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An Extended Generalized Average Modeling
Framework for Power Converters

Kartikeya Jayadurga Prasad Veeramraju, Student Member, IEEE, Jacob A. Mueller, Member, IEEE,
and Jonathan W. Kimball, Senior Member, IEEE

Abstract—The Generalized Averaged Modeling (GAM) tech-
nique is traditionally employed to capture the dynamic per-
formance of power electronic converters. This paper proposes
an improved version of it, named the Extended-GAM (EGAM)
technique, which supports the multiplication of two Double
Fourier Series (DFS) signals in the time domain. Multiplication of
DFS signals in the time domain translates to the 2D-convolution
of coefficients of the DFS terms of their equivalent Discrete
Fourier Image (DFI) representations. Thus, the proposed EGAM
technique, capable of capturing many harmonics present in the
output of a power converter, effectively captures the dynamic
behavior of power converters excited by two distinct frequencies.
The proposed technique is then converted into an algorithm
suitable for numerical platforms, which typically use Ordinary
Differential Equation (ODE) solvers. The proposed algorithm is
validated based on the observations of the effects of harmonic
truncation. The efficacy of the proposed technique is assessed
through a case study, wherein a single-phase inverter employs LC
filters on both the dc-link and the ac-side. Finally, it is shown that
the results obtained with the proposed method show an excel-
lent congruence between simulation and hardware experimental
models. Additionally, the proposed algorithm is packaged into a
MATLAB toolbox and shared for future implementations.

Index Terms—Generalized Averaged Models, Multi Frequency
Averaging, Dynamic Phasor Modeling, Power Electronic Con-
verters, Inverters.

I. INTRODUCTION

HE Generalized Averaged Modeling (GAM) technique

is instrumental in systems where Small Ripple Approx-
imation (SRA) may not be applied, such as series-resonant
converters, three-phase inverters, Dual Active Bridge (DAB)
converters. Modeling poses difficulties, as the SRA about an
operating point cannot be applied to such systems. The idea
of GAM is first presented in [1], where selective frequencies
for modeling various power electronic converters and operators
over a state variable expressed as Fourier coefficients were pre-
sented. GAM is applied to a dc-dc converter, and its frequency-
dependent structure is described [1]-[3]. The product of two
Fourier coefficients for the dc and fundamental terms is shown
[1], [2]. These product terms are directly used in subsequent
works using GAM treatment on DABs [4]-[7], series resonant
converters [8], Modular Multilevel Converter (MMC) [9], [10],
and microgrids [11]. Of late, GAM is also being referred
to as the Dynamic Phasor Modeling (DPM) technique as
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described in the works on inverter modeling studies [12]-
[14], and diode bridge rectifiers [15]. GAM was also shown
to model and describe the stability behavior of inverter-
based microgrids by eigenvalue analysis [16] for imbalance
conditions and advanced droop control techniques [17]. It is
shown in [18] that, unlike other models, the GAM technique
can capture multi-frequency dynamics in conventional dc-dc
converters. A dimension in the context of this work refers to
an excitation frequency. Therefore, a GAM technique using a
single frequency is called uni-dimensional GAM.

The necessity for including two excitation frequencies must
be concretely set to realize the motivation for this work.
Fig. 1 shows models of increasing complexity, introduced
alongside exemplary topologies, connecting each increase in
model complexity to a different specific modeling requirement.
A buck converter is shown in Fig. 1(a). This converter is
assumed to have the ripple value Az in its state variables that
is much smaller than the dc component x4. (i.e., Ax < x4c).
Therefore, State Space Averaging (SSA) technique has tradi-
tionally been applied to capture the dynamics of the inductor
current and the capacitor voltage. The SSA technique cannot
be used where switching level dynamics cannot be ignored.
The GAM technique is effective in such an application space,
which captures the switching level dynamics [2].

As a next example, a Dual Active Bridge (DAB) converter
is shown in Fig. 1(b). In this situation, the SSA fails to
capture the inductor dynamics as the inductor current wave-
form (shown in the figure) has a zero dc value and a highly
dominant switching frequency component (thus SRA fails
too). Therefore, the GAM technique is needed to model the
behavior of the leakage inductance dynamics of DAB [4], [19].

A single frequency of excitation is considered in the works
described thus far. These frameworks are extended to the
second dimension in the works described in the following
paragraphs. Inverters and ac-ac converters [20]-[22] have
two excitation frequencies, namely, the switching frequency
and the modulation frequency. In such a scenario, a uni-
dimensional GAM framework cannot support capturing the
two frequency components in the system. For example, a
single-phase inverter schematic is shown in Fig. 1(c). The
modulation and switching frequencies are injected into the
inverter via the switching signals, and the inverter fabricates
the modulation frequency and the subsequent odd harmonics.
The switching ripple rides on top of this signal as well.
Therefore, the inverter’s dynamic model has four frequency
categories: the dc, switching frequency, modulation frequency,
and sideband components. To facilitate the capturing of these
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Fig. 1: Various power converters: (a) a buck converter with single switching frequency; SSA applicable, (b) a DAB converter
with single switching frequency; SSA not applicable, (c) an inverter with SPWM with two distinct frequencies of excitation,
(d) an inverter with input LC filter, with two distinct frequencies of excitation

components, two frequencies are to be considered in the two-
dimensional GAM (2D-GAM) framework [23]-[26].

Although the extension to the second dimension was made
in the 2D-GAM framework [16], [23], it can be difficult to
model all converter classes with two excitation frequencies
with the existing literature. An inverter with an LC filter on the
dc side is shown in Fig. 1(d) as an example topology. The state
variables on the ac side have dc, modulation, and switching
components that can be modeled in 2D-GAM. However, the
dc side of the inverter possesses the dc, even order modulation
harmonics, and the switching components. The Sine Pulse
Width Modulation (SPWM) results in the spectral components
shown in Fig. 2. The spectrum has three types of components:
modulation frequency harmonics (p . switching frequency
harmonics (7 f ), and sideband components (r f +pf) where p €
Z, and r € W. The magnitude of the switching signal is zero
at modulation frequency harmonics above the fundamental,
which makes them difficult to be considered in 2D-GAM. This
paper proposes a novel 2D convolution-based Extended GAM
(EGAM) framework, as harmonic components do not naturally
manifest in the 2D-GAM framework, and it is difficult to keep
track of the manifestations. The proposed framework accounts
for the dynamics at the initially considered frequencies and
newly manifesting frequencies of the system. Therefore, the
main contributions of this work are to develop:

1) A consistent framework for handling the Single Fourier
Series (SFS) or Double Fourier Series (DFS) products
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Fig. 2: Spectral components in SPWM switching waveform

2) An algorithm for handling 2D convolutions in frequency
plane to enable EGAM in numerical ODE solvers

This article is organized as follows: a review of the con-
ventional GAM technique is first presented in Section II. The
idea of Discrete Fourier Images (DFI) is presented in Section
III, succeeded by the Extended GAM modeling technique. The
properties of harmonic truncation (a consequence of EGAM)
are explored in Section IV. Hardware results for an example
single phase inverter in Section V are presented to test the
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model’s efficacy, and the results are analyzed.

II. REVIEW OF GAM

In conventional GAM, the time-dependent state variables
are transformed to the Fourier coefficients written as Single
Fourier Series (SFS) expansions; that is, a periodic signal x(t)
in the time domain can be written as

+oo
z(t) = Z xpelkeot ey

k=—o0

C(t)=[1 cos(wt) sin(wt) cos (nwt) sin (nwt)]

2)
z(t) = C(t) - x], 3)

where x;, is the vector of Fourier coefficients
Tne Tns) (4)

With these base relationships, the framework can be extended
for other operators [1], [2], [24] given by

G0 = (o) @O—ikaln® O

D @iy (6)

1=—00

Xp = [T0 Tie T1s

(xy)r =

the operator (e); represents the k™ harmonic Fourier co-
efficient of a time domain signal and (6) is a discrete 1D
convolution [27].

If the system of interest has two distinct excitation frequen-
cies, namely w1, wa, the state variable 2(t) in the time domain
is represented using DFS given by

I(t) _ Z Xpﬁrei(pw1t+rw2t) (7)
pEZ,reW

then it can be converted to the vector containing the Fourier
coefficients for a finite number of harmonics as

X:[XO,O X1,0c  X1,0s X0,1c  X0,1s

(®)
where, %, oc, Xp,0s belong to the Fourier coefficients of the
harmonics of wi; Xo,rc, Xo,rs belong to coefficients of the
harmonics of ws, and X, .., Xp s belong to coefficients of
the harmonics of pw; + rws components. The subscripts ¢ and
s correspond to the cos and sin terms of the DFS expansion
in rectangular form.
In order to extend the GAM framework to 2D-GAM, (5) is

rewritten as d (1) p
T X
"W _ o (dt n Tx) ©)

where the DFS coefficients of the expansion are stored in the
state variable x (8) and the matrix T stores the frequency
information at the state variable x,,. Therefore, T is the
matrix version of the second term of GAM (5) given by

(10)
(1)

where k € NO, indexes the vectors m € ZCt! and n €
WO+L, Dimensionally, T is a (20 + 1) x (20 + 1) sparse

T2k, 26+1) = (Mpq1w1 + Ngyiws)

T(2k+1,26) = —(Mpp1w1 + Npy1ws)

Xpre  Xprs }

matrix [23]. O is the total number of distinct frequencies and
harmonic combinations considered, excluding the dc term and
k€ {1,2,---O}. Vectors m and n have an order of one more
than the distinct frequencies (O) to account for the dc term,
which is always the first entry from an indexing viewpoint.
With these base equations, a first-order differential equation
of the form

d”;it) = az(t) + by(t) (12)
can be rewritten in the Fourier coefficients and using (3)
dx(t
() = atot) + o) (13)
C(% = (aI — T)x + by (14)

where x, y are Fourier coefficient vectors at the same frequen-
cies. Applying the same procedure on a more complicated base
first-order ordinary differential equation

dz(t
“Z(t ) _ a(t) + ba(t)y(t (15)
d
dit‘ = (aI — T)x + b(x * y[(]) (16)
Eq. (16) can then be expanded for the desired number of har-
monics (by writing for each harmonic order, ¢ € (1,2,---,0))
to finally give
[ 20 ] [ 0 0 0 -+ 07 [zo]
Tie 0 a —-—w 0 -- 0 T1e
d |Tis 0 wi a o --- 0 T1s
N I I : T
Tie 0 O 0 0 a —wy Tie
| Z1s | 0 0 0 0 w a ] | T1s | an

+b

In (15), the product of two SFS terms, x(¢)y(t), translated
to 1D discrete convolution on the frequency plane for the
Fourier coefficient vectors x, y [1], [2], [25], [26], [28]. The
translation from the time domain to the frequency domain
for the multiplication of two terms expressed as DFS is not
reported in the literature. Although [26] considered a three-
phase inverter with an input LC filter, the article only considers
the existing spectral components in the SPWM waveform
and does not accommodate newly manifesting harmonics.
Also, [29] notes that the multiplication of two DFS terms
must be considered in the future and points out that the
authors did not view the product terms in their work. This
crucial result is needed to accurately capture the dynamic
performance of many power electronic converters, where a
switching term multiplies over a state variable, as in the case
of an inverter with an LC filter on the dc side. Although more
recent work in microgrids [16] considers dc filter dynamics,

Authorized licensed use limited to: Missouri University of Science and Technology. Downloaded on June 06,2023 at 15:43:20 UTC from IEEE Xplore. Restrictions apply.

© 2023 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



This article has been accepted for publication in IEEE Transactions on Power Electronics. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TPEL.2023.3276631

it does not explain how similar relationships are derived for
other harmonics in an organized way. The following section
discusses the process of handling the product of two DFS
terms and lays the foundation for EGAM.

ITII. EXTENDED GAM WITH DISCRETE FOURIER IMAGES

In a one-dimensional case, the product of two state vectors
consisting of coefficients in the time domain will imply con-
volution in the frequency domain [27], a direct consequence
of the convolution theorem. A corollary can be stated in this
regard,

Corollary 3.0.1: The product of two sinusoidal signals of
the same period produces a waveform with Fourier coefficients
matching the discrete convolution of the original signals in the
frequency domain.

Most works listed so far only consider a select number
of terms to compute the product terms while neglecting the
others. When multiple fundamental frequencies of operation
are considered, as in an inverter, the convolution operator
becomes very complicated, and a concrete methodical way
of resolving the products must be devised.

To handle the product terms, a two-dimensional extension
can be made to the already existing Corollary 3.0.1 and can
be restated as,

Corollary 3.0.2:

The product of two sinusoidal signals, with two distinct
periods, produces a waveform with Fourier coefficients match-
ing the two-dimensional discrete convolution of the original
signals in the frequency domain.

Based on corollary 3.0.2, the frequency component vectors
must be convolved over two dimensions to obtain the result-
ing component vector. However, the Fourier vector must be
transformed to a discrete frequency plane, where the Fourier
components must be placed before the 2D convolution is
applied. Proof for Corollary 3.0.2 is provided in Appendix
A. The following subsections describe a methodical way to
place and keep track of new harmonics when there are two
distinct excitation frequencies.

A. Discrete Fourier Image signal

The vector x (8) can be separated into two new vectors
consisting of the coefficients of ¢ and s subscripts to give

xpﬂ'c ]
zp,rs ]

where the dc term is accounted into the ¢ vector term and
the corresponding value in b is left to zero. The vectors (18)

can then be converted to complex notation for each harmonic
index given using the transformation

a=[zo0 100
b = [0 1’1’05

To,1c
0,1 (18)
Zo,1s

ag,forp=0,r=0
Qp,r =

1(ay —iby), otherwise

2 19)

Oé(p77.) = Q(ag + lbg)

The subscripts of each element of a, b (z,.) indexed by
g € N get carried over to the subscripts of ae e, and oy ,.

The calculated components can then be placed on an image
space to represent a 2D signal corresponding to the Fourier
coefficients at the discrete instances of the harmonic numbers
as shown in Fig. 3. As the two frequencies of the signal are
distinct, each Fourier coefficient can be placed in a distinct
location on the 2D image plane formed by w; and w, axes.
This forms the basis for the rest of the discussion in this article.

A matrix can then be generated based on Fig. 3 and is given
by

_a—p,r Q1 Qor Q1 Apr
Q_p1 a_11 Qo1 Q011 Qp1
* *
F=|a,, - oy @0 op Qp.0
* * * * T *
Qp1 Q11 Qg1 CG_q1 N
* * * * *
L ap,r e al,'r aO,'r‘ a—l,r T a—p,r-
(20)

where F' is referred to as the Discrete Fourier Image (DFI)
[30] of Fourier coefficient vector x. The DFI has nine regions,
differentiated by different symbols, as seen in the DFI image
shown in Fig. 3. A legend for each symbol corresponding to
each harmonic component with their p and r axis values is
given in Table I

Now, using Corollary 3.0.2, two Fourier coefficient vectors
X, and y can be 2D convolved to get a larger matrix. These
relations are mathematically given by

F DFI

2(t)¢— x +— Fy 2D
y(t) < y <5 Fy, (22)
()¢5 2 L F, (23)
2(t) = a(t)y(t) <2 F,=FyxxFy 24)

where F is the Fourier series coefficient extraction operation
from the time domain signal e(¢). The resulting matrix F, is
converted back to the vector z by using the transformation

ag0,for p=0,7=0
hg =

o+ a;T otherwise (25)

Sg = i(al’,r - a;,r)

The resulting values are populated in h, s and redistributed
in the proper harmonic order as that of (8) to form the vector
z, which is the resulting vector of the 2D convolution.

Before proceeding with the subsequent sections, an essential
distinction between convolution operators should be made.
The 2D convolution and Corollary 3.0.2 are applied when the
vector is converted to DFI as shown in Fig. 3. Therefore, to
simplify the notation, for vectors x, and y, a new notation
X ® ® y is defined to mean z, which is converted using (25)
on Fy xx Fy. That is, ® & represents the complete process
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Fig. 3: Two dimensional DFI signal representation

TABLE I: Legend for DFI components in Fig. 3

Component Axis Symbol
dc component p=0;7=0 (@)
w1 harmonics pEZTr=0 Rx 4
w2 harmonics p=0;r €Zt }
w1,ws sidebands peZtirezt QA
—w1,ws sidebands pEZ;rezt A
w1 harmonics’ conjugates pEZT;r=0 &
wg harmonics’ conjugates p=0;rezt >
w1,ws sidebands’ conjugates p e Zt;reZt O
—w1,ws sidebands’ conjugates peEZT;reZt O

of rectangular to complex DFI to double convolution and back
to rectangular form.

For systems excited by two different base fundamental
frequencies, such as in the case of an inverter, the vector
x is extended to capture multiple baseband harmonics and
the sidebands harmonics by their respective DFS expansions.
However, in [23], [24], the expansion for the product of two
state vectors written as DFS is not provided as indicated
earlier in Section II. Also, the authors make simplifying
assumptions to avoid the multiplication terms by neglecting
state variables that multiply with a switching term by choosing
simpler topologies. In [25], [26], however, the dc side filters
in the inverter are modeled. The authors consider only a few
harmonics in their 2D-GAM model and do not consider even
harmonics of the modulation signal.

Referring back to (15), and assuming z(¢) and y(¢) to be
DFS expansions instead of SFS, (16) can be expanded into the
second dimension by

dx
i (aI-T)x+bx® ®Yy)
This completes the EGAM formulation that is capable of

handling DFS products. A complete set of the time domain

(26)

TABLE II: EGAM operations set

Operation | Time Domain | Frequency Domain
Scalar Product ax(t) ax

Summation z(t) + y(t) x+y
Differentiation dz(tt) (% + Tx)
Multiplication z(t)y(t) x® ®y

to EGAM translations is shown in Table II for clarity. The
following subsection shows an algorithm for handling DFS
products in Ordinary Differential Equation (ODE) solvers for
making EGAM implementable with the MATLAB simulation
software package.

B. Convolution Algorithm for ODE Solvers

An algorithm is proposed for computing the 2D convolution
of the Fourier image signals in each processing cycle of a
numerical ODE solver.

A step-by-step process for the DFI convolution algorithm is
shown in Fig. 4. In the first step, the vectors x and y are first
imported from the ODE process call. The imported vectors are
then split into real and imaginary component vectors shown
by the subscripts R, I in the second step. The split vectors
are transformed into the corresponding DFI in the third step.
In the fourth step, the 2D convolution operator is applied
to the two DFIs, and the resultant DFI is shown. The size
of the resulting matrix is larger than both of the individual
input matrices. Therefore, to restrict the length of the resultant
vector, the new harmonics cropping up are neglected in the
fifth step to prevent the growth of vectors as the ODE solver
progresses. This method of ignoring harmonic components
beyond the allowed size of the input vectors is referred to
as harmonic truncation. The effects of making the harmonic
truncation approximation will be studied in further detail in the
next section. The truncated DFI is transformed into the real
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ODE Process Call

Import [Xo,ﬂ X0,1c Xo0,1, X100 X10, X11. X111, X-11c X—1,1s]

Fourier vectors
Y-11. y*l,ls]

[yoo Yor. Yoi. ¥Yio. Yio. Yii. Yii

XR = [Xo,o X0,1. X100 X11. x—l,lc}
Split Fourier
vectors to
real and imaginary
components

x1=[0 xX01, X10, X11, X_11.]

YR:[yvo Yo1. Y10. Yii. }’—Llc]
yi=[0 yoi. Yio., Y11 Y-11.]

Y_ 11 Y11
*ox Yio Yio

* *
Y1,1 Y—l,l

X—l.l
Xio
Xia

Xﬂ.l
X(].O
Xo.1

X1
Xl.ﬂ
X*—Ll

YO.l
YO 0
You

DFI transformation

Z 22 Zoa2 Zo2 Ziz2 Zz2
Z 21 Zoaa Zox Zin  Z2:
2D convolution Z5 o Zio Zoo Zipo Zso
Z: Zin Zoy 774,
Zyo Zip Zpy 7,

Z1n Zon Zan ///’\\\\\\[Zli Zos le}

{—Iarmo?lc Zio Zoo Zio Zio Zoo Zio
runcation * * N 0 *
Zia  Zoa Zi, Loy 7,

DFI inverse
transformation

Vector merge

ODE Process Return

Fig. 4: Proposed convolution algorithm for resolving z =
X X ) y in an ODE solver

and imaginary component vectors, merged into one contiguous
vector in the last step, and handed over to the ODE process. A
MATLAB toolbox is developed for systematically performing
the 2D convolution computations and is shared publicly as a
GitHub project in Appendix B to aid future implementations.

IV. HARMONIC TRUNCATION

When two DFI signals are convolved, the size of the result-
ing DFI (F,) increases indicating the evolution of new har-
monic components. However, if the size of the DFI increases,
it will also increase the resulting Fourier coefficient vector
length and will impose further requirements on the memory
allocation aspects in the ODE solver front. To alleviate this
issue, harmonic truncation is necessary to restrict the growth
of the size of the F', matrix. However, the harmonic truncation
approximation may not be a viable technique always as it
depends on the relative scales of amplitudes of the DFI signals.
Two examples are provided in this section: one where the
process of harmonic truncation shows a detrimental behavior
and the other where it is a reasonable approximation.

A. Detrimental effects of harmonic truncation
Consider x(¢) and y(¢) to be two input signals as functions
of wy and wo, given by
x(t) = 150 cos(w1t) — 1.5 cos(wat) + 2.5 cos (wit + wat)
+ 10 cos (—wit + wat) — 1.75sin (—w1t + wat)
27)

x(t) y(t)]

100 | 1

x(t)/y(t)

-100 | 1
L L L SN AST L L L

0 0.002  0.004 0.006  0.008 0.01 0.012  0.014 0.016
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Fig. 5: Detrimental effects of harmonic truncation; p axis
restricted to fundamental harmonic
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Fig. 6: Good approximation by harmonic truncation; p axis
restricted to fundamental harmonic

y(t) = 150 cos(w1t) + 1.5 sin(wat)

(28)
— 1.5sin (w1t 4+ wat) + 0.75sin (—w1t + wat)

Fig. 5 shows the two input signals described in (27) and
(28) and the actual product z(t) = x(t)y(t). Also shown are
the truncated and un-truncated time domain reconstructions of
the two DFI signals represented by F,;. = (Fx * * Fy),
and F, = Fy x x Fy respectively. The two signals (27),
(28) have a dominant w; component, and their product will
have a dominant 2w; component. To capture the second-
order components, the DFI needs to be extended by an extra
harmonic order on the p (wy) axis, which is one order higher
than the original sizes of the input DFIs Fy, and F,. If this
harmonic order extension is not done, the crucial 2w, feature
of the resulting product signal z(t);- will be lost and the
truncated 2D convolution of the DFI leads to a drastically
different result when compared to the case where the 2w,
components are considered (as indicated by the untruncated
DFI reconstruction in Fig. 5).

B. Good harmonic truncation

In this example, two signals are again selected, where the
first operator z(t) is the same as in (27). But y(¢) is replaced

Authorized licensed use limited to: Missouri University of Science and Technology. Downloaded on June 06,2023 at 15:43:20 UTC from IEEE Xplore. Restrictions apply.

© 2023 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



This article has been accepted for publication in IEEE Transactions on Power Electronics. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TPEL.2023.3276631

Rp

Fig. 7: Single phase inverter

with

y(t) = 0.01 cos(w1t) + 0.7 cos(wat)

(29)
+ 0.1 cos (w1t + wat) + 0.1 cos (—wit + wat)

Fig. 6 shows the two input signals described in (27) and
(29) and the actual product z(t) = x(t)y(t). This case however
shows a close match between z(t) and the reconstructions of
F,, and F,,,. DFIs. The close match is attributed to non-
dominant 2w; components due to the high order difference
between the Fourier coefficients of the w; components of x(t)
and y(t).

This shows that essential features of the product signals
can be lost if dominant harmonics lie outside the region of
harmonic order approximation. Therefore, the system designer
must know the entire range of dominant harmonics before
deciding on the truncation region in EGAM. If dominant
harmonics are neglected, the dynamic behavior of the model
will be significantly different from the actual detailed/hardware
model.

V. EXPERIMENTAL VALIDATION

A single-phase inverter is used to test the validity of the DFI
convolution algorithm. A schematic of the inverter is shown
in Fig. 7. The inverter has an input LC filter to filter the input
current ripple and an LC-filtered output for the load resistance
R. The input filter has an inductor L;, capacitor Cy, and
the output filter has an inductor Lo, capacitor C. The series
resistance of both the filter inductors, Ry, is assumed to be
the same.

A. Formation of EGAM model for single-phase inverter

Based on the schematic, four state equations can be written
for the converter in the time domain for the dynamic elements
Ly, C4, Lo, and Cy having state variables iy, vc,, ir,, and
v, which are given by

diiilt(t) - —%mu) - UCLlft) + ‘21
dvfi; t) _ ZLégt) B z%gt) (@) — 0 (®)
dZLth(t) _ UCLl it) (a1 (t) — q-(t) — %m (t) - ch§t)
dvc, (1) _iL,(t) _ ve,(t)
dt ~ Cy  RCs o

In (30) ¢4 (t), and ¢_(t) are the switching functions orig-
inating from the SPWM of the H-bridge. In the switching

expression, the symbols f and f represent the modulation
frequency and the switching frequency respectively. Similarly,
the symbols, p, and r denote the harmonic indices of f, and f .
The DFS expansion consists of the modulation frequency and
its harmonics (i.e., pf), switching frequency, and its harmonics
(e, ).

The DFS expansion for the SPWM signal is presented in
(31), wherein the coefficients g, , are provided in [23], which
are repeated in (32).

alt) = Y gpeiertirenn (31)
p,rEL
1
qo,0 = 5
1
q1,0c = §m1,0c
1
q1,0s = §m1,08
2 . (w(p+ q)) - S
re = —sin [ —————= | J,(y,) cos +7r
oo = = ( 3 ) Bl cosi )
2 — ~
qpy,r‘s = —piﬂ_ sin ﬂ-(pz—’_q)> Jp(yr) sin (p¢+7'¢)

xm 2 2
Yo = 7 ml,Oc + ml,Os

¢ = arg(mi,0c — jmi os)

_ 2 2
mi,0 = /M7 g + M7 o5

40,0» q1,0c/s are the dc and modulation frequency compo-
nents of the SPWM signal. m; o, m1 s are the cos and sin
projections of the modulation index m; o along the angle &,
which is the phase of the modulation signal. The cos and sin
coefficients of switching frequency and sideband components
of the switching signal are computed in gy, ¢, and g s,
respectively. Jo (o) is the Bessel function of the first kind.

Now, the time domain equations for the inverter system in
(30) are rewritten in the frequency domain using the already
existing relation (9) for derivatives and the newly proposed
DFI convolution equation in (24) for products yield

diL1 R, . 1 Vin
i <L1 + >1L1 e+ 1 (33)
ch1 1 . 1 . .
o = ain g Gl @ ®ar i, @ ®T) - Tve,
(34)
di 1
L2 _ —2ve, ®®ar —ve, ®®T)
dt Lo
(35)
— &I +T|ig, — iv
L2 L2 L2 CZ
dVCQ iL2 1
o C2 <R02 —+ ) Ve, (36)

where T = [1 0 0 O]T and I is the identity
matrix. As the input voltage V;, is dc, it only operates
over the dc terms. Also, the switching terms q, and q_
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Fig. 8: Imperix system setup for a single phase inverter
experimentation

are complementary and therefore, (q4+ — q_) is replaced by
(24 —T') [23].

As the inverter has both an input and an output filter,
even harmonics of the modulation frequency are also to be
considered for accurately capturing the dynamics of L; and
C1. In this work, one switching harmonic, and four modulation
harmonics are considered, resulting in the Fourier vectors for
each state x.

X = [xo,o, Z1,0cy 1,08 L2,0cs L2,0sy L3,0cy L3,0s L4,0cy L4,0s
T11cy T1,1s LT—1,1cy L—1,1s L2,1c; L2,1s T—-21cy T-2,1s
T31cy T3,1s T—3,1cy L—3,1s LT4,1cy T4,1s T—4,1c; 37—4,15]

The resulting DFI for the vector x turns out to be Fx given
by

Q41 Q31 Q21 Q_11 Q1 Q11 Q21 Q3.1 Qyq.1
Fx=|aiy oy oy ofy ao o0 o020 aso asp
iy @y @y Ay agy alyy alyy aly, wi4.(137)

B. Hardware setup

An Imperix power test bench was used to test the validity
of the EGAM model. The laboratory setup of the system is
shown in Fig. 8. A rapid prototyping controller sends the
switching modules’ gate drive signals via optical channels.
The inverter comprises two half-bridge switching modules
with Silicon Carbide MOSFETs rated for 800V and 24 A.
Table III presents the parameters of the inverter system test-
bed. The components were chosen so that hardware dynamics
and mathematical dynamics would coincide without being
influenced by the values used to obtain the results.

TABLE III: Inverter system parameters

Input filter inductor, L1 2.2mH

Output filter inductor, Lo 2.2mH

Input filter capacitor, C1 520 uF

Output filter capacitor, C2 10uF

Load resistance, R 45Q

Inductor resistance, Ry, 87 mf

Modulation frequency f 50 Hz

Switching frequency, f 10kHz

Modulation signal phase, ¢ | Dependent on hardware test phase
Carrier signal phase, é 0 rad

TABLE IV: Startup test parameters

Parameter Value
Vi 50V
Modulation Index 0.75

w1 harmonic count | 4
wo harmonic count | 1

Two tests are performed on the inverter. These are:

1) The Start-up test
2) Modulation index step test

Details are provided for the tests mentioned above in the
following two subsections.

C. The Start-up test

Table IV provides the startup test parameters. The input
voltage is first given on the dc side. A step enable causes
the SPWM signals to be applied to the inverter model. The
subsequent dynamics are shown in Fig. 9a - Fig. 9d.

The DFI in the EGAM model accounts for four harmonics
on the modulation side and one on the switching side. There-
fore, both the dc and ac side harmonics are visible. The dc side
is expected to have even order harmonics visible on the dc side.
The experimental results show excellent congruence with the
results obtained by the EGAM and PLECS models. Thus, the
effectiveness of the proposed EGAM model is demonstrated.

D. Modulation step test

Table V shows the modulation step test parameters. After
attaining a steady state with an initial value of the modulation
index, a step change is applied to it. The subsequent dynamics
are presented in Fig. 10a - Fig. 10d. Again, the results obtained
with the EGAM model are a very good agreement with those
obtained with the PLECS and hardware models.

E. Effect of Harmonic Truncation

Two cases with different levels of harmonic truncation are
used to demonstrate the importance of choosing the correct
truncation sizes for attaining appropriate modeling accuracy,
as explained in Section IV. Switching harmonics are neglected
in this test to focus on the modulation signal’s performance.
The startup test results of the dc side inductor L; are shown in
Fig. 11 to do a deeper study on harmonic truncation effects.

The dc side inductor current in an inverter is known to have
components at twice the modulation frequency. If the harmon-
ics in EGAM are considered for p = 1,r = 0, the resulting
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Fig. 9: EGAM, PLECS, and hardware comparison results for startup transient test
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Fig. 10: EGAM, PLECS, and hardware comparison results for modulation step transient test

TABLE V: Modulation step test parameters

Parameter Value
Vi 50V
Modulation index initial | 0.75
Modulation index final 0.85

w1 harmonic count 4
w9 harmonic count 1
PLECS p=27=0 memum p=Lr=0
1.5 1= = =p=4r=0
P 0.46 04602 04604 04606 04608 0461
1t : ‘
i t(s)
. | . . -
< 05¢ If f Fig. 12: Modulation harmonics’ performance
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Fig. 11: Harmonic truncation effects on dc inductor current = b
dynamic performance is very poor and does not match the 051
actual PLECS simulation. This poor performance is attributed PLESS
. . . . P T
to harmonic truncation, which leads to the loss of featuresin | .% |e=ma p=2r=1
. . . TP, 2r=2
the state variable at twice the modulation frequency, thereby 0 Ll
0.4 0.40005 04001 040015  0.4002

underscoring the detrimental effects of harmonic truncation. ()
As the DFI in the EGAM for this case at least has the dc
component, the waveform is seen to track the average behavior
of the PLECS simulation waveform.

On the other hand, when EGAM is rerun for p = 2,r =0,
the harmonic truncation encompasses the components at twice
the modulation frequency. The features are preserved in the approximation. The same behavior can be shown for the dc
state variables, thereby making harmonic truncation a good side capacitor as well.

Fig. 13: Switching harmonics’ performance
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TABLE VI: EGAM performance comparison to increase in
modulation harmonics

Case MAE % improvement
(PLECS vs EGAM) over first case
p=1r=0 0.18020 0
p=2,1r=0 0.17272 4.151
p=3,r=0 0.12563 30.285
p=4,r=0 0.12570 30.242

TABLE VII: EGAM performance comparison to increase in
switching harmonics

Case ‘ MAE ‘ % improvement
(PLECS vs EGAM) over first case
p=2,r=0 0.15474 0
p=2,r=1 0.12660 18.184
p=2,r=2 0.11698 24.399

F. Harmonic effects on model accuracy

EGAM increases model accuracy if more harmonics are
included. Two examples show an increase in model accuracy
as more harmonics are included individually in each axis of
the DFI. To compare EGAM simulations analytically, Mean
Absolute Error (MAE) is computed between PLECS-simulated
(baseline) and the EGAM-simulated outputs. MAE is given by

it lui—vi
L

where w is the predicted value, v is the baseline value, and L

is the length of the window for comparison.

In the first example in Fig. 12, the inverter’s ac side filter
capacitor’s voltage waveform is shown for a snapshot in a
steady state where different EGAM models are overlayed
on top of the PLECS model. As the modulation signal’s
harmonics are increased on the p axis, EGAM’s accuracy
increases. Table VI shows the MAE for different EGAM
models and their improvement. As the ac side of the inverter
responds more strongly with odd harmonics of the modulation
signal, a significant improvement is found in model accuracy
for p = 3,7 = 0 compared to p = 1, = 0 case. EGAM for
p > 3 tracks the cycle average of the PLECS waveform more
closely.

In the second example shown in Fig. 13, the startup transient
of the inverter is shown with emphasis on the switching ripple
performance. As r-axis harmonics increase, EGAM matching
with PLECS simulation increases. The model for = 0 tracks
the cycle average of the PLECS simulation due to harmonic
truncation, whereas the more complex EGAM simulations
exhibit the switching behaviors as well. MAE performance of
EGAM compared to PLECS simulation for Fig. 13 is shown
in Table. VII

MAE = (38)

G. Fourier plane plots of harmonic components

EGAM simulations also give insights into how each Fourier
coefficient vector in the state variables performs at different
frequencies. Fig. 14, and 15 show the time progression of the
state variables in the frequency domain for the dc and ac side
inductors, respectively. The dc side inductor states are predom-
inantly subjected to even harmonics, so the components x(
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Fig. 15: AC side inductor Fourier plane plots for startup
simulation

have negligible values (as noted by the y-axis magnitudes).
On the other hand, the AC side components have insignificant
values of x5 while having significant values of x1g.

VI. CONCLUSION

This article proposes a novel modeling technique to extend
the capabilities of the conventional GAM by handling the
DFS products using the DFI representation of signals in the
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frequency domain. The problem of multiplying two DFS sig-
nals is investigated using the proposed theory. Furthermore, an
algorithm is proposed to resolve the resulting two-dimensional
convolutions for implementation in numerical ODE solvers
and is shared as a MATLAB toolbox in Appendix B. To
balance mathematical modeling and practicality, a single-phase
inverter is used as a test example to show the validity of
the proposed method, and an excellent correlation is observed
between the detailed model and EGAM. In the future, EGAM
can model the dynamics of more complicated systems such as
an ac-ac DAB [20]-[22], wherein state variables are subjected
to two different frequencies of excitation. Thus, the proposed
technique offers a systematic way of easily incorporating many
harmonic components in an averaged model to accurately
capture the system dynamics at existing and evolving system
harmonics. The harmonic truncation phenomenon plays an
important role in model accuracy, and its selection was shown
using the inverter example. It was also shown that increasing
the number of harmonics in the EGAM simulations improved
the matching with the detailed simulation model.

APPENDIX A
DFS prRODUCT AND 2D CONVOLUTION

This section provides the proof for Corollary 3.0.2. But
before starting with the actual proof for the corollary, some
important identities and functions are given for clarity.

A. Preliminary identities
1) An integral identity:

T T
/ﬂ" —m p,q €L 1,5 €L

Z Z ap)qbnsej(kl““t"'kw”) dwit dwat
471'2 k‘l :O,kg =0

0 ki1=0,ka€Z
0 kieZk =0
0 ki €Z,ks €7
(39)

2) Two-dimensional sifting property:

-y Y

k1:—OO k}z——OO

x(n1,n2) (k1,k2)0(n1—ki,n2—ka) (40)

3) Multidimensional discrete convolution:

z(ni,ng, -, npr) * M * h(ni,ne, -+, ny) A
Z Z Z h(ky, ko, - -
ki=—o00 ka=-c0 kay=—o00
w(nl —ki,ng — ko, -, np — kM)
(41)
4) Double Fourier series signals:
m(Wlt,OJQt) = Z aj,kei(mwlt‘*‘"wﬁ) (42)
4,kEZ
y(wlta W2t) = Z bj7k6i(mw1t+"w2t) (43)
7,kEZ

5) Fourier coeﬁ‘icients in 2D:

Coun = 72 / F(p,q) e3P dp g (44)

Proof 1:

o 1 ™ ™
Con = —/ / x(w1t, wat)
mn 47‘1’2 I
y(wit, wat) e~ d(mwittnwat) g, 4 duot
J(pwit4quat)
L 5w
47r / rpacE

E b ej(rw1t+sw2t

r,SEZ

1
- ZE Y S

[

BT S b llm =) =10 =)=

e d(mwittnwat) g, 4 dopot

(m—p—r)wit+(n—g—s)wat) dwit dwot

*ZZ%ZZ% —p) -9 -3

(40)
Zzap»q m—p,n—q
Con @) ww b (45)
APPENDIX B
EGAM TOOLBOX

A toolbox is  developed for MATLAB to

perform the EGAM simulations for power

converters and is shared as a GitHub project

(https://github.com/KartikeyaVeeramraju/EGAMToolbox).
The toolbox includes functions for applying the 2D
convolution algorithm for ODE solvers.
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