
numbered consecutively starting from one end vertex of Th.
Let the first (m+1) vertices be in T; and the remaining ver-
tices in T.. Let the set of vertices of Ty(T.) be denoted by
V«(V>). Let N; and N, denote the network of departure and
the padding network of N, respectively. For all ic V(V3) and

je VoV, let Si= ZJ’ (8= Zi 8i; _
Sio = 2 | (gi)a]  for all s for which (g:)a <0 (1)
J

and

S=> 8= 28

€V, i€V gy
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