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ABSTRACT

In this work, we study some discrete time portfolio optimization problems. After a
brief introduction of the corresponding continuous time models, we introduce the discrete
time financial market model. The change in asset prices is modeled in contrast to the
continuous time market by stochastic difference equations. We provide solutions for these
stochastic difference equations. Then we introduce the discrete time risk-measure and
the portfolio optimization problems. We provide closed form solutions to the discrete time
problems. The main contribution of this thesis are the closed form solutions to the discrete
time portfolio models. For simulation purposes the discrete time financial market is better.

Examples illustrating our theoretical results are provided.
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1. INTRODUCTION

Portfolio-optimization is very important for companies and for private persons. The
historic event in modern finance was the development of Markowitz’ so-called mean-
variance optimization problem. This one-period model was published 1952 [8]. From
this point on financial institutions are able to calculate the so-called efficient frontier.
Markowitz solved the following optimization problems. There are two equivalent versions.

The first version minimizes the variance of the portfolio and guarantees a given level
of expected return. The second version maximizes the expected return for a given level of
variance. The solution of this problem was a mile-stone in finance. It is frequently used
in practice, because it is easy to solve, for example with excel solver or with the Matlab
financial toolbox. Basically it is only a quadratic programming problem.

With the development of better computer technology, mathematicians started to find
a better approach to the optimization problem. One of the main disadvantages of the
Markowitz model is the fact that this is a one-period model and there is no uncertainty
included. That means a company has to estimate expected returns, variances and correla-
tions and they are now constant over the time and after the optimization they know how to
allocate their portfolios. In reality, a company is able to re-allocate the portfolio whenever
it wants. It seems realistic that a young person should have more stocks and then over
time they should re-allocate the portfolio into more risk-less assets. With the development
of stochastic-dynamic optimization, people began to solve dynamic portfolio optimization
problems.

In this thesis we are considering a constant rebalanced portfolio process. Therefore
the weights of the asset are constant over time. This simplifies the calculation. With non-
constant portfolio-weights we have to deal with stochastic-dynamic programming methods.
In [2], the authors developed the mathematical background in optimization and provided
solutions to standard portfolio optimization problems.

A further question in multistage portfolio optimization is which risk measure a com-

pany should use. In the one-period model of Markowitz, variance is used, but in recent



years, other risk measures are getting more important. The development of the portfolio is
a random variable and therefore we can use other risk measures than the variance, because
variance is only the quadratic deviation from the expectation. A positive deviation of
the portfolio from the expectation is good. Therefore mathematicians started to minimize
losses according to the quantile of the assumed distribution. The distribution assumption
simplifies the calculation a lot.

In Section 2 we review the basics from probability. We give the definition of the
stochastic process Brownian motion, which we use to model the discrete time financial
market. Then we discuss the continuous time models [6] in Section 3. We provide an
example and the Matlab implementation of the continuous time portfolio optimization
problem. In Section 4 we introduce the discrete time financial market. We choose a
discrete time financial market, because it describes real life more accurate. We do not trade
continuously. We introduce the price processes of the assets and provide the corresponding
Matlab implementation. Afterwards we introduce the portfolio and its properties.

In Section 5 we introduce the risk measures which are used in this thesis. In Section
6 we solve the discrete time portfolio optimization problems for the risk measures and the
multi-period mean-variance portfolio optimization problem in discrete time. We provide

examples and the Matlab implementation for all optimization problems.



2. PRELIMINARIES FROM PROBABILITY

In this section we review the basics from probability and financial mathematics which
we need in this thesis.

To define the price process of the risky assets we need a special type of stochastic
process. This process is called Brownian motion. This is the basic process used in the

continuous and discrete time portfolio model.

Definition 2.1 (Brownian motion, see [1, Definition 5.3.1]). A stochastic process X =

(X (t))i>0 is a standard (one-dimensional) Brownian motion B;(t), on some probability

space (0, F,P), if
1. X(0) =0 as.,

2. X has independent increments: X (¢ + u) — X (¢) is independent of o(X(s) : s < t)

for u > 0,
3. X has stationary increments: the law of X (¢ + u) — X (¢) depends only on u,

4. X has Gaussian increments: X (¢ + u) — X(¢) is normally distributed with mean 0

and variance u, i.e., X(t +u) — X(t) ~ N(0,u),

5. X has continuous paths: X(¢) is a continuous function of ¢, i.e.,, t — X(t,w) is

continuous in ¢t for all w € Q.

A standard Brownian motion in n dimensions is then defined as B(t) :=
(Bi(t),...,B,(t)), where By(t), ..., B,(t) are independent standard one-dimensional Brow-
nian motions. From the definition it follows that B;(t) ~ N(0,1).

Furthermore we need the definition of expectation and some basic calculation rules.

Definition 2.2 (Expectation, see [1, Definition 2.3.3]). The ezpectation E of a random
variable X on (Q,F,P) is defined by

E(X) = /Q XdP.



From the definition of the expectation we know that expectations are linear. In the

next lemma (see [1]) we give the expectation of a product of random variables.

Lemma 2.1 (Expectation of a product, see [1, Theorem 2.3.1)). If X,..., X,, are inde-

pendent and E (|X;|) < oo for alli=1,...,n, then

E (ﬁ X,-) = ﬁE(Xi).

This lemma is very important when calculating expectation and variance of the port-
folio wealth, where we have to deal with a product of n independent Brownian motions.

Now we introduce the variance.

Definition 2.3 (Variance of a random variable, see [1, Definition 2.3.3]). The variance

Var of a random variable X on (2, F,P) is defined by
Var(X) :=E [(X — E(X))?] = E(X?) — (E(X))*.

Now we recall expectations and variances of a standard one-dimensional Brownian

motion.

Lemma 2.2 (Expectation and variance of a standard Brownian motion, see [1, Chapter

5.3.2]). Let B(t) be a standard one-dimensional Brownian motion. Then
E(B(t)) =0, Var(B(t)) = E(B*(t)) = t.

Finally we need the distribution of the sum of normally distributed random variables.

Lemma 2.3 (Distribution of a sum of n normally distributed random variables). If
Xi,..., X, are independent normally distributed random variables with mean p; and vari-

ance o, then

=1 i=1 i=1



3. SUMMARY OF THE CONTINUOUS TIME PROBLEM

In this section we give a short summary of the paper [7]. The same method can also
be found in [6]. In [7], the authors solved the continuous time multi-period Earnings-at-
Risk and the multi-period mean-variance optimization problem with a constant rebalanced

portfolio.

3.1. FINANCIAL MARKET

The authors in [7] considered a standard Black—Scholes financial market with n + 1
assets. The assets are traded continuously in [0, 77 .

The price of the risk-free asset at time ¢ is denoted by Fy(t). The prices of the
other assets are denoted by P;(t), i = 1,...,n. The price of the risk-free asset follows the

differential equation

In [7], r stands for the interest rate, which is assumed to be constant over time.
The asset prices Pi(t),..., P,(t) are following the stochastic differential equations

(for more detailed theory we refer to [1, 5])

dP,(t) = Py(t) (bidt + Zaidej(t)) ., P=p, i=1,...,n
j=1
Here, b = (by,...,b,) denotes the vector of stock-appreciation rates, o = (0ij)nxn is the
matrix of stock volatilities and B(t) = (By(t),...,B,(t)) is a standard n-dimensional

Brownian motion.

3.2. PORTFOLIO CONSTRUCTION AND PROPERTIES
In [7], IL;(¢) denotes the fraction of the wealth W™(t) invested in asset i at time ¢,

and TI(t) = (IL;(¢),...,1L,(¢)) € R™ With Iy, the weight of the risk-free investment



is denoted, which can be calculated by Io(t) = 1 — II(t)'1, where 1 = (1,...,1)". The
strategy with IIp(¢) = 1 is called the pure bond strategy.

With the previous definitions, the numbers of shares of each asset are then given by

1—TI(t)1
Po(t)

I1,(1)
Pi(t)’

No(t) = WH(t) Ni(t) = WH(t) i=1,...,n.

Using these equations, the wealth of the portfolio at time ¢ can be calculated as

Wit = 3" NP,

In [7], the authors assume that there are no transaction costs and no consumption and
that the portfolio strategy II is self financing. The change in the portfolio wealth follows

then a stochastic differential equation of the form
dWT(t) = W) [((1 T 1) + H(t)/b)) dt + () odB(t)] . (1)

In [7], the portfolio starts with a positive initial wealth W'(0) = w. Also the authors
consider a constant rebalanced portfolio strategy, which means that the portfolio vector
is constant over time. To keep the fraction constant in the portfolio we have to trade
continuously.

The solution to this stochastic differential equation (1) and the properties such as
expectation and variance of the solution are provided in [7]. The solutions are stated in

the following equations:

WH(t) = wexp ((H/(b —r1l)+7r— HHIO'

i /2)t + H’aB(t)) ,

E(W(t)) = wexp ((n’(b — 1)+ r)t) ,

Var(WI(t)) = w? exp <2(H'(b —r1) + T)t) (exp (HH’UHQ t) - 1) .

The authors in [7] introduced now the relevant risk measure for the optimization.



Definition 3.1 (Earnings-at-Risk, see [7, Definition 1}). The difference between the mean

terminal wealth and the risk measure p with the same portfolio II
EaR(IT) := E(W"(t)) — p(IT),

is called the Earnings-at-Risk (EaR) of the portfolio II.

With the definition of EaR and the closed form equation of W (¢), the authors of [7]

found the closed expression to calculate EaR,

EaR(II) = wexp <(H/(b — 1)+ r)T) {1 — exp (za

H/O'H VT — HH,O‘

o)

In [7], z, denotes the a-quantile of the standard normal distribution. With that expression
the authors of [7] are able to introduce the optimization problem. In [7] the authors
minimize the EaR of the terminal wealth under a given level of expected terminal wealth.
This is stated in the optimization problem

min EaR(II)
[eR™ (2)

s.t. E(WH(T)) > C.

3.3. MULTI-PERIOD MEAN-EARNINGS-AT-RISK PROBLEM IN
CONTINUOUS TIME

Theorem 3.1 (Closed-form solution, see [7, Theorem 3.2]). Assume that b # r1. Then
the unique optimal policy for the EaR problem, stated in (2), is given by

oo )7H(b —r1)

* *(
Irr=e¢ )
lo=t(b—r1)]]

where £* s given by

_ ln(%) —rT
et =) T

*

3




The corresponding terminal wealth is E(W'™ (T)) = C with Earnings-at-Risk
EaR(IT*) = C [1 —exp (zaé*\/T - (5*)2T/2)} .

From this theorem, the authors got the result that the optimal Earnings-at-Risk

EaR(IT*) is a function of the expected terminal wealth, i.e.,

Y

n($) —r n(£) —rT)?
EaR(¢) =¢ ll—exp (z () =T (Iny,) = rT) )

“Notb—r)| VT  2|o-(b—r0)|PT

where ¢ := E(W(T)). With that expression we can plot now the so-called efficient

frontier of the mean-EaR problem.

3.4. MULTI-PERIOD MEAN-VARIANCE MODEL IN CONTINUOUS
TIME

In this subsection we review the solution of the multi-period mean-variance model in
continuous time from [7],

min Var(II)
[eR™ (3)

s.t. E(WI(T)) > C.
The solution of this problem is given in the following theorem.

Theorem 3.2 (Closed-form solution, see [7, Theorem 3.3]). Assume that b # r1. Then

the unique optimal policy for the mean-variance problem, stated in (3) is given by

(00/)_1(b — 1)
o= (b—r1)||

" =&*

where €* is given by

B ln(%) —rT
ot b —ry)|| T

*

3




The corresponding terminal wealth is E(W™(T)) = C with variance
Var(II*) = C? [exp((")*T) — 1] .

The Var := Var(WW(T)) is a function of the expected terminal wealth ¢ :=
E(W™ ™). With that notation we can plot the efficient frontier for the mean-variance
problem in the mean-variance space.

Y (In(£) —r7)? B
Var(£) = ¢ [ p(Hal(b—m)HQT) 1].

In this thesis we solve these optimization problems in discrete time settings, with a discrete
time financial market.
We finish this section with two examples, where we solve a multi-period mean-EaR

and a multi-period mean-variance problem.

3.5. EXAMPLE FOR THE CONTINUOUS MEAN-EARNINGS-AT-RISK
PROBLEM

In this section we calculate an example for the mean-EaR problem and calculate the
corresponding portfolio strategy and check the results of the optimization.

First we present a graph for the so-called efficient frontier. In Figure 3.1 we can see
the plot of the mean-EaR efficient frontier.

Now we start with the example. Let

b=(0.1,0.2,0.3),
r = 0.05,
0.2 0.01 0.03

c=101 03 0.04],
0.05 0.03 0.1

w=1000, C =1060, z,=-1.64, T =1.
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Mean-EaR efficient frontier
2500 T T : .

2000 — =

1600 — =
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Expected Wealth after T years

Figure 3.1. Continuous time multi-period mean-EaR efficient frontier

Now we calculate

. W& - In(1558) — 0.05
T et g

0.2 0.01 0.03 0.1 —0.05
0.1 0.3 0.04 0.2 -0.05
0.05 0.03 0.1 0.3 —0.05

0.0083

= = 0.0033.
2.5173

With that €* we calculate the Earnings-at-Risk for our portfolio with an expected terminal

wealth of C

EaR(II") = C {1—exp (zae*ﬁ— HH’UHQT/QH

0.0033)?
= 1060 [1 — exp (—1.64 -0.0033 — %)] = 5.7007.

This is the minimal Earnings-at-Risk for the portfolio with an expected terminal wealth of
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1060 at time 1. Now we calculate the investment strategy, because we want to know the

weights of the assets:

* o (UUI>_l(b_ Tl)
=]

N —1
0.2 0.01 0.03 0.2 0.01 0.03 0.1 —0.05

0.1 0.3 0.04 0.1 03 0.04 0.2—-0.05
0.05 0.03 0.1 0.05 0.03 0.1 0.3 —-0.05
= 0.033- —1
0.2 0.01 0.03 0.1 -0.05
0.1 0.3 0.04 0.2—-0.05
0.05 0.03 0.1 0.3 —-0.05
—0.0087
= —0.0024
0.0363

This means 1+ 0.0087 4 0.0024 — 0.0363 = 97.48% are invested risk free and 3.63% in asset
3. The weight of asset 1 is —0.87%. That means we have to short-sell the asset.
Now we check if the expected wealth at time 1 is really 1060. To do so, we calculate

the expectation of our portfolio strategy.

EW™(1)) = wexp (H/(b—Tl)—i-r)

0.1 —0.05
1000 exp | (—0.0087, —0.0024, 0.0363) | 0.2 — 0.05 | +0.05 | = 1060.

0.3 —-0.05

In Figure 3.2 we see the Matlab implementation for the closed form solution of the
multi-period mean-EaR optimization problem. With that implementation we are able to

easily calculate efficient portfolios.
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$3olution of the conktinuous time multi-period mean-EaR problem.
function[epsstar,EaR, Policy]=contEaR (C,w,r, b, sigwa, za, T)
j=length(c);

k=lengthik);

epsstar=zeros(j,1);

EaR=zeros (], 1) ;

Poliey=zeros (], k):

tor 1=l
epsstar (i) =(log(C (i} /w)-c* T}/ (norm|inv({sigma)* (b-r))*T);

EaR[i)=C (i) * (l-exp(za*epastar (1) *=sqrt(T)-epastar (1) *2*T/2));
Poliey(i,:)= epsstarii)* (inv( (sigwa*sigwa'))* (b-r) ) /norm{invisiqma) * (b-r)};

end

Figure 3.2. Matlab implementation of the continuous time multi-period mean-EaR problem

3.6. EXAMPLE FOR THE CONTINUOUS TIME MULTI-PERIOD MEAN
VARIANCE PROBLEM
In this section we calculate an example for the mean-Var problem and calculate the

corresponding portfolio strategy and check the results of the optimization. Let

b=(0.1,0.2,0.3),
r = 0.05,
0.2 0.01 0.03

c=101 03 00415,
0.05 0.03 0.1

w=1000, C=1110, T =2.
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Now we calculate

., W& - In(153) — 0.05 - 2
ST et o—rm)|T =
0.2 0.01 0.03 0.1 —0.05
0.1 03 0.04 0.2—0.05]] 2
0.05 0.03 0.1 0.3 —0.05
0.00436
= = 0.00086601.
5.0346

With that €* we calculate the variance for our portfolio with an expected terminal wealth

of C

Var(II*(2)) = C® [exp(2-(¢%)*) — 1]

= 1110% [exp(0.00086601” - 2) — 1] = 1.8481.

This is the minimal variance for the portfolio with an expected terminal wealth of 1110 at
time 2. Now we calculate the investment strategy, because we want to know the weights

of the assets:

(oa) (b —r1)

= =]
0.2 0.01 0.03 0.2 0.01 0.03 0.1 —0.05
0.1 03 004 0.1 03 0.04 0.2 —-0.05
0.05 0.03 0.1 0.05 0.03 0.1 0.3 —-0.05
= 0.0009 - —
0.2 0.01 0.03 0.1 —0.05
0.1 03 004 0.2 —-10.05
0.05 0.03 0.1 0.3 —0.05
—0.0023
—0.0006

0.0096
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$#3olution of the continuous time multi-period mean-variance problem.
function[epsstar,VaR, Policy]=contVak (C,w,r,b,sigma, T)

j=length(C);

k=lengthib);

epasstar=zeros(j, 1} ;

VaR=zeros(j, 1} ;

Policy=zeros(j,k);

for i=1:3
epastar (i) =(log(Cii) /w)-r*T) /(norwiinv(sigma) * (b-r)) *T};

VaR({i)=Cii)"2* {expl lepsstar (i)*2) *T) -1} ;
Policy(i,: )= epastar(i)* (invi(siqwa*sigwa'))* (b-r) ) /normlinv(zigoa) * (h-o));

end

Figure 3.3. Matlab implementation of the continuous time multi-period mean-variance
problem

As a result, we have to invest 0.96 % of the initial wealth in asset 3. The rest is invested

risk free.

Now we check if the expected wealth at time 2 really is 1110. To do so, we calculate

EWL(2) = wexp <2-(H'(b—r1)+r)>
0.1 —0.05
= 1000 exp® | (=0.0023, —0.0006,0.0096) | 0.2 — 0.05 | + 0.05 | = 1110.

0.3 —0.05

In Figure 3.3 we see the Matlab implementation for the closed form solution of the multi-
period mean-variance optimization problem. With that implementation we are able to
easily calculate efficient portfolios. In Figure 3.4 we can see the plot of the so-called

efficient frontier.
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4. PORTFOLIO MODEL

We construct our portfolio with n+1 assets. In our model we are considering discrete
trading times on [0, 7] NN, where T" € N.
Let us denote the price of asset i at time ¢ with P;(t) for ¢ = 0,...,n. We have one

risk-free asset in our model. Without loss of generality it is asset i = 0.

4.1. PRICE PROCESS OF THE RISK-FREE ASSET

The risk-free asset is the bank account which pays interest with rate r every year. This
asset is assumed to be risk free. After the financial crisis, this assumption is questionable.
We assume that the interest rate r is constant on [0,7]. Denote by Py(t) the price of the

risk-free asset at time t. Then the price of the risk-free asset follows the equation

Py(t+ 1) — Py(t) = Po(t)r. (4)

This means that the change of the price of the risk-free asset is exactly the interest payment

received at time ¢ + 1. From (4) it follows that

With (5) we can calculate the price of the risk-free asset at each time t using the price at

time 0.

Lemma 4.1. The solution of (4) is given by

P()(t) = Po(O)(l + T)t7 te N(). (6)

Proof. The proof is done by induction: Clearly,

Py(0)(1 4+ 1) = Py(0),
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so (6) holds for t = 0. Assume (6) holds for some t = k € Ny. Then

Py(0)(1 + ) = Py(0)(1 + ) (1 47) = Py(k) (1L +7) = Py(k + 1),

so (6) holds for t = k + 1. O

To simulate the price process of the risk-free asset, we can use the Matlab function
from Figure 4.1. With that Matlab function, we can calculate the price process for every

initial wealth x, interest rate r and time period t. If we choose Py(0) = 1, then we are

% Price Process of the risk—-free asset
functionl[time, price]=riskfree (x,r,t)
time=zero= (t+1,1)
price=zeros(t+1, 1)
price(l)=x
time (1)=0
for i=Z:t+1
price(i)=price(i-1)*(1+r) ;
time (i)=4i-1;

end

stem ([time, price)

Figure 4.1. Matlab implementation of the discrete-time price process of the risk-free asset

only interested in the percentage performance of the risk-free asset.
If we want to calculate the monetary change, we have to multiply the percentage
change with the initial amount of money. In Figure 4.2 we see the plot of the price process

of the risk-free asset.

Example 4.1. Let r = 10%, t = 5 and P,(0) = 1. Assume our initial wealth is 1,000. With

equation (6) we get

Py(5) = (14 0.1)*> = 1.61051.
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Price process of the risk-free asset
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Figure 4.2. Price process of the risk-free asset

The performance of the risk-free asset in this example is 1.61051 — 1 = 0.61951 = 61.05%.

The value of our portfolio at the end of period 5 is

Py(5) - 1000 = 1.61051 - 1000 = 1,6110.51.

4.2. PRICE PROCESS OF THE RISKY ASSETS

In this subsection we introduce the price processes of the risky assets. These are
described by stochastic difference equations. First we need some notation to define the
price processes of the risky assets.

Let b = (by, ..., bn)/ be the vector with the expected returns of the individual assets,
and denote by 0 = (04;)nxn the n X n matrix with the stock volatilities. To simplify the
calculations, b and ¢ are assumed to be constant over the time. Furthermore we assume
that o is invertible and b; > r for all ¢ € {1,...,n}. If the expected return of a stock

would be smaller than or equal to the risk free rate, why should we buy the risky asset?
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We expect a premium for the risk.

Now we can introduce the stochastic difference equations for the risky assets as

PA(t+1)-P(t) = P(1) (mio—ij (Bt +1) - Bj<t>>)  PO)=p,  i=1...n

Here, b; is the drift of the risky asset 7, and the volatility of the risky asset is then described
by a sum of n independent Brownian motions multiplied by the volatility terms.
Now we are interested in calculating the price of asset ¢ at time ¢ explicitly. To do

so, we re-arrange (7) as
Pi(t+1)=P(t) |[1+bi+ Y 03 (Bj(t+1) — By(t))

Before we solve the equation, we provide the graph for the price process of the risky asset.
In Figure 4.3 we see the price process for different simulations of the risky asset.
Now we can express the price of asset ¢ at time ¢ in the following way. We can find

the solution by backwards recursion.

Lemma 4.2 (Solution of equation (7)). The solution of (7) is given by
t—1

Py(t) = [H<1+b+z% (a+1) Bj(a))>], t € Ny. (8)

a=0

Proof. The proof is done by induction. Since P;(0) = p; and the empty product is 1 by
definition, (8) holds for t = 0. Since

P(1) = P(0) (1 +bi + zn:aij(Bj(l) - Bj(O))>
= [H (1+b +Zol] (a+1) B](a))>],

a=0
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Price process of the risky asset
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Figure 4.3. Price process of the risky asset

(8) also holds for t = 1. Now we assume that (8) holds for some ¢t = k € N. Then

Pk+1)= 1+ b, +Zam (k+1) — B;(k))
k—1 n
= 1+b+z% (k+1) = B;(k) | [T |1+b+ D oi (Bjla+1) — Bj(a))
a=0 j=1
= piH 1+bi+zaij(3j(a+1)—3j(a)) :
a=0 j=1
o (8) holds for t = k + 1. O

As a next step we provide the Matlab implementation for the price process of the

risky asset. In Figure 4.4 we see the Matlab code. With that Matlab function, we can
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% Price Process of the risky asset
functionl[time, price ]J=riskyasset (p,r,.b,sigma, £, simul)
time=zeros (t+1,1);

price=zeros(simul,t+1) ;

for i=1l:=simal
price(i, 1)=p;
end

time [(1)=0;
==zirmul;

for jJ=1:=
for i=Z:+t+1
pricel(j,i)=price(j,i-1)* (l+b+sigma*randnl) ) ;
time (i)=4i—-1;
end
end
plot (Cime, price)

Figure 4.4. Matlab implementation of the price process of the risky asset

simulate different paths of the price process.

4.3. ESTIMATION OF THE PARAMETERS FOR THE PRICE PROCESS
OF THE RISKY-ASSET

A very important step in the simulation of the price process of the risky asset is
the estimation of the input data. We need basically two parameters to simulate the price
process of the risky asset, namely the stock appreciation rate and the volatility. We can
estimate the stock appreciation rate from historical data by calculating the average return

over a period. One way to estimate the stock appreciation rate is given in [4] by

1 Sy
b=—In|— ).
T (50)
This estimate is an overestimate of the actual expectation. The right estimate would be

b—p— 2
=

For the volatilities this is more difficult. There are two options. The first option is to

estimate volatility from historical data. The problem with historical data is that we have
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to assume that the future behaves in average like the past. The formula to estimate

volatility is given as follows.

Lemma 4.3 (Estimating volatility from historical data, see [4, Section 13.4]). Assume we
have n + 1 observations of the stock. Let S; be the price of the stock at the end of the i-th

interval, with i = 1,2,...,n. Assume T is the length of the time interval in years. Let

where @ is the mean of the u;. The variable s is therefore an estimate of o\/T. From that

it follows that we can estimate o by

. s
o=—.
VT
Another approach which is widely used in practice is the method of the so-called
implied volatilities. The idea behind this method is to calculate the volatility which is

implied by option prices which can be easily observed in the market. The value of an

European call on a non-dividend paying stock, which can be found in [4], is given by

c= SoN(dy) — Ke_TtN(dﬂa

where

02 g
dy = (@) +r+5)T iy — In(R) +(r = )T
ovT

We can observe all the data in the previous equation. The implied volatility is that o

which gives us the market value of the option in the Black—Scholes formula. Basically we
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$#Value of an European Call option in Black-Scholes setting
#Caleulation of the implied wolatility

function value=option(stock, K, v, T,call)

value=@f

impliedvol=fzero(@f,[-0.1 1]} %calculates the implied wolatility of the stock
function y=f (x)

v= (stock*normedf | (log(stock/K)+(c+(x*Z)/2)*T)/ (x*=qrt (T))

~E*exp (-r*Ti *normedf | [log(stock/K)+{r-x"2/2)*T)/ (x*aqrt (T)))) —call
end

end

Figure 4.5. Matlab implementation of the implied volatility method

can rewrite the problem in finding a zero. This can be solved with numerical methods like
Newton’s method. But how can we simulate now the stock prices? There are some general

steps:
1. Estimate the expected returns for the stock from historical data.
2. Estimate the volatility from historical data or use the implied volatility method.

3. Calculate the product from the Lemma 4.2 with different scenarios for B(t+1)—B(t).

Note: B(t+ 1) — B(t) ~ N(0,1).

4.4. PORTFOLIO CONSTRUCTION

In this subsection we define the portfolio for our model. With X?(¢) we denote the
total wealth at time ¢, and ;(t) is the fraction of X¥(¢) invested in asset i at time ¢.
The vector ¢(t) = (¢1(t), ..., pn(t)) € R™is called the portfolio construction process, and
X?(t) is called the wealth process of the portfolio. We can calculate the weight of the

risk-free asset in the portfolio by

’ /

wo(t)=1—p(t)1, where 1=(1,...,1).

If po(t) = 1, then the entire wealth is invested in the risk-free asset. Such a strategy is

called a pure bond strategy.
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Now we are able to calculate the number of shares of asset ¢ at time ¢. The number

of shares of the risk-free asset in our portfolio is

No(t) = X*(1) 2755

The numbers of shares of the risky assets are

it

©

Ni(t) = X“’(t)

Now we are interested in calculating the wealth of the portfolio at time ¢.

(10)

Lemma 4.4 (Total wealth of the portfolio). The wealth of the portfolio at time t is given

Proof. We calculate

Z N(OP(t) = No(t)Ro(t)+ Y Ni(t)Pi(1)

The proof is complete.

]

With Lemma 4.4 we can easily calculate the wealth at time ¢. We need only the

prices and the numbers of shares of all assets at time t.

The assumptions in this thesis are: We have no transaction costs, no consumption

over time and a self-financing portfolio strategy.
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A self-financing strategy is a strategy where we start with an initial amount of money
and we can only gain or loose from the assets. There is no consumption or investment over

time.

As a next step we want to know how the portfolio wealth changes over one period.

As a solution we get a stochastic difference equation.

Lemma 4.5 (Change in portfolio wealth over one period). We have

XP(E+1) = X9(8) = X2(1) (1= () 1)+ 9(8)b + o) o(B(t +1) = B(1))).

Proof. First we recall that we have a self-financing portfolio strategy. The change in the

portfolio wealth is calculated before trading at t + 1. We use Lemma 4.4 to calculate

XP(t+1) ZN +1) - P(1)

= No(t)(Po(t+1) — +ZN Pi(t+1) — Pi(t))

WO N Ryt +ZN £)bi Pt Z Z% (t+1) - BW)

L0 xe )1 - +ZX“ )il b+ZX“" il )ZaixBj(tH)—B(t))

— X*@) ((1 — @) 1) + ot b+ () (Bt +1) - B(1)))

This completes the proof. O

In this thesis we only consider a so-called constant rebalanced investment portfolio
strategy. That means that we have the same () = ¢ = (¢1(t),...,¢n(t)) at each time
€ [0,T]NZ. To keep the weights of the single assets constant over time, we have to trade
after each step from ¢ to t + 1.
With Lemma 4.5, we have everything to calculate the wealth of our portfolio at time

t directly, that means without knowing the wealth at time ¢ — 1. We may rewrite the
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formula from Lemma 4.5 as
XP(t41) = X?(t) |14 (1 — (t) 1)r 4+ (1) b + go(t)'a(AB(t))] ,  teNp. (11)

We can solve (11) with backwards induction. The closed formula for the wealth of our

portfolio at t is given in the next lemma.

Lemma 4.6 (Solution of (11)). We have
t—1
x¢(t) = x*(0) [ | {1 L (- )r+ ¢ bt g oAB@)|, teN, (12)
a=0

Proof. The proof is done by induction. Clearly (12) holds for t = 0. Next,

(11)

X#(1) X#(0) {1 P (- )r bt ¢’0AB(0)}

0

= X[ [1+0-¢r+¢b+¢oaB),

a=0

so (12) holds for t = 1. Now assume that (12) holds for some ¢t = k € N. Then,

xe(k+1) 2 xem) (1 F (- 1)r+¢b+ gp’aAB(k))

— X¥(0) (1 Y- )r bt go’aAB(k:)> 1:[ [1 Y- )r bt go’aAB(a)]

= X%(0) H [1 + (1= 1)r+¢b+ go’aAB(a)} ;

a=0
so (12) holds for t = k + 1. O

We use the closed formula (12) for X#(¢) to calculate expectation and variance of the
portfolio. Before we start to calculate the expectation and variance of the wealth process

we introduce for convenience

a=1-¢1)r+¢b=¢p(b-—ri)+r and c=o0¢
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so that (12) may be rewritten as
t—1
xe(t) = x*(0) [ [1 +a+cABa)]. (13)

a=0

With X¥(0) = x > 0 we denote the initial wealth of the portfolio.

Lemma 4.7 (Expectation of the wealth process). The expectation is given by
E(X#(1)) = X#(0)(1 + ) = a(1 +a)". (14)

Proof. We use (13) to find

a=0

E (X*(t)) - E <X¢’(O) I [1+a+ c’AB(a)D

t—1
AB(0),..., AB:(t—l) indep. XQ’O(O) H E (1 Lol CIAB(CL))
a=0

t—1

X?0) [T | E(1+ @)+ E(AB(a))

linearity of E

a=0
t—1

= X200 JJ1+a)

= X“a(O)(al:Jr ) =z(1+ ).

This shows (14). O

Lemma 4.8 (Variance of the wealth process). The variance is given by
Var(X?(t)) = 22 |(1 + a)? +ce)f — (1 4+ a)*|. (15)

Proof. First note that E (AB;(a)AB;(a)) = E((AB;(a))?) = 1. If i # j, then AB;(a) and
ABj(a) are independent and we can write the expectation of the product as a product of

expectations. But every AB;(a) follows a normal distribution with mean 0 and variance



1. Therefore E (AB;(a)AB;(a)) = 0 if i # j. Using this we find

E (( Y CzABz(CL)) ) = E (iiCZCJABZ(CL)AB](G)>

i=1 =1 j=1

= > > B (ABi(a)AB;(a))

i=1 j=1

n n
!
= E cicilzg c?:cc.
i=1 i=1

Using this and (13), we find

E((X¢(t)?) = E (a;? 1:[ [1 +a+ c'AB(a)]2>

a=0

a=0

=1

= 2°E (H ((1 +a)? +2(1+a)c AB(a) + (Zn: ciABi(a))> )

t—1

2
L
=)

= 22 ((1 +a)’ +2(1+ a)c E(AB(a)) +E ((i

=0

=1

= 7? ((1 +a)* + c/c) =z° ((1 +a)® + c/c>t :

Il
o

a

Hence, by Definition 2.3 and Lemma 4.7, we arrive at

Var(X#(t)) = E((X?(1)%) — (B(X?(t)))’

= 7? ((1 +a)® + c'c>t

— 2 {((1 +a)?+ c’c)

’ t

CccC
_— —11.
1+a)2> ]

= 2*(1+a)*

(“(

This shows (15).

— (1 +a)*

t

—(1+ oz)%}

28
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5. DEFINITION OF THE RISK MEASURES

In this section we introduce the risk measures used in this thesis.
We consider only one-period risk measures. The change in portfolio wealth is a random
variable. For a portfolio ¢ with wealth X ¥ (1) we define u(p) as a risk measure correspond-

ing to the f-quantile of X?(1),

P(X*(1) <pulp) =5,  Be(0,1). (16)

The strategy is to find a closed expression for u(y) for a given f. Usually g is a small
number, because we are interested in knowing that the portfolio wealth is bigger than
w(p) with probability 1 — 8. With z3 we denote the S-quantile of the standard normal

distribution.

Lemma 5.1. u(p) in (16) is given by

plep) = (zg llell + 1+ a)a. (17)

Proof. First we use (16) and (13) with ¢ = 1 to obtain

Since ClﬁcB”(O) ~ N(0,1), we find that

(“(@ - a) ﬁ = 2. (18)

X
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Finally we solve (18) for pu(p) to get (17). O

In this thesis we assume that 8 < 0.5. From this assumption it follows that 2z < 0.

5.1. EARNINGS-AT-RISK
The difference between the expected wealth after one period and the risk measure

() with the same portfolio ¢ is called Earnings-at-Risk.

Definition 5.1 (Earnings-at-Risk). EaR(p) := E(X¥(1)) — u(y).

1o SNEEESSRERSEE S

Expectation

|
\
|
\
|
} Earning-at-Risk = Expectation - (beta-Quantile)
\
|
|
|
|
|
|
\

Figure 5.1. Illustration of the risk measure Earnings-at-Risk

Lemma 5.2. We have

EaR(p) = —wzg e[| . (19)



Proof. In Lemma 5.1 we calculated already pu(yp).
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By Lemma 4.7, we also know the ex-

pected wealth over one period. With Definition 5.1, (14) and (17), we get

EaR(¢) =

z(l4+a) —z(zz]c|| +1+ )

= 2l +a—zle]—1-a)

= —azglel].

This shows (19).

O

From the assumption that 8 < 0.5 and the fact that z5 < 0, it follows that EaR is

positive over one period.

In the next lemma we give some important properties of the EaR.

Lemma 5.3. We have

min EaR(y) =0,

pEeR™

EaR(p) =0 iff p=o0, where

and

sup EaR(p) = oco.

pER™

o=(0,...

(20)

!

,0) (21)

(22)

Proof. We use formula (19). Since EaR(0) = 0 and EaR(y) > 0 for all ¢ € R™, we see that

in (20) holds. Moreover, if EaR(y) = 0, then ¢ = 0 and, since o is invertible, then ¢ = o.

This shows (21). Now let N € N and define

o= pn = — (07 1
Y —wzyn '

Then

N
el = | ,
Tz

/ N
= — |1 —
7 “zzpyn M= 2
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and
EaR(p) = —wzs]lel = V.

Hence, for each N € N| there exists ¢y € R" with EaR(py) = N. Thus (22) holds. O

From Lemma 5.3 we can see that the Earnings-at-Risk of a pure bond strategy is zero.

5.2. CAPITAL-AT-RISK
In this subsection we introduce the risk measure Capital-at-Risk. This risk measure

is defined as follows.

Definition 5.2 (Capital-at-Risk). CaR(y) is defined as the possible risk-free profit minus

().

Lemma 5.4. We have
CaR(p) = 2(—2g [lell — ¢ (b~ r1)). (23)
Proof. By Definition 5.2 and (17), we obtain

CaR(p) = z(1+7)—a(zsc]| +1+ )
= a:(l—l—r—(zBHcH+1+g0/(b—r1)+r)>

= o (=zllel = ¢ b -r1)).

This shows (23). O

5.3. VALUE-AT-RISK
In this subsection we define the risk measure Value-at-Risk. There are several different

definitions for the Value-at-Risk. We define Value-at-Risk as follows.
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Definition 5.3 (Value-at-Risk). VaRs(¢) = p(p).

Ezample 5.1. Consider a portfolio with the following properties. Let 5 = 0.05 and u(p) =
1000. Then the Value-at-Risk of the portfolio is 1000, and the economic interpretation is

that the value of the portfolio is bigger than 1000 with probability 0.95.

In our case the Value-at-Risk is an absolute measure. If we want to measure losses

we have to subtract VaR from our initial wealth.

We see that EaR, CaR and VaR are all closely related.
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6. DISCRETE-TIME PORTFOLIO OPTIMIZATION PROBLEMS

In this section we want to provide closed form solutions to some portfolio optimization

problems. For the rest of this thesis we assume

b # ri.

We let A € R and define

Moo )~H(b —r1)
lo=t(b —r1)]]

*7

(24)
and
©=|o(b—r1). (25)

First we state some very useful lemmas, which are needed for the proofs of the closed form

solutions of the portfolio optimization problems.

Lemma 6.1. We have
(cp*)l(b —r1) = \O. (26)

Proof. Using the definitions (24) and (25), we get

/ (b—r1) (o)

() (b—r1) = A o= (b—r1)
B (b— rl)/(al)*lafl(b —71)
= A e =]
(o7 b—r1) o (b — 1)
= A -]

N el
lo-1(6— )|

= A Ha‘l(b — 7’1)” ,
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= A6,
which completes the proof. O
Lemma 6.2. We have
Hg’go* = |Al. (27)

Proof. Using definitions (24) and (25), we get

CLll Moo )N b —r1)
H“ L I e
B )\O'/(O'/)_lo'_l(b — 1)
B G}
S}
= M= =|A1=]A
1Al g = 1AL = A
This completes the proof. O]
Lemma 6.3. We have
¥ (-l < o'y ©. (28)

Proof. Using definitions (24) and (25), we get with the help of Cauchy-Schwarz’ inequality

' (b —r1)| = l¢'oo  (b—r1)| =|(0'p) (07 (b —r1))| < ‘ o'y o'y

o = ra)]| = |

‘@.

This completes the proof. ]

6.1. CLOSED FORM SOLUTION OF THE ONE-PERIOD
MEAN-EARNINGS-AT-RISK OPTIMIZATION PROBLEM
In this subsection we introduce the discrete time one-period mean-Earnings-at-Risk

problem and provide a closed form solution. As in Markowitz classical mean-variance
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problem, we want to minimize the Earnings-at-Risk under a given level of expected return.
The difference is only that we use a different risk measure.

We solve the optimization problem

min EaR(yp) (20)
s.t. B(X#(1)) > C,

where C' is the expected terminal wealth at time 7" = 1. If we expect only the return of

the risk-free asset, we get an Earnings-at-Risk of zero, as we can see from (21).

Theorem 6.1 (Closed form solution of the discrete time one-period mean-EaR optimiza-
tion problem). The closed form solution of the one-period mean-Earnings-at-Risk problem

(29) is given by

where \ is given as

(Q—l—r)+ z if z>0
)\:"”T where 2z =

0 i z2<0.
The expected wealth after one period is C' with Farnings-at-Risk —xzgA.

Proof. Using (19) and (14) for t = 1, we rewrite (29) as

min (—xzz||c
min (—2 ) 0
st.z(l+a) > C.

The feasible set of the problem (30) is given by

A:{gOGR”: 90/([)—7“1>2€—1—7"}.
x
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From the definition of ¢ and «, we may rewrite (30) as

min g(p), where g(p) = —x2p
peA

74
To prove the theorem we show that

1. g(p*) = —z2z5),

2. g(p) = g(p") for all € A,

3. p*e A

As a first step we show that
* rl| 27) A>0
g(¢") = —wzs |0’ || E —azslA 2~z (31)

Next, let ¢ € A. Then

o) = se="22|sge

—I'Z/B ’

5 ¢ (b—r1)

o l¢ (b —r1)| 2

Finally we show that ¢* € A. To do so, we calculate

’ Q_l_ - *
Y- @ e G121 5 ) @:(2—1—r> Z%—l—r.

This completes the proof. O

As an immediate consequence of Theorem 6.1 we get that the optimal Earnings-at-
Risk is a function of the expected terminal wealth. An investor is now able to plot a graph
for different expected terminal wealths. Since the supremum of EaR is infinity and the
constraint of (29) is unbounded from above, the solution of the corresponding maximum

problem is infinity.
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We denote with w := E(X?(1)) the expected wealth after 1-year. We plug w into A

given by Theorem 6.1. Using (31), we get

w _1_p\"
EaR(w) = —x25\ = — #

If we know our desirable expected return over one period, then we can calculate A and the
portfolio construction strategy.
Another way is that we accept a certain amount as Earnings-at-Risk and then we

calculate w and set this equal to C. Then we are able to calculate the optimal portfolio.

6.2. EXAMPLE FOR THE DISCRETE MEAN-EARNINGS-AT-RISK
PROBLEM

In this section we calculate an example for the one-period mean-EaR problem and
calculate the corresponding portfolio strategy and check the results of the optimization.
Before we start with the example, we provide the graph of the mean-EaR efficient frontier.
The plot for the mean-EaR efficient frontier is given in Figure 6.1.  With the Matlab

function in Figure 6.2, we are able to easily calculate efficient portfolios. Let

b=(0.1,0.2,0.3),
r = 0.05,
0.2 0.01 0.03

c=101 03 004]:
0.05 0.03 0.1

z=1000, C =1056, z5=—1.64.
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Figure 6.1. Discrete time one-period mean-EaR efficient frontier

2%olution of the discrete time one-period mean—-EaR problem.

function[epsstar,EaR, Policy]=discreteEaR (C,w,r b, sigma, za)

j=length(c);
k=length (b ;
epsstar=zerosi(j, 1) ;
EaF=zeros(]j, 1) ;
Policy=zeros(j,k);

for i=1:3

epsstar(i) =((C(i)/w)—r-1)/norm(invisigmal * (b-x));

EaR(i)=—w* za*epsstarii) ;

Policy(i,:)= epsstar(i)*(inv((sigma*sigma’'!)* (b-r) ) /normiinv(sigma)*(b—-c}} ;
end

1400

39

Figure 6.2. Matlab implementation of the discrete time one-period mean-EaR problem

Now we calculate

C 1056
o=t (b —r1)| -
0.2 0.01 0.03 0.1 —0.05
0.1 0.3 0.04 0.2 —-0.05

0.05

0.03 0.1

0.3 —0.05
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0.0060
= ———— =0.00238.
2.5173 000238

With that A we calculate the Earnings-at-Risk for our portfolio with an expected terminal

wealth of C' as

EaR(¢") = —zzp\

= (—1000) - (—1.64) - 0.00238 = 3.9089.

This is the minimal Earnings-at-Risk for the portfolio with an expected terminal wealth

of 1056 at time 1.

(00)"H(b—r1)

Pt = A
o=t (b —r1)
’ —1
0.2 0.01 0.03 0.2 0.01 0.03 0.1 —-0.05
0.1 0.3 0.04 0.1 0.3 0.04 0.2 —0.05
0.05 0.03 0.1 0.05 0.03 0.1 0.3 —0.05
= 0.006 - 1
0.2 0.01 0.03 0.1 —0.05
0.1 0.3 0.04 0.2 —0.05
0.05 0.03 0.1 0.3 —0.05
—0.0063
= —0.0018
0.0263

This means 2.63% are invested in asset 3 and the rest is invested risk free.

Now we check if the expected wealth at time 1 really is 1056. To do so, we calculate

E(X?(1) = z(1+¢ (b—r1)+7)
0.1 —0.05
= 1000 | 1+ (—0.0063, —0.0018, 0.0263) 0.2 —0.05 | +0.05 | = 1056.

0.3 —-0.05



41

6.3. CLOSED FORM SOLUTION OF THE ONE-PERIOD
CAPITAL-AT-RISK PROBLEM

In this subsection we introduce the discrete time one-period mean-Capital-at-Risk
problem and provide a closed form solution. The solution of the continuous time optimiza-
tion problem can be found in [3]. We accept a certain amount as Capital-at-Risk and we
want to maximize the expected return. We solve the optimization problem

max E(X*(1)) (32)

s.t. CaR(p) = C,

i.e., using (23) and (14) for t =1,

max z(1l + «)
pERY (33)

s.t. x(—zg||c|| — 90/(b —r1)) =C,

where C'is the CaR at time 7' = 1. From the definition of ¢ and «, we may rewrite (33) as

max g(p), where g(p)==x (1 +¢'(b—r1)+ 7") : (34)
where
A= {@ER”: gpl(b—rl):—g—%Ha,g@H} (35)

is the feasible set of the problem. We also consider the problem

min E(X¥(1)) (36)

s.t. CaR(p) =C,

i.e., using (23) and (14) for t = 1,

min z(1 + «)

pERY (37)
s.t. z(—zg|lc|]| — ¢ (b—11)) =C,
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where C'is the CaR at time T' = 1. From the definition of ¢ and «, we may rewrite (37) as

(38)

i 9(p),

where g and A are as in (34) and (35). Before we start with the theorems we give an

overview of the solutions in this subsection.

Table 6.1. Overview mean-Capital-at-Risk problem

C | ©+2 Result See

>0 <0 Found max and min | Th. 6.2
>0 >0 Found min Th. 6.3
<0 >0 Found min Th. 6.4
<0 <0 A=10 Th. 6.5

As a next step, we state two important lemmas for the proofs of the mean-CaR

optimization problem.

Lemma 6.4. If p € A, then

/ ¢ ©
— > )
o (b—r1) > o= (39)
Proof. We calculate

b—r1)+ <
<8

o. (40)

"/‘PH o ¥EA o (

, , (28)
P b—r1) =l (b—r1) = —|
We re-arrange (40) to get

—250 (b—711) > =0 (b—7r1) — %@,
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hence
(0~ 25)¢ (b—r1) > —~6,

and thus, since © — z3 > 0,

/ ¢ ©
b— > —— )
plb-n)z-T8-
The proof is complete. ]

Lemma 6.5. If p € A, then

—(©+25)p (b—r1) < =0, (41)

8|Q

Proof. We calculate

, , 28) | , "(h — <
G- <l -] L oot L g (42)
We re-arrange (42) to get
’ / C

—zpp (b—1r1) <Op (b—r1)+ ;@,

hence
, C

—(O+23)p (b—r1) < ;@.

The proof is complete. O

Theorem 6.2 (Closed form solution to the discrete time one-period mean-CaR optimiza-

tion problem, part 1). We assume that

23+0© <0 and C>0.
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The closed form solution of the one-period mean-Capital-at-Risk problem (32) is given by

Moo )~H(b —r1)
o=t (b—r1)||

*_

where X is given as

c

T

_@—FZB.

The expected wealth after one period is then given by
E(X? (1)) =2 (1+ X0 +7)

with CaR(¢*) = C. The closed-form solution of problem (36) is given by

o _ plod) (b= 1)
lo i~ o)l

where [ 1s given as

c

T

M:_@—Zﬂ'

The expected wealth after one period is then given by

E(X¢ (1) =2 (14 p0 +r)

with CaR(p*) = C.
Proof. We show that
Logle") =2z(1+X0+7r) and  g(¢™) = z(l+pO +71),

2. g(e™) < glp) < gl*) for all p € A,

(43)

(44)
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To prove that g(¢*) and g(¢**) have the stated form follows directly from Lemma 6.1.

Next, let ¢ € A. We now show that g(¢) > g(¢**). From (39) we get

/ ¢ ©
_ > _ 2
o b—r)2 r O — 2

Therefore,

glp) = =x (1+g0/(b—r1) +r

As a next step we show that g(p) < g(¢*). From (41) we get

—(©+2z5)p (b—r1) < =0,

81Q

and thus, since © + 23 < 0,

, C ©
_ < _ = =
plb—r) < r O+ 23

Therefore,

g(p) = o(1+¢®=r1)+r) o204 = g(e).

As a last step we show that ¢*, ¢** € A. To do so, we calculate

—zg[lo"¢*|| = () (b —r1)

= uo.

(14 p0 +71)=g(p™).

= \O.

—Zﬁ|>\| — )\@

81Q

(46)
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Therefore p* € A. Now we calculate

ok sk (27),(26)
—zg o’ = (™) (b—r1) "= —zlul —pO

Therefore p** € A. This completes the proof. ]

Theorem 6.3 (Closed form solution to the discrete time one-period mean-CaR optimiza-

tion problem, part 2). We assume that
23+0© >0 and C>0.

The closed form solution of problem (36) is given by

o _ plod) N (b— 1)
lo 1o~ o)l

where s given as

c

T

'UJ:_@—ZB'

The expected wealth after one period is then given by

E(X¢ (1) =2 (14 p0O + 1) (47)

with CaR(p*) = C.
Proof. We show that

L gle™) =214 pO© +1),

2. g(¢™) < g(p) for all p € A,
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3. ¢ € A.

To prove that g(¢**) has the stated form follows directly from Lemma 6.1. Next, let p € A.

We now show that g(¢) > g(¢™). From (39) we get

/ C o
b— > —— = uo. 4
Fo-r)z - gm =0 (15)

Therefore,

glp) = =x (1 + gO/(b —r1) —i—?“) (428) (14 pu0 +1r)=g(e™).

As a last step we show that ¢** € A. To do so, we calculate

27),(26)

*% xx)/ (
—z o’ = (™) (b—r1) "= —zlp| — pO
c c
— o _ x T [e)
% e — ZB e — ZB
¢ c
— o T T [e)
Zﬁ@ — 28 e — zZB
c
= C
o= (=25 +0) = —
Therefore p** € A. This completes the proof. [

Theorem 6.4 (Closed form solution to the discrete time one-period mean-CaR optimiza-

tion problem, part 3). We assume that

23+0© >0 and C <O.

The closed form solution of problem (36) is given by

Moo )~H(b —r1)
lo=t (b —ra)[|

*_
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where \ is given as

¢

The expected wealth after one period is then given by

E(X¢ (1)) =2 (14+ X0 +7) (49)

with CaR(y*) = C.

Proof. We show that
1L glp*) =z(1+XO + 1),
2. g(¢*) < g(p) for all p € A,
3. pre A

To prove that g(¢*) has the stated form follows directly from Lemma 6.1. Next, let p € A.

We show that g(¢) > g(¢*). From (41) we get

8] Q

—(©+ z@gol(b —7r1) < —0,

and thus, since © 4 z3 > 0,

/ C 0

Therefore,
, (50)
glp) = x <1+g0 (b—?”l)—i—?") > z(1+ X0 +71)=g(p").
As a last step we show that ¢* € A. To do so, we calculate

" *\/ (27),(26)
—zgllo’e*|| = (") (b—r1) =" —z/A - 2O
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Therefore p* € A. This completes the proof. ]

Theorem 6.5 (Closed form solution to the discrete time one-period mean-CaR optimiza-

tion problem, part 4). We assume that

23+0O© <0 and C<O.

Then both (36) and the mean-Capital-at-Risk problem (32) are unsolvable.

Proof. Let ¢ € A. From (39) we know that

¢ ©

‘b—r1) > —= . 1
o (b—r1) > x@—25>0 (51)
We also know from (41) that
/ C
—(O©+z)p (b—r1) < ;@,
and thus, since © 4+ z3 < 0,
/ C ©
b—r1) < —— : 2
Flb=r) < S g <0 (52

If we combine (51) and (52), we get a contradiction. Therefore the feasible set is empty,

i.e., A =), and both problems (32) and (36) are unsolvable. This completes the proof. [J

6.4. EXAMPLES FOR THE DISCRETE MEAN-CAPITAL-AT-RISK
PROBLEM

In this section we calculate an example for the one-period mean-CaR problem and
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calculate the corresponding portfolio strategy and check the results of the optimization.

In the first example we calculate the minimal expected wealth with CaR = C'. Let

b=(0.1,0.2,0.3),

r=0.05, z3=—1.64.

0.2 0.01 0.03
c=101 03 0041,

0.05 0.03 0.1
-1
0.2 0.01 0.03 0.1 0.05
o7t =r1)|[+ 2= 0.1 03 0.04 0.2—0.05 | || — 1.64 = 0.8773.
0.05 0.03 0.1 0.3 — 0.05

Therefore C' should be negative. Let

x = 1000, C = —100.

Now we calculate

(% 100
A = — x _ 1000
o=t (b —r1)|| + 25 -
0.2 0.01 0.03 0.1 —0.05
0.1 0.3 0.04 0.2—0.05 ]| — 1.64
0.05 0.03 0.1 0.3 —0.05
0.1
= = 0.11399.
0.8773 0-11399

Now we calculate the investment strategy, because we want to know the weights of the

assets:

(00 )71 (b —r1)
o=t (b—r1)]

et = A
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0.2 0.01 0.03) {02 001 0.03 0.1 —0.05
0.1 03 00401 03 004 0.2 - 0.05
0.05 0.03 0.1/ \005 003 0.1 0.3 —0.05
= 0.1140 - —
0.2 0.01 0.03 0.1 —0.05
0.1 0.3 0.04 0.2 - 0.05
0.05 0.03 0.1 0.3 —0.05
—0.30363
= | —0.083839
1.2588

This means 125.89% are invested in asset 3.

Now we calculate the expected return of this strategy. To do so, we calculate

E(X?(1)) = o (1+¢/(b—r1)+7)

0.1 -0.05
= 1000- | 1+ (—0.30363, —0.083839,1.2588) | 0.2 — 0.05 | +0.05 | =1336.9.

0.3 —-0.05

As a next step we check if the CaR of this strategy really is —100.

CaR(¢") = (2 |

a’ng — ' (b—r1)) = 1000 - (1.64-0.114 — 0.286973) = —100. (53)

This is an example where we calculated the minimal expectation with CaR = —100. We
provide a second example where C' is positive. In this example we calculate the maximal

expected wealth with CaR = C'. Let
b=(0.1,0.2,0.3),

r=005 2z3=—164
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0.1 0 0
c=10 03 0]

0 0 02
-1
01 0 0 0.1 - 0.05
ot (0—r))||+2s=|I[ 0 03 o0 0.2 —0.05 ||| — 1.64 = —0.20386.
0 0 02 0.3 — 0.05

Therefore C' should be positive.

z =1000, C = 20.

Now we calculate

g 20
S T ] i
01 0 O 0.1 -0.05
0 03 0 0.2—0.05 || —1.64
0 0 0.2 0.3 —0.05
0.02
= T 020386 0.098107.

Now we calculate the investment strategy, because we want to know the weights of the

assets:

(00 )"H(b—r1)

Pt = A
o=t (b —r1)
’ —1
01 O 0 0.1 0 0 0.1 —0.05
0O 03 0 0 03 0 0.2 —0.05
0 0 0.2 0 0 0.2 0.3 —-0.05
= 0.06299 - —
0.1 0 0 0.1 —0.05
0 03 0 0.2 —-0.05

0 0 02 0.3 —-0.05
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0.34156
= 10.11385
0.42695

This means 34.156% are invested in asset 1, 11.385% are invested in asset 2 and 42.695%
are invested in asset 3.

Now we calculate the expected return of this strategy. To do so, we calculate

E(X?(1) = « (1 ¢ (b—r1) + 7")

0.1 -0.05
= 1000 - | 14 (0.34156,0.11385,0.42695) | 0.2 — 0.05 | +0.05 | = 1190.9.

0.3 —-0.05

As a next step we check if the CaR of this strategy really is 20.

CaR(¢") = a(—2 |

0/¢H — ' (b—r1)) = 1000 - (1.64 - 0.098107 — 0.14089) = 20.

In this example we calculated the maximal expectation with CaR = 20.

6.5. CLOSED FORM SOLUTION OF THE ONE-PERIOD
VALUE-AT-RISK PROBLEM
In this subsection we introduce the discrete time one-period mean-Value-at-Risk prob-
lem and provide a closed form solution.
We accept a certain amount as Value-at-Risk and we want to find the portfolio
strategy which maximizes our expected wealth. We solve the optimization problem
max E(X?(1))

peR” (54)
s.t. VaR(p) = C,
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i.e., using (17) and (14) with ¢t = 1,

max z(1 + «)
pERY (55)

st. (zglle]| +1+a)z=C,

where C' is the VaR at time 7' = 1. From the definition of ¢ and «, we may rewrite (55) as

max g(p), where g(p)=xz(1+ gol(b —7r1)+71), (56)
)
where
, C
AZ{QOER”Z gp(b—rl):;—l—r—z[gﬂcﬂ} (57)

is the feasible set of the problem. We also consider the problem

min E(X¥(1)) (58)

s.t. VaR(y) = C,

i.e., using (17) and (14) with t =1,

min z(1 4 «)

pERY (59)
st (zglle]| +1+ o)z =C,

where C'is the VaR at time 7" = 1. From the definition of ¢ and «, we may rewrite (59) as

min g(¢), (60)

pEA

where g and A are as in (56) and (57). Before we state the theorems we give an overview of
the solutions in this subsection in a table. As a next step, we state two important lemmas

for the proofs of the mean-VaR optimization problem.



Table 6.2. Overview

mean-Value-at-Risk problem

% —1—=7r] ©+z Result See
<0 <0 Found max and min | Th. 6.6
>0 >0 Found min Th. 6.7
<0 >0 Found min Th. 6.8
>0 <0 A=10 Th. 6.9
Lemma 6.6. If p € A, then
"(b—r1) > s ol-org
v )= 0 — zg

Proof. We calculate

/ / (28) / '
p(b—r1)=—lp(b—r1)| = —HacpH@g"iA ik

We re-arrange (62) to get

b—r1)—S4+1+7r

—250 (b—711) > =0y (b—r1) + (g 1 r) o,

hence

(0 — 25)p (b—7r1) > (g—l—r

X

and thus, since © — z3 > 0,

The proof is complete.

T

)e.

“p

95

(61)

(62)
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Lemma 6.7. If p € A, then

T

(254+60)¢ (b—r1) > (Q_ 1 —r> 0. (63)

Proof. We calculate

/ / (28) —p(b—r1)+< -1~
Fh-r) <l b-r) < O] = e ( B 7’) - (64
We re-arrange (64) to get

(25 +6) ¢ (b—r1) > (%—1—7“) 0.

The proof is complete. ]

Theorem 6.6 (Closed form solution to the discrete time one-period mean-VaR optimiza-

tion problem, part 1). We assume that
0+23<0 and C<az(l+r). (65)

The closed form solution of problem (54) is given by

. Aod)'(b—r1)
lo=t (b —ru)||

where X\ is given by

The expected wealth after one period is then given by

E(X¢ (1) =2 (14+ X0 +7)



with VaR(¢*) = C. The closed-form solution of problem (58) is given by

o _ plod) (b= 1)
lo— 1~ )l

where 1 1s given by

€ _1-vr
z -

o= @—Zlg ’

The expected wealth after one period is then given by

E(X‘/’**(l)) =z(14+p©+1)

with VaR(¢*) = C.

Proof. We show that
L ogle*)=z(1+ X0 +71), g(¢™) =2(14+ pO + 1),
2. 9(p™) < g(p) < g(¢") for all € A,

3. %™ e A

o7

To prove that g(¢*), g(¢**) have the stated form follows directly from Lemma 6.1. Next,

let ¢ € A. We show that g(¢) < g(¢*). From (63) we get

T

(z5+6) ¢ (b—r1) > (g—l—r> o,

and thus, since © + 25 < 0,

Now,

g(@) =z(1+ ¢ (b—r1) +7) (6g6) (1420 + 1) = g(p*).

(66)
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As next step we show that g(¢) > g(¢™). From (61) we get

v

@b—r1)>Lt — 0 =pu0. (67)
Therefore,
/ (67) ok
gp) =21 +e(b—r1)+r) > z(14+p0 +1) = g(p™).

As a last step we show that p*, p** € A.

ol o' ]+ 14 (Y b= 1) 47) OO <zﬁ

Therefore p* € A. Now we calculate

ol oo™ 414 () (b= ra) 47) O <zﬁ

Therefore p** € A. The proof is complete. O

Theorem 6.7 (Closed form solution to the discrete time one-period mean-VaR optimiza-

tion problem, part 2). We assume that

0+23>0 and C>az(l+r). (68)
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The closed form solution of problem (58) is given by

Moo )~H(b —r1)
o=t (b—r1)||

*_

where X is given by

The expected wealth after one period is then given by
E(X? (1)) =2 (1+ X0 +7)

with VaR(¢*) = C.

Proof. We show that
L g(¢*) =2(14+ 2O + 1),
2. g(p) = g(p*) for all p € A,
3. ¢* e A

To prove that g(¢*) has the stated form follows directly from Lemma 6.1. Next, let ¢ € A.

We show that g(¢) < g(¢*). From (63) we get

(z5+6) ¢ (b—r1) > (g—l—r) O,
x
and thus, since © + 25 > 0,
O = \O. (69)

Now

g(@) =z(1+ ¢ (b—r1) +7) (629) (1420 + 1) = g(p*).
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As a last step we show that ¢o* € A. To do so, we calculate

/ 27),(26
o oo + 14 () (b= 1) + 7)) x<zﬁ

Therefore p* € A. The proof is complete. ]

Theorem 6.8 (Closed form solution to the discrete time one-period mean-VaR optimiza-

tion problem, part 3). We assume that

0+23>0 and C<z(l+r). (70)

The closed form solution of problem (58) is given by

p(oo') (b= ra)
fo G —r)

*_

where 1 1s given by

€ _1-vr
T

h=te T,
The expected wealth after one period is then given by
E(X¢ (1)) =2 (14 pO© + 1) (71)

with VaR(¢*) = C.
Proof. We show that

1. g(¢*) =2(1+ pu0 + 1),
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2. g(p) = g(¢") for all € 4,
3. pre A

To prove that g(¢*) has the stated form follows directly from Lemma 6.1. Next, let p € A.

We show that g(¢) > g(¢*). From (61) we get

€ 1-v¢
z -

(b —r1) >
o ((b—r1)> o=

© = ud (72)
Therefore,
, (72) .
g(p) = :v(1+<p(b—r1)—|—r> > (14 p0 +71)=g(p").

As a last step we show that ¢* € A.

2z o'+ 1+ (97) (b —r1) +7) TE g (Zﬁ

The proof is completed. [

Theorem 6.9 (Closed form solution to the discrete time one-period mean-VaR optimiza-

tion problem, part 4). We assume that

0+23<0 and C>ax(l+r). (73)

Then both (58) and the mean-Value-at-Risk problem (54) are unsolvable.

Proof. From (61) we know that

0 > 0. (74)
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We also know from (63) and the fact that © + 23 < 0 that
‘(b—r1) < 1) g g (75)
7 = O+ zZB '

If we combine (74) and (75), we get a contradiction. Therefore the feasible set is empty,

i.e., A =), and both problems (54) and (58) are unsolvable. This completes the proof. [

6.6. EXAMPLES FOR THE DISCRETE MEAN-VALUE-AT-RISK
PROBLEM

In this section we calculate an example for the one-period mean-CaR problem and
calculate the corresponding portfolio strategy and check the results of the optimization.

In the first example we calculate the minimum expected wealth with VaR = C. Let
b=1(0.1,0.2,0.3),

r=0.05, z3=—1.64.

0.2 0.01 0.03
c=101 03 0041,

0.05 0.03 0.1
-1
0.2 001 0.03 0.1 —0.05
o (b—r1)||+2=|I| 0.1 03 0.04 0.2 —0.05 ||| — 1.64 = 0.8773.
0.05 0.03 0.1 0.3 — 0.05

Therefore C' > z(1 + 7).

x = 1000, C = 1060.
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Now we calculate

C 060
. ¢ _1-r _ o8 —1-10.05

o=t (b —r1)|| + 25 -
0.2 0.01 0.03 0.1 —0.05
0.1 0.3 0.04 0.2—10.05 || —1.64
0.05 0.03 0.1 0.3 —0.05

0.01
= —— =0.0113909.
0.8773

Now we calculate the investment strategy, because we want to know the weights of the

assets:
o= )\(Ua,)l_l(b—rl)
o=t (b —r1)]
’ —1
0.2 0.01 0.03 0.2 0.01 0.03 0.1 —0.05
0.1 0.3 0.04 0.1 0.3 0.04 0.2 —0.05
0.05 0.03 0.1 0.05 0.03 0.1 0.3 —0.05
= 0.011399 - —
0.2 0.01 0.03 0.1 —0.05
0.1 0.3 0.04 0.2 —0.05
0.05 0.03 0.1 0.3 —-0.05
—0.030363
= —0.0083839
0.12588

This means 12.588% are invested in asset 3.

Now we calculate the expected return of this strategy. To do so, we calculate

E(X?(1) = a(1+¢(b-r1)+7)
0.1 -0.05
= 1000 | 1+ (—0.030363, —0.0083839,0.12588) | 0.2 — 0.05 | +0.05

0.3 —0.05



= 1078.7.
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As a next step we check if the VaR of this strategy really is 1060.

VaR(¢") = (25 [lell + 1+ a)x

0.1 -0.05

= 1000- | —1.64-0.011399 + 1 + (—0.030363, —0.0083839,0.12588) | 0.2 — 0.05 | + 0.05

= 1060.

0.3 —-0.05

We provide a second example when C' < x(1+7). In this example we calculate the maximal

expected wealth with VaR = C'. Let

b=(0.1,0.2,0.3),

r=0.05, z5=—1.64.

01 0 0
co=10 03 0 [,

0 0 02
~1

01 0 0 0.1 - 0.05

o' (b—r1)][+2zs=I| 0 03 o0 0.2 — 0.05

0 0 02 0.3 — 0.05

Therefore C' < x(1 + ).

x = 1000, C = 1030.

—1.64 = —0.20386.



65

Now we calculate

C 030
\ - z—1-=r _ o8 —1-10.05

oY b—r1)|| + = -1

o M2 01 0 0 0.1—0.05
0 03 0 0.2-005 ||| —1.64
0 0 02 0.3 — 0.05

—0.02

Y (.098107.
—0.20336

Now we calculate the investment strategy, because we want to know the weights of the

assets:

(00 )71 (b —r1)

P = A
o=t (b —r1)]
’ 1
01 O 0 01 O 0 0.1 —0.05
0 03 O 0 03 O 0.2 —0.05
0 0 0.2 0 0 0.2 0.3 —-0.05
0.098107 - =
0.1 O 0 0.1 —0.05
0 03 O 0.2 —0.05
0 0 0.2 0.3 —0.05
0.34156
= 0.11385
0.42695

This means 34.156% are invested in asset 1, 11.385% are invested in asset 2 and 42.695%

are invested in asset 3.

Now we calculate the expected return of this strategy. To do so, we calculate

E(X¥(1)) = =« (1 +¢(b—r1)+ 7“>
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0.1 —0.05
= 1000 - | 1+ (0.34156,0.11385,0.42695) | 0.2 — 0.05 | + 0.05 | = 1190.9.

0.3 —-0.05

As a next step we check if the VaR of this strategy really is 1030.

VaR(¢*) = (25 ||lc]| + 1 + a)z
0.1 —0.05
= 1000- ] —1.64-0.098107 +1 + (0.34156, 0.11385, 0.42695) 0.2 —-0.05| +0.05

0.3 —-0.05
= 1030.

6.7. DISCRETE TIME MULTI-PERIOD MEAN-VARIANCE PROBLEM
In this section we introduce the multi-period mean-variance problem and provide
a closed form solution. Like in Markowitz’ classical mean-variance problem we want to
minimize the variance under a given level of expected return. The difference is only that
we solve it as a discrete time multi-period model. We solve the optimization problem
min Var(X?(7T))

pER™ (76)
s.t. E(X#(T)) > C,

where C'is the expected terminal wealth at time 7. We assume that the expected return of
the investor is greater than the return of the risk-free asset. If we expect only the return of
the risk free asset, we should get a variance of zero because we invest everything risk free.
In the solution we have to check if we get a variance of zero for the pure bond strategy.

Formally our assumption is

C>z(1+nr)"

If C < x(1+7)T, then we invest everything risk free and get a variance of zero.
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Theorem 6.10 (Closed form solution of the discrete time multi-period mean-variance
optimization problem). The closed-form solution of the multi-period mean-variance problem
(76) is given by

Moo )71 (b —r1)
lo=t (b —ru)]|

*

where X is given as

The expected wealth after T periods is then C' with variance

() x| - (9)) )

Proof. Using (14) and (15) for t = T', we rewrite problem (76) as

Var(X#(T)) = 2

;rel]iRI}L v’ [((1 +a)? + c’c)T —(1+ a)QT}

(78)
st.z(l+ o)’ > C.

which is the same, when ¢ and « are substituted, as

min 9(),

where

glp) = 2° [((1 +@ (b—r1)+r)+ 90/00'<p>T — L+ (b—r1)+r)"|,

and where the feasible set of problem (78) is given by

A:{goeR": @ (b—r1)> \T/Q—l—r}.
T
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To prove the theorem we show that
C\F T oy
Lt = (9 0) = (€7,
2. g(p) 2 g(¢") for all p € 4,
3. p* e A
As a first step we show that

T

9o = x?[((H<so*>’<b—m>+r>2+<¢*>’aa’¢*) —<1+<so*>’<b—m>+r>ﬂ

=" 2 [((1 FA0 )2+ 22" — (1420 + r)2T}

. 9 T G 2T
= z? <1+\T/——1—r+r> +)\2) —<1+\T/——1—7“+7'> ]
T T
. 2 T G 2T
T T
7 C

Next, let ¢ € A. We show that g(p) > g(¢*). To do so, we calculate

R (e G [ 0]
> > >
[oe| = e = (e = (79)
and thus
o 2 [ / 2 / 4 T / 2T
glp) = = ((1+<p(b—r1)+r) +goaag0> —(1+e(b—r1)+r) }

2 (o) - @ o) 4]

cA C 2 r & 27
@Z a? <1+\T/——1—r+7’> +)\2> —<1+\T/——1—r+r> ]
X T
- 5 2 T . 2T
T T
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_ g2 (<9>+A>(9) = 9(¢"),

where in the second inequality sign we have used the subsequent Lemma 6.8. As a last

step we show that ¢* is in the feasible set. To do so, we calculate

x (1 + (") (b—r1) + T)T (20 r(1+20 +7)"

Hence ¢* € A. This completes the proof. O

Lemma 6.8. Let ¢1,c5 >0 and T € N and define f : [0,00) — R by
fl@)=((a+z)*+ CQ)T — (c1 + 2)*T.

Then f is increasing.

Proof. We let x > 0 and calculate

fl(@) = T((e+2)+ CQ)T_l 2(c1 + ) — 2T (c; + z)*7 1

= 2T(c1 + ) [((cl +z)? + CQ)T_l

— (1 + x)QT_z]
> 2T(c1 + ) [((e1 +2)*)" 7' = (e + )7

= 0,

which completes the proof. ]

As an immediate consequence of Theorem 6.10 we get that the mean-variance is a
function of the expected terminal wealth. An investor is now able to plot a graph for

different expected terminal wealths.
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Let us denote with w := E(X¥(T")) the expected wealth after T-periods. Now we can

plug it into the result of Theorem 6.10 to get

If we know our desirable expected terminal wealth, then we can calculate A and the portfolio
construction strategy.
Another way is that we accept a certain amount as variance and then we calculate w

and set this equal to C. Then we are able to calculate the optimal portfolio.

6.8. EXAMPLE FOR THE DISCRETE MULTI-PERIOD
MEAN-VARIANCE PROBLEM

In this subsection we calculate an example for the one-period mean-Var problem and
calculate the corresponding portfolio strategy and check the results of the optimization.

Let

b=(0.1,0.2,0.3),
r = 0.05,
T =2,
0.2 0.01 0.03

c=101 03 00415,
0.05 0.03 0.1

z =1000, C =1110.



Now we calculate

{/E—l—r
N = T

71

/10y 05

lo=t(®—ra)]| o
0.2 0.01 0.03 0.1 —0.05
0.1 03 0.04 0.2 — 0.05
0.05 0.03 0.1 0.3 — 0.05
0.0035654
= T —0.0014163,
o573 OO0

With that A we calculate the variance of our portfolio with an expected terminal wealth

of C
C\7 ooy
Var(p*) = 2° (—) —l—)\2] —(—)
x x

2 2 2
1110\ 2 1110
1000” [( ) +(0.0014163)2] —( ) = 4.4534.

1000 1000

That is the minimal variance for the portfolio with an expected terminal wealth of 1110 at

time 2. Now we calculate the investment strategy, because we want to know the weights

of the assets:

(00 )"H(b—r1)

Pt = A
o=t (b —r1)||
/ —1
0.2 0.01 0.03 0.2 0.01 0.03 0.1 — 0.05
0.1 0.3 0.04 0.1 03 0.04 0.2 — 0.05
0.05 0.03 0.1 0.05 0.03 0.1 0.3 — 0.05
— 0.0014 - —
0.2 0.01 0.03 0.1 —0.05
0.1 0.3 0.04 0.2 — 0.05
0.05 0.03 0.1 0.3 — 0.05
~0.0038
= | -0.0010

0.0156
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This means we invest 1.56% of our initial wealth in asset 3. The rest is invested risk free.

Now we check if the expected wealth at time 2 really is 1110. To do so, we calculate

E(X?(2) = z(14+¢ (b—r1)+7r)?
0.1 —0.05

1000 - | 1+ (—0.0038, —0.0010,0.0156) | 0.2 — 0.05 | +0.05 | = 1110.

0.3 —-0.05

The discrete time multi-period efficient frontier is provided in Figure 6.3

ant Discrete time multiperiod mean-variance efficient frontier
10 | | |

Variance
i
T
|

0 . | L | |
1100 120 1140 1180 1180 1200 1220

Expected wealth attime T

Figure 6.3. Discrete time multi-period mean-variance efficient frontier

In Figure 6.4 we provide the Matlab implementation for the closed form solution of the
discrete time multi-period mean-variance optimization problem. With that implementation

we are able to easily calculate efficient portfolios.
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#3o0lution of the discrete time mwulti-period mean-variance problem
function[epsstar,Var, Policy]=discretenv(C,w,r, b, sigma, T)

j=length (C);
k=length (b ;
epsstar=zeros(], 1) ;
Var=zeros(j, 1} ;
Policy=zeros (j.k};

for 4=119
epastar(i)=(((C(i)/w) )" (1/T)-r-1) /fnorw (inv (sigma) * (b-1) ) ;

Var (i)=w 2+ [ ([ (¢ (i) /m)* (1/T) ) “Z+epastar (1) 21 T-(C (1) /)~ 2) ;

Poliey(i,:}= epsstar(i)*(inv( (zigwa*sigua'))* (b-r) ) /norwiinvisigua) * (b-r));
end

Figure 6.4. Matlab implementation for the discrete time multi-period mean-variance prob-
lem
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7. CONCLUSIONS

In this thesis we introduced a discrete time financial market model in order to de-
scribe real life more accurate. In the continuous time models we assume that we trade
continuously over a given time period. In practice we do not trade continuously. For ex-
ample at weekends we have no trading. Also if we trade in very small time intervals it
is still a discrete time model. Therefore we introduced a discrete time market model. A
possible extension for the discrete time market model would be to allow jumps in time. As
we saw in Section 4, the discrete time financial market model is very good for simulation
purposes. We need only to simulate standard normal distributed random variables and
calculate the product from Lemma 4.2. We also introduced the risk measure Earning-at-
Risk, Capital-at-Risk and Value-at-Risk for the discrete time financial market. For the
risk measures we restricted ourself to one period. Otherwise we would have to deal with a
product of normally distributed random variables, which follows an unnamed distribution.
A possible extension for our model would be to extend it to a multi-period model and
calculate the quantiles of the distribution numerically.

For the one-period risk measures we found closed-form expressions to calculate the
optimal portfolios. With our method to prove the theorems we could simplify the con-
tinuous time proofs from [6, 7]. For the multi-period mean-variance problem we found a
closed-form solution to find optimal portfolios. With the portfolio weights we can easily
calculate the minimal variance for the portfolio.

An interesting insight of this thesis is that the optimal portfolio does not depend on
the number of assets. Like in the continuous time models it only depends on ||~ (b — r1)||,

which can be seen as kind of a mutual fund theorem.
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