MISSOURI
E Missouri University of Science and Technology

Scholars' Mine

Electrical and Computer Engineering Faculty

Research & Creative Works Electrical and Computer Engineering

01 Dec 1998

An Image Model based on Occluding Object Images and
Maximum Entropy

John A. Stuller
Missouri University of Science and Technology, stuller@mst.edu

Rahul Shah

Follow this and additional works at: https://scholarsmine.mst.edu/ele_comeng_facwork

b Part of the Electrical and Computer Engineering Commons

Recommended Citation

J. A. Stuller and R. Shah, "An Image Model based on Occluding Object Images and Maximum Entropy,'
IEEE Transactions on Image Processing, vol. 7, no. 9, pp. 1300 - 1310, Institute of Electrical and
Electronics Engineers, Dec 1998.

The definitive version is available at https://doi.org/10.1109/83.709662

This Article - Journal is brought to you for free and open access by Scholars' Mine. It has been accepted for
inclusion in Electrical and Computer Engineering Faculty Research & Creative Works by an authorized administrator
of Scholars' Mine. This work is protected by U. S. Copyright Law. Unauthorized use including reproduction for
redistribution requires the permission of the copyright holder. For more information, please contact
scholarsmine@mst.edu.


http://www.mst.edu/
http://www.mst.edu/
https://scholarsmine.mst.edu/
https://scholarsmine.mst.edu/ele_comeng_facwork
https://scholarsmine.mst.edu/ele_comeng_facwork
https://scholarsmine.mst.edu/ele_comeng
https://scholarsmine.mst.edu/ele_comeng_facwork?utm_source=scholarsmine.mst.edu%2Fele_comeng_facwork%2F4742&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/266?utm_source=scholarsmine.mst.edu%2Fele_comeng_facwork%2F4742&utm_medium=PDF&utm_campaign=PDFCoverPages
https://doi.org/10.1109/83.709662
mailto:scholarsmine@mst.edu

1300 IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 7, NO. 9, SEPTEMBER 1998

An Image Model Based on Occluding
Object Images and Maximum Entropy

John A. Stuller and Rahul Shah

Abstract—This paper introduces a statistical image model process. They derived the associated autocorrelation function
based on occlusion and maximum entropy. The statistical model and applied it to image coding, edge detection, enhancement,
combines a fundamental property of image formation, occlusion, 5 texture discrimination. Sera [14] described Boolean image
with both object-image shape and nonuniform object-image in- .
tensity. The model is a composition of individual object-images models l_,ISIng a key forml%'a of Ma’Fhe_ron [0, _[1(_)]' The
that have random positions, shapes, and intensities, and that Boolean image models provided a statistical description of the
occlude both background and one another. We derive the au- union of occluding, randomly placed, object-image domains,
to_correlation and_second-order probability density functions of among other properties. The image model of the present paper
this model and give several examples. extends these previous models by allowing for nonstationary

Index Terms—mage autocorrelation, image model, occlusion. background and nonuniform object-image intensity (“texture”)
as well as random object shape and occlusion of one object
by another.

This paper is organized as follows. Section Il contains nec-
HIS paper introduces a statistical image model that relatgssary mathematical preliminaries: we define a “preliminary
second-order image statistics to the shapes, textures, gfielge model” consisting of background andccluding ob-

occlusion of the object images comprising the image. Effect images placed randomly on the finite plapel, L]? and
phasis is placed on the two-dimensional (2-D) autocorrelatigfe derive the (ensemble average) mean and autocovariance
function (or equivalently, the autocovariance function), of thginctions of this preliminary image model. In Section IlI, we
image, since, as is well known, this function plays a centrgkfine the “final image model” as the limit — oo of the

role in a large number of image processing and coding apphreliminary model, where: = 4AL2. Thus, the final image
cations. It is widely accepted that the autocorrelation functigiiodel is defined on the real plan&2, and has a density,

of many images can be approximated by a double-sidgd of object images per unit area. More preciselyjs the
exponential. The image model introduced here contributggpected number of object image center points per unit area.
theoretical understanding to the conditions under which tgcomparison between the theoretical predictions and experi-
approximately exponential shape does or does not arise. mental mean and autocovariance functions is also presented in

We can group statistical image models into two classes: ction I11. Section IV concludes the development with related
image models that are primarily extensions of classical onesults for image line scans. Certain analytical derivations
dimensional (1-D) time-series models [7], [19], and 2) imaggre relegated to Appendixes A and B. A development of the
models that account for special properties of images or Biariate probability density function (pdf) associated with the
image formation. The model introduced in this paper lies imodel is given in Appendix C.
class 2. Like other models of class 2, it relates image features
to image statistics. One of the earliest examples of a clas
image model was proposed by Franks [4]. Franks modeled
intensity edges along an image line by the discontinuities in aThe preliminary model consists of object images placed
piecewise-uniform 1-D process. He derived the autocorrelatieh random on the finite plang¢-L, L]?. Specifically, the
function of his model and used it to describe the powgreliminary image models,(x), x = (z,y) € [=L, L], is
spectrum of the video line-scan process. A significant exteiefined as a 2-D stochastic process composed of a nonsta-
sion of Franks’ model to two dimensions was proposed lipnary stochastidackground imageb(x), andn randomly
Modestinoet al.[11] who modeled intensity edges in an imag@laced stochastiobject imageso;(x — p;), ¢ = 1,2,---,n.
by the discontinuities in a piecewise-uniform, 2-D random: = (P, py:) is the random position vector for thith object

image. The object images are assumed to have the form
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I. INTRODUCTION

-2
E]TeTHE PRELIMINARY MODEL: n OBJECTIMAGES ON[—L, L]?

1, forx € DO(v;)
0, otherwise

(2)

7
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STULLER AND SHAH: OCCLUDING OBJECT IMAGES 1301

y Since images are created by a perspective transformation
of the three-dimensional (3-D) world onto the image plane,

images of objects in the foreground occlude images of objects
in the background. To account for occlusion, we generate
the image recursively. At théth step of the recursion, =

1’ 2’ een
‘ _ Oi(X—pi), if x € DO; +p;
sifx) = {si_l(x), otherwise ©)
d EO.SW x wheresg(x) = b(x) andx € [-L, L]?. Thus, at recursion step

¢, object image;(x — p;), is superimposed on the_;(x) in
such a way such that it occludes_; (x) for x € DO; + p;.
Equation (6) can be written as

5i(x) = 0i(x — pi) + si—1(X)I°(x — pi; Vi) (7)

where

If(x5vi) = 1= I(x;v3). 8

Fig. 1. A possibleDO(v) and bounding rectangle. The interior of the four Define v, = (vi,vs,---,v;) and b, = (P1; P2, Pi)-

shaded disks iDO(v): v = (r,d), W(v) = H(v) = 2r + d. The following recursion for the conditional mean ef(x),
givenv, = V, andp, = P;, can be obtained directly from
7):

indicates the region of supporRO(v;), of o,(x). The re- %

gion of support is defined by a randosiape vectqrv,; = ns, (X |V, P)) = no(x—P; | V)

(vi1,v42,- -+, u;0), @nd is centered so that the bounding rec— e (x| Vi Py )(x — Py V)

tangle[-W; /2, W, /2] x [-H; /2, H;/2] touches the boundary 9

of DO(v;) on all four sides as illustrated in Fig. 1. As ©)

illustrated in the figure,PO(v;) need not be connected. where 7, (x | Vo,Po) = (%) = p(x), x € [-L, L],
Clearly, the dimensions of the bounding rectangle depend Md i = — 1,2,
: W; = W(v;) and H; = H(v;).

The principle ofmaximum entropy6] enables us to obtain
the autocovariance function and bivariate pdf of this pre- f<L> (P, V)= f(” (B |V, )f<L>( ) (10)
liminary image model while being maximally noncommittal
with respect to assumptions of intensity and positions. Fand integrating over alP;, V,. This yields (see Appendix A)
maximum entropy, object image intensities, shape vectors,
and positions will bemutually independentAlso, p; will be s (%) =nr(1 = &) + s, (x)§ (11)
uniformly distributedover a domain just large enough so thaftor LI i = 1,2,---,n, wheren; = E{I(x)}is

(% — D, in— 2
i:)rlw?i?[iscgnilpr?é; zf;;)(?givgr:)vérfe\?rissm[ L, LY. Thus, the constant an(i is deflned by Al. The solution to (11) is

,n. The conditions in (9) are removed by
multlplymg both sides by

for P € DZH(V) s, () = (1 = &) +m (x)¢". (12)

1 1
f(L) (P|V)= {(()2L+W(V)) (2L+H(V))’ otherwise

pilvi
I

The derivation of image autocovariance can be substantially
(3) shortened if we temporarily assume that = m(x) = 0.
n We use a prime ors of (7) to emphasize this assumption.
whereDI¥(V) = [~L — 0.5H(V), L+0.5H(V)] x [-L — The following recursion for the conditional autocovariance (or

0.5W(V), L +0.5W(V)]. We assume that the shape vectorg, ;o rrelation) function of!(x) is obtained directly from (7):
are identically distributed and have pgdf (V) in the limit

L — oo. For arbitraryL, we define the pdf ok as Ko (x1,%x2 | V,,P)

¥ gy =

FOVY) = po (V| DO(v) C [-L, L) =K,(x1 —P;,x0—P; | V)
pv(V)( = V € ¥(L) @ + ngfl(XbX? | Xi—hBi—l)
a q:(L)p" x I¢ —-P,;; V)OI —P;;V, 13
E V¢ u(L) (x1 M (x2 ) (13)
with K, (x1, V,.Py) = Ko (x1,%2) = Ky(x1,%2),
where ¥(L) = {V : DO(V) C [-L, L]?}. It follows from - GO%TILXE]J L_i 102) - oé);(lj *2) Vo, %2)
(4) that 1,42 ’ ’ ) IRAL)
. Ko(x1 —Pi,xo —P; | V;)

Jim £9(V) = po(V). (5) N _ _

— 00 = [( )I(X1 — P7j7 V7)I(X2 — P7j7 V7) (14)

Authorized licensed use limited to: Missouri University of Science and Technology. Downloaded on March 30,2023 at 13:42:57 UTC from IEEE Xplore. Restrictions apply.
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Fig. 2. Image of Example 1.

where A = x> — x;. We remove the conditions from (13) in  Similarly, the limiting form of the autocovariance, (16), is

a manner similar to (9). The result is (see Appendix B)
Ko (xx+ A) = Ki(A)[H(A) - 9(A)] Ko(xx +A) = mm{%}{l _ ME-Cay
+ K, (x,x+ A)p(A) (15) | —A\A[2-C, (A)]
+ Kp(x,x + A)e™ (20)

for x,x+A € [-L, L]’ andi = 1,2,---,n wherep(A) and ¢ 2 > - -
’ ) ’ N i . € R?, whereC,(A) is the normalized expected value
0(A)are defined by (B1) and (B2). The solution to (15} is of the object-domain spatial correlation function

_ Pp(A) — 6(A) n v a [T . .
K b ) = K (A) EEZ A — g (a) C(AV) 2 /_ VI AV)d @)
+ Kp(x,x + A)g"(A). (1) hat is, with
lIl. THE FINAL IMAGE MODEL: A C(A) =E{c(A; V) = /_OO C(A;V)py(V)dV  (22)

OBJECT IMAGES PER UNIT AREA ON R2

As stated in the Introduction, we define the “final imag¥® nave
model” as the limitL, — oo of the preliminary model, where C.(A) =C(A)/C(0) =C(A)/A. (23)
n = 4\L?. Expressions for the mean, (12), and autocovariance
functions (16), become analytically simpler in this limit. The We can use (17) to findP,(0) = Pr{B(x)} where

work required to obtain the limit is relegated to the appendiceB(x) = {background appears (is not occluded) af,
The limiting form of the meany,, (x), (12), is (see Appendix and P,(0) = Pr{O(x)} = 1 — F(0) where O(x) =
A) {an object-image appears=}. By comparing (17) with
M) =m(l— M) )™ A7) (%) = () F(0) +nr Fo(0) (@4)
T o we obtain
for x € R? where A is the mean object-image area: B
_ P,(0) =M (25)
as [ avipvyav (18) P(0)=1- ¢, (26)
_ _ . Similarly, we can wuse (20) to findP,(A) =
and A(V) is the object domain area when=V Pr{B(x)B(x + A)} and P,(A) = Pr{O(x,x + A)} where
oo B(x)B(x + A) is the event{background appears at both
A(V) = / I(x;V)dx = / dx. (199 x and x + A} and O(x,x + A) is the event
—o0 DO(V) {parts of thesameobject are visible atx and x + A}.

Authorized licensed use limited to: Missouri University of Science and Technology. Downloaded on March 30,2023 at 13:42:57 UTC from IEEE Xplore. Restrictions apply.
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1.0 1 T T T
0.8 1
- Measured Autocovariance
— Theoretical Autocovariance
06 --- Best-fit Exponential E
§ 04 g
02 r 1
0.0 | ol CE PP S—
_02 " t 1 1
0.0 25.0 50.0 75.0 100.0 126.0

A

Fig. 3. Autocovariance functions of Example 1.

Fig. 4. Image of Example 2.

(We use product notation for set intersection, i.e., for any
two sets,X and Y, XY X NnY.) By comparing (20)
with the identity

T T

Theoretical
--= Experimental

Ky (x,x+A) = Kj(A)P,(A)+ K (x,x+ A)P,(A) (27)

we obtain
0.8

—AA[2-C,, (A)]
_ [ G(A)
B 2- én (A)

Notice that P,(A) decreases exponentially with while
P,(A) increases with\. This behavior reflects the increasing
object-image density for increasing Additional probabilities

of interest are readily obtained. For example, the probability
that background appears at a pokt = x + A given that
background appears at a poit = x is -

_ Pe{B(x1)B(x2)} _ P(A)

— Pr{B(x1)}  P(0)
= AAR=C. ()]

P(A)=c¢ (28)

}{1 _ e—AA[2—é71(A)}}' (29)

06

Po(A)

K 4)

0.4

0.2

20 40 60 80
A (pixels)

120

Pr{B(xz) | B(x1)}

_ G_AA[I_C_”(AH' Fig. 5. Autocovariance functions of Example 2.

o AA
(30) We can extend the autocovariance result (20) to nonzero
Similarly nr and n,(x), by writing each sample functior(x, () of
o the processs(x) as a sums(x,{) = s'(x,¢) + s"'(x,¢)
Pr{O(xy) | B(x;)} = 1 — ¢~ ME=Cn(A)] (31) where s”(x,¢) = #; if an object-image exists ak and
1 _ e—M1-Cn(A)] _ s"(x,¢) = m(x) otherwise. This sum leads directly to the
Pr{B(x)) | Ox)} = ——— 53— (32) following expression for the autocorrelation functionsgk):
— €
1—2 —A\A —)u'—i[?—(i,y(A)} RS , — K _ 2 P O O
Pr{O(x1) | O(xa)} = e +6_m (33) (%1,%2) = [K1(x2 — x1) +77] Pr{O(x1)O(x2)}
I—e™ + nrm(x2) Pr{O(x1)B(x2)}
Pr{O(x1)0(x2)} = 1 — 2¢”M 4 ¢ ME=CAT] - (34) + mp(x1)nr Pr{B(x1)O(x2)}
Pr{O(x2)B(x1)} = (1 — 7 M =G (B])emA4, (35) + Ry (x1,x2) Pr{B(x1) B(x2) }. (36)
Equation (34) gives the probability of the eveniVe also have
O(x1)0O(x2) = {an object is visible atc; AND an object is Ry(x,x + A) = K, (x,% + A) + 1, (x)n,(x + A)  (37)

visible atx,} while (29) gives the probability of the event
O(x,x + A) = {parts of thesameobject are visible atx wheren;(x) is given by (24). When we substitute (34), (35),
andx + A}. andP,(A) = Pr{B(x)B(x+A)} of (28) into (36) and equate

Authorized licensed use limited to: Missouri University of Science and Technology. Downloaded on March 30,2023 at 13:42:57 UTC from IEEE Xplore. Restrictions apply.
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Fig. 6. Image of Example 3.

the result to (37) we obtain 1.0 —_— : .
K (x,x+ A) = K;(A)P,(A) + Kiy(x,x+ A)P,(A) 08 | |
e = m )l —m(x+ A)] L hvoreiet Amovovaanee
X [By(A) — Pb(())Q], (38) 06 I 4, ~ =~ Best-fit Exponential 4
We llustrate the preceding result with five examples in g 04 L i
which the experimental images are 5%2512 pixelé with “
8 b/pixel. (Size 390x 512 submatrices of the 512 512 o2 | |
image arrays are shown in Figs. 2, 6, 8, and 11.) We define ’
the spacing between pixels to be unity, 0= 256. In oo | '
the examples we compare the experimental (spatial average) B e
and theoretical (ensemble average) autocovariance functions. N ) 1
“Best-fit exponential” approximations [15] to the experimental 0250 25.0 '50.0 75.0 100.0 125.0
autocovariance functions are also presented for comparison. A
The autocovariance functions have been normalized in the Fig. 7. Autocovariance functions of Example 3.

plots. All 1-D autocovariance function plots are f&x =
(A,0). In examples 1, 2, 3, and 5, the object-image density. _ ) . .
is high, i.e,\A > 1 = P,(0) ~ 0, for which (38) is well With (V) = 8(V — ). Straightforward evaluation of

approximated by (21)—(23) yields

7 _ 2 A A Al?
K. (x,x+A) = K/ (A)P,(A) ~ K,(A){%}. Co(A) = <; cos ™! |27 - % 1= %)I(A;%’)- (40)
(39) . L .
The autocovariance function is given by (39). The expression
Example 1: Each object image is a disk having knowrfor P,(A) of (29) is related to a formula of Matheron [9],
radiusr = 25. Thus, A = 7(25)%. The intensity,/(x), is [10] for Boolean-image disks as described in [14]. The ex-
a constant/, that varies at random in the ranffg 255] from perimental, theoretical and best-fit exponential autocovariance
disk to disk. There are\ = 0.038 disks per unit area, so functions are shown in Fig. 3. The discrepancy between the
AA ~ 75 > 1. A sample image is shown in Fig. 2. theoretical prediction and the experimental result [fA] =~
Since(x) is a random constant, theli;(A) = o? where 2r = 50 is due to the finite size of the sample image. As
o2 is the variance ofl. To obtainC,(A), we setv to the expected, measurements on sample images larger than that of
scalarv = r, S0 DO(v) = {x : |x| < v} and Fig. 2 yield closer agreement between theory and experiment
[17].
Example 2: Each object image is a disk having known
radius » as in Example 1. However, the intensifi{x) is

L1, for|x| <
Ixr) = {0, otherwise

Authorized licensed use limited to: Missouri University of Science and Technology. Downloaded on March 30,2023 at 13:42:57 UTC from IEEE Xplore. Restrictions apply.
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Fig. 8. Image of Example 4.

selected at random from one of the following two ensembles:
1) I(x) = I where! is a random variable as in Example 1,
or 2) I(x) = a+bcos(wz + ¢1) cos(wy + ¢2) wherea, b, and

w = 27 f are known constants ar{g, ¢») is a point selected

at random onf0, 27]?. Disks having intensities selected from
ensemble 1 will be similar to those of Example 1. Disks having
intensities selected from ensemble 2 will have 2-D sinusoidalg
intensities with phases differing at random from disk to disk. *
A sample image is shown in Fig. 4 far=0=128,r = 12.5
and f = 6.25 (four intensity cycles across a disk). A standard
analysis reveals that

--------- Measured Autocovariance
—— Theoretical Autocovariance
-~~~ Best-fit Exponential B

2 2
_op b . A ‘ J
Kr(A)= 4 T 16 cos(wlo) cos(wly). ’0'20.0 25.0 50.0 75.0 100.0 125.0
A
C,(A) is identical to that of Example 1. Again, the auto- Fig. 9. Autocovariance functions of Example 4.

covariance function is given by (39). The experimental and
theoretical autocovariance functions are shown in Fig. 5. .

Example 3: The image ensemble is composed of object 1
images that are disks of random radiji = 6 andr, = 32 0.8+
having probabilitiesP; = 0.91 and P, = 0.09, and densities s
A1 = 0.038 and A, = 0.0038, respectively. Object-image < |
intensity, I(x), is as in Example 1. Fig. 6 shows a sample:fo;\
from this image ensemble.

A

The mean object area i = 0.91 x 76% 4+ 0.09 x 7(32)* ~ *2 7 .’7;‘;/" )
395 and the density i\ = A; + Az ~ 0.042. Thus,AA ~ ode ," N
16 > 1. The normalized mean object-indicator function is 20 ,;;}S;‘i;“:\{
20050050 207
C.(A) ;
2 -20 Ay
1 2 A A Al2 -20
:—,ZPi —Cos_lu—u —% I(A;2r;) i i i i i
A < - 2r; 7 47}‘ Fig. 10. Two-dimensional autocovariance functions of Example 5.
=1

where I(-) is defined in Example 1. Fig. 7 shows the theNotice that the measured autocovariance curve appears to have
oretical, the least-squares exponential approximation to theliscontinuous slope at shifA| = 2r; = 12 in agreement
theoretical, and the measured autocovariances of this imagéh the theoretical prediction.

Authorized licensed use limited to: Missouri University of Science and Technology. Downloaded on March 30,2023 at 13:42:57 UTC from IEEE Xplore. Restrictions apply.
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Fig. 11. Image of Example 5.

Example 4: This image ensemble is composed of visible 1.0 .
background(x) as well as object images. The background
consists of occluding disks identical to Example 1 but having 0.8 ]
radius 7, = 6. The density of the background diska,, _;‘;‘;‘xj ;{‘::‘g‘g‘j;:‘;ic
satisfies\, A, > 1 where A, = =r. The object images 0.6 ‘\‘ =~ Best-fit Exponential i
occluding the background are disks of radiys= 15. The !
density of the object-images disks,, was chosen to be 3 4, | \\ ]
9.478 x107* S0 A, A, = A\,mr2 = 0.67 3% 1 and P,(0) ~ 0.5. *
A sample image is shown in Fig. 8. 02 - \ |

Since A\, 4, > 1, we can use (39) to find the covariance "\\
of the background 0o b el

Ky(x,x+ A) = K;/(A)PR(A) = 03P, (A)
-0.2 t

where K;(A) = o7, andP,, (A) = P,(A)|r=, and P,(A) 00 22'0 500
is given by (29) withC,(A) given by (40). Sincen; = i _ ,
Wb(x) — 128, (38) yields Fig. 12. Autocovariance functions of Example 5.

KS(X,X + A) = K[(A)P02 (A) + Kb(X,X + A)Pol (A)

_ 2

= [P"Z(A) +P"1(A)P"(A)] By using analytical steps similar to those in preceding
whereP, (A) = P,(A)|,—,,. The theoretical and eXperimen_sections, one can obtain the mean and autocovariance functions
tal autocovariance functions are shown in Fig. 9 along wifff @ 1-D image model composed of 1-D object-image segments
the exponential approximation. that have random positions afehgths w (before occlusion).

Example 5: Object images are four disks, each havin§€res 2-D vectors are replaced with scalats: =, A — A.

radiusr = 4, centered at the corners of a square as in Fig. _beco.mes the gxpected number of object-|mage center points
The distance between the centers of the nearest neighborB§E Unit length instead of unit area, aifk; v;) is replaced
d = 10 and the intensities of the four disks are the samfdth [(z;w) = Lz € [-0.5w,0.5u], I(z;w) = 0,z ¢

IV. 1-D (LINE-SCAN) IMAGE MODEL

random constant], uniformly random in the rangéo, 255). [=0.5w,0.5w]. The mean object-image ared, is replaced
Thus, each set of four disks has the same intengjtyhere PY the mean object-image lengtts,

I varies from set to set. As in Example K;(A) = o2. The mean image intensity has the form (24) where
The expression fo€,,(A), which is not isotropic, is given in Py(0) = Pr{B(a)} = ¢ (41)

[15]. A plot of the 2-D theoretical autocovariance is shown

in Fig. 10. A sample image from this ensemble is shown nd P, (0) = Pr{O(x)} = 1— P,(0). Similarly, the 1-D image

Fig. 11. The experimental, theoretical and best-fit exponentaitocovariance function has the form (38). Here, however, the
autocovariance functions are shown in Fig. 12. analysis can go one step further because the object indicator

Authorized licensed use limited to: Missouri University of Science and Technology. Downloaded on March 30,2023 at 13:42:57 UTC from IEEE Xplore. Restrictions apply.
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spatial correlation functionC(A; V) = 7 (= V) I(x + p (A)
A;V)dx, of (21) become(A; W) £ [ I(z;w)l(z + 0
A;w)dx which is a triangle function with height and base - —_
2w centered at the origin. This triangle function is analogous to ] ——
the triangle discussed by Schreiber [13]. (In the present paper,

however,w represents object-image length before occlusion /
may occur.) Since an explicit form fat(A; W) is available,

we can also evaluaté(A; W) of (22) explicitly to obtain

¥ryYEs
Ry

By(A) = ¢ MoIH(A)] (42)
_ 1B gy —relire(a)]
PO(A)_{]-_’_?/)(A)}{]' 6)\ . A} (43)
where
1 [A]
v == [Cu-nwlar. @
0

In (44), P,(W) is the cumulative distribution function of
w: P,(W) = fow pw(o)do. P(A) is an even-symmetric
function of A, monotonically increasing itA| with (0) =0
and ¢(+o0) = 1. Therefore, P,(A) and P,(A) are even
symmetric functions ofA, which decrease monotonically with
|A| to By(+o00) = exp(—2Mw) and P,(+o0) = 0.
Representative plots ofF,(A) are given in Fig. 13.
Fig. 13(a) assumes that all object-images have before-
occlusion length,W,, i.e. p,, (W) = §(W — W,). Notice
in Fig. 13(a) thatP,(A) is approximately triangular when
A is small. As A increases, the probability that the same
object image is visible for largeA| (i.e. |A| near W,)
decreases relative to that for smallgx| due to occlusion.
Thus, P,(A) of Fig. 13(a) departs from the triangular shape
for large A. Fig. 13(b) assumes that, (W) is exponential:
pu(W) = (1/@) exp{—W/w}u(W) whereuw(W) is the unit
step function. Fig. 13(c) assumes thatis lognormal, i.e.
In(w) is normal with E{In(w)} = p and VAR{In(w)} = o?.
A lognormal distribution is of interest because it is claimed to
describe the size distributions of various classes of physical
objects [1], [3]. Notice from Fig. 13(c) thak,(A) can have
“tails" that extend over largeA for lognormal w. These
tails are related to significant correlation over large distances,
A, in the autocovariance. The plots in Fig. 13 suggest that
P,(A) has an approximately exponential appearance for a
large variety ofp,, (W) and A\. However, we can also see
from Fig. 13 thatP,(A) is not always well approximated by
an exponential.

V. CONCLUSION

We have introduced an image model that relates second-
order intensity statistics to object-image shape, texture, and
occlusion and we have presented experiments that support the,
theoretical predictions of the model. Although the model may-10
prove helpful in predicting the second-order statistics of certain
classes of real-life images, we believe that the primary value
of this paper may lie in the new insight it provides into the ©
formation of image second-order statistics and in the nowey. 13. P,(A) versus A with parameter\ for various p..(W). (a)

analytical approach for obtaining the model's second-order(W) = 6(W — W), (b) pu(W) = (1/@) exp{-W/@}u(W), (c) w
statistics. is lognormal:ln(w) is normal with E{In(w)} = 0 and VAR{In(w)} = 1.
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APPENDIX A ma(l) = [ WPV (a9
We show here the steps leading to (11) and (17). As a —o0
preliminary development, we evaluate and

(£ E{I°(x—p;v)} =1- E{I(x—p; v)} (A1)

for x € [-L, L]?. From (3) we find that

mall)= [ WAVIEVEPIV)av. (a9

It follows from (A2) that

1 - 1 _
E{I(x = pi;vi) | vi=Vi} L= A <é<i- —(2L)2A(L)
1
= AV
2L+ W(V)|2L + H(V)] V) + W[mm(L) +mua(L)] + @ ) ramea(L).
for x € [-L,L]? andV € ¥(L) where A(V) is defined by A(L), myy (L), mi2(L) andma,(L) are all nonnegative. They
(19). Removal of the conditior = V yields are also all bounded functions éfbecause we have assumed

that DO(V) can be drawn physically. If we operate on the

L AV (V)dv  above inequality with\(2L)?log, and use the inequality

- /_oo 2L+ W(V)I[2L + H(V)]

£=1

. _ ) ) ce—2 <In(l+e) <e (AB)
which, by algebraic manipulations, becomes

2LIW(V)+ H(V)|+ W(V)H(V)

for |¢| < 0.5, we obtain, for sufficiently largd.

- 2
—NA(L) — )\[%} <& < _NA(L)

£y av i\ \
2L+ H(V)][2L + W (V)] "2 o maa(L) + maa(L)] + Wmn(j;),
where It follows that £X2L)° — ¢~ as I — oo where
A(L) = /_ Z AV (VY dV Az Jim A(L) = [ - A(V)p(V)dV.

We now describe the steps leading to (11). When we removRerefore, (12) becomes (17) in the limt — oo with
the conditions from the LHS of (9) we obtain the LHS of (11), — 4)\].2.
by definition. Consider the first term on the RHS side of (9):

No(x — P; | Vi) = F{o(x — p;) | pi = Py, vi = V;} APPENDIX B
=E{I(x—-P)I(x—P;V,)} We show here the steps leading to (20). As a preliminary
=n I(x— P;; Vi) step, we evaluate

Y c v ) TS DV
Removal of the conditiong; = P;,v, = V, yields P(A) = E{I°(x1 — ps; vi)I“(x2 — Pi; Vi) } (B1)

nrE{I(x — pi;vi)} = mi(1 - €) and
A
which is the first term on the RHS of (11). Removal of the P(A) —0(A) = E{I(x1 —pi;vi)l(x2 —pi;vi)}  (B2)
condmopsm =P;,v; =V, for the second term on the RHSfor x1, % € [~ L, L]?. We substitute (8) into (B1) and expand
of (9) yields the result into four terms each of which is an expectation
s, (X)E{I°(x — p;v)} =715, (x)€ with respect tof(’)(P | V)féL)(V). Evaluation of these

o expectations forxl, xy € [-L, L]? yields
which is the second term on the RHS of (11).

To derive (17), note that zero is a lower bound for the(A)

integral on the RHS of (A2). An upper bound for the same eo 2 (L)
integral is obtained by dropping the’(V) and the H(V)  ~ '~ /,oo 2L + W(V)][2L + H(V)]A(V)fv V)V
in the denominator and applying the inequali(V) < oo 1
W(V)H(V). This yields the upper bound +/ BL+WV)IRL +H(V)]C(A;V)fy’)(v) v
1 1
@I [ma1 (L) +mia(L)] + —(2L)4m22(L) where A(V) andC(A; V) are given by (19) and (21), respec-
tively, for V € ¥(L). Algebraic manipulations yield
where 9 1 1
PA)=1— A(L) + C(A;L) + (A, L
may (L / W2VYH(V) VYAV (A3) () 2L)? () 2L)? (A:L) (2L)? (4. L)
(B3)
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where which is used in (16) to obtain (20), where
C(A;L) :/ C(A; V) (VY dV c(A) = Lim C(A; L) :/ C(A; V)py(V)dV.
and o0 The substitution of (B3) and (B4) into the fraction in (16)
WAL = [ APV yields
oo -
s = 2t A T ATy
A L) — oy 2V (V) + H(YV)| + W(V)H(V) (L)~ ClA L) = p7(A, L)
(A L) = 2L + H(V)|[2L + W (V)] We bounda(A, L) by techniques similar to those we used to
x [2A(V) = C(A; V)]. bound¥(A, L). The result is
1
Similarly, the expectation in (B2) is with respectﬁéfv)(P | 0 < a(A, L) <ma (L) +mya2(L) + ﬁmQQ(L)
V)féL)(V). Evaluation of this expectation yields from which
- 1 A)-6a) A
H(A) — §(A) = / ¢ __cA
(A=A = | BL+WVIRL+H(V) B T sA) —2i-ca)

. L
x C(A; V) [P (V)dV which appears in (20).

which, by algebra, becomes

1 . 1 APPENDIX C
P(A) —0(A) = (QL)QC(A?L) T (2L)3 a(A, L) (B4) The first-order pdfp.(S;x), of image intensitys(x), and
the second-order pgf,, s, (S1, S2; %1, x2) Of s(x1), s(x=) can
where be easily found in terms of the first and second-order pdf's of
G(A,L) = 2L C2LW(V)+ H(V)) + W(V)H(V) background intensityi(x), and object-image intensity,(x).
’ oo (2L + W(V)(2L + H(V)) We assume thaf(x) is second-order stationary in the strict
x C(A; V) fE(V)dV. Sense.

For the first-order pdf of(x), we have
ps(8;%) = ps(5;x | B(x)) Pr{B(x)}
0<C(A; V) <C(0; V) = A(V) S W(V)H(V) +p.(S;x | O(x)) Pr{O(x)}

SO = po(S:x)B(0) + pr(5)F,(0) (C1)
0 <24(V)—-C(A; V) <2W(V)H(V).

We now describe the steps leading to (20). We have

whereP,(0) and P,(0) follow from (28)—(29). It follows from

Therefore (C1) thatp;(S;x) is a mixture density. The derivation of the
00 second-order pdf is longer, but nearly as simple:
0 <A L) < / o1 2LV (V) + H(V)] + W(V)H(V)
—oo 2L + H(V)][2L + W (V)] Psy 55 (S1,52; X1, X2)

X 2W(VYH (V) fE (V) dV. = Payon (S1, 823 %1, %2 | O(x1)0(%2)) Pr{O(x1)O(x2)}
The RHS of the above can be upper bounded by dropping T Psus2(51: 523 X1, X2 [ O(x1)B(x2)) Pr{O(x1)B(x2)}
the H(V) and W (V) from the denominator. Application of ~ + P, s, (51, S2; X1, X2 | B(x1)O(x2)) Pr{B(x1)O(x2)}
(A3)—(A5) then yields + Psy,5, (51, 925 X1, X2 | B(x1)B(x2)) Pr{B(x1)B(x2)}.

0< (A L) < 2man (L) + 2m1a(L) + = (L), (C2)

L )
To evaluate the first term on the RHS of (C2), we form the
We use the above to bouri{A) of (B3). If we operate on papition

the resulting bound by(2L)? log, and apply (A6), we obtain

for sufficiently largeL O(x1)0(x2) = O(x1,%x2) U D(x1,%2) (C3)
_ _ 1 - 1 - 2 where we define the everdd(x;,x») = {parts of different
A[-24(L) +C(A; L)] = A [_EA(L) + EC(A? L)} objects are visible at; andx.}. By using (C3), we can write
2 _ _ the first term of (C2) as
<In g 2B (A) < —X2A(L) + MC(A; L) €2
1 1 ps1,sz(51,52;x1,x2 | O(x1)0(x2)) Pr{O(x1)O(x2) }
— 2 L 2 L — L)}).
+)\2L< ma1(L) + 2maa(L) + Fmaa( )) = Dy s, (51, S25%1, %3 | O(x1, x2)) Pr{O(x1, %)}
It follows that + Psy,52 (51,525 X1, X2 | D(x1,%2)) Pr{D(x1,x2)}
fim N (A) = A = P10, (51,8 AR(A)
Li—oo + pr(S1ix1)pr(Se; x2) Pr{D(x1,x2)} (C4)
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WherePl‘{D(Xl, Xg)} = Pl‘{O(Xl)O(Xg)} — Pl‘{O(Xl, Xg)}.

The substitution of (C4) into (C2) and straightforward eval

ation of the remaining terms of (C2) yields

Dsy 50 (51,525 X1, X2)
=p1,1,(51,52; A)P,(A)
+ pr(S1;x1)pr(S2; x2) Pr{D(x1,X2)}
+ pr(S1)ps(S2; x)pr(S) Pr{O(x1)B(x2)}
+ pr(S2)pe (S1;x)pr(S) Pr{B(x1)O(x2) }
+ Dby by (S1,52; %1, %2) Pr{B(x1)B(x2)} (C5)

which, like (C1), is a mixture pdf. The probabilitiePr)

B
o

appearing in (C5) are easily found using the expressions

developed in this paper.

(9]

Y0

(11]

[12]

(23]

[14]
[15]
(16

[17]

As an example, consider the occluding disks of Section lll,
Example 1. Here, the last three terms on the RHS of (Ch;

vanish becaus&@A > 1. Sincel(x) is a random constant, the

first two terms on the RHS of (C5) simplify, and (C5) becomeﬁg]

Py, (S1,52; X1, X2) = 6(52 — Sl)PI(Sl){%}
(C6)
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