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Abstract

This paper provides new insights into the formation of
one-dimensional  (line-scan) image autocorrelation
Sfunctions. We model a line scan as a composition of
individual object-images that have random positions,
widths and intensities and that occlude one another. We
derive the autocorrelation function of this model as a
function of object-image width and intensity distributions.
We show that any assumption regarding the form of the
autocorrelation function places a constraint on object-
image width and intensity distributions and we derive the
object-image width distribution associated with the
widely used symmetric-exponential autocovariance
model.

1: Introduction

The function exp{—a | z3—z; | } and its extensions

to two dimensions oZexp —a\/ (rz—x1)2+(y2-—y1)2}

and o’exp{—a | z3—z; | — Bly, — |} have been used
for decades to model one and two-dimensional
autocovariance functions of images [1}-[8]. These models
have led to the introduction of image models that agree
with the exponential form. The image models break into
two classes: first-order autoregressive models [6]-[7] and
models consisting of piecewise constant patches of image
intensity ([8]-[9]. Schreiber [8] gave the following
explanation for the approximate exponential form:
Consider a one-dimensional image consisting of a number
of patches having various uniform intensities and widths.
The autocorrelation function of one patch is a triangle
having height I’w and base 2w where I is the patch's
intensity and w is its width. The autocorrelation function
of the one-dimensional image is the sum of a large
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number of such triangles having various heights and
widths. This sum can be approximated by an exponential.
In this paper we represent a one-dimensional image (a
line scan) as a composition of stochastic object images
created by the image formation process; hence the object
images occlude portions of both background and other
object images. We derive the autocovariance function of
this image model as a function of object-image width and
intensity distributions. Since the image model captures
the phenomenon of occlusion, it provides new insights
into the covariance structure of images. Extension of the
analysis of this paper to two dimensions is possible.
However, extension of the results to two dimensions using
assumptions of autocovariance separability or isotropy is
approximate and should be done only with great care.
We begin by defining a scene image, s,(z),
z € [—L, L], composed of a stochastic background image,
b(z), and n randomly placed stochastic object images,
oi(z—p;), i=1,2, - - -, n, where p; is a random one-
dimensional position vector for the i** object image. We
assume that o;(z) has region of support, D; = [—w;/2
,wi/2]. Thus, w; equals the width of object image o;(z)
before it may be occluded by other object images. We
account for occlusion by recursive generation of the scene

image. At the " step of the recursion, i = 1,2, - - -, n,
the scene image is given by
_Joilz-p) ifzeDi+p
sifz) = { si-i(z)  otherwise M
for =12 -.--,n where  sg(z) = b(z) and
z € [-L,L]. Thus, at recursion step z, object image

o;(z—p;), is superimposed on the scene image s;_; () in
such a way such that it occludes s;_;(z) for
T € [p; — wi/2, p; + w;/2). We define our image model
to be s,(x)in the limit L~oco holding n = A2I where A
is a constant. To write (1) more compactly we introduce
the indicator function
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v J1 forze[-w/2 w/2]
Hzw) = {0 otherwise @
and its complement

F(zyw;) = 1— I{z; w;) 3)

Since o;(z—p;) I (z—p;; w;) = oi(z—p;), (1) becomes
4)
-,m; so(x) = b(z); and z € [-L, L].

si(z) = ai(z—p;) + si1(@) I (z—pi; wi)

wherei=1,2, - -
2: Derivation

The derivation of the mean and autocovariance func-
tions of s,(z) in the limit L—eoco with n = A2L is
outlined below.

2.1: Assumptions

The derivation is based on the following assumptions:

1. The object images are random processes of the form
0i(z) = L(z)I(z; wy) 5)

where the “intensity”, I;(z), is a sample function of a
wide-sense stationary process, independent of the object-
image width, w;. Object image o;(z) and its center point
p; of (4) are statistically independent of s;_;(z) fori =1,
2,...

s e

2. The i-tuple w; = (wy,wq, - - -, w;) has probability

density function (pdf)
fu (W) = j_]i!fw(Wj) 6)
fori=1, 2, - -n, where W; = (Wy, Wa, ..., W;)and
fu(W) = pu(W | w < 2L) ™

where | denotes “conditioned on”. p,(W) is a pdf of a
random variable, w € (0, 00).

3. p,=(p,p2 - - -,p;) has conditional probability
density function (pdf)
Foa (B 1 W) = [ foru (B 1 W) ®)
=1
fori=1,2, - - -,nwhere ;= (P, B,..., B)and
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siow for [P | < L+0.5W
0 otherwise

£l | W) = { )

The above assumptions of independent object-image
intensities, widths, and uniformly-random center points
are maximum-entropy assumptions.

2.2: Scene-Image Mean

We denote the mean, E{a(x)}, of a random process
a(z) by n,(z). The following formula for the conditional
mean of s;(z) follows directly from (4) and the
assumptions:

T)s,(-"’ IM’B) = no(x_}ai | W1)

+ 773,_1 (I l m’i“l’Bi—])Ic(x—H; Wl) (10)
where ze [-L, L}, i=1, 2,---,n, Wpand Bare
empty sets, and 7, (z | Wo, By) = n,(z), After we
remove the conditions from 7, (z | Wi, B;) we obtain,

75(z) =m(1 — &) +n,_, (2)§ (11)
where n; = E{I(z)} is constant and
I
£= 0/ T (WA, (12)

ze[-L,Lland i=1,2,- - -, n. The solution to (11) is

N5, (x) = m(1 - 6)271:«5"’1' +np ()"
i=1

= m(1~£€") + n,(z)¢" (13)

The limiting form of n, (z) for Lsoco with n = A2L is
(see Appendix A)

16(z) = g (1—e77) + n,(z)e ™7 (14)

¥V z where

% 8 B{w) = / W, (W)dW (15)
0

In the limit L—oco, the probability of having N object-
image centers in an interval of length £ is Poisson:
P(N) = (AM)Nezp{—M}/N! where X equals the
expected number of object-image centers per unit length
[10]. The pdf of the distance, d, between adjacent object-
image centers is exponential with E{d} = 1/ [10].



The following alternative expression for 7,(z) can be
found from elementary probability theory:

where P,(0) = Pr{B(z)} is the probability of the event
B(z) = {background appears (is not occluded) at z} and
P,(0) =Pr{O(z)} = 1 — B,(0)is the probability of the
event O(z) = {an object-image appears at z}. It follows

from (13) and (16) that

Note that the background process, b(z), is occluded with
probability one in the limit A—oo.

2.3: Scene-Image Autocovariance

We denote the autocovariance function of a process
CL(.‘B) by Ka(th?) = Ra(illl, 12) - na(zl)na(:rZ) where
R,(z1,z2) = E{a(z1)a(zs)} is the autocorrelation func-
tion of a(z). We temporarily assume that ; = 7,(z) = 0
and use a prime on s of (4) to indicate this assumption.
The following formula for the autocovariance (or
autocorrelation) function of sj(z) is obtained directly
from (4) and the assumptions:

Ky(z,zp | Wi, B)
= Ko<rl—Hvx2--Pi l Wz)
+ [Ky_ (21,22 | Wiy, Bi1) X
I*(z1 =P W;) I°(zp~P; Wy)) (19)
We will set z; = z and 2, = = + A. After we remove
the conditions from (19), we obtain, for
z,z+ A € [-L, L]

Ki(zz+A) = Ro(B) + Ka_ (¢, 2+ A)p(A) (200)
fori=1,2,- - -, nand
Ky (z, 7+ A) = Ky(z, 7+ A) (20b)
where
K,(A) = B{K,(z1—p;, 2—p; | wi)}
= Ki(8)[¢(A) - 6(8)] @n

The functions ¢(A) and #(A) appearing in (20a) and

20

(21) are defined by
$(A) = fz,-,+w[1+2 FT(8))fu(W)dW  (22a)
and
8(4) = f L f.(W)aw (22b)
where
1-— fi <1
10={s"" e

The function T(A/W) is analogous to Schreiber's
triangle [8] mentioned in Section 1. The solution to (20)
is
Ky(z,2+8)=K (A)Z¢" ‘(a)
i=1
+ Ky(z, z+ A)p™(A)

= Ky(A)EAED [1_g7(A)] + Ky, 2 + A)¢™(A)

(23)

which becomes, in the limit L —oo with n = A2L (see

Appendix A):
Ky(z,o+ &) = Ky(A) {7555} H{1-emomran }
+ Ky(z.z+ A)e‘m““"(A)] (24)
Y = where
1 1A
Wo)=— [ L-RWaw @
¢
and
w
PW) = [ p(0)do 26)

0

The following alternative expression for Ky (z,z+ A)
can be found from elementary probability theory:

where Py(A) = Pr{B(z)NB{z+ A)} and P,(A) =
Pr{O(z,z + A)} where the event O(z,z+ A) = {parts
of the same object are visible at z and = + A}. It follows
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from (24) and (27) that

The function 1(A) of (25) is given by the shaded area
shown in Figure 1 for A > 0. 4(A) is an even-sym-
metric function of A, monotonically increasing in |Al
with (0} = 0 and (£ c0) = 1.

—_P,(W)
w
v(A)
A o
> T
A w

Figure 1. Interpretation of ¢(A)

B,(A) and P,(A) of (28) and (29) are even symmetric
functions of A, which decrease monotonically with Al to
P,(+ 00) = exp(—2Xw) and P,(+to0)=0. PB(A)
decreases exponentially with A while P,(A) increases
with A. This behavior reflects the increasing object-
image density for increasing A.  The probability P,(A)
plays a prominent roll in determining the autocovariance
function of the scene-image model. Representative plots
of P,(A) are given in Figures 2-5. Figure 2 assumes that
po(W) equals 6(W-W,). Notice in Figure 2 that
P,(A) is approximately triangular when A is small. As A
increases, the probability that the same object image is
visible for large IAl (i.e. IAl near W, in Figure 2)
decreases relative to that for smaller Al due to occlusion.
This relative change in probability causes P,(A) of
Figure 2 to depart from the triangular shape for large A.
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AW =0.25
aw=0.5

Figure 2. P,(A): p,(W) = §(W — W,)
Figure 3 assumes that p,(W)is exponential:

p.(W) = (1/@)exp{-W /w}u(W) where u(W) is the
unit step function.

P,(8)

Figure 3. P,(A): p,(W) = :ezp{-W/G}u(z)

Figures 4 and 5 assume that w is lognormal, that is,
Infw) is normal with E{ln(w)}=u and
VAR{in(w)} = 6. A lognormal distribution is of
interest because it is claimed to describe the size
distributions of various classes of physical objects [11]-
[12]. Notice from Figure 5 that F,(A) can have “tails"
that extend over large A for lognormal w. These tails are



related to significant correlation over large distances, A,
in the autocovariance model of (27).

Py(8)

— AW =025
— AW=0.5

Aw=1
AR =

Figure 4. P,(A): p, (W) lognommal, n = 0,0 = 0.3

P,(A)

Figure 5. P,(A): p, (W) lognormal, p = 0,0 =1

For the general case of nonzero 7y and n,(z), each
sample function s(z,¢) of the random scene-image
process s{(z) is the sum of s'(z,{)and s”(z,{) where
s"(z,{) =m if an object-image exists at z and
s"(z, ¢) = n,(z) otherwise. The autocorrelation function
of s(z) is therefore

Ro(z1, z2) = E{s(z1)s(z2)} =
E{s(xy)s(22)|O(1), O(22) }Pr{O(z1), O(z2)} +

E{s(z1)s(z9)|O(z1), B(z2)}Pr{O(z1), B(z)} +
E{s(z1)s(z2)| B(z1), O(z2) }Pr{B(z1), O(x2)} +

E{s(z)s(z)|B(z1), B(zq)}Pr{B(z1), B(z3)} =

[Ki(zz — 1) + nE]Pr{O(z1), O(z2)} +
mne(z2)Pr{O(z,), B(z2)} +

n(z1)mPr{B(z1), O(z2)} +

Ry(z1, z2)Pr{B(z1), B(z2)} (30)

The probabilities in (30) can be evaluated from previous
results (see Appendix B). Evaluation of these proba-
bilities yields:

Ri(z,z+ A) = Ki(z,2 + A) + n,(z)n.(z + A) (31)
where n,(z) is given by (16) and

Ky(z,z+ A) = Ki(A)P,(A)+ Ky(z,z + A)P,(A)
+ [y — (@) — mp(z + AB(A) — B(0)*] (32)

In the limit XA-oo, the scene-image is composed
exclusively of self-occluding object-images and the last
two terms of (32) vanish. This yields

If we assume further that I{x) is a random constant
independent from one object image to the next, then (33a)
reduces to

i

where K (0) = VAR{I}. The assumption that I(z) is a
random constant is analogous to that of Franks [9] and
Schreiber (8].

3: Exponential Autocovariance

It is interesting to consider the implications of the
symmetric-exponential autocovariance model ,(A) =
K (O)exp{—a | A |} on the object-image width pdf
Po(W). If we equate (33b) to a symmetric-exponential,

we obtain
1 —¢(A) } — o—ala]
{1+¢<A) =e G4

which, by (25), impli¢s that
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4e—2W/E
Py(W) = 1—m5)§ wW)  (39)
and
—W[T(] _ o—IW[T
p) =¥ D ) )

W(14e~ /B3
where w = 2/a. A plot of p,(W) is shown in Figure 6.
wp, (W)

0.6

0.4

wiw

0.5 1 15 2 2.5 3

Figure 6. p,(W) for symmetric-exponential K (A)

4: Conclusion

We have described an image model that captures the
phenomenon of occlusion. We derived the relation
between object-image width and scene-image autoco-
variance implied by the model. Since images are so
varied, we are reluctant to accept the proposition that
there is a “law of nature" which governs the distribution
of object-image width in an arbitrary image. Yet, if we
accept the image model of this paper, and if we also
accept any autocorrelation model K (A), then we are
implicitly accepting a constraint on object-image width
distribution. Do width distributions exist which typically
lead to more accurate image autocovariance models than
the exponential autocovariance model? This intriguing
question remains unanswered.

Appendix A

We show here the steps leading to (14) and (23). We
start by writing £ of (12) as

e=1(a

0

2
- Ev% + 2L(zr1:+W))fw(W)dW
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=1-5m(2L) + 2Lf s fu(W)AW Al

where m, (2L) is the first moment of f,(W). The last
term of Al is bounded from below by zero. If we drop the
W in the denominator of the integrand we obtain the
upper bound my(2L)/(2L)? where m,(2L) is the second
moment of f,,(W). Therefore,

2ALIn(1 — Fmi (2L)) < Ing?*

< 2)\Lll’l( 2Lm1 (2L) + 7 m2(2L)) A2
We use the inequalities
0 < m(2L) € my(o0) = w, A3
0< m2(2L) < mg(oo) = E{w2}, Ad
and
e—€e? < In(l4¢€)<e A5

for |¢| < 0.5 to bound the left and right-hand sides of A2.

This yields, for sufficiently large L,

-dmi(2L) — 8 < Ing? < —dmy(2L) + & E{v?}
A6

¢PL e~ 35 00 which is the

It follows from A6 that
result used in (14).
Referring next to (22a) and (23) we have

B(8) = [ {2t (1 +

We write the term in the brace of A7 as

A))} Fo(W)dw A7

1- % + %T(%) + 2L(2“I/4:W) (2 - T(%))
which yields
$(A)=1-+tm(2L) + £ B(A,2L0) + ) =5v(A,2L)
A8
where
B, 2L) 8 [CWT(B)f,(W)dW A9

and

¥(A,2L) 8 f 2 (2-T(8)) fuW)aw A0

We find that v(A,2L) < 2my(2L) by setting T to its
minimum value, 0, and dropping the W from the
denominator. By setting T to its maximum value, 1, we



find that ~y(A,2L) > 0. Similarly we find that
0 < B(A,2L) < w. Therefore,

2ALIn(1 — ZREH=AZLY o 1ngPL(A)

< 2ALln(1 _ ImEU-pA2L) | 2(A21) ) All

By combining A1l with previous inequalities, we have,
for sufficiently large L,

A(=2mu(2L) + B(A, 20)) — & (30)* < Ing®(A)

< A(=2mi(2L) + B(A, 2L)) + 2E{u?} A12
It is straightforward but lengthy to show that
B(A,2L) = my(2L) — my (2L)y(4A, 2L) Al3
where

1A
¥(A,2L) = [L-F.law  Al4

and F,(W) is the cdf associated with f (W).
F,(W)—=P,(W) and (4, 2L)—$(A) of (25) as L—oo.
Therefore, as L—oco, ¢"(A)—e “1+¥A] which is a
result appearing in (24).

To evaluate the limit of the factor ﬂg—(’g)él in (23) we
write )
UW _ 1 _ W W
2L+W T 1 L + LRL+W) AlS

so that 8(A) of (22b) becomes

8(A) =1 - tmy(2L) (—QIL—),ﬂ(A, 2L)  Al6
where

(A, 20) & [P AL £, (W)dW A17

It is easy to show that 0 < ¥(A, 2L) < 2E{w?}. It
follows from A8 and A16 that

$A)-8(A) _ mi(2L)—my (2L)$(A2L)+ 7 [1(A,2L)—9(A,21)]

1-4(4A) my (2L)+my (2LY(A2L)— Zv(A2L)
Al8
from which we have
. HA)-6(A) _ 1-p(A)
m SR = e AlS

which is a result used in (24).

Appendix B

To evaluate the probabilities in (30) we first note that

Prf B(z D
Pr{B(z2)| B(x:)} = HEalBal _ BE) _ o)

Bl
From B1, (29) and well-known rules of probability theory
we get:

Pr{o(xQ)‘B(IEl)} =1~ e—r\W(A) B2
Pr{B(z,)|0(z3)} = %;:Wmﬁe"‘:’ B3

Pr{o(Il)i 0(1'2)} =1- 26"’\:’ + e—AD(l+¢(A)) BS

Pr{O(z;), B(z1)} = (1 - e‘W<A))e—m B6
and
Pr{O(z;), B(zp)} = (1 — e &¥(A)) X B7
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