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CORRESPONDENCE 

V. SCALARPARAMETER 

Assume that S = s = scalar and let 

A = a = scalar 

M(S) = p(s) = scalar 

3t-1 V(.) =F 

Then, Theorem 1 simplifies to the following Corollary. 
Corollary: For an arbitrary natural number p and P(XIS) 

statistics satisfying (4) and (5) in Lemma 1, the following in- 
equality holds: 
E([s*(X) - s]2Pp3) 

I [Ws E($(X)ls)pJ 
[J- dXP(Xls) [~logP(x~s)]2p’2p-1]2p-1 

; (49) 

(49) is satisfied with equality if and only if 

$logp(X/s) = C(s)[S(X) - s]Q--1 

where C(s) is an arbitrary function. 

Remarks 

a) The most general family of distributions that satisfy the 
bound (49) is obtained from (50) and is given by 

P(Xls) = R(X) a exp (J ds C(s)[s*(X) - ~1~P-l). (51) 

If C(s) and R(X) are chosen to be constant, the following sub- 
family of distributions satisfying (49) with equality is ob- 
tained: 

P(XIs) = R exp (-C&(X) - ~12~) 

where Cc is a positive constant and R is the normalizing one. The 
distributions in (52) are of exponential nature. 

b) The result in (48) for the model 

S = F(s) + N 

described in the last paragraph of Section IV takes the form 

7ep - l)l2~(S/29s)~~S(~)IsJ12P 
E”s^(X) - s12p’s’ ’ IIw(a/lys)F(~)ll~p2~[r(~(2p - l)]@ 

(53) 

For p = 1, the well known Cramer-Rao expression follows from 
(53). 

VI. CONCLUSIONS 

The main objective of this correspondence has been the pre- 
sentation and analysis of a generalized evaluation criterion in 
estimation. As a case in which the mean-square criterion is not 
adequate, the nonlinear modulation problem should be men- 
tioned. Indeed, ifs is a scalar modulating parameter and F(s) is 
the modulated m-dimensional signal, an evaluation criterion for 
the estimate s^ that penalizes heavily the large deviations between 
transmitted signal s and 8 will help the designer to forsee highly 
folding effects and to avoid them in advance. One such evaluation 
criterion is that of minimizing E( [.? - s12P I s], p > 1. 

Finally, we want to emphasize that evaluation criteria vary as 
much as real problems. Persistence in using the mean-square 
error criterion in every problem is unjustified and, in many cases, 
misleading. 
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Detection in Image Dependent Noise 

DAVID R. CUNNINGHAM, ROBERT D. LARAMORE, 
AND EAMON BARRETT 

Abstract-The detection of two-dimensional optical signals 
which have been corrupted by noise is considered. Discussion is 
limited to the detection of a known object in a known location. The 
problem is approached from the classical statistical technique of 
hypothesis testing. Initially the solution is formulated in very 
general terms. The decision rule is derived for a signal distorted 
by noise of an unspecified type which may include signal dependent 
noise. Once the decision rule is obtained, the probabilities of false 
alarm and detection are evaluated from a priori knowledge of the 
noise and imaging system. The general results are applied to Pois- 
son noise, signal dependent Gaussian noise, and binomial noise. 
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I. INTRODUCTION 

Signal dependent noise can occur in many signal processing 
problems, in particular the two-dimensional image processing 
problem treated in this correspondence. The application of the 
principles of communication science to optics is not a recent 
development. Optical imaging has been examined in the light of 
information theory [l], [2], and the,modern theory of image for- 
mation is clearly expressed in terms of Fourier analysis and linear 
systems theory [3]-[5]. 

Several authors have evaluated photographic and electronic 
imaging on an absolute scale [6]-[12]. Signal dependent models 
for the grain noise in photographic film have been suggested by 
Walkup and Choens [13] and others. The material available on 
restoration of degraded optical signals is vast and is not reviewed 
here. Harris [14] treated the detection problem under the as- 
sumption of additive Gaussian noise, while Helstrom solved the 
problem for the case of signals in photon noise detected by an 
ideal receptor [15] and for a random field formulation of the 
problem [16]. 

A set of operating characteristics applicable to detection in a 
broad class of noises is developed in this correspondence. - If? C In [PrijlHo(Rij(Ho)]. (‘3 

j=l i=l 

II. THE DECISION RULE Now the decision rule may be stated as 
The problem of detecting a known object in an image degraded 

by arbitrary noise and sampling is now considered. The object 
location, size, and intensity in the image plane, as well as the 
background, are assumed known a priori. A likelihood ratio test 
is used as suggested by the Neyman-Pearson criterion [17]. 

Let Rk(x,y) be the available signal at the point (XJ) in the 
image plane. The signal R(q) obviously depends upon whether 
or not the object in question is present; we write 

L(R);& = In?. (8) 

The probabilities of false alarm and detection are given by 

and 
Ho: R(x,Y) = Rob,y) (1) 

and 

PF = 
s - PLIH~@ IHo) dL (9) 

Y 

PO = 
s - P~HIGIHI) a. (10) 

Y 
HI: R(x,Y) = RI(x,Y) (2) 

where He and Hi are the hypotheses that the signal is absent and 
present, respectively. Assume that the image is sampled to form 
an M X N array of data samples using a sampling function 
gii(X,y) to form the sample Rij. Then 

Rij = m 
ss m R(x,Y)gij(x,y) dx &. (3) -m -.m 

Rij will be a random variable with probability density function 

PrijlHk(RijIffk). (4) 
The likelihood ratio test is 

Notice that L(R) is formed by the addition and subtraction of 
conditionally independent random variables. If the object is large 
enough to require a reasonably large number of samples, let us 
say 50, in the image plane, the central limit theorem implies that 
L(R) will be approximately normally distributed. If the condi- 
tional probability density functions in (9) and (10) are assumed 
to be normal, it is necessary only to determine the conditional 
means and variances of L(R). These are designated by @k and & 
respectively. The relation of PF and PO to the conditional density 
functions of L can be clearly illustrated by sketching pl I&L 1 Ho) 
and pll~~(L (HI). However, it is more useful to standardize one 
of the curves by making the following change of variable‘s: 

AILS (11) 
CO 

Also, let 
(5) 

where 7 is a threshold value determined by the maximum ac- 
ceptable false alarm probability and R is the sample vector. 

Although adjacent picture elements are highly correlated in 
most images, the elements can be considered conditionally in- 
dependent, given Hk, in many systems. Consider the following 
two cases. 

If the image is sensed by an ideal photon counter, the samples 
are degraded by Poisson noise with mean specified by Hk. Thus 
the samples are conditionally independent, given I&. 

Film used in aerial photography was tested for correlation 
between picture elements. Microdensitometer measurements 
using a nominal spot diameter of two micrometers indicated 
conditional correlation coefficients, given &, of about five tenths 
if the measurements are separated by one spot diameter, but only 
about one tenth if the separation is increased to two spot diam- 
eters. The same relative relation also holds for larger spot di- 

ameters, suggesting that the conditional correlation coefficient 
is caused by the overlapping of the spot skirts. Measurements also 
indicate that the film noise is approximately Gaussian with mean 
and variance determined by & Thus, for photographic film, if 
the sampling functions gij(x,y) are nonzero, or of significant 
value, only over disjoint areas in the x,y-plane, the individual 
samples can reasonably be assumed conditionally indepen- 
dent. 

Assuming the individual samples are conditionally indepen- 
dent, the decision rule is 

n(R) = jfil i@PdH1(RGIH1)Hl 

8 fi PrijlHo(RijIHd ” 

. 
(6) 

j=l i=l 

Taking the natural logarithm of the likelihood ratio defines 
the random variable 

L(R) = ,f f In [PrijlH1(Rij(Hl)] 
j=l i=l 

and 

~ =/Q-PO 
, (12) 

00 

01 
!J = -, (13) 

go 

Then 

or 

f = Y - PO 
fJ0 * 

PF = erfc (y’), 

(14) 

(15) 

y’ = erfc-l (PF), (16) 
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4 Y'- 
01 

Fig. 1. Receiver operating characteristics. 

where 
1 - 

erfc b) = -pjg 
s 

,-(x2/2) &, (17) u 

Therefore, if a maximum allowable pj? is specified, y’ is fixed 
and 

PO = erfc (F) =erfc (zT’-y). (18) 

A decision rule based on U which is equivalent to that based on 
L of (8) is 

HI 
u go Y’. 

Thus, PO has been expressed as a function of y’ (or PF) and the 
two parameters ui/uc and (pi- &/a~. These equations are pre- 
sented in graphical form in Fig. 1. It should be stressed that these 
results are quite general. Other than the requirement that the 
samples Rij be conditionally independent and that the number 
of samples be reasonably large, no restrictions have been placed 
on the noise model used or the sampling technique. If the values 
Pk and C$ can be found, the curves of Fig. 1 and the equations on 
which they are based may be used. 

A. Example 

Assume that ui/uc = 1.2 and (pi- ~c)/ui = 3.0. If the maximum 
allowable PF = 0.1 (i.e., on 10 percent of tests made with the 
object absent, the detector will indicate it is present), the problem 
proceeds as follows. 

From the intersection of the PF = 0.1 line and the curve cor- 
responding to ur/uc = 1.2 in Fig. 1, draw a vertical line intersecting 

.Ic’ / /// I I I 
0.0 1.0 2.0 3.0 4.0 5.0 6.0 

p,- 4-l 
OO 

Fig. 2. Detection at low contrast, ul/ue = 1. 

the y’uo/ui axis and the curve for (~1 - ho)/ui = 3.0 on the PD 
graph. The values y’cro/ul = 1.06 and PO = 0.973 are found. 
Solving for y’, we find that the decision rule is 

U gj 1.27. (20) 
If it is required that the m%mum PF = 0.01, y’uc/ui is found 

to be 1.93 and PO = 0.86. Thus the more stringent requirement 
on PF reduces significantly the probability of detecting the 
object. 

B. Low Contrast Case 

Detection when the contrast between object and background 
is low is of particular interest. Low contrast implies that the 
signals have a small variation about some larger value. This 
implies thatthe signal dependent noise will be nearly the same 
regardless of which hypothesis is true. For this case, the ratio 
al/a0 is approximately one. Under this constraint, 

and 

PF = erfc (r’), (21) 

PD = erfc T’-v). (22) 

PD is plotted as a function of the parameter (pi- &/ui in Fig. 
2. 

III. NOISE MODELS 

The general results of the preceding section will now be applied 
to detection problems using different models for the noise content 
of the received signal R(x,y). In each case, the conditional means 
pk and variances ui necessary to use the curves are calculated. 

A. Poisson Noise 

An ideal diode array is basically a photon counter. Photon 
emission is by its nature a discrete random process in which the 

Authorized licensed use limited to: Missouri University of Science and Technology. Downloaded on June 27,2023 at 01:43:26 UTC from IEEE Xplore.  Restrictions apply. 
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noise level depends on the level of intensity [8] and is often 
modeled by a Poisson process. 

The expected value Sk (x,y) of the received signal is now de- 
fined as the photon flux per unit area per second. The output Ri; 
of the diode which senses area Aij in the image plane will be a 
Poisson random variable with mean 

Hk: mijk = PijTo ss Skb,y) dx dy, (23) 
Aij 

where /3ij is the quantum efficiency (the probability with which 
an incident photon is counted) and To is the exposure time. Be- 
cause Rij is Poisson, its conditional probability density function 
is 

m”g 
PrijlH~(Rijlffk) = seemi’*, 

V ’ 
Rij = 0,1,2, a * * . (24) 

From (S), the decision rule becomes 

f f! Rij In (2)  -  jfl igl hjl -  mijo)zr. (25) 
j=l i=l 

If L(R) is assumed to be normally distributed, its conditional 
mean and variance are 

pk  = fJ 5  mijk ln mijl 

(  > 
-  jEl fl (mijl -  mijo), (26) 

j=l i=l mijo 

and 

u;= E f m.. 
j=l i=l 

yk  [In ($) I’. (27) 

These values of & and al may be used with the curves of Fig. 
1. 

The upper bound on diode array performance for the case of 
Poisson noise can be found by examining Mk and af when the 
diodes have unity quantum efficiency, are contiguous, and the 
diode area shrinks to zero as the number of diodes grows without 
bound to cover the image area I. For these conditions, 

Pk = To 
ss 

Sk(w) In [ 1 Sl(X,Y) 
I So(X,Y 1 

dx dy 

and 

- To ss  [&(x,Y) - SO(X,Y)] dx dy (28) I 

ui = TO JJI sk(x,y) [In ($$$)]“dxdy. (29) 

This is the same result obtained by Helstrom [15]. These values 
of & and crf can be used with the graphs in Fig. 1, and the results 
compared with those obtained for a discrete array. The degra- 
dation in detectability of a specified object caused by sampling 
and diode quantum efficiency can thus be determined. 

B. Signal Dependent Gaussian Noise 

One possible noise model is that the signal R(x,y) will be nor- 
mally distributed about the expected value Sh(s,y) with the 
variance deterministically related to the signal [13]. 

The above model may be formulated as foJlows: 

&:R(x,Y) = Sk&y) + Qkb,y)N(x,y), (30) 

where N(x,y) is a zero-mean white Gaussian noise with auto- 
correlation 6(x,y), which is independent of *Sk (x,y), and where 
&k (x,y) is a deterministic function of Sk (x,y) and modulates the 
noise. An individual sample Rij is assumed to be the average in- 
tensity R(x,y), weighted by the sampling function gij(x,y) and 
normalized by the volume under the sampling function,curve: 

Sms m R(x,Y)gij(x,Y) dx dy 
Rij = -- -m (31) m m 

ss gij(xjY) dx dy -m -m 

For convenience, define 

m A = ss m gij(x,y) dx dy. -co -.m 
The random variables Rij will be normal with means 

1 m 
mijk=A _m 

ss 
mSk(XJY)gij(X,Y) dx dY _m 

and variances 

2 1 - - uijk = - ss A2 -m Q i(x,Y)gfj(x,Y) dx dy. -m 
After simplification, the decision rule reduces to 

L(R) = E g [aijR$ + bijRij + cij] :k, 
j=l i=l 

where 
1 1 

‘ij = - - - 2UijO’ 2Uijl” 

bij - mill mijo 

flijl 2 UijO 2’ 

and 
mijo 2 2 

eii = - - 2 Uij02 
mijl I In w 
2Uij12 ( 1. uijl 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

As before, L will be assumed normal by the central limit the- 
orem and only the conditional means and variances of L are 
needed to use the curves. The conditional mean and variance are 
found to be 

and 

Pk = E f [aij(Uijk2 + mijk2) + bijmijk + Cij], j=l i=l (38) 

NM 
Ui = c c [U;(hijk’Uijk 2 + 2Uijk4) 

j=l i=l 

+ (4aijbij??Zijk + b$)Uijk2]. (39) 

A particular type of signal dependent Gaussian noise has been 
used to model the grain noise of photographic film. For this case, 
let &(x,y) = d\/o(‘Sk (x,y) and assume either that Sk (x,y) is es- 
sentially constant over a sample region or that gij(x,y) takes on 
only two values, zero and a positive constant. In this situation, 
the following results are obtained: 

Uijk 2 = Ernijk, 
A 

with cx determined from (Y’ and gij (x,y). Also 

(40) 

A A -___ 
“j = Bamijo 2olmijl (41) 

and 

bij = 0, (42) 

Cij = & (mijo - mijl) + i In 
( > 

mijo . 
mijl 

(43) 

Therefore, for this case, 

L(R)=j~li~l[~(~-~)Ril 

V 

+ & (m’ijo - mijl) + $ In ( 11 mijo (44) 
mijl 

with mean 

(45) 
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IO 15 20 
Jx 25 3o 

35 40 

Fig. 3. Detection in binomial noise for various contrast ratios, C, and 
& = 0.1. 
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C 
Fig. 4. Detection in binomial noise for various numbers of samples and 

PF = 0.1. 

and variance 
2 A 

>( 

1 
-mijk3 + -TTlijk' . (46) 
a 2 

Thus the parameters needed to use Fig. 1 can be calculated. 

Fig. 5. Photograph illustrating visual detectability of uniform object 
against uniform background in binomial noise mija = 0.5. 

I.1 

1.2 

c I.? 

1.4 

I.5 

40 

m  DETECTED BY LIKELIHOOD RATIO TEST 

ALSO DETECTED By VISUAL OBSERVATION 

Fig. 6. Detectability of uniform object against uniform background in 
binomial noise mijc = 0.5, C = mijr/m;lo. 

C. Binomial Noise 
The form of the sampling will be altered for this case. Pre- 

viously the sampling has been assumed linear. Now, suppose it 
is desired to detect an object in an image composed of an M X N 
array of samples. The individual sample values rij must be either 
one (white) or zero (black). This model is often used in simulated 
images for digital computer processing. The probability of the 
sample in the ij position having value Rij is given by 

Pr{rij = RijlHk) = m,jkRij + (1 - mijk)(l - Rij), 
Rij = OJ, (47) 
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s-s - Sk (X,Y)&j(X,Y) c-h dY -m -cc 

mijk = max(Sk(x,y)) S-1 J-1 gij(u,U) du du 
(48) 

It is clear that mijk is the expected value of Rij, given that hy- 
pothesis Hk is true. Also, mijk is the normalized value of the “true 

‘image” at the ij position weighted by the sampling function 
gij(x,y). If the rij are conditionally independent, the log likelihood 
ratio test becomes 

L(R) = 9 5 In m;jlRij + (1 - mijd(l - Rij) 2 y. (4g) 
j=l~=l mij&ij + (1 - mijp)(l - Rij) 1 HO 

Again assume that enough samples have been taken to make 
L(R) approximately normal and that the conditional probability 
density functions pll~~ (L(R) ]Hk) are determined by the means 
E(L(R)jHk] and variances var (L(R)IHk). It is a simple matter 
to find 

and 
NM 

Ug = C C mijk(l - m;jk) mi,o(l - mijl) 2 
j=l i=l mijl(l - mijo) II ’ (51) 

D. An Example 

As a specific example, the detection of an area of known size, 
location, and contrast in an area of uniform brightness was con- 
sidered. With Pp held constant at 0.1 and mijo = 0.5, the proba- 
bility of detection was found for squares with various numbers 
of elements, MN, and various values of C = miji/mijo. The results 
are shown in Figs. 3 and 4. A display consisting of five sizes of 
squares and five values of C was generated on a computer 
graphics terminal and is shown in Fig. 5. When PO 2 0.9 is con- 
sidered sufficient for likelihood ratio detection, Fig. 6 compares 
the performance of the likelihood ratio detector against visual 
detection on the unrestored image. Since on the average no res- 
toration scheme can equal the likelihood ratio detector, all of the 
test squares are not restorable. 

IV. DETECTION OF DEGRADED IMAGES 

Consider the case where the ideal image predicted by geometric 
optics, Sk(~,y), is degraded by a point spread function h(x,y;u,u). 
In the absence of noise, the received signal is, given that hy- 
pothesis Hk is true, 

Hk: &b,y) = s-1 s-1 S&W)&GY;W) du du. 

In the presence of noise, the received signal is 

(52) 

Hk: R&y) = 1-L s-u, R;(u,u)h(x,y;u,u) du du (53) 

where Rk(x,y) would be received if the point spread function were 
an impulse. 

As before, assume the degraded image is sampled by a set of 
sampling functions (gij (X,y)) to form an M X N array of samples 
(Rij). Thus the problem is simply to detect the degraded image 
S(x,y) rather than S’(x,y). The detection procedure is depicted 
by Fig. 7(b) while in the absense of degradation the procedure 
would be as in Fig. 7(a). 

If the point spread function is unknown, the likelihood ratio 
test must be based on the undegraded image, and the detection 
procedure is depicted by Fig. 7(c). In either case, the detection 
of an object in a degraded image will be more difficult than the 
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Fig. 7. Various detection schemes. 

undegraded case, and the resulting decision rule will yield poorer 
performance. 

An Example 

A specific example of point spread function, object size, con- 
trast, etc., was examined to provide insight into the effect of 
system degradation on detectability. The detection of a uniform 
object against a uniform background in the presence of Poisson 
noise was selected. Although this example was worked out in only 
one dimension, the two-dimensional problem is no more difficult 
conceptually. 

Two basic assumptions were made concerning the system. The 
imaging system was assumed to be diffraction-limited with the 
area under the point spread function independent of the width, 
and an ideal diode array was assumed with the diode spacing 
sufficiently small in relation to object size to find & and U; by 
means of the equations derived for the limiting case (T - 0, M 
+m,N--*~,@=l). 

Define R to be the ratio of the object width to the width of the 
main lobe of the point spread function, and the contrast to be 
[S;(x) - s&x)]/S&). The degradation of the image by the point 
spread function is shown in Fig. 8, and Fig. 9 shows the degra- 
dation in detectability caused by diffraction. For curve a, the 
detection rule is based on the degraded image as in Fig. 7(b); for 
curve b, the detection rule is based on the undegraded image 
when in fact the image is actually degraded as in Fig. 7(c). The 
difference between curve a and b is a measure of the cost of ig- 
norance. 

V. CONCLUSIONS 
It is clear that statistical techniques can be applied to the de- 

tection of two-dimensional signals in signal dependent noise. The 
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Fig. 8. Degraded images resulting from point spread function : 

Throughout this correspondence, it has been assumed that 
sufficient samples of the image have been taken for L to be con- 
sidered normal. Therefore, caution should be observed in 
applying these results when the available samples are few and 
when dealing with extremely small probabilities of false 
alarm. 
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R 
Fig. 9. Performance of detection schemes shown in Fig. 7(b) and (c). 

Curve a shows detectability when the decision rule is based on the 
degraded image. Decision rule for curve b is based on undegraded 
image. Background intensity = lOa photons/cm/s, contrast = 0.1, width 
= 0.002 cm, PF = 0.01. 

method appears to be useful in many applications. The added 
a priori knowledge necessary for detection improves performance 
beyond visual detection of an unrestored image, and the perfor- 
mance of no restoration scheme can be expected to equal that of 
the likelihood ratio test. Extensive use of such detection tech- 
niques may be limited by the accurate knowledge required of the 
signal and image sensing system. The method, however, may be 
used quite effectively to evaluate the relative performance of 
various imaging systems. 
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A Likelihood Ratio Formula for Spherically Invariant 
Processes 

A. F. GUALTIEROTTI 

Abstract-This correspondence provides a likelihood ratio for- 
mula for equivalent spherically invariant measures on a real and 
separable Hilbert space. 

Spherically invariant stochastic processes are of interest in 
communication theory because they allow one to relax somewhat 
the assumption of normality, while keeping many of its most 
useful consequences. In [l], we considered their equivalence, here 
we provide a likelihood ratio formula. 

An extensive study of the properties of the “marginal” distri- 
butions of spherically invariant processes can be found in [2]. 
These processes contain the Gaussian ones and are in fact mix- 
tures of the latter. It then immediately follows from a result of 
Skorohod [3] that the likelihood ratio formula is also a mixture 
of Gaussian likelihoods. 

A few definitions are necessary to indicate the domain of va- 
lidity of the formula. We start with a real and separable Hilbert 
space H with inner product (a,.)~ and norm/\.&. Denote its Bore1 
subsets by 8. On H, consider random variables of the form Xh (x) 
= (x,~)H and, when the variance V(Xh) exists, write u(h) for 
V(Xh). We say that a probability measure P on B is spherically 
invariant if u(h) = v(k) implies that Xh and Xk have the same 
distribution. In a typical example, we would take H = L2[0,2’], 
Xh = S,Th(t) Xt dt, and Xt a zero-mean measurable process with 
paths in Lz[O,T]. In [l], we described how such measures P are 
characterized by couples (F,R), where F is a probability measure 
on R, with support in R+, and possessing a finite second moment, 
and R is a covariance operator (that is, a nonnegative, selfadjoint 
operator with finite trace). Gaussian measures are obtained by 
taking the F concentrated at one point, and operators R are ob- 
tained typically as operators determined by covariances of sto- 
chastic processes. If Pt is the Gaussian measure determined by 
the covariance t 2R, then the spherically invariant measure as- 
sociated with (F,R) is given by 

P(B) = S m P,(B) dF (t), for B in 8. (1) 
0 

Let us now state Skorohod’s result [3, p. 991. Let (H,8) be the 
previously stated measurable Hilbert space and let (X,X) be 
some measurable space. For x in X, let P, and Qr be measures 
on (H,8) such that: 
a) for fixed B in 8, x - P,(B) and x - Qx (B) are X-measura- 

ble 
b) there exists sets B, in % such that: i) P,(B,) = Q,(B,) = i&, 

ii) for every Yin X, UZEy B, is in .fB, iii) B, n By = 4, x # 
Y. 

Let A4 and N be measures on X. Define, for B in fB, 

P(B) = lx P,(B) dM (xl Q(B) = S, Q,(B) dN (x). 
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Then P << Q, if and only if i) M << N, ii) P, << Qx, M almost ev- 
erywhere x. Furthermore, when P << Q, 

for h in B,. (2) 

In order to use the likelihood ratio formula of (2) for spherically 
invariant measures given by P(B) (or Q(B)) defined in (l), choose 
P, (or QZ) to be Gaussian, with mean zero and covariance oper- 
ator x2R (or x2S). Let X = R+. In [3], it is also shown that 

exists Qr almost everywhere and has the value x2 where ek is the 
eigenvector of S with associated eigenvalue ok. It is further well 
known (e.g., [3, p. 951) that, if PR is the Gaussian measure cor- 
responding to R , and Qs is the one associated with S, then PR = 
Qs if and only if 

R = S1/2(1 + U)W2, 

where I + U invertible U selfadjoint, and Hilbert-Schmidt. If 
then bk is the kth eigenvalue of U, 

g(h) = exp t-9, 

where 

+fT (ln(l+bk) b/z 
-l+* > 

Thus, when computing dP,/dQ,, the eigenvalues are multiplied 
by x2, which in turn can be written as f(h). The latter function 
provides the “disintegration” B,. It may be worth noticing that 
P, J-P,, x # y, and QI lQy also, which “explains” the result! 
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An Upper Bound on dhe Mean-Square Error for 
Bayesian Parameter Estimators 

R. M. HAWKES AND J. B. MOORE, MEMBER, IEEE 

Abstract-The estimation of unknown parameters of deter- 
ministic time-varying signals contaminated with additive Gaussian 
white noise is considered, and an upper bound is obtained for the 
mean-square estimation error. As an example, the theory is applied 
to the synchronous demodulation of pulse frequency-modulated 
(PFM) signals in Gaussian white noise. ’ 
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