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A R T I C L E  I N F O   
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A B S T R A C T   

The industry demand for accurate and fast algorithms that model vital battery parameters, e.g., state-of-health, 
state-of-charge, pulse-power capability, is substantial. One of the most critical models is battery capacity fade. 
The key challenge with physics-based battery capacity fade modeling is the high numerical cost in solving 
complex models. In this study, an efficient and fast model is presented to capture capacity fade in lithium-ion 
batteries. Here, the high-order Chebyshev spectral method is employed to address the associated complexity 
with physics-based capacity fade models. Its many advantages, such as low computational memory, high ac
curacy, exponential convergence, and ease of implementation, allow us to efficiently model a comprehensive 
array of degradation physics such as solid electrolyte interface film formation, hydrogen evolution, manganese 
deposition, salt decomposition, manganese dissolution, and electrolyte oxidation. In this work, we developed a 
modeling framework that accurately and efficiently predicted degradation in a lithium-ion battery over extended 
cycles. For example, in long cycle battery operation, the implemented Chebyshev spectral method algorithm was 
found to be within 0.1358% – 0.28% of a high-fidelity model, while simulation times were reduced by an average 
of 91%. The developed Chebyshev spectral method algorithm shows great potential in advanced battery man
agement systems, where maintaining accuracy and achieving a fast response is critical.   

1. Introduction 

Lithium-ion batteries (LIBs) are ubiquitous in modern day applica
tions (e.g., electric vehicles, portable devices, stationary applications). 
Their immense market penetration is due to their high energy density, 
high power density, and comparatively low cost. Despite these excellent 
properties, their usage is hampered by rapid capacity fade, poor cycla
bility, and instability, especially at high temperatures. These de
ficiencies demand an effective tool for monitoring their status (e.g., 
state-of-health (SOH), state-of-charge (SOC), remaining useful life 
(RUL), and state-of-power (SOP)) during operation. 

A BMS consists of hardware and software tools that collaboratively 
control the charging and discharging of a battery pack, in order to ensure 
its reliable and safe operation [1]. To ensure safety, the BMS must 
prevent the battery pack from overcharging and reaching high tem
peratures [2]. Furthermore, BMSs also perform cell balancing and fault 
detection functions in battery packs. To carry out these functions, 
advanced BMSs monitor battery pack states, and estimate such 

quantities as SOH, SOC, RUL, and SOP. Considering these parameters 
are unmeasurable, appropriate models are typically used. The 
commonly employed models are classified into two groups: equivalent 
circuit models (ECMs) [3–6] and physics-based electrochemical models 
(PEMs). In ECMs, electrical-circuit analogs are employed to simulate the 
cell voltage response to different current profiles. Although ECMs are 
simpler and easier to implement than PEMs, they lack high fidelity and 
offer limited information on a battery’s inherent status. In comparison, 
PEMs, like the pseudo-two-dimensional model (P2D)—simulate the 
behavior of a battery by relating the reaction kinetics and species (i.e., 
ions and electrons) transport to current and voltage [7,8]. Its advantage 
lies in its dependence on the inherent physics of a battery, thereby 
enhancing accuracy. Despite its accuracy, widespread use of this model 
is limited in BMS applications due to its associated computational cost 
and complexity. The inclusion of degradation physics to PEMs for SOH 
purposes will make this issue worse. 

The viability of computational tools in improving the efficiency and 
life-cycle of LIBs were previously discussed in [9,10]. For example, 
Smith et al. [11] showed that a 50% increase in the useful power density 
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of LIBs can be achieved via physics-based battery health management 
systems. Rahimian et al. [12] used physics-based dynamic optimization 
techniques to extend the useful life of a cell by 29.28%. In addition, Lin 
et al. [13] employed optimization methods in a physics-based battery 
model to extend battery life cycle by 200%, after 100 cycles. In these 
examples, the employed methods differed from traditional approaches 
because they used physics-based battery control algorithms [9] to 
extend battery life-cycle. In contrast, traditional methods simply impose 
strict safety limits [9] on battery parameters, e.g., current, SOC, and 
temperature. Overall, modeling is essential to, understanding behavior, 
design, discovery, estimation and control of lithium-ion batteries [14]. 
In order to achieve the aforementioned gains, the current state-of-the-art 
actively incorporates physics-based modeling into Battery Management 
Systems (BMSs) [2,15,16]. 

Another important aspect is the computational efficiency. In the 
literature, several modeling techniques have been developed to effi
ciently model and reduce the associated complexity with physics-based 
battery models. For example, Northrop et al. [17] used coordinate 
transformation, orthogonal collocation and reformulation techniques to 
efficiently simulate battery stack models. Bizeray et al. [8] employed 
Chebyshev orthogonal collocation techniques in conjunction with an 
extended Kalman filter algorithm, to estimate the states in a battery 

model. Using asymptotic techniques, Planella et al. [18] systematically 
derived a fast and accurate thermal single particle model with electro
lyte dynamics. In these prior battery modeling works, the associated 
capacity fade mechanisms in lithium-ion batteries were ostensibly 
omitted. This is because inclusion of these mechanisms will significantly 
increase the complexity of the modeling process. 

In this work, an advanced mathematical model is developed and 
implemented to capture the capacity fade in a battery accurately and 
efficiently. The model employs the Chebyshev spectral method (CSM) 
[7,8,19], which is known for its accuracy, ease of implementation, 
exponential convergence and reduced computational cost. The capacity 
fade model considers solid-electrolyte interface film formation, Mn 
deposition, and hydrogen evolution [20] as the dominant degradation 
mechanisms in the anode electrode. In the cathode domain, manganese 
dissolution, electrolyte oxidation, and salt decomposition are modeled 
as the fundamental degradation mechanisms [20–22]. In addition to the 
side reactions in the electrodes, salt decomposition in all of the domains 
(i.e., anode, separator, and cathode) was also modeled. These degra
dation mechanisms are primarily modeled with mass and charge con
servation equations in the physics-based P2D battery modeling 
framework. The implemented capacity fade model consists of 5 partial 
differential equations, 5 ordinary differential equations, and 7 algebraic 

Nomenclature 

c1 Solid phase concentration 
[
mol⋅m− 3]

c2 Solution phase concentration 
[
mol⋅m− 3]

cH+ Concentration of H+ species 
[
mol⋅m− 3]

cMn2+ Concentration of Mn2+ species 
[
mol⋅m− 3]

cH2O Concentration of water 
[
mol⋅m− 3]

cmax
1 Maximum solid phase concentration 

[
mol⋅m− 3]

csurf
1 Solid phase surface concentration 

[
mol⋅m− 3]

D1 Solid phase diffusion coefficient 
[
m2⋅s− 1]

D2 Solution phase diffusion coefficient 
[
m2⋅s− 1]

Deff
H+ Effective diffusivity of H+

[
m2⋅s− 1]

Deff
Mn2+ Effective diffusivity of Mn2+[m2⋅s− 1]

Deff
H2O Effective diffusivity of H2O

[
m2⋅s− 1]

Deff
2 = D2⋅εbrugg

2 Effective solution phase diffusion coefficient 
[
m2⋅s− 1]

F Faraday’s constant 
[
C⋅mol− 1

]

Iapp Applied current density 
[

A⋅m− 2]

i0 Exchange current density 
[
m2⋅s− 1]

jloc,i Local intercalation current 
[
mol⋅ m− 2⋅s− 1]

keffi = k2(c2)⋅εbrugg
i Effective solution phase ionic conductivity 

[
S⋅ 

m− 1]

kjunc = 2RT
F
(
1 − t0

+

)
Junction potential pre-factor. 

R Gas constant 
[
J⋅mol− 1⋅K− 1

]

Si Specific surface area of active materials 
[

m− 1]

Uocp Open circuit potential [V]

Greek letters 
φ1 Solid phase potential [V]
φ2 Solution phase potential [V]
ηoxid Overpotential for oxidation side reaction [V]
ε2 Electrolyte volume fraction 
σeff

i Effective solid phase electronic conductivity 
[
S⋅m− 1]

ηi Overpotential [V]
δSEI SEI layer thickness [m]

θi =
csurf

1
cmax

1 
Normalized surface concentration 

Superscripts 
eff effective 
max maximum 
surf surface 
pos positive 

Subscripts 
ocp open circuit potential 
app applied 
a anode electrode 
c cathode electrode 
s separator 
oxid oxidation 
dis dissolution 
dep deposition 

Abbreviations 
LIBs Lithium-ion batteries 
SOH State-of-health 
SOC State-of-charge 
RUL Remaining useful life 
SOP State-of-power 
ECMs Equivalent circuit models 
PEMs Physics-based electrochemical models 
P2D Pseudo-two-dimensional model 
BMSs Battery management systems 
CSM Chebyshev spectral method 
SEI Solid electrolyte interphase 
EC Ethylene carbonate 
FEM Finite element method 
FDM Finite difference method 
DAE Differential-algebraic equation 
IDAS Implicit differential–algebraic equation solver with 

sensitivity capabilities 
SUNDIALS Suite of nonlinear and differential/algebraic equation 

solvers 
BDF Backward differentiation Formula 
RMSE Root-mean-square-error  
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equations. Our implementation of this capacity fade model, using the 
CSM demonstrates its potential for use in an advanced battery man
agement system. Finally, the numerically implemented capacity fade 
model was computationally validated using COMSOL Multiphysics® 
and sundialsTB solvers. 

2. Modeling section 

2.1. Capacity fade model 

In the implemented capacity fade model, we consider LiyMn2O4/ 
LixC6 battery chemistry, as a demonstration. The modeled side reactions 
in the anode are solid electrolyte interphase (SEI) film formation, Mn 
deposition, and H2 evolution [20]. In the cathode domain, the consid
ered degradation mechanisms are localized Mn dissolution, electrolyte 
oxidation, and salt decomposition [20]. The cathodic side reactions 
were coupled such that solvent/electrolyte oxidation and salt decom
position play an active role in Mn dissolution. All these degradation 
mechanisms were modeled using side reactions expressed by appro
priate kinetic equations. 

The formation of SEI in the anode domain occurs due to a reaction 
between the lithiated graphite and the electrolyte solvent. This reaction 
is given by [23] 

S+ 2Li+ + 2e− →P (1)  

where S is the solvent (ethylene carbonate (EC) in this work) and P 
represents the collection of products (ethylene dicarbonate (CH2OC
O2Li)2 is assumed here) formed due to this side reaction. The adverse 
effects of SEI formation are in the form of losses in cyclable lithium-ions 
and increase in anode electrode resistance. In tandem with SEI forma
tion in the anode electrode, manganese deposition and hydrogen evo
lution also occur. The manganese deposition reaction occurs due to a 
reduction reaction, as expressed in [20]. Note that the deposition reac
tion in the anode is a by-product of the manganese dissolution reaction 
in the cathode. Similar to the formation of the SEI layer, the adverse 
impact of Mn deposition reaction comes in the form of loss of cyclable 
lithium-ions. This deposition reaction is given by 

Mn2+ + 2e− → Mn(s) (2) 

Also, the hydrogen evolution reaction emanates from the protons 
generated due to electrolyte oxidation and salt decomposition reaction 
in the cathode domain. The generation and consumption of the protons 
on the anode surface is [20] 

H+ + e− →
1
2
H2(g) (3) 

In the cathode domain also, multiple degradation mechanisms are 
considered, this includes manganese dissolution, salt decomposition, 
and solvent oxidation. The solvent oxidation reaction in the cathode is 
[21,24] 

Solvent ̅̅̅̅→
oxidation Slo +H+ + e− (4)  

where Slo describes the solvent oxidation products. The salt decompo
sition reactions occur due to the reaction of LiPF6 with water in the 
electrolyte. This reaction is 

LiPF6 ̅̅̅̅→
oxidation LiF +PF5 (5)  

where PF5 subsequently reacts with water to form HF acid. The acid 
attack induced Mn dissolution in the cathode domain is expressed by the 
following chemical reaction [20,25] 

4H+ + 2LiMn2O4→2Li+ +Mn2+ +
3
2

Mn2O4 + 2H2O (6) 

Here, it is assumed that a fraction of Mn2+ precipitates to form MnF2 

composite on the cathode surface. The degradation mechanisms, shown 
schematically in Fig. 1, were implemented in the physics-based P2D 
model in the form of side-reactions. All of the required governing and 
capacity fade equations are given in Appendix A. 

2.2. Chebyshev spectral method implementation of the comprehensive 
capacity fade model 

To discretize the governing equations in the capacity fade model, the 
CSM is employed. This method is chosen specifically because of its 
computational efficiency, exponential convergence, low-memory 
requirement [26–28], and high accuracy. Compared to traditional 
methods, like the finite element method (FEM) and the finite difference 
method (FDM), the CSM employs global basis functions with higher 

Fig. 1. Schematic showing the modeled degradation mechanisms [11–13,17].  

Fig. 2. Comparison of discretization methods. (a) Chebyshev spectral method 
(b) Finite element method and (c) Finite difference method [26,29]. 
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order polynomials defined over the whole (see Fig. 2a with the sche
matic representation of the global basis function and discretization 
nodes) computational domain [26–28]. Whereas, in the case of the FEM, 
the computational domain is discretized into sub-intervals, where the 
approximating polynomials are nonzero over a couple of sub-intervals 
(see Fig. 2b). In the FEM, three fundamental approaches are employed 
for improving accuracy: h-refinement, r-refinement, and p-refinement. 
For the FDM, the unknown function is approximated using a sequence of 
multiple overlapping low-order polynomials (see Fig. 2c). 

The first step in the CSM method involves transformation of the 
problem domain into the interval [− 1, 1], using a non-uniform distri
bution that has been shown to be more accurate [28,30] than its uniform 
counterpart. This distribution is the Chebyshev Gauss-Lobatto points 
defined as, 

zp = − cos
(pπ

N

)
p = 0,…N (7) 

Given a grid function up = u
(
zp
)
, where p = 0,…N and N is the 

number of subintervals, the approximation polynomial u(N)(z) is 

u(N)(z) =
∑N

p=0
uplN

p (z) (8)  

where lNp (z) is the Lagrange polynomial 

lN
p (z) =

∏N

j=0,j∕=p

z − zj

zp − zj
p, j = 0,…,N (9) 

The (N + 1) nodal values of up are 

U = (u0, ..., uN)
t (10)  

U(k) =

(

u(k)
0 ≡

dku(N)

dzk

⃒
⃒
⃒
⃒

z0

, ..., u(k)
p ≡

dku(N)

dzk

⃒
⃒
⃒
⃒

zp

, ..., u(k)
N ≡

dku(N)

dzk

⃒
⃒
⃒
⃒

zN

)t

(11)  

where k is an integer representing the differentiation order. The discrete 
differentiation matrix for the differential operators, is then defined by 
the expression Dk

GLU = U(k) [28], 

DGL =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−
2N2 + 1

6
. −

( − 1)N

2

. .
c i

c j

( − 1)i+j

(
zi − zj

)

− zj

2
(
1 − z2

j

) .

.

c i

c j

( − 1)i+j

(
zi − zj

) . .

( − 1)N

2
2N2 + 1

6

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(12)  

where 

c n =

{
2 n = 0 or n = N

1 1⩽n⩽N − 1 (13) 

This differentiation matrix is valid for the Cartesian coordinate sys
tem over the Gauss-Lobatto grid points. For equations in the spherical 
coordinate system whose second derivative operator are singular at the 
center i.e., at r = 0, a non-uniform Chebyshev grid called the Gauss- 
Radau is used. The differentiation matrix using the Gauss-Radau grid 
has only one boundary point i.e., r = R, and the other boundary is 
defined to be close to r = 0 but never on it. The Gauss-Radau grid points 
are then defined as, 

xp = − cos
(
(2p + 1)π

2L + 1

)

, p = 0,…, L (14) 

Given the Gauss-Radau points, the appropriate approximation 
polynomial is 

up =
∑L

n=0
ûnTn

(
xp
)
, p = 0,…, L (15)  

where 

Tn
(
xp
)
= ( − 1)ncos

(
(2p + 1)nπ

2L + 1

)

(16) 

and ûn is the Gauss-Radau pseudo spectrum of u(N)(z) and it is 
expressed as 

ûn =
2

Nc n

∑N

p=0

1
c p

Tn
(
zp
)
up, n = 0,…,N (17) 

To derive the differentiation matrix for the Gauss-Radau grid points, 
the Gauss-Radau transformation matrix TGR and its inverse were used 

(TGR)np = ( − 1)ncos
(
(2p + 1)nπ

2L + 1

)

, n, p = 0,…,L (18)  

(
T − 1

GR

)

np =
4( − 1)n

(2L + 1)cncL− p
( − 1)ncos

(
(2p + 1)nπ

2L + 1

)

, n, p = 0,…,L

(19) 

The Gauss-Radau differentiation matrix is 

DGR = TGR⋅D̂⋅T − 1
GR (20)  

where D̂ is the pseudo-spectral differentiation matrix, and it is 

D̂ =
(
T − 1)

np⋅DGL⋅Tpn, n, p = 0,…, L (21) 

The matrices Tpn and 
(
T− 1
)

np, respectively, are 

Tpn = ( − 1)ncos
(

pn
π
N

)
, n, p = 0,…,N (22)  

(
T − 1)

pn =
2( − 1)n

Nc nc p
cos
(

np
π
N

)
, n, p = 0,…,N (23) 

where 

c p =

{
2 p = 0 or p = N

1 1⩽p⩽N − 1 (24) 

For illustrative purposes, we show the implementation of the CSM for 
the solid phase concentration equation given as [20,21], 
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∂c1

∂t
= D1,i

1
r2

∂
∂r

(

r2∂c1

∂r

)

(25)  

D1,i
∂c1

∂r

⃒
⃒
⃒
⃒

r=0
= 0 (26)  

D1,i
∂c1

∂r

⃒
⃒
⃒
⃒

r=Ra

=
− jLi,i

F
(27) 

As a first step, the solid phase concentration equation is normalized 
using the following relationships: r = r/R, r2 = r 2R2 and ∂/∂r =

1/R⋅∂/∂r . These relationships transform Eq. (25) into 

∂c1

∂t
=

1
r 2R3

∂
∂r

[

D1r 2R
∂c1

∂r

]

(28) 

Multiplication of Eq. (28) by r 2R gives 

r 2R
∂c1

∂t
=

∂
∂r

[

D1
r 2

R
∂c1

∂r

]

(29) 

Eq. (29) is rewritten as 

r 2R
∂c1

∂t
=

2r
R

D1
∂c1

∂r
+D1

r 2

R
∂2c1

∂r 2 (30) 

The radial derivative in Eq. (30) is transformed to the Cartesian co
ordinate using x = 2r /R − 1. This gives the following relationships, 

∂c1

∂r
= xr

∂c1

∂x
=

2
R

∂c1

∂x
(31)  

∂2c1

∂r 2 = (xr cx)xxr =
4
R2

∂2c1

∂x2 (32) 

The radial points in Eq. (30) is transformed to the Cartesian coor
dinate using r =

1+xp
2 . Use of Eqs. (31)–(32) in Eq. (30) gives, 

(
xp + 1

2

)2

R
∂c1

∂t
=

2
R

(
xp + 1

2

)

2D1
∂c1

∂x
+

4D1

R

(
xp + 1

2

)2∂2c1

∂x2 (33)  

and the boundary condition at r = R gives, 

D1
∂c1

∂r

⃒
⃒
⃒
⃒

r=R
=

2D1

R
∂c1

∂x

⃒
⃒
⃒
⃒

xp=1
(34) 

In explicit terms, the solid phase concentration equation is imple
mented as 
(

xp + 1
2

)2

R
∂c1

∂t
=

2D1

R

(
xp + 1

2

)2

2[DGR]{c1}+
D1

R

(
xp + 1

2

)2

4
[
D2

GR

]
{c1}

(35)  

2D1

R
[DGR]{c1}

⃒
⃒
⃒
⃒

xp=1
=

− jLi,i

F
(36)  

where [DGR] is the Gauss-Radau differentiation matrix, and {c1} is the 
column vector of unknowns. 

Also, we show the implementation of the CSM for the solution phase 

concentration equation [20], 

ε2,a⋅
∂c2

∂t
= Deff

a
∂2c2

∂x2 +
1 − t+

F
Sa⋅jloc,a (37)  

ε2,s⋅
∂c2

∂t
= Deff

s
∂2c2

∂x2 (38)  

ε2,c
∂c2

∂t
= Deff

c
∂2c2

∂x2 +
(1 − t+)⋅Sc

F
⋅jloc,c +

(2Sc⋅iMn react − joxid⋅ac)

F
(39) 

It is transformed to the unit interval x ∈ [0, 1] using normali
zation relationships, and this gives, 

La⋅ε2,a⋅
∂c2

∂t
=

Deff
a

La

∂2c2

∂x2 +
1 − t+

F
Sa⋅La⋅jloc,a (40)  

Ls⋅ε2,s⋅
∂c2

∂t
=

Deff
s

Ls

∂2c2

∂x2 (41)  

Lc⋅ε2,c
∂c2

∂t
=

Deff
c

Lc

∂2c2

∂x 2 +
(1 − t+)⋅Sc

F
Lc⋅jloc,c +

Lc⋅(2Sc⋅iMn react − joxid⋅ac)

F
(42) 

Then, Eqs. (40)–(42) are transformed from the unit interval x ∈ [0,
1] to the Chebyshev closed interval z ∈ [ − 1, 1], using the following 
relationships: z = 2x − 1, ux = zx ⋅uz = 2⋅uz, ux x = (zx ⋅uz)zx = 4⋅uzz. 
This gives, 

La⋅ε2,a⋅
∂c2

∂t
=

4Deff
a

La

[
D2

GL

]
{c2}+

1 − t+

F
Sa⋅La⋅jloc,a (43)  

Ls⋅ε2,s⋅
∂c2

∂t
=

4Deff
s

Ls

[
D2

GL

]
{c2} (44)  

Lc⋅ε2,c
∂c2

∂t
=

4Deff
c

Lc

[
D2

GL

]
{c2}+

(1 − t+)⋅Si

F
Lc⋅jloc,c +

Lc⋅(2Sc⋅iMn react − joxid⋅ac)

F
(45)  

where [DGL] is the Gauss-Lobatto differentiation matrix, and {c2} is the 
column vector of unknowns. The same normalization approach is 
applied to all of the other governing equations in the capacity fade 
model. The equations in the capacity fade model constitutes a nonlinear 
differential–algebraic equation (DAE) system, and require consistent 
initialization due to its inherent stiffness [31]. The initialization routine 
is implemented for the algebraic variables (i.e., φ1, φ2, and jloc,a) 
using the fsolve command in MATLAB®. In a state-space form, the 
nonlinear DAE system is expressed as, 
⎧
⎨

⎩

M
∂y
∂t

= f (t, y1, y2)

0 = g(t, y1, y2)

(46)  

where y1 = [c1, c2, cH+ , cMn2+ ,cH2O, δSEI , ε1, εus], y2 = [φ1,

φ2, jloc,a] and M is the time-dependent mass matrix. In an expanded 
format, Eq. (46) is given as,   
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where fc2 , fcH+ , fcMn2+ , fcH2O , fδSEI , fε2 , fεus ,

fφ1 , fφ2 , fεus , fjloc,a are the source terms from the listed governing 
equations in Appendix A. 

Upon discretization using the CSM, the time dependent differential 
equations become ordinary differential equations, while the non-time 
dependent differential equations adopt algebraic states. For the inte
gration of the arising system of DAE given in Eq. (47), the ode15s solver 
in MATLAB® is used. Also, to improve the rate of convergence in the 
model, we linearize the nonlinear source terms using a Taylor series 
expansion. Another objective of linearization is to improve the implic
itness of the model [29], such that the source terms are implemented at a 
time step closer to the (n + 1) iteration. The use of linearization tech
niques for the nonlinear source terms is valid because at the point of 
convergence, φ(n+1) = φ(n). In scientific computations, [29,32], the 
general rule of thumb is to implement linearization only for cases where 
the left hand side diagonals are strengthened. In this capacity fade 
model, this rule of thumb applies only to the solution phase potential 
equation. Also, we assume that the diffusion dynamics (i.e., c1, c2,

cH+ , cMn2+ , cH2O) in the model are significantly slower than the 
electrical potentials (i.e., φ1 and φ2). This assumption allows the 
equilibrium potentials and solution conductivities to be considered 
constant when solving the algebraic equations [33]. The combination of 
this assumption and the linearization rule of thumb leads to the quasi- 
linearization of the solution phase potential equation. Application of 
the Taylor series linearization technique on the nonlinear source terms 

generally takes the following form [29], 

j(n+1)
loc,i = j(n)loc,i +

djloc,i

dφ2

⃒
⃒
⃒
⃒

(n)(
φ(n+1)

2 − φ(n)
2

)
(48) 

For illustration purposes, we show the linearization of the solution 
phase potential equation expressed as, 

∂
∂x

[

− keffi

(
∂φ2

∂x
−

kjunc

c2

∂c2

∂x

)]

= jloc,i⋅Si i = a, c

(49)  

where its nonlinear source terms in the anode and cathode are given as, 

jloc,a = i0

{

exp
[

αaF
RT
(
ηi − RSEI ⋅jloc,a

)
]

− exp
[
− αcF

RT
(
ηi

− RSEI ⋅jloc,a
)
]}

(50)  

jloc,c = i0

{

exp
[

αaF
RT

ηi

]

− exp
[
− αcF

RT
ηi

]}

(51) 

Application of Eq. (48) on the anode source term gives the following 
derivative expression 

(47)   
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djloc,a

dφ2

⃒
⃒
⃒
⃒

(n)

= − i0⋅

⎛

⎜
⎜
⎜
⎝

F⋅αaexp
(

F⋅αa⋅(Uocp − φ1 + φ2 + RSEI ⋅jloc,a)

R⋅T

)

RT

+

F⋅αcexp
(

F⋅αc(Uocp − φ1 + φ2 + RSEI ⋅jloc,a)

R⋅T

)

RT

⎞

⎟
⎟
⎟
⎠

(52) 

Table 1 
Battery model parameters used for the numerical studies in this paper [20].  

Parameters Anode Separator Cathode 

Initial solid phase concentration c0
1, [mol⋅ 

m− 3 ]

14,870 – 3900 

Maximum solid phase concentration cmax
1 ,

[mol⋅m− 3]

26,390 – 22,860 

Initial solution phase concentration c0
2,

[mol⋅m− 3]

1000 1000 1000 

Solid phase diffusion coefficient D1, [m2⋅ 
s− 1]

3.9E- 
14 

– 1E-13 

Solution phase diffusion coefficient D2,

[m2⋅s− 1]

7.5E- 
11 

7.5E-11 7.5E-11 

Electrode thickness Li, [μm] 100 30 110 
Electrode particles’ radii Ri, [μm] 12.5 – 8.5 

Solid phase conductivity σi, [S⋅m− 1] 100 – 3.8 

Solid phase volume fraction εs  0.471 – 0.297 
Solution phase volume fraction (Porosity)ε2  0.357 1 0.444 
Charge transfer coefficient αi  0.5 – 0.5 

Initial solid phase potential φ0
1, [V] 0 – 4.2 

Initial solution phase potential φ0
2, [V] 0 0 0 

Initial state of charge θ  0.5635 – 0.1706 

Cell cross-sectional area A, [m2] 24e-4 

Bruggeman coefficient brugg  1.5 

Applied current density Iapp , [A⋅m− 2] 17.5 

Faraday’s constant, [C⋅mol− 1] 96,487 

Reaction rate coefficient k0, [m2.5⋅mol− 0.5⋅ 
s− 1]

2E-6 

Reaction rate coefficient k0, [m2.5⋅mol− 0.5⋅ 
s− 1]

2E-6 

Universal gas constant R, [J⋅mol− 1⋅K− 1] 8.314 

Temperature T, [K] 298 

Transference number t0+ 0.363 

Cut-off voltage Vcut− off , [V] 3.5 
Nominal voltage [V] 3.7 
Nominal capacity [Ah] 17.5 
Anode material Graphite 
Cathode material LiyMn2O4 (LMO) 
Electrolyte LiPF6 

Side Reaction Parameters 
Parameters Value 
Solvent concentration cEC , [mol⋅m− 3] 4541 

Effective diffusivity of H+ Deff
H+ , [m2⋅s− 1] 10E-11 ⋅εp

2  

Effective diffusivity of Mn2+Deff
Mn2+ , [m2⋅s− 1] 5E-11 ⋅εp

2  

Effective diffusivity of H2O Deff
H2O, [m2⋅s− 1] 3E-11 ⋅εp

2  

Fraction coefficient of proton generation fH+ 15% 
Fractional coefficient for Mn2+ dissolution 

fMn dis  

40% 

Reaction rate coefficient for SEI kSEI ,

[m⋅s− 1]

6E-10 

Reaction rate for acid attack kdis, [m⋅s− 1] 2E-9 

Reaction rate of Mn deposition kMn dep,

[m⋅s− 1]

80E-9 

Salt decomposition coefficient kdecom , [m6⋅ 
mol− 2]

7.13E-10 

Reaction rate constant for H2 generation kH2  2.07E-8 
SEI resistivity kres , [Ω⋅m] 3E4 
Isolated volume fraction coefficient kiso  8 

Molecular weight of SEI MSEI , [kg⋅mol− 1] 0.162 

Equilibrium potential of solvent oxidation Ueq
oxid ,

[V]
4.1 

Molar volume of LiyMn2O4 V , [m3⋅mol− 1] 1.4E-4 

Carbon content Xc  10% 

Measured carbon content for a preset value Xref
c  10%  

Table 1 (continued ) 

Parameters Anode Separator Cathode 

Cathode charge transfer coefficient for H2 αH2
C  0.5 

Anodic coefficient for solvent oxidation αsol
a  0.5 

Cathodic coefficient for Mn deposition αMn dep
c  0.5 

Cathode charge transfer coefficient for SEI αSEI
C  0.5 

SEI limiting coefficient λSEI , [m− 1] 1.2E7 

Mn deposition limiting coefficient λMn dep  3E6 
Limiting coefficient for H2 generation λH2  2E5 

Density of SEI ρSEI , [kg⋅m− 3] 1690  

Fig. 3. Analysis of the capacity fade model variables after 1 cycle. (a) Terminal 
voltage time histories with respect to C-rates, and numerical solvers (CSM with 
ode15s, CSM with sundialsTB and FEM). (b) Evolution of SEI thickness at × =

La for constant discharge using different C rates and numerical solvers. (c) 
Evolution of usable volume fraction at × = La + Ls + Lc for Iapp = 0.1C using 
various numerical solvers. (d) Comparison of salt decomposition rate at 
x = La +Ls +Lc for constant-current discharge with different C-rates and nu
merical solvers. 

Table 2 
Comparison of voltage RMSE values between CSM using ode15s and sundialsTB.  

C-rate RMSE (mV) 

CSM with ode15s CSM with sundialsTB 

0.1  0.5583  0.5129 
0.2  0.2676  1.019 
0.4  0.4952  2.0919 
0.6  0.7921  2.8383 
0.8  0.8329  3.4885 
1  0.8688  3.0852 
2  1.1883  5.9186 
3  1.5467  6.6493 
5  2.6925  6.0415  
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then the solution phase potential equation in the anode electrode then 
takes the following form 
⎡

⎢
⎢
⎢
⎣
−

keff
i

La
⋅
[
D2

GL

]
+ Sa⋅i0⋅La⋅

⎛

⎜
⎜
⎜
⎝

F⋅αaexp
(

F⋅αa⋅(Uocp − φ1 + φ2 + RSEI ⋅jloc,a)

R⋅T

)

RT

+

F⋅αcexp
(

F⋅αc(Uocp − φ1 + φ2 + RSEI ⋅jloc,a)

R⋅T

)

RT

⎞

⎟
⎟
⎟
⎠

⎤

⎥
⎥
⎥
⎦

φ(n+1)
2

= Sa⋅La⋅jloc,a + Sa⋅i0⋅La⋅

⎛

⎜
⎜
⎜
⎝

F⋅αaexp
(

αa⋅F⋅(φ1 − φ2 − Uocp)

R⋅T

)

RT
+

F⋅αcexp
(
− αc⋅F⋅(φ1 − φ2 − Uocp)

R⋅T

)

RT

⎞

⎟
⎟
⎟
⎠

φ(n)
2

− keff
i ⋅

kjunc

La⋅c2

[
D2

GL

]
{c2}

(53) 

In the case of the cathode electrode, the derivative term from Eq. 
(48) is expressed as, 

djloc,c

dφ2

⃒
⃒
⃒
⃒

(n)

= − i0⋅

⎛

⎜
⎜
⎜
⎝

F⋅αaexp
(

F⋅αa ⋅(φ1 − φ2 − Uocp)

R⋅T

)

RT
+

F⋅αcexp
(

− F⋅αc ⋅(φ1 − φ2 − Uocp)

R⋅T

)

RT

⎞

⎟
⎟
⎟
⎠

(54) 

where the solution phase potential equation (i.e., Eq. (49)) in the 
cathode electrode then takes the following form,   

Furthermore, to enhance model convergence and accuracy, the nu
merical Jacobian matrix for the DAE system is evaluated using 

J =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

∂f1

∂y1

∂f1

∂y2
…

∂f2

∂y1

∂f2

∂y2
…

⋮ ⋮

⎤

⎥
⎥
⎥
⎥
⎥
⎦

. (56) 

Application of Eq. (56) to the DAE system given in Eq. (47) gives the 
following expression for the Jacobian matrix 

Table 3 
Comparison of SEI RMSE values between CSM using ode15s and sundialsTB.  

C-rate RMSE (nm) 

CSM with ode15s CSM with sundialsTB 

0.1  0.1565  0.313 
0.2  0.1114  0.5077 
0.4  0.11  0.336 
0.6  0.0584  0.3767 
0.8  0.036  0.1735 
1  0.0209  0.1659 
2  0.0041  0.0505 
3  0.0011  0.0112 
5  0.0001  0.0016  

Table 4 
RMSE analysis of salt decomposition rate for ode15s and sundialsTB.  

C-rate RMSE (A.m− 2) 

CSM with ode15s CSM with sundialsTB 

0.1  0.0042  0.0034 
0.2  0.0033  0.003 
0.4  0.0036  0.0031 
0.6  0.0034  0.003 
0.8  0.0032  0.0026 
1  0.0042  0.0039 
2  0.0047  0.0041 
3  0.0031  0.0026 
5  0.0005  0.00041  

Fig. 4. Model prediction of capacity fade for an applied constant current of 1C. 
(a) Discharge curves at 1st and 50th cycles, (b) SOH evolution from 1st to 
50th cycle. 

⎡

⎢
⎢
⎢
⎣
−

keff
i

Lc
⋅
[
D2

GL

]
+ Sc⋅Lc⋅

⎛

⎜
⎜
⎜
⎝

i0⋅F⋅αaexp
(

F⋅αa⋅(φ1 − φ2 − Uocp)

R⋅T

)

RT
+

i0⋅F⋅αcexp
(
− F⋅αc⋅(φ1 − φ2 − Uocp)

R⋅T

)

RT

⎞

⎟
⎟
⎟
⎠

⎤

⎥
⎥
⎥
⎦

φ(n+1)
2

= Sc⋅Lc⋅jloc,c + Sc⋅Lc⋅i0⋅

⎛

⎜
⎜
⎜
⎝

F⋅αaexp
(

αa⋅F⋅(φ1 − φ2 − Uocp)

R⋅T

)

RT
+

F⋅αcexp
(
− αc⋅F⋅(φ1 − φ2 − Uocp)

R⋅T

)

RT

⎞

⎟
⎟
⎟
⎠

φ(n)
2

− keff
i ⋅

kjunc

c2⋅Lc

[
D2

GL

]
{c2}

(55)   

D.M. Ajiboye et al.                                                                                                                                                                                                                             



Chemical Engineering Journal 432 (2022) 134342

9

3. Results 

As earlier indicated, the capacity fade model employs a lithium 
manganese oxide (LiyMn2O4) cathode and a graphite anode. The 
detailed parameters for this battery chemistry are given in Table 1. In 
addition, the requisite open circuit potential and electrolyte phase ionic 
conductivity expressions for the model are given in Appendix B. In order 
to verify the accuracy of the CSM capacity fade model in MATLAB®, this 
study’s results were compared to that of a high-fidelity implementation 
of the model in COMSOL Multiphysics®. The high-fidelity model em
ploys FEM, where the governing equations were implemented using the 
equation-based modeling toolbox. In both models (i.e., COMSOL Mul
tiphysics® and CSM in MATLAB®), the second-order backward differ
entiation formula for time integration was employed. For additional 
computational validation purposes, the CSM capacity fade model was 
further implemented using the implicit-differential algebraic equation 
(IDAS) solver with sensitivity analysis capabilities in sundialsTB 
[34,35]. The sundialsTB code is a MATLAB interface to SUNDIALS 
(SUite of Nonlinear and Differential/Algebraic equation Solvers). All the 
capacity fade model simulations are implemented on a Windows 10 
desktop (Intel Xeon 2.4 GHz 2 × processors) with an installed memory of 
32 GB. 

In the first simulation study, the voltage response as a function of C- 
rate (The terminology “C-rate” is defined as the measure of current 
flowing through a battery cell relative to its nominal capacity. In a 
simpler term, at 1C rate, a 17.5Ah cell should be able to deliver 17.5A for 
1 h) for CSM with ode15s, CSM with sundialsTB and, FEM is considered. 
For CSM using ode15s and sundialsTB solvers, 10 Gauss-Lobatto nodes 
in each domain (i.e., anode, separator, and cathode) were employed, 
and twice that number were used in the radial direction. For the FEM 
model in COMSOL Multiphysics®, a fine mesh was used in the spatial 
direction. In all the models (CSM with ode15s, CSM with sundialsTB, 
and FEM), a relative tolerance of ε = 10− 6 was used. Also, for CSM with 
ode15s and FEM Multiphysics solvers, a second-order backward differ
entiation formula (BDF) is employed for time integration. Similarly, for 
the IDAS solver in sundialsTB, the variable-order, variable-coefficient 

backward differentiation formula [34] is utilized. In the results shown in 
Fig. 3a, the voltage curves for CSM using ode15s and sundialsTB solvers 
are compared to the high-fidelity FEM reference in COMSOL Multi
physics®. The root-mean-square-error (RMSE) values for the solvers 
relative to different C-rates are listed in Table 2. In the results, it is 
noticed that the RMSE values increase relative to C-rates. This trend is a 
by-product of the higher concentration and potential gradients associ
ated with increasing C-rates, which in turn increases the degree of 
nonlinearity of the source terms. The RMSE change rate with respect to 
C-rate for ode15s and sundialsTB increased at a rate of 2.3062 × 10-4 /C 
and 7.8176 × 10-4 /C respectively. This result suggests that CSM using 
ode15s is slightly more accurate than sundialsTB. 

Furthermore, the evolution of SEI layer thickness at the interface 
between the anode and separator (i.e., at x  = La) in the first cycle is 
monitored. In Fig. 3b, the SEI layer grows parabolically, which is 

Table 5 
Voltage RMSE values for extended battery cycling (over 50 cycles).  

C-rate RMSE (mV) 

CSM with ode15s CSM with sundialsTB 

0.1  77.0292  93.2302 
0.2  30.689  54.6848 
0.4  80.6012  158.6974 
0.6  122.8533  226.0313 
0.8  167.2253  211.6516 
1  212.6184  238.1927  

Table 6 
SEI layer RMSE values for extended battery cycling (over 50 cycles).  

C-rate RMSE (nm) 

CSM with ode15s CSM with sundialsTB 

0.1  0.0695  0.1702 
0.2  0.02571  0.6041 
0.4  0.1658  2.2558 
0.6  0.3215  4.0017 
0.8  0.4644  5.3863 
1  0.6136  6.1147  

Fig. 6. CSM convergence rate with respect to discretization nodes.  

Fig. 7. Comparison of computation time using ode15s and FEM in COMSOL 
Multiphysics®. (a) Average simulation time per cycle. (b) Simulation time over 
1000 cycles. 

Fig. 5. Comparison of capacity loss due to specific degradation mechanisms (a) 
SEI growth and the other degradation mechanisms (Mn2+ deposition, H+ evo
lution, salt decomposition, Mn2+ dissolution and electrolyte oxidation) and (b) 
SOH due to only SEI growth. 
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consistent with experimental results in the literature [36,37]. The SEI 
layer growth has been reported to have the most adverse effect on 
degradation in battery cells [20]. Its effect comes in the form of loss in 
cyclable lithium-ions and increase in cell resistance. In comparison with 
FEM, similar trends were noticed for the CSM using ode15s and the 
sundialsTB solver. The resulting SEI layer growth curves for CSM with 
ode15s and sundialsTB are closely matched with FEM (Fig. 3b). The 
RMSE values for the SEI layer thickness are computed and given in 
Table 3. Analysis of the values in Table 3, show a counterintuitive- 
relationship between RMSE and C-rate. The nature of the SEI growth 
curve, and the relationship between C-rate and time required to reach 
the cut-off voltage plays a role in this counterintuitive trend. The SEI 
layer curve, obeys the parabolic growth law which is rather uncompli
cated especially in comparison with the voltage curves in Fig. 3a. At high 
C-rates, the expended time for reaching the prespecified cutoff voltage 
reduces, thereby precluding the accumulation of numerical errors, 
otherwise observed with low C-rates. For a complete picture of the un
derlying trend, a longer simulation run (treated further) accurately 
captures the relationship between SEI layer growth and C-rate. 

The degradation mechanisms in the cathode electrode (i.e., Mn 
dissolution, electrolyte oxidation, and salt decomposition) lead to vol
ume fraction changes. Reduction of the volume fraction in the cathode 
electrode adversely affects conductivity in the cathode electrode 
network. Fig. 3c shows the evolution of the electrode volume fraction at 
the interface between the cathode and current collector (i.e., x  = La + Ls 
+ Lc) for an applied current of 0.1C in the first cycle. Also, for the 
employed CSM and FEM discretization methods, a strong consistency 
between the solvers is observed. In addition, the evolution of salt 
decomposition rate at the interface between the cathode and current 
collector (i.e., at  x = La + Ls + Lc) is analyzed. The salt decomposition 
rate has a direct impact on Mn dissolution. In the scenario where the cell 
terminal voltage supersedes the equilibrium potential for solvent 
oxidation (i.e., Ueq

oxid = 4.1[V] in our model), the rate of salt decompo
sition increases rapidly, which in turn accelerates the formation of HF 
acid. The formed HF acid then directly attacks the LiyMn2O4 active 
materials in the cathode electrode [21], which results in Mn dissolution. 
In the CSM and FEM results for salt decomposition rate in Fig. 3d, there 
is a good fit between the CSM and the high-fidelity FEM reference. In the 
RMSE analysis in Table 4, a counter-intuitive relationship between 
increasing C-rate and accuracy can be found. The reasons behind this 
trend, is consistent with the earlier discussion about the evolution of the 
SEI layer curve. 

To analyze capacity fade using CSM, the impact of the degradation 
mechanisms on terminal voltage and state-of-health (SOH) for an 
applied current of 1C is shown in Fig. 4. In this figure, two terminal 
voltage curves for the 1st and 50th cycles are plotted. For the CSM using 
ode15s and sundialsTB, an adequately good fit relative to the high- 
fidelity FEM model in COMSOL Multiphysics® is observed. In the case 
of CSM using ode15s, a RMSE of 0.001358 is measured relative to FEM. 
Whereas in the case of CSM using the sundialsTB solver, the RMSE is 
found to be 0.0028. In both solvers, equal orders of accuracy in terms of 
RMSE is noticed, albeit CSM using ode15s seems to be slightly more 
accurate. As reported in [20], the degradation in a LiyMn2O4/LixC6 
battery chemistry can be grouped sequentially into the acceleration, 
stabilization and saturation stages. In the acceleration stage, the impact 
of SEI layer formation is dominant where there is an active consumption 
of lithium-ions. In the stabilization stage, SEI growth slows down, and 
the loss of cyclable lithium-ions is reduced. In the final saturation stage, 
manganese dissolution is dominant and leads to active material losses. In 
Fig. 4b, the SOH changes due to all degradation mechanisms are shown. 
Furthermore, the specific contribution of SEI growth relative to the 
overall capacity fade in the model is analyzed. In the result shown in 
Fig. 5a, the overwhelming contribution of SEI to capacity loss in the 
model is observed, and this is quite consistent with reports in the liter
ature [38]. For the SOH plot due to only SEI in Fig. 5b, there is a good fit 

between the reference FEM model and CSM. In the case of CSM using 
ode15s, the RMSE is found to be 0.00084, while that of CSM using 
sundialsTB is 0.002. This drop in order of accuracy with sundialsTB, is 
consistent with our previously reported results. 

Additionally, the accuracy of the CSM models over extended cycling 
conditions is analyzed. For this, the models are implemented over 50 
cycles with varying C-rates. The RMSE values for voltage and SEI, 
relative to the employed solvers are given in Table 5 and Table 6 
respectively. In the case of voltage with ode15s, an order of magnitude 
decreases in accuracy from 0.4C to 0.6C is noticed. For sundialsTB, this 
same drop in accuracy is observed from 0.2C to 0.4C. In totality, the 
voltage RMSE values for ode15s and sundialsTB solvers over extended 
cycles increased at a rate of 3.228 × 10-2 /C and 3.6087 × 10-2 /C 
respectively. In the RMSE analysis of SEI growth, it is observed that 
ode15s and sundialsTB increased at a rate of 0.1198 /C and 1.309 /C 
respectively. In comparison, the RMSE values for the ode15s solver were 
consistently one order of magnitude less than that of sundialsTB. 

The convergence rate of the CSM model using ode15s is analyzed in 
Fig. 6. Here, the model is implemented over a single cycle with varied 
number of discretization nodes. The corresponding accuracy is then 
measured using the base-10 logarithm of the norm expressions given in 
Appendix C. The numerical error values are characterized by a steep 
descent from n = 4 to n = 5, after which a continuous increase in the 
number of discretization nodes did not lead to significant improvement 
in accuracy. The general error (in terms of log10

(
‖e‖1

)
, log10

(
‖e‖2

)
) 

curve (or decay) are consistent with the expected exponential conver
gence [27] of the CSM. This is quite significant, in that with only a few 
additional discretization nodes, the accuracy of the approximation can 
be significantly improved. 

To analyze the potential of the CSM model for real-time estimation, 
we examine the computation time using ode15s relative to the FEM 
model for 1000 cycles. A similar time comparison was not done for 
sundialsTB, because it is a MATLAB® interface to SUNDIALS solvers, 
which are originally written in ANSI C hence not ideal for time com
parisons. In this analysis, the C-rates are varied, and the corresponding 
simulation times are plotted in Fig. 7. For example, the average simu
lation time at 0.2C is found to be about 10 times larger for FEM in 
COMSOL Multiphysics® compared to CSM using ode15s. In the FEM 
model in COMSOL Multiphysics®, a general decline in the simulation 
time with respect to C-rate is noticed. The reverse trend was observed for 
CSM. Here the simulation time was seen to increase per cycle relative to 
the increasing C-rates. This trend is due to the increasing potential and 
concentration gradients associated with higher C-rates. Furthermore, 
the re-initialization routine associated with the transition from charge to 
discharge cycles (and vice versa) also contributes to the increasing 
simulation time. This is because at the onset of the new cycling regime 
(charge or discharge), the BDF method employed by ode15s restarts; 
therefore, limiting the number of available prior timesteps, which 
adversely affects fast simulation time and convergence rate. 

4. Summary and conclusions 

This work represents the first attempt at an in-depth elucidation of 
the CSM in a comprehensive capacity fade model. This work applied the 
CSM method to implement an accurate, computationally efficient nu
merical model of the electrochemistry and fundamental degradation 
mechanisms in a battery system. Quasi-linearization techniques were 
applied to nonlinear source terms, which enhanced the convergence rate 
and led to the strengthening of the diagonal terms. Furthermore, a nu
merical Jacobian matrix using the CSM was derived, and it was found to 
enhance convergence and simulation time. Also, simulation studies were 
conducted for constant discharge cycles at various C-rates. 

Implementation of the CSM for both ode15s and sundialsTB dis
played good accuracy in comparison with the high-fidelity FEM model 
in COMSOL Multiphysics®. For example, in the case where ode15s is 
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implemented over 50 cycles at 1C, the accuracy was within 0.1358% of 
the reference FEM solver. In contrast, implementation of the CSM using 
sundialsTB showed results that were within 0.28% of the reference 
model. Although, both the ode15s and sundialsTB solvers employ a form 
of the BDF method for integration of the DAE system, it can be assumed 
that the differing integration platforms was responsible for the slight 
disparity in accuracy. In terms of computation time, a significant 
reduction using the CSM is observed. For example the analysis in Fig. 7 
showed an average reduction in simulation time of approximately 91%. 
Future work will involve the use of an external algorithm (e.g., CasADi) 
for the derivation of an analytical Jacobian matrix, which has the po
tential to further improve accuracy and reduce simulation time. 
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Appendix A 

Battery degradation equations 
Mass conservation for Mn2+

ε2,i⋅
∂cMn2+

∂t
= Deff

Mn2+

∂2cMn2+

∂x2 +
1
F

iMn dep, i = a (A.1)  

ε2,i⋅
∂cMn2+

∂t
= Deff

Mn2+

∂2cMn2+

∂x2 , i = s (A.2)  

ε2,i⋅
∂cMn2+

∂t
= Deff

Mn2+

∂2cMn2+

∂x2 +
apos

s

F
iMn dis, i = c (A.3)  

Deff
Mn2+

∂cMn2+

∂x

⃒
⃒
⃒
⃒

x=0
= 0, Deff

Mn2+

∂cMn2+

∂x

⃒
⃒
⃒
⃒

x=La+Ls+Lc

= 0 (A.4) 

Mass conservation for H+

ε2,i⋅
∂cH+

∂t
= Deff

H+

∂2cH+

∂x2 +
1
F

jsalt
H+ , i = a, s (A.5)  

ε2,i⋅
∂cH+

∂t
= Deff

H+

∂2cH+

∂x2 +
1
F
(
joxid
H+ ⋅ac + jsalt

H+ − 4⋅apos
s iMn react

)
, i = c (A.6)  

kef fa
∂cH+

∂x

⃒
⃒
⃒
⃒

x=0
= 0, kef fc

∂cH+

∂x

⃒
⃒
⃒
⃒

x=La+Ls+Lc

= 0 (A.7) 

Mass conservation for H2O 

ε2,i⋅
∂cH2O

∂t
= Deff

H2O
∂2cH2O

∂x2 −
jsalt
H+

F
, i = a, s (A.8)  

ε2,i⋅
∂cH2O

∂t
= Deff

H2O
∂2cH2O

∂x2 +
1
F
(
2apos

s iMn react − jsalt
H+

)
iMn dis, i = c (A.9)  

kef fa
∂cH+

∂x

⃒
⃒
⃒
⃒

x=0
= 0, kef fc

∂cH+

∂x

⃒
⃒
⃒
⃒

x=La+Ls+Lc

= 0 (A.10) 

Volume fraction of the solid phase (cathode) 

∂εpos
1

∂t
= −

Sc⋅iMn reactV
F

(A.11) 

Usable volume fraction of the solid phase (cathode) 

∂εpos
usable

∂t
= − kiso

Sc⋅iMn reactV
F

(A.12) 

SEI film (anode) 

dδSEI

dt
=

− iSEIMSEI

2FρSEI
(A.13) 

SEI Resistance (anode) 

RSEI = kres⋅δSEI (A.14)  
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Auxiliary equations/side reactions 

Butler-Volmer Equation (anode) 

jloc,a = i0

{

exp
[

αaF
RT
(
ηi − RSEI ⋅jloc,a

)
]

− exp
[
− αcF

RT
(
ηi − RSEI ⋅jloc,a

)
]}

(A.15) 

Butler-Volmer equation (cathode) 

jloc,c = i0

{

exp
[

αaF
RT

ηi

]

− exp
[
− αcF

RT
ηi

]}

(A.16) 

SEI current (anode) 

iSEI = − exp( − λSEI ⋅δSEI)⋅F⋅kSEI ⋅cEC⋅exp
(
− αSEIF

RT
(φ1 − φ2)

)

(A.17) 

Mn deposition rate (anode) 

iMn dep = − exp(− λMn dep ⋅δSEI)F⋅kMn dep⋅cMn2+ ⋅exp
(
− αMn dep

c 2F
RT

(φ1 − φ2)

)

(A.18) 

Hydrogen evolution rate (anode) 

iH2 = − exp(− λH2 ⋅δSEI)F⋅kH2 ⋅cH+ ⋅exp
(
− αH2

c ⋅F
RT

(φ1 − φ2)

)

(A.19) 

Salt decomposition rate (anode, separator, cathode) 

jsalt
H+ = F⋅kdecom(cH2O)

2c2 (A.20) 

Solvent oxidation rate (cathode) 

joxid = isol
0 ⋅exp

(
αsol

a F
RT

ηoxid

)

(A.21) 

Mn dissolution rate (cathode) 

iMn dis = fMn disFkdiscH+

⏟̅̅̅̅ ⏞⏞̅̅̅̅ ⏟iMn react

(A.22) 

Solid phase concentration equation 

∂c1

∂t
= D1,i

1
r2

∂
∂r

(

r2∂c1

∂r

)

(A.23)  

D1,i
∂c1

∂r

⃒
⃒
⃒
⃒

r=0
= 0 (A.24)  

D1,i
∂c1

∂r

⃒
⃒
⃒
⃒

r=Ra

=
− jLi,i

F
(A.25) 

Solution phase concentration equation 

ε2,i⋅
∂c2

∂t
= Deff

i
∂2c2

∂x2 +
1 − t+

F
Si⋅jloc,i i = a (A.26)  

ε2,i⋅
∂c2

∂t
= Deff

i
∂2c2

∂x2 , i = s (A.27)  

ε2,i⋅
∂c2

∂t
= Deff

i
∂2c2

∂x2 +
1 − t+

F
Si⋅jloc,i +

(2Si⋅iMn react − joxid⋅ai)

F
, i = c (A.28) 

Solid phase potential equation 

σeff
i

∂2φ1

∂x2 = Si⋅jloc,i (A.29)  

φ1|x=0 = 0 (A.30)  

σeff
a

∂φ1

∂x

⃒
⃒
⃒
⃒

x=La

= σeff
c

∂φ1

∂x

⃒
⃒
⃒
⃒

x=La+Ls

= 0 (A.31)  

σeff
c

∂φ1

∂x

⃒
⃒
⃒
⃒

x=La+Ls+Lc

= − Iapp (A.32) 
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Solution phase potential equation 

∂
∂x

[

− keffi

(
∂φ2

∂x
−

kjunc

c2

∂c2

∂x

)]

= jloc,i⋅Si (A.33)  

kef fa

(
∂φ2

∂x
−

kjunc

c2

∂c2

∂x

) ⃒
⃒
⃒
⃒

x=0
= keffc

(
∂φ2

∂x
−

kjunc

c2

∂c2

∂x

) ⃒
⃒
⃒
⃒

x=La+Ls+Lc

= 0 (A.34) 

Side-reaction coupling to the cell-level (anode) 

jLi,a = jloc,a − iSEI − iH2 − iMn dep (A.35) 

Side-reaction coupling to the cell-level (cathode) 

jLi,c = jloc,c + 2⋅iMn react − joxid (A.36) 

The continuity equations for the solution phase potential equation are: 

φ2|x=L−
a
= φ2|x=L+

a
(A.37)  

kef fa

(
∂φ2

∂x
−

kjunc

c2

∂c2

∂x

) ⃒
⃒
⃒
⃒

x=L−
a

= kef fs

(
∂φ2

∂x
−

kjunc

c2

∂c2

∂x

) ⃒
⃒
⃒
⃒

x=L+
a

(A.38)  

φ2|x=(La+Ls)
− = φ2|x=(La+Ls)

+ (A.39)  

kef fs

(
∂φ2

∂x
−

kjunc

c2

∂c2

∂x

) ⃒
⃒
⃒
⃒

x=(La+Ls)
−

= kef fc

(
∂φ2

∂x
−

kjunc

c2

∂c2

∂x

) ⃒
⃒
⃒
⃒

x=(La+Ls)
+

(A.40) 

In the case of the solution concentration equation, the continuity equations are, 

c2|x=L−
a
= c2|x=L+

a
(A.41)  

Deff
a

∂c2

∂x

⃒
⃒
⃒
⃒

x=L−
a

= Deff
s

∂c2

∂x

⃒
⃒
⃒
⃒

x=L+
a

(A.42)  

c2|x=(La+Ls)
− = c2|x=(La+Ls)

+ (A.43)  

Deff
s

∂c2

∂x

⃒
⃒
⃒
⃒

x=(La+Ls)
−

= Deff
c

∂c2

∂x

⃒
⃒
⃒
⃒

x=(La+Ls)
+

(A.44) 

The continuity equations for the evolving degradation species are given in Eqs. (A.45)–(A.56), 

cMn2+ |x=L−
a
= cMn2+ |x=L+

a
(A.45)  

Deff
Mn2+

∂cMn2+

∂x

⃒
⃒
⃒
⃒

x=L−
a

= Deff
Mn2+

∂cMn2+

∂x

⃒
⃒
⃒
⃒

x=L+
a

(A.46)  

cMn2+ |x=(La+Ls)
− = cMn2+ |x=(La+Ls)

+ (A.47)  

Deff
Mn2+

∂cMn2+

∂x

⃒
⃒
⃒
⃒

x=(La+Ls)
−

= Deff
Mn2+

∂cMn2+

∂x

⃒
⃒
⃒
⃒

x=(La+Ls)
+

(A.48)  

cH+ |x=L−
a
= cH+ |x=L+

a
(A.49)  

Deff
a

∂cH+

∂x

⃒
⃒
⃒
⃒

x=L−
a

= Deff
s

∂cH+

∂x

⃒
⃒
⃒
⃒

x=L+
a

(A.50)  

cH+ |x=(La+Ls)
− = cH+ |x=(La+Ls)

+ (A.51)  

Deff
H+

∂cH+

∂x

⃒
⃒
⃒
⃒

x=(La+Ls)
−

= Deff
H+

∂cH+

∂x

⃒
⃒
⃒
⃒

x=(La+Ls)
+

(A.52)  

cH2O|x=L−
a
= cH2O|x=L+

a
(A.53)  

Deff
H2O

∂cH2O

∂x

⃒
⃒
⃒
⃒

x=L−
a

= Deff
H2O

∂cH2O

∂x

⃒
⃒
⃒
⃒

x=L+
a

(A.54)  

cH2O|x=(La+Ls)
− = cH2O|x=(La+Ls)

+ (A.55)  

Deff
H2O

∂cH2O

∂x

⃒
⃒
⃒
⃒

x=(La+Ls)
−

= Deff
H2O

∂cH2O

∂x

⃒
⃒
⃒
⃒

x=(La+Ls)
+

(A.56)  
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Appendix B 

Open Circuit Potential Expression – Graphite [20] 

Ugraphite
ocp = − 0.16+ 1.32⋅exp( − 3⋅θ)+ 10⋅exp( − 2000⋅θ) (B.1) 

Open Circuit Potential Expression – LiyMn2O4 [21,39] 

ULMO
ocp = 4.19829 + 0.0565661⋅tanh( − 14.5546⋅θ + 8.60942)

− 0.0275479⋅

[
1

(0.998432 − θ)0.492465 − 1.90111

]

− 0.157123⋅exp
(
− 0.04738⋅θ8)+ 0.810239⋅exp( − 40⋅(θ − 0.133875) )

(B.2) 

Electrolyte Phase Ionic Conductivity [20] 

k2 = 6.1 × 10− 22⋅(c2)
6
− 4.8 × 10− 18⋅(c2)

5
+ 2.1 × 10− 15⋅(c2)

4

+1.2 × 10− 10⋅(c2)
3
− 5.2 × 10− 7⋅(c2)

2
+ 0.00068⋅c2 + 0.0078

(B.3)  

Appendix C 

The norm expressions for error measurement are given as follows [40]: 

‖e‖1 =
1
N
∑N

p=1

⃒
⃒Uref ,FEM − UCSM

⃒
⃒ (C.1)  

‖e‖2 =

(
1
N
∑N

p=1

⃒
⃒Uref ,FEM − UCSM

⃒
⃒2
)1

2

(C.2)  
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