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A New Approach to Signal Registration with the
Emphasis on Variable Time Delay Estimation

MOHAMAD NAMAZI, MEMBER,

Abstract—Signal registration is concerned with the problem of esti-
mating a varying displacement between two random processes. We ap-
proach signal registration here as a recursive demodulation problem
in which the recursion is between signal estimations and displacement
estimation. Special attention is given to the problem of estimating a
variable time. delay. Thus, we present new algorithms for estimating
D(¢) from received processes:

n(e) = s(6) + m(2)
rft) = s(t — D(£)) + ny(t)

where s( -) is signal and »n, (
are presented and discussed.

+) and n, () are noise. Simulation results

I. INTRODUCTION

HIS paper presents a novel technique for signal reg-
istration. Signal registration can be defined as the
problem of estimating a varying displacement between
two random processes. This problem has great impor-
tance in many applications, perhaps the most familiar of
which lies in the field of passive sonar. Here, the bearing
of the source signal is related to the time delay (displace-
ment) between two random waveforms [1]. Another ap-
plication lies in image coding where registration is called
““motion estimation.”” By determining the relative dis-
placement (motion) between the intensities of consecutive
image frames, one can encode the image more efficiently
[2]. Additional applications exist in geophysics, biomed-
-ical engineering, econometric, and the demodulation of
nonlinearly modulated waveforms [3].

The approach taken in this paper is to frame the prob-
lem of signal registration as an extension of nonlinear
modulation theory as described, for example, in the text-
book by Van Trees [4].

Modulation theory is concerned with the problem of es-
timating (demodulating) a random process D(t) from a
received waveform

r(r) = s(t, D(1)) + n(r) (1)

where n(t) is (typically) a sample function from a white
Gaussian noise process with spectral density No/2 and
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s(t, D(t)) is the modulated waveform. In modulation
theory, the function s(#) is usually known. In contrast to
the demodulation problem, the registration problem is
concerned with estimating a random process D (¢) from
two received waveforms r((#) and r,(¢), where s(¢) is a
sample function from a random process and where

n(t) = s(t) + ny(2) (22)
rt) = s(t — D(1)) + ny(1). (2b)
The similarity of (1) and (2) is exploited in the next sec-

tion, where the basic structure of a new algorithm for es-

timating D (7) is described.

TI. A New RECURSIVE ESTIMATOR

Motivation for the algorithm that will be developed in
this section can be obtained by first considering a simpler
problem in which

ni(t) = 0. (3)
Applipation of (3) in (2a) yields
r(t) = s(1). (4)

Under the assumptions (3) and (4), receiver one receives
a replica of the source signal s(¢). In this event, (2b) can
be interpreted as mapping from D(z) to r,(¢), which is,
except for n,(1), a deterministic mapping. Thus, the as-
sumption n;(¢) = 0 reduces the registration problem (2)
to the demodulation problem (1) from which D(¢) can be
recovered by synchronous demodulation.

In the registration problem, r,(¢) is actually not zero.
A logical procedure for estimating D (¢) is to find an es-
timate §(¢) of s¢z) from (2a) and to then use §(¢) in (2b)
in order to find an estimate D (1) of D(1). Extending this
idea, we can then assume that D(¢) equals D(¢) in (2b)
and estimate s (¢) from the same equation. This procedure
can be continued recursively as described below to obtain
additional and hopefully improved estimates of D(¢) and
s(t). To elaborate, let us assume that the estimate of s (¢)
from (2a) is s(l)(t) Then, from (2b), we get

ro(t) = §0(r — D(2)) + ny(2) + EP(2)
where
EP(t) =s(t — D(2)) — §V(r — D(1)).  (6)

Obviously, E{"(¢) results from the error developed in the
first estimate of s (). Now assuming that E{"(z) is small,

(5)
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we obtain the first estimate of D(t), l?m(t), from (5).
We proceed by assuming that D(#) = D™ (r) and obtain
a second estimate of s(¢) from (2b) as follows:

r(t + DV(1)) = s(t — D(z) + DV(1))
+ ny(t + DP(2)) = ()
a's'(r)

- BP0 27+ a0 (1)
where
E (1) = D(1) = DO(1) (8)
and
n$ (1) = ny(t + DV (2)). (9)
Hence, from (7), it follows that
r(t + DV(1)) = s(2) + n (). (10)

From (10) we obtain the second estimate of s (), denoted
by §?(¢). Then,

r(t) = §P(t — D(2)) + my() + EP(2) (11)
where
E@(t) = s(t — D(1)) = $P(t — D(1)). (12)

D@ (1) is obtained from (11) assuming that E&(z) = 0.
Continuation of this process results in a recursive scheme
in which we generate the sequence of estimates {5 (¢),
DB(2), §9 (1), - - - }. A simplified version of the process
is depicted by Fig. 1 in which r(¢#) and r,(¢) are assumed
to be prerecorded over some finite time interval 7 = [T},
T;].

Thus far, we have not specified the estimation criterion.
The maximum a posteriori (MAP) probability criterion,
maximum likelihood (ML) criterion, and minimum mean
square error (MMSE) criterion are considered in subse-
quent sections.

III. EsTIMATION BASED ON MAP CRITERION

In this section, we apply the MAP criterion to the it-
erative scheme introduced in the preceding section.

To help us in finding the estimates of s(¢) and D (1),
let us consider the following equation:

r(t) = s(t,a(t)) +n(t) T, <t=T; (13)

where n(t) is a sample function from a zero-mean white
Gaussian process and a(t) is a sample functiont from a
zero-mean Gaussian process. Also assume that s(z) is a
known voltage function and s(z, a(t)) is differentiable
with respect to a(r).

The MAP estimate of a(¢) is obtained by solving the
integral equation [4]

2

1) = | Kale, 0 2 0)

[r(z) = s(z, 4(2))] dz
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. (1
r(y close at _ , 5T
__initial time Signal
[ Estimator
i )
|
|
aph
i D(J)(l)
! Delay .
! Estimator s
I .
ra(t)
-~
close when | (i)
§(1)(t) is Signal ®
available Estimator i>2

Fig. 1. Structure of the recursive estimation scheme (r, (¢) and 7, (z) are
prerecorded over [ T;, T, ]).

where K ,(¢, z) is the covariance function of a(r), and
Ny /2 is the two-sided spectral density of n(z).

Equation (14) can be readily related to our problem by
proper choice of functions. Substitution of s(¢, a(t)) =
a(t), r(r) = r(1), a(r) = s(1), K, (1, z) = K (1, 2),
and Ny = Ny, in (14) results in the estimate of s(t) as
follows:

50 = 2 | Kle ) [n(2) - 5(2)

Noy J

I=r=1;

(15)
where K, (¢, z) is the covariance function of s(z), and
No,/2 is the power spectral density of n;(¢). Accord-
ingly, s(t, a(2)) = s(t — a(tr)), r(t) = ryt), a(t) =
D(t), K,(t,z) = Kp(t, 2), and Np = Ng, in (14) leads
to the delay equation ‘

. Ts as(z — D
D(1) = Nio2 ST,, Kp(t, z) - (Zali(z)(Z))

[r2) =s(z—D@)]d T =t=<T;
(16)

where Kp(t, z) is the covariance function of D(t), and
Ny, /2 is the power spectral density of n,(z). Equation
(16) can be written in a form which is more suitable for
simulation. Using chain rule, we have

0s(z = D(z)) _ 3s(z — D(2))

aD(z) 3(z — D(z)) (a7
Application of (17) in (16) yields
2 (" as(z - D(2)
B =~ |, o9 2(z = D)
. [rz(z) - s(z — ﬁ(z))] dz T,<t=T,
‘ (18)

As stated in the previous section, the estimate § (1) can
be obtained using the waveform received at the first re-
ceiver (15), and the delay estimate D(¢) can be obtained

Authorized licensed use limited to: Missouri University of Science and Technology. Downloaded on March 30,2023 at 13:58:34 UTC from IEEE Xplore. Restrictions apply.
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using the signal received at the second recelver assuming
that s(7) = §V(z) (18).

Therefore,
2 (" .
s9() = 2 | K@) 0@ - 0@ & (19)
Noi s .
and '
A 5 Srf aA(l)(Z — DA“)(z))
(1) - .= K,
iy Noz I p(t: 2) 3(z — DP(2))
“[ra(z) = §V(z = DPV(z))] dz. (20)
From (10) and (15) we get
_ 2 (¥ .
a2 = = )
§9(1) Nos ST, K(1, 2) [rz(z + D"(z))
-§P(2)]dze Ti=t=Ty (21)

where, for simplicity, we have assumed that n“) (t) and
n,(t) have the same statlstlcs Continuation of this pro-
cess with the assumption n2 (t), i =2,3, -, and
n,(t) are statistically equivalent results in. the sequence
{(sM (), DY(1), - - - }. The algorithm is shown in Fig.
2 where it is referred to as Algorithm 1. It should be noted
that the first receiver only serves as an initializer from
which the loop starts. Therefore, it is logical to keep the
less contaminated receiver inside the loop and initialize
the algorithm by the ‘‘noisier’” receiver. This approach
worked best for the simulation experiments we attempted.

IV. SiMULATION EXPERIMENT USING ALGORITHM 1

This section describes the results of two sets of exper-
iments involving Algorithm 1. Experiment 1 is in the cat-
egory of linear signaling (linear modulation), and Exper-
iment 2, more suitable for a known source signal, treats
the case for which D () is assumed to be a sample func-
tion from a white Gaussian process. All experiments de-
scribed in this paper were performed by digital simula-
tion. Thus, ¢ = ih, where /i is the sampling interval and i
=1,2,3,

Experiment 1: In this experiment, the source signal and
the delay waveform are both assumed to be sample func-
tions from ramp processes with slopes a and b, respec-
tively, where ¢ and b are zero mean, Gaussian random
variables with variances o2 and o2, respectively. The re-
ceiver equations are

r(t) = at + ny(¢) (22a)

ra(2) = a(l — b) t + ny(r)

wheret =ih,i =1, 2,3, - . Application of (22) in
Algorithm 1 results in the Algorithm 1A shown by Fig.
3. Figs. 4 and 5 illustrate typical simulation results
wherein the random variable g has variance of 2 (v/ s)?,
and b has variance of 2; n(ih) and n,(ih) are indepen-
dent white Gaussian noise sequences with variances
Ny /2h = 100 v? and Ny, /2h = 0.1 v?, respectively.

(22b)
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Ty
L (t):-Nz—1 f Kg (t,2) [r1 (2) .5 (2)] dz
T
v
j=t
v
3§(1) (z- D(l) N o) 20D
t)= , "
() f o2 8 (z-b ) (z))[z(z) s (z-D 7 (2))]dz
Ty

a0 2 AN

(t)y= n—o? Kg(t,z) [ry(z+D (2)) - (z)]dz

T

Fig. 2. Algorithm 1.

This corresponds to band-limited white noise sampled at
Nyquist rate. The sampling time 4 is 0.005 s. Integration
times T are 0.75 s and 0.25 s, respectively, in Figs. 4 and
5. Note that for each of these simulations, the estimation
error tends to decrease with increasing iterations. As
would be expected, steady-state error is smaller and is
reached more quickly for 1arger T. In Fig. 6, nl(zh) and
n,(ih) have Ny; /2h = 0.1 v* and N02/2h = 10 v?, re-
spectively. The integration time 7 is 0.4 s and a and b
have variances of 2 (v / s)? and 2, respectively. This sim-
ulation illustrates the discussion of the previous section.
The estimation error is seen to increase rapidly following
the first estimate due to the relatively large amount of
noise in the feedback loop.

Experiment 2: In this experiment, D (¢) is modeled as
a sample function from a white Gaussian process. Thus,

Kp(t,2) = Q,/28(t — z),

where Q,/2 is spectral density of D(r). We restrict our
attention in this experiment to the case in which s(7) is
known, Using the covariance function (23), (18) simpli-
fies to

(23)

0, ds(t — D(t))
" Noa a(t — D(1)

[rae) = s(e -

D(1) =

)
-D(1)] Ti=t=T,

(24)
or equivalently,
. 0, (1 'AJ) .
D. = — ) — s(t; — D,
' = "Nos Gy — B () 7 = D)
(25)
where
5 A A .
D; = D(t)) (26)

Authorized licensed use limited to: Missouri University of Science and Technology. Downloaded on March 30,2023 at 13:58:34 UTC from IEEE Xplore. Restrictions apply.
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Ty
INm) ury (u)du
T, ji=1
ah- 2 I 3
1+ (20,213Ny ) (13-T.9)
2 . 2 Zi
(-20 21N g)a 1) ur, (u)du +20, 213Ny )8 D (1313
Ags . Ti
b(l)= 5
1+(20 213N 08 O (1313
1
T
» ! A Gi-1)
(20,2/Ngp) ury{u+b  u) du
. T, j=i+t
50 =
1+(20,2/3Ng) (T(3-T%)
Fig. 3. Algorithm 1A.
2.0 o
10, 50 o oo 3
AAA-D
1.5+
(o]
a
A / b
o)
1-0 ~7 J g A= ~J A4 J N \"4
A . A O A / i aN . D A A A A A
0.5
S
0.0 T T T 1
1.0 5.0 10.0 15.0 20.0
Simulation Step
—0.5-
[o]
—1.0J5
Fig. 4. Estimates of the slopes of s(#) and D(r) (a‘” and b9, respec-
tlvely) using Algorlthm 1A with Ny, /2h = 100 2%, Ny /2h = 0.1 27,
2=2(v/s)? 03 =2,T=0.75s, and h = 0.005 s.
2.07
i) &0 X
avl, b ooo- @
AAA- b
1.5
a
b
1.0 o BN ¢ I v A v S v ~ it v SEE v v A © A © At © AL © S " BN AN * a0
ARAAAAKAAAAAAAAAAA
[o]
O.St
0.0 - T T T 1
1.0 5.0 10.0 15.0 20.0
Simulation Step
—0.5-
—1.0-J
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Fig. 5. Estimates of the slopes of s(¢) and D (¢) (a(’) and 6, respec-

tively) using Algorithm 1A with Ny, /2 =

100 v, Npp/2k = 0.1 07,

o2 =2(v/s), 0}, =2, T=0.25s,and h = 0. 005 s.
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2.07 A .,
AU 600~ a
AAA- B
1.5
a
/ b
1.0 /
£
222828828882 KR & &8 R’ ]
0.5
0.0 T T T
1.0 5.0 10.0 15.0 20.0
Simulation Step
—0.5
—1.0-

Fig. 6. Estimates of the slopes of s(¢) and D(¢) (4" and 5%/, respec-
10 v~

tively) using Algorithm 1A with Ny, /2h = 0.1 v, Ny, /2h =

02=2(v/s), 0% =2, T=0.4s,and h = 0.005 s,

In order to solve (25) for D ;,we define a “‘null function”’

as(t; — y
Ni(y) =y Nooz a((tjj" J’))
[r@) - s -] i=12 K
(27)
The roots of the equation
Ni(y)=0 j=1,2--,k (28)
are the MAP estimates D nd=1,2, , k. It should be

noted that N;(y) can have more than one root for each j
=1,2, , k, [5].

A simple procedure for solving (28) is to increment y
in N; (y) by integer multiples of A beginning with y =
-« 1ncreas1ng toward +co. The estimate D (¢ ;) is taken to
be the first value of y causing N; ( y) to change sign. This
process is shown by the flowchart in Fig. 7. The above
approach was applied to the sinusoidal source and delay
waveforms shown by Figs. 8 and 9. The search range 2«
was chosen as 1.001 s and the noise variance Ny, /2h =
0.01 »2. This experiment was examined over 1.575 s with
h = 0.0007 s and delay variance Q,/2h = 0.04 s>. The
delay estimation error, e(t) = D(r) — D(7), is shown by
Fig. 10. Note that the null function (27) will be indepen-
dent of the data if the source signal has zero derivative.
This fact justifies the anomalies seen by Fig. 10 over the
slow varying region of s(t).

Simulation experiments have shown that (24) can also
be applied for nonwhite and non-Gaussian delay wave-
forms. For example, using a random step delay signal and
the known sinusoidal source signal shown by Fig. 8(a),
we obtain results shown by Fig. 11. As explained before,

Authorized licensed use limited to: Missouri University of Science and Technology. Downloaded on March 30,2023 at 13:58:34 UTC from IEEE Xplore. Restrictions apply.

Fig. 7. Flowchart of algorithm used to solve (27).

the estimator exhibits some anomalies over the region for
which s(¢) is slowly varying. The ‘‘clean ramp’’ portion
of D(t) results from the numerical procedure for solving
(28) with near zero signal derivative.

V. ESTIMATION BASED ON THE ML CRITERION

This section describes an adaptive estimator based on
the ML criterion.

Here we consider s(¢) and a(¢) in (13) to be sample
functions from zero-mean processes with covariance
functions k,(t, u) and kp(t, u), respectively, but whose
statistics are otherwise unknown. We represent a(t) as
Fourier series expansion
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+ S
2 2.1 (sec)
0 1 L 1 1 1 4 i 1 L
| 525 T I I I T 1 I BN
-2t Time (1)
S(t—D(t))(v)
. . i A
2 " ‘ 2.1 (sec)
o H b !IlluLlhdd m i L} N g 1 i
"w2s RO L [
—24 L oL
Time (t)

Fig. 8. (a) Assumed known source signal witha = 3 v and w = 2 rad/s.
(b) Delayed version of the source signal shown in (a) with ‘‘white’’ delay

shown in Fig. 9.

D(t) (sec)

2.1 (sec)

Time(T)

Fig. 9. (a) A sampled function of a computer generated ‘‘white’’ sequence
with Q,/2h = 0.04 s?. (b) Estimate of normalized autocorrelation func-
tion of the process shown in (a).

k
@ (1) = igl a;y; (1) (29)
where k£ = oo, .

We choose the ¥; (¢) to be the normalized eigenfunc-
tion solutions of

Ty
w0 = | K w@de  (0)

and pu; is the corresponding eigenvalues. The coefficients
are

(31)

Then s (¢, a(t)) is equivalent to s (¢, @) in which @ = (ay,
T
Az, " LA

a; = STfa(t) ¥, (1) dt.

i

For additive white Gaussian noise as in (13), the max-
imum likelihood estimate of a is the vector A = (A, A,,
<, Ag) T maximizing the log likelihood function [4]

2 (7
In A[r (), A] = — S r(t)s(t, A) dt
NO T;

1 s

2
—— t, A) dt. 32
N, ST,S( ) (32)

(o)

| Application of steepest ascent algorithm to (32) yields

& 0

Ai(n) = A}(n - 1)"‘ 2 aA

In A[[r(t)’ A] lzi,-(n—l)

(33)

fori = 1,2, *+ -, K, in which the parameter ¢; is chosen
to influence the rate of convergence. The substitution of

Authorized licensed use limited to: Missouri University of Science and Technology. Downloaded on March 30,2023 at 13:58:34 UTC from IEEE Xplore. Restrictions apply.
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e(t) (v)

8 Ambiguities Due to
Small Variation in S

0. Nl R ljtnlrl i ‘ "
S H”ml | Time (t)

-.8

2.1 (sec)

Fig. 10. Estimation error of the delay process shown by Fig. 9(a) using

(27) with Nop /2 = 0.01 2.

A - e
D(t) (sec) Amblgume§ Due To
8l Small Variationin S

| Time (1) 2.1 (sec) |
TD(t) {sec)
A}
0 - | ] | )
525 Time (1) 2.1 {sec)

Fig. 11. Non-‘‘white’’ delay estimation using (27) with Ny, /2h = 0.01
v? and Q,/2h = 0.04 s%. (a) Delay estimate, (b) actual delay.

(32) and (33) yields

No Jn
[r(2) = s(z, A(n — 1))]
ds(z, A)
. __E)Ai . dz,

or equivalently,

€;

Ty
NO ST,-

[r2) = s(z A(n = 1))]
. 3s(z, ag(2))
day (z)

A(n) = A;(n = 1) +

Yi(z) dz

dx(z,n—1)

in which

dg(t, n) = ‘Z fi,-(n) ¥i (1)

i=1
Further combination of (35) and (36) with

€ = €Uy

(34)

(35)

(36)

- (37)

yields

Ty
ax(t,n) = dg(t,n — 1) + — S
No Jn

“[r(z) = s(z, a(z, n — 1))]

' 0s(z, ax (2))
aaK(Z)

ag(z,n—1)
K
) i§1 i (1) ¥il(z) dz.
By taking the limit K — oo with
K
a(t, n) = Lim 22 A;(n) ¢; (2)
K—ow i=1
and invoking Mercer’s theorem [4] we have
K
K,(1,2) = lim Z} it (1) i)
. K=o 1=

Then, (38) becomes, finally,
€

a,(t) = a,_,(¢t) +

7s 3s(z. a(z))
S o A

[r(2) = s(z, 8a-1(2))] dz.
For delay estimation (41) becomes

D(t) = Dy (1) — -

NOZ
) i 3z~ D, 1(2)
ST; Kot 2) 3(z — D,_1(2))

. ["z(z) - s(z - D,_, (Z))] dz

and for signal estimation (41) becomes

Ty
a o €
1) =38,..(0) + -\ K(
() = Soa() + 2 | K000

[rlz) = $,-1(2)] dz.

1655

(38)

(39)

(40)

(41)

(42)

(43)

F‘ollowing the same procedure that led to Algorithm 1, we
obtain an alternative algorithm called Algorithm 2 (Fig.

12).

Notice that the above estimates §,(¢) and D,,(¢) are not
ML estimates in the conventional sense because they as-
sume knowledge of the signal and delay covariance func-
tions K (¢, z) and Kp (¢, 7), respectively. However, they
make no additional assumptions regarding the statistics of
s(t) and D(t). Since they use the ML estimates of Kar-
hunen-Logve expansion coefficients, (42) and (43) are
based on the ML criterion. The exact theoretical solution
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Fig. 12. Algorithm 2.

to the problem of ML estimation of time-varying delay
appears in [9].

As seen from Algorithm 2, Fig. 12, (43) requires an
initial estimate §,(¢), for the whole interval 7 € [T;, T(].
We take §,(t) = Ote [T,, T,] because s () is zero mean.
The resulting estimate § M (1) (after a sufficient iteration
in n) is used in the second equation to find the delay es-
timate. Equation (42) also requires the initial values

59 35 (t — DY’ (1))
N 8 - DY (1)
and §(r — DG’ (1))

=1, 2, - . The most reasonable choice for ﬁ(oj)(t)
is zero, since in this manner we have
05 P(t = D3 (1) _ 25(1) (44)
a(r — DY’ (1)) ot
and
§P(r — DG (1)) = s9(z) (45)

where §/7(¢) is available from the previous step of the
algorithm, and 85/’ (¢) /3¢ can be evaluated using the def-
inition of the derivative or four-point difference algorithm
[8]. The whole process is illustrated by the flowchart
shown by Fig. 13.

Finally, for the cases for which D(¢) is a sample func-
tion from a stationary random process, (42) can be ap-
proximated as follows:

D, (1) = D,_(2) _N—oz
' t+lmp _ ds ( Df* —I(Z))
Sr‘lm fole=2) 3(z = Dp-1(2))
ra(2) = s(z = Doy (2))] dz (46)
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Fig. 13. Flowchart of Algorithm 2.

where 7p is the correlation time of D(¢) and / is an ap-
propriate positive integer depending on the correlation
coeflicient of D(t). Notice that this case results in a sig-
nificant reduction in computational time of the algorithm.

VI. SIMULATION EXPERIMENT USING ALGORITHM 2

We describe two sets of simulation experiments using
the recursive Algorithm 2. The source signal in all exper-
iments is modeled as a sample function from a sinusoidal
process with random amplitude a:

s(t) = a sin wt (47)
where w is assumed to be 10 rad /s and the random vari-
able @ has a variance 49 2. A sample function of s()
used in the following experiments is shown by Fig. 14.
The samples of the delay waveform in Experiment 3 are
modeled as Markov-1 sequence and Experiment 4 inves-
tigates the case for which D(¢) is linearly varying. In all
cases, the derivatives d§/dt appearing in Algorithm 2
were computed numerically using the four-point differ-
ence algorithm [8].

Experiment 3: In this experiment, samples of D(¢) are
modeled as a discrete stationary Markov-1 random se-
quence:

D(1) = ¢W(1)
D(n) = pD(n — 1) + W(n) (48)
where p is correlation coefficient of the sequence
1 1
£ = 1 _‘pz; op = <1 — p2> ol (49)
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Fig. 14. A sample function of the source signal witha = Sv and w = 10 rad/s.
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Fig. 15. (a) A sample function from the Markov-1 sequence generated by

(48) with p = 0.85 and 6% = 0.001 s*.

(b) Estimate of normalized au-

tocorrelation function of the process shown in (a).

and { W, } is a white sequence with variance o},. A sample
function from this process along with its estlmated co-
variance function is shown by Fig. 15.

Simulation results showed that for signal estimation it
suffices to iterate each point 20 times (n = 20), and for
delay estimation it is required to iterate 50 times (m =
50).

When the power spectrum of #;(¢) and n,(t) are low
enough, only one iteration in J may be sufficient. This
case was examined for Ny, /2h = Ny, /2h = 0.001 v?,
a=5v,€6=6x10"% ande, = 6 x 107*. The delay
estimation error is shown by Fig. 16(a). Fig. 16(b) illus-
trates the final delay estimation error for noisier situation.
In this case, No,/2h = 10° v?, Ny, /2h = 0.1 v*, a =
2v,¢ =6, e, =6 X 1072, ande3 6 X 107°. The
algorithm converges after three iterations 1n J. In both ex-
petiments, p = 0.85, 2 = 0.0031 s, and O'D 0.001 §?

Experiment 4: In this experiment, the delay Waveform
is a sample function from a ramp process with random

~ slope b

D(r) = (50)

Fig. 17 illustrates §%)(t) and DY (1) fora = 5 v, o2 =

49 v?, b~015 0% =0.05, Npi /2h = 100 v%, Ny, /2h
0010 00031561—6X106,62 6 X
106 ande3 3 x 1078,

VII. EsTIMATION Basep oN MMSE CRITERION

As a final algorithm, we present an adaptive estimator
that searches for the values of a(¢) in

r(t) = s(t, a(t)) (51)
such that E { €*(z) } is minimum, where
e(r) 2 s(z, a(r)) - s(z, a(2)) (52)

and s(¢t) is a'ssumed to be known and differentiable with

-respect to a(t). The preliminary steps of derivations are

parallel to Etter and Stearns [7] who developed a similar
technique suitable for sampled data systems. ~
Using the conventional search method, we can write

G,(t) = @,-1(t) — -g-;,—;—"’m [E{e*(n)}]. (53)
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(J)(t) j_1 >2 Actual S0 Note that (55) is equivalent to (41) by assuming that
2 /
0
K.(t,z) = =° 6(z - z)
6
Time (t) (sec) O
n(t) =0
(1) Actual D(t)
€ = (56)
by O-1 QO

0.6

Time (t) (sec)
Fig. 17. Estimation of sinusoidal s (¢) and ramp D () using Algorithm 2

with Ny, /2h = 100 0%, Ngp /2h = 0.01 ¥, a =50, 02 =49 v, b =
0.15,62=0.05, 7 = 0.0031s, e, =6 X 107°% ¢, =6 X 107%, and ¢;
=3 X 107% (a) Actual s(1) and its estimates. (b) Actual D(z) and its
estimates.

We can approximate 9/9d,_,(¢) [E{e*(t)}] by as-
suming that E {e*(t) } can be approximated by individual
values of e*(¢) [7].

Therefore,

4,(1) = a,_ (1) — 5 n_l(t) e*(1). (54)
Application of (52) in (54) yields
i i ds(t, a,_ (1))
an(1) = G, 4(t) + MW
< [s(e, a()) — s(t, a,-1(0))].  (55)

In other words, assumptions (56) reduce the estimation
based on ML criterion to the estimation based on MMSE
criterion. It follows that for moderate noise environment

(ny(t) = 0)

A~

. . 0s(t; — Dy )
Dm,j = Up-1,; ~ KD
a(tj - Dm—l,j)
: [’”z(fj) - s(t Dm—l,j)] (57)
where D, (t) D,, ;. Equation (57) is initialized with

DO o=0, and then every point estlmate be used to initiate
the next point. That is, D, = D, .j—1 where D, j—11sthe
final estimate of D (¢ _;). This is depicted by the flow-
chart shown by Fig. 18. The validity of this approach is
illustrated by the following experiment.

Experiment 5: This experiment deals with a case for
which D(t), shown by Fig. 19(a), is a sample function
from a Markov-1 process and the source signal is a known
sinusoidal function with amplitude 5 ¢ and radian fre-
quency 5. Fig. 20 illustrates estimation error, ¢, (¢) =
D(t) = D(1), for p = 0.95, o3 = 0.0026 5>, h = 0.0063
s, Noy/2h = 10> v?, and up = (32) - 107°.
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Fig. 18. Flowchart of algorithm used to solve (57).
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Fig. 19. (a) A sample function from the Markov-1 sequence generated by
(48) with p = 0.95 and ¢ = 0.0026 s*. (b) Estimate of normalized
autocorrelation function of the process shown in (a).
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Fig. 20. Estimation error of the delay process shown in Fig. 19(a) using
(57) with N, /2h = 0.01 2%, h = 0.0063s,a = 5v, w = 5rad/s, and
po = (32) (107%).
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VIII. SUMMARY AND CONCLUSION

This paper has presented a new estimation algorithm for
signal registration. The new algorithm was obtained by
viewing the problem of signal registration as a demodu-
lation problem.

We have developed a general recursive scheme from
which a sequence of estimates {§(1)(I), DP(n), f(z)(t),
-+ -} is generated, where §")(¢) is obtained using the
noisier channel, and the rest of the estimates are condi-
tionally obtained using the less contaminated received
waveform. We have applied three criteria to our general
scheme; namely, MAP, ML, and MMSE. Application of
the MAP criterion resulted in Algorithm 1 whose validity
was demonstrated by Experiments 1 and 2. Experiment 2
showed how the estimation scheme can be analytically de-
signed for white delay (Kp(t, z) = Q,/2 6(¢ — z)) and
be used for nonwhite delay estimation. This is useful for
the situations for which s(¢) is known and Kj (¢, z) is not
known. Application of ML criterion along with a steepest
ascent algorithm to our algorithm resulted in Algorithm
2. Although the integral equations (14) and (41) of the
MAP and ML case were the same, the estimator based on
ML criteria was found to be preferable due to the fact that
its integral equations could be recursively solved with high
degree of convergence.

Finally, we obtain an estimator based on MMSE crite-
rion and showed that it can be viewed as a special case of
the ML estimator. The performance of this estimator was
also examined by simulation experiment. Various simu-
lations performed in this work demonstrated the ability of
the proposed algorithms in dealing with variable delay in
conjunction with a nonstationary source signal. However,
more theoretical work is required to understand various
aspects of the method including optimization, conver-
gence, and performance.
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