
Missouri University of Science and Technology Missouri University of Science and Technology 

Scholars' Mine Scholars' Mine 

Electrical and Computer Engineering Faculty 
Research & Creative Works Electrical and Computer Engineering 

01 Jan 2022 

Concurrent Learning-Based Neuro-Adaptive Robust Tracking Concurrent Learning-Based Neuro-Adaptive Robust Tracking 

Control of Wheeled Mobile Robot: An Event-Triggered Design Control of Wheeled Mobile Robot: An Event-Triggered Design 

Krishanu Nath 

Manas Kumar Bera 

Sarangapani Jagannathan 
Missouri University of Science and Technology, sarangap@mst.edu 

Follow this and additional works at: https://scholarsmine.mst.edu/ele_comeng_facwork 

 Part of the Electrical and Computer Engineering Commons 

Recommended Citation Recommended Citation 
K. Nath et al., "Concurrent Learning-Based Neuro-Adaptive Robust Tracking Control of Wheeled Mobile 
Robot: An Event-Triggered Design," IEEE Transactions on Artificial Intelligence, Institute of Electrical and 
Electronics Engineers, Jan 2022. 
The definitive version is available at https://doi.org/10.1109/TAI.2022.3207133 

This Article - Journal is brought to you for free and open access by Scholars' Mine. It has been accepted for 
inclusion in Electrical and Computer Engineering Faculty Research & Creative Works by an authorized administrator 
of Scholars' Mine. This work is protected by U. S. Copyright Law. Unauthorized use including reproduction for 
redistribution requires the permission of the copyright holder. For more information, please contact 
scholarsmine@mst.edu. 

http://www.mst.edu/
http://www.mst.edu/
https://scholarsmine.mst.edu/
https://scholarsmine.mst.edu/ele_comeng_facwork
https://scholarsmine.mst.edu/ele_comeng_facwork
https://scholarsmine.mst.edu/ele_comeng
https://scholarsmine.mst.edu/ele_comeng_facwork?utm_source=scholarsmine.mst.edu%2Fele_comeng_facwork%2F4703&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/266?utm_source=scholarsmine.mst.edu%2Fele_comeng_facwork%2F4703&utm_medium=PDF&utm_campaign=PDFCoverPages
https://doi.org/10.1109/TAI.2022.3207133
mailto:scholarsmine@mst.edu


PREPRINT SUBMITTED TO JOURNAL OF IEEE TRANSACTIONS ON ARTIFICIAL INTELLIGENCE, VOL. 00, NO. 0, MONTH 2020 1

Concurrent Learning-Based Neuro-Adaptive Robust
Tracking Control of Wheeled Mobile Robot: An

Event-Triggered Design
Krishanu Nath, Student Member, IEEE, Manas Kumar Bera, Member, IEEE and Sarangapani Jagannathan,

Fellow, IEEE

Abstract—In this paper, an event-based neuro-adaptive robust
tracking controller for a perturbed and networked differential
drive mobile robot (DMR) is designed with concurrent learning.
A radial basis function neural network, which approximates an
unknown perturbation, is used to design an adaptive sliding mode
controller (SMC). The RBFNN weights and SMC parameters
are estimated online using an adaptive tuning law to ensure
performance with reduced chattering. To improve the conver-
gence of RBFNN weight estimation error, a concurrent learning-
based adaptive law is derived, which uses measured online and
recorded data. Further, a suitable triggering condition is designed
to achieve a reduced number of control computations while
minimizing network resources without sacrificing the stability of
the sampled data closed-loop control system. A finite sampling
frequency is guaranteed for the designed triggering condition by
establishing a positive lower bound on the inter-event execution
time which is equivalent to the Zeno-free behaviour of the
system. Finally, the proposed event-based neuro-adaptive robust
controller is implemented on a practical system (Q-bot 2e) to
show the effectiveness of the proposed design.

Impact Statement—The wheeled mobile robots are used exten-
sively in many indoor and outdoor applications like warehouse
automation, agriculture, space mission, etc. With the development
of technologies like the internet of things and cyber-physical
systems, these robots are a part of a networked system while
working in a dynamic environment. The control of the mobile
robots in such situations is challenging due to network constraints
and dynamic perturbations. In this work, we design an event-
triggered robust controller for trajectory tracking of a DMR
in the presence of perturbations where a concurrent learning-
based adaptive sliding mode control with RBFNN is proposed
for the first time. Experimental results verify the effectiveness of
the proposed scheme with a 94.54% reduction in control updates
compared to the traditional time-based implementation. Also, it is
established that concurrent learning improves tracking accuracy
with reduced control effort in comparison with baseline adaptive
design.

Index Terms—Adaptive sliding mode control, concurrent learn-
ing, differential drive mobile robot, event-triggered control, radial
basis function neural network.
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I. INTRODUCTION

THE two-wheeled differential-drive mobile robot (DMR)
has a large domain of applications such as unmanned

space missions, military surveillance, disaster management,
and warehouse maintenance, where they work as a single
entity or as a formation. These DMR applications require
tracking a trajectory in uncertain environments, which is a
challenging task. The difficulties arise due to the inherent
non-linearity caused by the nonholonomic constraints and
Multi-Input-Multi-Output (MIMO) nature of the dynamics.
Moreover, the kinematic model of DMR is an under-actuated
system. This complex dynamic DMR structure restricts the ap-
plication of linear controllers [1] necessitating neural network
(NN)-based advanced control schemes.

Recently, with the proliferation of wireless sensor networks,
such DMR systems are treated as networked control systems
(NCS) or more generally cyber-physical systems (CPS). In
NCS, controllers are implemented in a discrete-time setting,
connected to sensor/ actuator nodes via a shared communica-
tion link. In this situation, the efficient utilization of commu-
nication, computing and energy capabilities becomes a crucial
issue. A major challenge in NCS is to design control schemes
that can save communication and computational resources
while guaranteeing the overall performance in the presence
of network-induced imperfections and external disturbances.
In such a scenario, to overcome the shortcomings of time-
triggered control, many resource-aware control strategy has
been developed, out of which event-triggered control (ETC)
is an effective alternative [2].

For a DMR system which suffers from model uncertainties,
parameter variations and external disturbances, a nonlinear
robust sliding mode control (SMC) [3] is a preferred technique.
Nevertheless, to minimize chattering with SMC schemes and
to mitigate the network imperfections, event-triggered SMC
design is necessary. A detailed discussion on the design of
event-triggered SMC can be found in [4] and references
therein. However, the works [5]–[7] fail to assure closed-loop
system robustness in the presence of the system perturbations.

The event-triggered control design presented in [8] guaran-
tees the robust performance of DMR with matched bounded
disturbances, whereas it suffers from limitations such as: a) the
need for an upper bound of the unknown matched disturbance,
b) singularity issues and c) the controller switching gain using
ad hoc design introduces chattering affecting the actuator
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health. An event-triggered super-twisting controller for DMR
[9], [10] is introduced under the assumption that the first time
derivative of the disturbance is known, which is the bottleneck.

Since SMC designs are unsuitable when the uncertainty
bound is unknown, an NN-based robust controller design was
formulated with the aim of reducing the chattering [11] by
estimating the non-linearity using a NN and designing an
adaptive law such that the overall system is stable.

To guarantee the convergence of the adaptive NN weights,
the input signals must satisfy a stringent persistence of exci-
tation (PE) condition [12] which can be relaxed through σ-
modification [13] or ϵ- modification [14]. In contrast, it was
shown that measured and recorded data during the operation of
an adaptive controller improves the performance [15] without
needed PE. An exhaustive investigation of adaptive controller
design with current and recorded data, referred to as concurrent
learning, can be found in [16], [17]. The design of adaptive
NN-based SMC with concurrent learning is not reported.

In this work, it is established that the design of NN-based
SMC with concurrent learning will improve the convergence
of the estimation error, which in turn will reduce the discon-
tinuous gain requirement to ensure robust stability. The event-
triggered adaptive SMC design with NN [18] for a class of
single-input single-output systems with matched disturbance
cannot be directly employed for DMR as it introduces con-
troller singularity. Also, the design is restricted to the control
of systems with matched perturbation.

To relax the controller singularity and address the un-
matched uncertainty, in [19], the authors proposed a con-
tinuous time sliding mode discontinuous control for DMR.
However, the knowledge of the upper bound of the disturbance
to implement the SMC is needed [8], [19] and a continuous-
time controller design is not preferred for networked DMRs
with constrained communication and computational resources.

In order to overcome the above-mentioned limitations, the
design of an event-triggered adaptive SMC is introduced with
a radial basis function NN (RBFNN) for uncertain MIMO
networked DMR to track the desired trajectory. The RBFNN
estimates the unmatched uncertainty without needing its bound
and the adaptive SMC is used to compensate for the mismatch
in estimation which reduces chattering in comparison to [8],
[19]. The design is further improved by using concurrent
learning for updating the RBFNN weights.

We summarized the major contributions of the paper as:
• A novel RBFNN SMC design in the event-triggered

framework is introduced, for DMR with both matched
and unmatched uncertainty, so as to overcome the con-
troller singularity over [8] via the nonlinear sliding
surface. The sliding surface helps DMR to track both
positive and negative reference velocities unlike [19].

• Our work combined the concurrent learning-based adap-
tation with the event-based adaptive SMC to relax the
PE condition and guarantee an enhanced convergence
of RBFNN weight estimation error in comparison to
traditional NN-based SMC design in [11]

• A suitable triggering condition is derived using weighted
absolute of state error vector to ensure practical stability,
thus avoiding Zeno behaviour unlike ET-SMC [4].

Fig. 1. A DMR tracking a reference model in Cartesian coordinates.

• Finally, the proposed event-triggered concurrent learning-
based neuro-adaptive SMC law is verified on hardware
demonstrating a reduction in the number of control up-
dates and chattering.

II. PROBLEM FORMULATION

Consider a DMR in Fig. 1 where it has to track a reference
trajectory of a virtual DMR. The mobile robot is considered
to be in the XY -plane whose position is expressed with the
triplet (x, y, θ) where x, y are the coordinates in X-axis and
Y -axis and θ is the orientation angle between the heading
direction which is measured counter-clockwise with respect to
the X-axis. The aim is to maneuver the DMR such that it can
follow a reference trajectory generated by a virtual reference
model whose position is represented by the triplet (xr, yr, θr)
in the same XY -plane. The unperturbed kinematic model of
DMR [19] is given byẋẏ

θ̇

 =

cos θ 0
sin θ 0
0 1

[v
ω

]
, (1)

where q =
[
x y θ

]⊤
are the system states, v and ω are

linear and angular velocities driving the DMR.
The non-ideal environmental conditions may lead to skid-

ding motion which violates the nonholonomic constraint.
Assuming a disturbance µ, the nonholonomic constraint can
be introduced as

ẋ sin θ − ẏ cos θ = µ. (2)

The input velocities to the kinematic model is imperfect [20]
which can be modeled as perturbations in the input velocities
as v + δv and ω + δω, where δv and δω represent the
perturbation terms.

Considering (2) and the imperfect velocity tracking, the
perturbed kinematic model of DMR can be represented asẋẏ

θ̇

 =

cos θ 0
sin θ 0
0 1

([v
ω

]
+ψm

)
+ψu, (3)

where ψm is the matched uncertainty and ψu is the un-
matched uncertainty. The unmatched uncertainty has the form
ψu =

[
µ sin θ −µ cos θ 0

]⊤
which arises due to the

violation of the nonholonomic constraint (2) and the matched

This article has been accepted for publication in IEEE Transactions on Artificial Intelligence. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TAI.2022.3207133

© 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.
Authorized licensed use limited to: Missouri University of Science and Technology. Downloaded on February 22,2023 at 15:32:31 UTC from IEEE Xplore.  Restrictions apply. 



FIRST A. AUTHOR et al.: BARE DEMO OF IEEETAI.CLS FOR IEEE JOURNALS OF IEEE TRANSACTIONS ON ARTIFICIAL INTELLIGENCE 3

uncertainty ψm =
[
δv δω

]⊤
is induced due to the imperfect

velocity input. The model of the virtual reference DMR is
given by ẋrẏr

θ̇r

 =

cos θr 0
sin θr 0
0 1

[vr
ωr

]
, (4)

where qr =
[
xr yr θr

]⊤
are the reference states generated

from the reference linear velocity vr and angular velocity
ωr. The reference model has the same dynamics as that of
the unperturbed model of the system (1). To achieve perfect
tracking, a robust control law has to be designed such that
∥q− qr∥ decays to zero in the presence of uncertainties. The
error in posture between the reference model in the coordinates
of the DMR can be represented using a transformation as [5]

e =
[
xe ye θe

]⊤
= T (q)(qr − q) = T̄ (q) (5)

where T (q) =

 cos θ sin θ 0
− sin θ cos θ 0

0 0 1

 (refer to [21] for more

details). Taking the time derivative of e and using (3), (4) and
(5), the error dynamics can be expressed as

ė =F (e)+G(e) (u+φ) + ξ, (6)

where F (e) :=

vr cos θevr sin θe
ωr

, G(e) :=

−1 ye
0 −xe
0 −1

 and

u :=
[
v ω

]⊤
. The matched disturbance in error co-

ordinate is represented as φ =
[
φv φω

]⊤
and the un-

matched disturbance in error coordinate is represented as
ξ = ∂

∂q T̄ (q)ψu|q=T̄
−1

(e)
=
[
0 µ 0

]⊤
.

The problem of tracking is now addressed by designing a
control law for stabilizing the error e. As, the transformation
matrix T (q) is non-singular with T (q)−1 bounded then it
can be assured that if the error dynamics can be stabilized,
the DMR will achieve a perfect tracking as ∥q − qr∥ ≤
∥T (q)−1∥∥e∥.

The following assumptions are true for the unmatched
uncertainty:

Assumption 1: The unmatched uncertainty acting on
the kinematics of the DMR is bounded as ∥µ∥ ≤(
sin2(θe) + 0.1|xeye|

)√
x2e + χ, where χ is a positive con-

stant [19].
Remark 1: The unmatched perturbation in the channel of θ

is zero due to the fact that the nonholonomic constraint (2)
doesn’t involve θ̇. The unmatched uncertainty in the dynamics
of xe is equal to zero and thus it acts only in the dynamics of
ye due to the diffeomorphism property [22] of T̄ (q).

In this work, the DMR is connected to the controller over
a shared wireless communication network as shown in Fig.
2. The communication network is considered to be ideal and
free from imperfections such as packet loss and delays. The
DMR is operating in a dynamic environment and is subjected
to perturbations, where it is required to track a reference
trajectory. The upper bound of the perturbations is unknown
and a resource-aware robust controller needs to be designed
to accomplish the tracking objective with the reduced number

Fig. 2. Block diagram of the networked DMR.

of control computations and the over-usages of the network.
The proposed control scheme to achieve these objectives is
depicted in Fig. 2. The steps to design the proposed control
methodologies are described in the subsequent sections. As an
immediate step, an adaptive SMC in the continuous domain is
designed in the following section, under the assumption that
the upper bound of the disturbances is not known.

III. TRADITIONAL NEURO-ADAPTIVE SMC DESIGN

This section is devoted to designing the adaptive SMC with
RBFNN to approximate the unknown disturbances acting on
DMR. To design the SMC, a nonlinear sliding surface is used
to avoid the singularity in control. The following assumptions
are introduced to facilitate the controller design.

Assumption 2: The reference velocities vr and ωr are
bounded and satisfy 0 < |vr| ≤ vM and |ωr| ≤ ωM . Also
the first time derivative of vr is bounded as |v̇r| ≤ ςv .

Assumption 3: The maximum linear velocity satisfies the
following inequality vM >

√
χ [19].

Assumption 4: The system error trajectories[
xe ye θe

]⊤
are contained in the domain D ⊂ R3

given by

D =
{
e ∈ R3 : |xe| < xM , |ye| < yM , |θe| ≤ π

}
. (7)

Typically, in the design of the SMC, we proceed by designing a
stable sliding manifold followed by the design of a control law
such that the error trajectories can reach the sliding manifold
in finite time. The choice of the sliding variable must be
done such that once the sliding variable is zero, the reduced
order dynamics are stable. Based on the existing work [19], a
modified sliding variable is chosen as

s =

[
s1
s2

]
=

[
k1xe

k2θe +
vrye√

c+x2
e+y2

e

]
, (8)

where k1 > 0, k2 > vM
π and c > 0 are the design parameters.

The dynamics of the sliding variable along the trajectories of
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Fig. 3. Schematic representation of RBFNN

(6) is given by

ṡ =

[
k1ẋe k2θ̇e +

d
dt

{
vrye√

c+x2
e+y2

e

}]⊤
=A(e) + B(e)u+Φ(φ, ξ), (9)

where

A(e) :=

[
k1vr cos θe

(c+x2
e+y2

e)yev̇r+(c+x2
e)v

2
r sin θe−v2

rxeye cos θe
(c+x2

e+y2
e)

1.5 + k2ωr

]
,

B(e) :=

[
−k1 k1ye
vrxeye

(c+x2
e+y2

e)
1.5 − vrxe√

c+x2
e+y2

e

− k2

]
, and Φ(φ, ξ) is

the total uncertainty acting on the system. The control law
which can drive the system to the sliding manifold is given
by

u = −B−1
(e)

(
A(e) + K̄sgn(s)

)
, (10)

where K̄ > ∥Φ(φ, ξ)∥ is the switching gain to ensure finite
time reaching of the system to the sliding manifold

S =

{
e ∈ D : s1 = 0, s2 = 0

}
, (11)

which in turn stabilizes the error asymptotically.
Remark 2: The sliding surface is designed such that the

stability of the reduced order dynamics of ye and θe can be
ensured. Also, it is worth mentioning that the design of the
sliding surface for the DMR error dynamics given by (6) is
challenging as the linear sliding surface introduces singularity
in control [8]. Also, the proposed sliding surface in this work
can track positive and negative reference linear velocity vr
which was not addressed in [19].

Remark 3: The control law (10) uses a discontinuous in-
jection term with high gain to nullify the effect of the total
uncertainty Φ which may amplify chattering. Alternatively, it
is better to design a control scheme where the estimation of
Φ will be used to nullify its effect and the resultant estimation
error can be taken care of using a robust injection term with
lower gain.

A RBFNN can be used to approximate an unknown function
with sufficient accuracy [23]. The RBFNN is a single-layer
neural network which has only one hidden layer comprising
radial basis functions and the associated weights as shown in
Fig. 3. The output of the RBFNN is the weighted sum of the
output of these basis functions which is used to approximate

the unknown disturbances Φ(φ, ξ). Mathematically, the un-
certainty function Φ(φ, ξ) can be represented with the help of
RBFNN [24] as

Φ(φ, ξ) =

[
w11 w12 · · · w1r

w21 w22 · · · w2r

]
ψ1(z)
ψ2(z)

...
ψr(z)

+

[
ϵ1(z)
ϵ2(z)

]
,

Φ(φ, ξ) = W⊤Ψ(z) + ϵ(z), (12)

where W ∈ Rr×2 represents the ideal weighting matrix
and the vector Ψ(z) ∈ Rr is the basis function vector,
z =

[
xe ye θe vr ωr

]⊤
respectively and ϵ(z) ∈ Rr is

the function reconstruction error. The ideal weighting matrix
is represented by

W = arg min
W

∥Φ(φ, ξ)−W⊤Ψ(z)∥. (13)

The estimation of the uncertainty function can be represented
by Φ̂(φ, ξ) = Ŵ⊤Ψ(z), where Ŵ is the estimation of W . In
this article, the basis function is chosen to Gaussian expressed
as ψi(z) = exp

(
∥z−mi∥

2vi

)
with mi and vi being the

mean and variance respectively. The weight estimation error
is defined as W̃ = Ŵ −W. To ensure the convergence of the
estimation error W̃ to a arbitrarily small value, an adaptive law
is designed to update Ŵ subsequently. The following assump-
tions hold true for the RBFNN-based function approximation.

Assumption 5: The basis function Ψ(·) is bounded satisfy-
ing ∥Ψ(·)∥ ≤ ΨM [25].

Assumption 6: The reconstruction error in (12) is always
upper bounded by ∥ϵ(z)∥ ≤ ϱ [18].

Remark 4: The choice of the structure of RBFNN for im-
plementing the controller needs to be decided by the designer.
One may choose a dense number of neurons in the hidden
layer for higher accuracy in the function approximation. But
the greater number of neurons in the hidden layer will surely
give rise to higher parameters of the RBFNN to be estimated
incurring greater computational load. The section of the Gaus-
sian function’s center/ means is to be decided such that the
input to the RBFNN is close to the center of the function. The
variance represents the width of a Gaussian function, which
must be selected such that the range of the inputs can excite
the function (For more details see [26]).

The neuro-adaptive SMC law is given by

u = −B−1
(e)

(
A(e) + Ŵ⊤Ψ(z) + (ϱ̂+ K̄)sgn(s)

)
, (14)

where Ŵ⊤Ψ(z) is the output of the RBFNN and ϱ̂ is the
estimation of ϱ. The adaptive weight update law is given by

˙̂W = Γ1Ψ(z)s⊤, (15)

where Γ1 > 0 is the associated learning diagonal matrix and
the ϱ̂ is updated adaptively with

˙̂ϱ = γ2∥s∥, (16)

where γ2 is the associated learning rate. The adaptive laws are
incorporated such that the unknown parameters of the RBFNN
and the controller can be estimated online. The adaptive law
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(16) ensures the convergence of the estimation error ϱ̃ := ϱ−ϱ̂
which is established in the following Theorem.

Theorem 1: Consider the error dynamics (6) with the slid-
ing variable (8), then the RBFNN-based SMC scheme (14)
with the adaptive laws (15) and (16) satisfying the switching
gain as K̄ ≥ η1, with η1 > 0, drives the error trajectories to
the sliding manifold (11) in finite time and stabilizes the error
dynamics asymptotically.

Proof: Refer to the Appendix
Remark 5: From the result of Theorem 1, it can be assured

that the RBFNN-based control law (14) guarantees the con-
vergence of the sliding variables s1 = s2 = 0. Once this is
established, using further analysis, it can be proved that the
error in x, y and θ coordinates are convergent to zero. Also,
we can observe that with the inclusion of the RBFNN in the
controller with the adaptive laws (15) and (16), the design is
free from the knowledge of the bound of uncertainty.

Remark 6: Recall the dynamics of s from (9), with the con-
trol law (14), which can be expressed as ṡ = Φ−Φ̂−K̄sgn(s).
The mismatch between Φ and Φ̂, is compensated using
K̄sgn(s). As the accuracy of estimation is not guaranteed
by the online estimation law (15), a greater magnitude of K̄
is required for the mismatch in approximation. This can be
relaxed by improving the accuracy of estimation.

The RBFNN-based adaptive SMC law developed in (14)
for the trajectory control of networked DMR has two main
shortcomings. Firstly, the networked DMR will be controlled
using embedded hardware with periodic sampling resulting in
large quantities of data through the network causing congestion
leading to a drop in packets (either sensor data or control
input) and random delays–both will create stability issues for
control. Moreover, the lifespan of the battery-powered DMR
is reduced.

Secondly, the objective with which the RBFNN was in-
troduced, is not completely fulfilled as the ultimate bounds
of the estimation error are not ensured. The larger mismatch
in Φ̃, leads to the requirement of a larger amplitude of
discontinuous control to ensure robust tracking performance,
which is likely to induce chattering. To overcome the first
shortcoming, control with event-trigger sampling is introduced
to reduce the network usage thus lowering packet losses
and delays. Further, an adaptive weight update law using
historically stacked experience data will be employed for
enhanced estimation. The next section discusses the proposed
controller design.

IV. EVENT-TRIGGERED NEURO-ADAPTIVE SMC DESIGN

In event triggered design, the control is updated at time
t = tk where k ∈ N if and only if the triggering condition is
violated at t = tk and the control is computed as u(t) = u(tk);
for all t ∈ [tk; tk+1). For DMR, the sampled state information
is denoted as ě =

[
x̌e y̌e θ̌e

]⊤
, the sampled values of refer-

ence input is denoted by v̌r, ω̌r and the sampled information of
the sliding variable is š. The control law (14) can be rewritten
in terms of the sampled variable as

u = −B−1
(ě)

(
A(ě) + Ŵ⊤(tk)Ψ(ž) + (ϱ̂(tk) +K)sgn(š)

)
,

(17)

where K is the switching gain different from K̄. This gain
must be designed such that the stability is retained by the
closed-loop system with the sampled data control law (17).
This control is updated by the aperiodic triggering sequence
{tk}k∈Z≥0

generated by a suitable triggering mechanism. The
control is updated at instance tk and applied to the actuator of
the DMR through a zero-order hold. This constant actuation
signal is applied to the DMR until any further sampling occurs
and the plant evolves in an open loop fashion during the time
interval [tk, tk+1). The triggering mechanism is designed using
the information of the current states and the last sampled value.
As the realization of the scheme will be on the digital platform,
it has to be ensured that the sampling frequency is finite. This
is done by ensuring the inter-event execution time defined by
∆Tk := tk+1 − tk is nonzero and positive, i.e., ∆Tk > 0.

Remark 7: It is important to notice that the closed-loop
stability of the event-triggered system cannot be established
using the control law (14) with the sampled state information.
The modified control law is introduced as (17), where a new
gain K is to be designed to ensure the stability of sampled
data closed loop system.

We define

λ(t) = c1|xe − x̌e|+ c2|ye − y̌e|+ c3|θe − θ̌e|, (18)

where the choice of the weighting constants c1, c2 and c3
must satisfy

c1 ≥ max(k1 + LvM , 1),

c2 ≥ max(k2, 1),

c3 ≥ max(LvM , 1).

(19)

The function λ(t) will be utilized to design the triggering con-
dition which evaluates the tracking error of DMR to determine
the next sampling instance and whenever the variable λ(t)
grows beyond some threshold an event will be generated. The
triggering condition will be introduced in Theorem 2.

To improve the accuracy in estimation of the uncertainty Φ,
a data-driven learning scheme is adopted. The formalism of
using stored data along with current data concurrently in adap-
tive control is termed concurrent learning. The data is recorded
selectively such that it maintains a sparse representation of the
operating region of the system keeping a good richness of data.
It is established in [17], that concurrent learning for structured
uncertainty is an effective method as it renders exponential
convergence of parameter estimation error while relaxing the
stringent PE condition. For an unstructured uncertainty where
an RBFNN can be used to approximate the unknown function,
it guarantees the convergence of the estimated weights. This
learning can be introduced by modifying the weight update
(15) as

˙̂W =


Γ1Ψ(z)s⊤ −

∑pr

i=1 Γ1Ψ(zi)ϵ
⊤
i − σŴ

if rank(Z) < r

Γ1Ψ(z)s⊤ −
∑pr

i=1 Γ1Ψ(zi)ϵ
⊤
i

otherwise

(20)

where ϵi = Ŵ⊤Ψ(zi)−Φ(zi) and σ > 0 is the σ-modification
term to ensure boundedness RBFNN weights. The mismatch

This article has been accepted for publication in IEEE Transactions on Artificial Intelligence. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TAI.2022.3207133

© 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.
Authorized licensed use limited to: Missouri University of Science and Technology. Downloaded on February 22,2023 at 15:32:31 UTC from IEEE Xplore.  Restrictions apply. 



6 PREPRINT SUBMITTED TO JOURNAL OF IEEE TRANSACTIONS ON ARTIFICIAL INTELLIGENCE, VOL. 00, NO. 0, MONTH 2020

in estimation ϵi can be expressed as

ϵi =W̃⊤Ψ(zi)− ε(zi). (21)

The estimation law (20) is designed using online and stored
data such that the accuracy in estimation increases, causing W̃
to be very small. The experience data is stored in the history
stack matrix Z as Z = [Ψ(z1) Ψ(z2) · · · Ψ(zpr

)] where
pr is the index of last stored data. The corresponding ϵi is
stored in a matrix E = [ϵ1 ϵ2 · · · ϵpr

], where i = 1, · · · , pr.
To implement the RBFNN weight update law (20), the infor-
mation of εi is required. Recall the dynamics of the sliding
variable (9) from where Φ(zi) can be calculated by estimating
ṡ. Thus Φ(zi) = ṡi−A(ei)−B(ei)ui. The ṡ can be calculated
using fixed point smoothing along with a backward Kalman
filter (see [17]). In this work to estimate the ṡ, a robust exact
differentiator toolbox [27] is used. The selection of the data
points for the recording is crucial for learning. In this regard,
the SVD (singular value decomposition) maximization-based
data recording algorithm is adopted [28]. The matrix Z will
be rank deficient during the initial period of data recording in
the history stack, which causes the weight update law to act
with the σ-modification term. The dynamics of the RBFNN
weight estimation error during the rank deficient condition can
be calculated using (20) and (21) as

˙̃W(t) =− Γ1

(
pr∑
i=1

Ψ(zi)Ψ
⊤(zi) + σI

)
W̃(t)

− Γ1

pr∑
i=1

Ψ(zi)ε
⊤(zi) + Γ1Ψ(z)s⊤ − σW. (22)

As the history stack collects more data at some time t =
tr ∈ (0,∞), the Z becomes the full rank matrix. This implies
that the recorded data is sufficiently rich to ensure enhanced
learning, which leads to better estimation of RBFNN weights.
Due to the full rank of Z , the RBFNN weight estimation error
dynamics can be written using (20) and (21) as

˙̃W(t) =− Γ1

(
pr∑
i=1

Ψ(zi)Ψ
⊤(zi)

)
W̃(t)

− Γ1

pr∑
i=1

Ψ(zi)ε
⊤(zi) + Γ1Ψ(z)s⊤. (23)

At this point, it is worth mentioning that generally, the event-
triggered SMC can ensure the practical sliding motion (PSM)
in contrast to the ideal sliding motion which can be achieved
with the continuous control law. This notion of PSM can also
be found in [29], [30].

With these preliminaries, we now state our main result in
the next Theorem. To facilitate a simpler proof, the following
assumption is considered.

Assumption 7: The variation in the matrix B(e) is negligi-
ble in the interval t ∈ [tk, tk+1).

Note : We exclusively use the argument t with the continu-
ous variables Ŵ and ϱ̂ to distinguish them from their sampled
values Ŵ(tk) and ϱ̂(tk) .

Theorem 2: The error dynamics (6) with the sliding vari-
able (8) and the event-triggered control law (17) satisfying the

event condition defined as

λ(t) ≤ α (24)

where α > 0 is an event design parameter, will achieve PSM
and the error trajectories will be confined in the set given by

Bs = {e ∈ Ω : ∥s∥ ≤ α} (25)

with the adaptive weight update law for the RBFNN (20)
and with the adaptive law to estimate the upper bound of
reconstruction error as

˙̂ϱ(t) =

{
γ2∥s∥ if s /∈ Bs

0 otherwise
(26)

provided, the discontinuous injection gain K is selected as
K > LAα+LW+Lϱ+η, where η is a positive scalar; LA(e)
is the Lipchitz constant of A; LW and Lϱ are the bounds
associated with W̃⊤Ψ(z) and ϱ̂ . The derivation of these
bounds is discussed in the Appendix section. Additionally, the
RBFNN weight estimation error is contained in the set given
by

BW̃ =
{
W ∈ R2×r : ∥W̃ (t)∥ ≤ max(r1, r2)

}
(27)

where r1 = σ∥W∥+rprΨM∥ε(z)∥
σ r2 = rprΨM∥ε(z)∥

ζmin(Ξ) and Ξ =∑pr

i=1 Ψ(zi)Ψ
⊤(zi) = ZZ⊤.

Proof: Refer to the Appendix
Remark 8: Using the results of Theorem 2, one may ob-

serve that the proposed control law, including the concurrent
learning, RBFNN and event-triggered scheme with adaptive
SMC relaxes the system from periodic sampling while main-
taining robust tracking performance. Also, the sliding variable
achieves PSM, which results in ∥s∥ being bounded by α. Due
to the inclusion of concurrent learning, the RBFNN weight
estimation error now is guaranteed to be upper bounded within
a ball of radius max(r1, r2). As the boundedness of estimation
is now established, this will result in a lower requirement of
discontinuous gain for achieving stability in the presence of
uncertainty.

Remark 9: The triggering condition is designed in a non-
conventional way based on the function λ(t) and not using the
measurement error e as in traditional ET-SMC [4] since we use
a nonlinear sliding surface (8). The coefficients c1, c2 and c3
in (18) are chosen as (19) such that λ(t) ≥ max(∥s− š∥, ∥e−
ě∥). Due to the event-condition (24), it is assured that λ(t) is
always bounded by α, which also ensures the boundedness of
∥s− š∥ and ∥e− ě∥.

Using Theorem 2, it can be ensured that the sliding variables
s1 and s2 will reach the set Bs in finite time, which means
that the error xe will reach it’s bound in finite time and
remains uniformly ultimately bounded (UUB) thereafter. The
boundedness of ye and θe are introduced in the following
proposition.

Proposition 1: The event-based control (17) with the trig-
gering condition (24) drives the error trajectories of (6) to
the vicinity of the sliding manifold (11) and subsequently, the
error trajectories will achieve uniform boundedness in the set
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defined by

Be =

{
e ∈ D : |xe| ≤

α

k1
, |ye| ≤

α

c2
, |θe| ≤

α

c3

}
. (28)

Proof: From Theorem 2, the PSM is achieved by the error
dynamics which ensures the boundedness of s1 and s2. Using
(8) and (27) it can be written as

|s1| ≤ ∥s∥ ≤ α⇒ k1|xe| ≤ α.

The above relation ensures the bound of xe. To prove the
stability of the tracking error ye and θe, the results of Theorem
1 and 2 are used. The PSM is achieved by the error dynamics
with the control law (17) stated in Theorem 2. Theorem 1
confirms that, when the error trajectories are in the vicinity of
the sliding manifold, they converge towards the origin. With
the combination of these two facts, it can be concluded that the
vector field around the sliding manifold is attractive towards
the origin. Therefore, from the Regularization Theorem [31],
it can be said that the error trajectories will converge to Be

in finite time with a zig-zag motion around the manifold S.
Next, when the error trajectories will try to escape the ball
Be, the λ(t) grows to its maximum value α which causes the
violation of triggering condition (24). At that instance of time,
the control (17) will be updated and it forces the trajectories
to be inside the ball. Now, if we assume that a control signal
excites motion only in ye, using (24) we can write

c2|ye − y̌e| ≤ α⇒ |ye − y̌e| ≤
α

c2
. (29)

Using the same argument for θe, we have

c3|θe − θ̌e| ≤ α⇒ |θe − θ̌e| ≤
α

c3
. (30)

Thus the tracking errors are finally confined in the set Be

which completes the proof.
The boundedness of the tracking errors of DMR is estab-

lished using event-triggered neuro-adaptive SMC with concur-
rent learning. Next, to ensure the existence of a finite sampling
rate with the proposed event condition, the minimum inter-
event time ∆Tk is shown positive.

Theorem 3: Consider the function λ(t) (18) with the track-
ing error dynamics (6), sliding variable (8), event based control
(17) satisfying the triggering condition (24), then the inter-
event execution time satisfies the following inequality.

∆Tk ≥ α

Θ(Ŵ, ϱ̂)
, (31)

where Θ(Ŵ , ϱ̂) is the sup{λ̇(t)} whose expression is given
in (51) in the Appendix section.

Proof: To find the minimum time between two events, we
find the time required for λ(t) to grow from 0 to α. Just after
an event violation, at t = t+k , the function λ(t) = 0. Now in
the interval t ∈ [tk, tk+1), λ(t) grows due to the evolution of
the states xe, ye and θe and when it attains its threshold value
α, the next triggering occurs. The minimum time for the two
events can be computed using the maximum growth rate of
λ(t) which is calculated in Appendix and denoted by Θ(Ŵ , ϱ̂)

(51). The growth of λ(t) in the interval t ∈ (tk, tk+1] satisfies
the following inequality

d

dt
λ(t) ≤ sup

{
c1|ẋe||+ c2|ẏe|+ c3|θ̇e|

}
≤ Θ(Ŵ , ϱ̂)

Integrating in the above inequality

λ(tk+1)− λ(t+k ) ≤Θ(Ŵ , ϱ̂)

∫ tk+1

tk

dt

α ≤Θ(Ŵ , ϱ̂)(tk+1 − tk).

Using (51) and the above inequality, the minimum inter-event
time can be expressed as (31). Thus the positive lower bound
of inter-event execution is established which completes the
proof.

In the next section, to evaluate the performance of the
proposed controller, the experimental results are presented
using hardware-in-loop testing.

V. EXPERIMENTAL RESULTS

In this section, the performance of the proposed event-
based neuro-adaptive SMC with concurrent learning is ver-
ified to track a reference trajectory by a DMR, namely the
Quanser QBot 2e. The video of the experiment conducted to
implement the proposed controller on the QBot can be found
in [32]. Though there exist various mobile robot platforms
for hardware-in-loop (HIL) testing of control algorithms like
Pionner3DX and Khepera IV, the Quanser QBot 2e gives
a ready-to-use platform integrated with Simulink/MATLAB
using the QUARC software [33]. The QBot has a Raspberry
Pi as an onboard computer which communicates with the
controlling computer using a WiFi (2.4GHz and 5Hz IEEE
802.11. b/g/n/ac wireless LAN). The hardware-in-loop testing
of the controller is done by using Simulink/ MATLAB (2018b)
as a platform to implement the controller. The experiment is
performed to track an elliptical trajectory in the XY -plane,
which can be generated with the reference velocities using

vr =
(
ϖ2l21 sin

2(ϖt) +ϖ2l22 cos
2(ϖt)

)0.5
(32)

ωr =

(
ϖl2
l1

+
ϖl2 cos

2(ϖt)

l1 sin
2(ϖt)

)
/

(
l22 cos

2(ϖt)

l21 sin
2(ϖt)

+ 1

)
. (33)

From the expression of the reference trajectories given in (32)
that vr is upper bound by ϖ × max(l1, l2) and ωr is upper
pounded by ϖl2

l1
(Since a sin2 x + b cos2 x ≤ max(a, b) and

1+cot2 x
(l2/l1)2 cot2 x+1 ≤ 1 for l2 > l1). Using the above arguments,
one can verify that the above expressions of the reference
trajectory satisfy Assumption 2. The parameters are selected
as ϖ = 0.5, l1 = 0.5 and l2 = 0.8 from where the upper
bound on the velocities are calculated as vM = 0.4m/s and
ωM = 0.8rad/s. To start with the controller design, the domain
of interest is chosen arbitrarily large enough as |xe| ≤ 1.5m,
|ye| ≤ 1.5m and |θe| ≤ π rad to accommodate the constraint
space available to conduct the experiment. The initial tracking
error is set as

[
0.2 0.2 0.2π

]⊤
.

As per the design requirement, the parameters of the sliding
surface must be chosen first. The choice of k1, is impacting
the ultimate bound of the system state xe whereas k2 and
c govern the response of the system and also affect the
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Fig. 4. Evolution of (a) tracking error (b) sliding variable (c) xy-plot of trajectory tracking (d) estimated parameters (e) control effort (f) triggering function
λ(t) (g) inter-event execution time (h) cumulative number of control updates for event-triggered RBFNN based adaptive SMC.

choice of parameters associated with the triggering function
λ(t). A greater value of c will induce sluggish behaviour in
the response so, it is selected with a nominal positive value
as c = 0.1. For simplicity, while maintaining the design
requirements k1 and k2 were selected as unity.

Next, the weights associated with the triggering condition
are selected as c1 = 2.1, c2 = 1 and c3 = 1.1, such that the
design constraint (19) is satisfied. To ensure that the PSM
occurs within a band of 0.15, the event design parameter
is chosen as α = 0.15. A direct implication on this design
parameter α can be observed in the inter-sampling behaviour
of the closed-loop system. Too small value will generate a
greater number of events while maintaining a small band of
the sliding variable increasing the accuracy in the tracking and
vice-versa.

Next, we proceed with the choice of parameters for the
RBFNN and the adaptive gain ϱ̂. The Gaussian basis function
for the RBFNN is chosen as ψi(z) = exp

(
∥z−mi∥

2vi

)
, with

dimension 5× 1. The mean of each of the Gaussian functions
are mi = −2, − 1, 0, 1, 2 and the variance is vi = 1 where
i = 1 to 5. This is selected to approximate the disturbance
locally around the region of operation keeping the centers
symmetric to the origin. The variance is selected such that each
of the hidden layer neurons is spread over the sufficient region
where the system may be excited. In (20), the parameters are
chosen as Γ1 = 0.8I and σ = 0.01. The data recording is
done using the SVD maximization algorithm as in [17] and
the data is recorded in the Zt matrix. The tuning parameter
in (26) is selected as γ = 0.15. The values of adaptive
learning parameters, Γ1 and γ are decided based on multiple
simulation trials. The larger values associated with adaptive
laws may introduce oscillatory behaviours in the estimation of
the parameters. The switching gain K is selected as 2.5 such
that the gain condition in Theorem 2 is satisfied. For safety
of the mechanical parts of the Qbot 2e, the sgn(·) function

is approximated in the control law (17) by a tanh(·). The
experimental results are shown in Fig. 4.

It can be observed from Fig 4 (a) that during the initial
phase of the response the error trajectories grow due to the
learning phase of the controller. As time progress, the adaptive
parameters are tuned and the error trajectories start converging
inside the ultimate band. The evolution of the sliding variables
is shown in Fig 4 (b). Once the estimated gain ϱ̂ is sufficient
to drive the trajectories towards the manifold, the sliding
variables start to converge and hit the manifold in finite time.
The tracking error xe converges as s1 converges to the ultimate
band. The convergence of ye and θe is guaranteed after the
convergence of s2.

The tracking performance can be visualized from the xy-
plot given in Fig. 4 (c). Initially, the Qbot manoeuvres around
the reference trajectory and gradually it converges to the
reference trajectory. The adaptive gain ϱ̂ and the norm of
RBFNN weights ∥Ŵ∥ are shown in Fig. 4 (d) and found
to be bounded. In Fig. 4 (e), the control signal is plotted.
The evolution of the threshold function λ(t) whose evolution
governs the inter-sampling behaviour of the system is shown
in Fig. 4 (f).

During the first measurement, the sampled values are set
to zero. Thus the value of λ(t) at the first iteration is the
weighted difference between the initial condition and the
sampled values, which is greater than the threshold value
that causes the first triggering. Subsequently, further triggering
occurs as λ(t) grows to α between each of the events. The
inter-event execution time is shown in Fig. 4 (g), which is
bounded by a positive value.

The evolution of the total number of events occurring repre-
sented by Nup are shown in Fig. 4 (h), which is observed to be
steep in the early stages of the simulation due to the transient
in the system. Once the tracking error has settled down and
the system is in a steady state, the growth of Nup is reduced.
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Fig. 5. Evolution of (a) the adaptive gains and frequency spectrum for the
actuating signal (b) linear velocity and (c) angular velocity for implementation
of the controller with and without concurrent learning.

A total number of 273 triggers occur during the 50-second
simulation. The time-triggered implementation for the same
with a sampling rate of 0.01-second results in 5001 control
updates. Thus, the event-triggered implementation reduces the
network usage by 94.54% compared to the time-triggered
design.

TABLE I
EFFECT OF CONCURRENT LEARNING ON NETWORK USAGE, TRACKING

ERROR AND CONTROL EFFORT

RBFNN weight update Nup IAEss IACss

Without concurrent Learning 316 2.11 22.49
With concurrent Learning 273 1.38 18.72

To show the effectiveness of the proposed design, three
performance indices are introduced, i.e., the total number of
control updates, Nup, integral of absolute error at steady state,
IAEss =

∫ Tsim
1
2Tsim

∥e∥dt and integral of absolute control effort

at steady state, IACss =
∫ Tsim

1
2Tsim

∥u∥dt, where Tsim is the
total simulation time. The concurrent learning-based proposed
scheme is compared with the same controller introduced in
Section IV, where instead of using the concurrent learning-
based law (20), the standard weight update law (15) is used.

The performance indices are tabulated in Table I for the
implementation of an event-triggered controller with and with-
out concurrent learning. It is observed that concurrent learning
improves tracking performance.

Further to highlight the improvements, by the use of
concurrent learning, we plot the evolution of the adaptive
discontinuous gain and the frequency spectrum of the actuating
signals for the two cases. The adaptive gain with and with
concurrent learning are shown in Fig. 5 (a). It is easily visible
that using concurrent learning the estimated discontinuous gain
ϱ̂ is lower in comparison to the controller without concurrent
learning. This lower switching gain implies a reduced amount
of control effort, which is responsible for the growth of the
threshold function λ(t).

As the discontinuous gain is reduced, the growth rate of λ(t)
decreases. Due to this, the number of occurrences of events
will be reduced, which is reflected in Table I. The evolution of
the adaptive discontinuous gains for controller implementation
with and without concurrent learning are plotted in Fig. 5 (a).
It is observed that the discontinuous gain requirement without
concurrent learning is greater than the gain estimated in the
case with concurrent learning. The higher discontinuous gain
may introduce chattering in the system. The frequency versus
magnitude plot for the control signal v and ω are shown in Fig.
5 (b)-(c) for the controller implementations with and without
concurrent learning.

From the magnitude plot shown in Fig. 5 (b)-(c), it can
be visualized that magnitude of the frequency component of
the actuation signal in the lower frequency range has reduced
for the controller with concurrent learning in comparison to
the non-concurrent case. Also, in the higher range of the
frequency, the magnitude is slightly lesser for the concur-
rent learning-based controller. This observation establishes
that concurrent learning-based event-triggered neuro SMC is
successful in reducing the chattering in the system.

Thus, it is guaranteed that the proposed control strategy can
ensure improved performance in terms of tracking accuracy,
reduced control effort, discounted chattering and lower usage
of the communication network which is vital for a networked
battery-powered mechanical device like DMR.

VI. CONCLUSION

The tracking control of a networked DMR is addressed
in this paper using an event-based neuro-adaptive SMC with
RBFNN and concurrent learning. To achieve the control task
in the presence of disturbances and minimal usage of the net-
work resources, the proposed design includes an event-based
sampling mechanism along with an RBFNN-based sliding
mode controller. A nonlinear sliding surface was adopted to
avoid singularity in control law and an SMC was designed to
guarantee robustness. The RBFNN was used to approximate
the perturbations, which relaxes the prior knowledge of the
upper bound of the perturbations to design the SMC and an
adaptive gain of the controller was used to compensate for
the reconstruction error. To ensure improved estimation of
the uncertainty, a concurrent learning-based adaptive law is
designed, which also relaxes the PE condition.

It was established that the inclusion of concurrent learning
and RBFNN in the SMC scheme helped to reduce chattering
by improving the accuracy of the online estimation of param-
eters. Moreover, the practical implementation of the event-
based adaptation of the proposed control law on DMR showed
that the reduced number of control computations improved
tracking performance with less control effort and reduced
chattering. As a future scope, the design technique proposed
here using concurrent learning with event-based SMC can
be further extended to control nonlinear systems like robotic
manipulators, tethered satellites, unmanned aerial vehicles etc.
The design is restricted here to control a single networked
DMR, the proposed control scheme has the potential for
solving multi-robot control problems such as leader-follower
tracking problems, consensus problems and formation control.
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APPENDIX

PROOF OF THEOREM 1

Proof: To prove the closed loop stability, first the finite
time reaching of the error trajectories to the sliding manifold
S is established followed by the convergence of the error
trajectories. Consider a Lyapunov candidate function given by

V1 =
1

2
s⊤s+

1

2
tr(W̃⊤Γ

−1

1 W̃) +
1

2γ2
ϱ̃2. (34)

Evaluating the time derivative of V1 along the trajectories of
(9) with the control law (14) we have

V̇1 =s⊤
(
Φ(φ, ξ)− Ŵ⊤Ψ(z)− (ϱ̂+ K̄)sgn(s)

)
+ tr(W̃⊤Γ

−1

1
˙̂W) +

1

γ2
ϱ̃ ˙̂ϱ.

Substituting Φ(φ, ξ) from (12) in the last expression and using
(15) we have

V̇1 =s⊤
(
ϵ(z)− ϱ̂sgn(s)− W̃⊤Ψ(z)− K̄sgn(s)

)
+ tr(W̃⊤Γ

−1

1
˙̂W) +

1

γ2
ϱ̃ ˙̂ϱ,

≤∥s∥∥ϵ(z)∥ − ϱ̂∥s∥ − K̄∥s∥+ 1

γ2
ϱ̃ ˙̂ϱ

+ tr
(
W̃⊤(Γ

−1

1
˙̂W −Ψ(z)s⊤)

)
,

=− K̄s⊤sgn(s) +
1

γ2
ϱ̃( ˙̂ϱ− γ2s). (35)

Substituting (16) and K̄ > η1, the inequality (35) boils down
to V̇1 ≤ −η1∥s∥. Thus, the control law (14) drives error
trajectories to the manifold S in finite time. Once the error
trajectories reaches S, we have s1 = s2 = 0 in (8) from
where we have xe = 0 and

θe = − vrye

k2
√
c+ y2e

. (36)

As xe is identically zero, we can rewrite the dynamic equation
of ye from (6) as

ẏe = −vr sin θe + µ. (37)

Substituting xe = 0 in the expression of ∥µ∥ in Assumption
1, we have ∥µ∥ ≤ √

χ sin2(θe). Now, to establish the stability
of (37) with the vanishing perturbation µ, first the stability
of the unperturbed system, with µ = 0 in (37) is proved and
then the stability of the system with vanishing disturbance
is established (see chapter 9 [22]). To prove the stability of
the unperturbed system, we chose the Lyapunov candidate as
V2 = 1

2y
2
e . The time derivative of V2 along the trajectory of

(37) with µ = 0 is given by V̇2 = −yevr sin θe. Substituting
θe as in (36) we find

V̇2 = −yevr sin

(
vrye

k2
√
c+ y2e

)
. (38)

By design k2 >
vM
π , which ensures vrye

k2

√
c+y2

e

to be bounded

by π. In the region −π to 0− the sin(·) function is negative
and for π to 0+, it is positive. As the argument of sin(.) and

its coefficients have the variables ye and xe, the following
inequality holds

V̇2 ≤ −|ye||vr| sin

(
|vr||ye|

k2
√
c+ y2e

)
. (39)

This means V̇2 can be zero only when vr = 0 which can be

excluded by Assumption 2. Finally, with
∣∣∣∣sin( |vr||ye|

k2

√
c+y2

e

)∣∣∣∣ ≤
1, the above inequality can be simplified as

V̇2 ≤ −vM |ye|. (40)

Now to consider the stability of the perturbed system, the time
derivative of V2 along the trajectory (37) is computed as

V̇2 =− yevr sin

(
vrye

k2
√
c+ y2e

)
+
√
χ sin2

(
vrye

k2
√
c+ y2e

)
ye,

≤− (vM −√
χ)|ye|. (41)

From Assumption 3 we have vM >
√
χ which ensures that the

trajectories of ye converge to the origin which in turn makes
θe also stable. Thus the proof is completed.

PROOF OF THEOREM 2

Proof: We start with considering the Lyapunov function
as V3 = V1 (defined in (34)) in the interval t ∈ [tk; tk+1).
Obtaining the time derivative of V3 and substituting (9), (12)
and (17) we get

V̇3 =s⊤
(
A(e)−A(ě) +W⊤Ψ(z)− Ŵ⊤(t)Ψ(z) + ϵ(z)

− ϱ̂(t)sgn(š) + Ŵ⊤(t)Ψ(z)− Ŵ⊤(tk)Ψ(ž)

+ (ϱ̂(t)− ϱ̂(tk))sgn(š)−Ksgn(š)
)

+ tr(W̃⊤(t)Γ
−1

1 W̃⊤(t)) +
1

γ2
ϱ̃(t) ˙̂ϱ. (42)

The proof is continued by discussing it for two cases. First,
when the PSM is not achieved by the error trajectories, i.e.,
s /∈ Bs and in the second case the reachability condition is
satisfied and the system achieves PSM, i.e., s ∈ Bs.

Case 1: The error trajectories are outside the set Bs:
In such a scenario, the dynamics of W̃ depends on the rank
condition of the replay buffer matrix Z .
Suppose the rank condition of Z is not satisfied. In this case,
the dynamics of W̃ is given by (22). Substituting Ŵ−W = W̃
and using (22) in (42) and simplifying we get

V̇3 ≤∥s∥
(
∥A(e)−A(ě)∥+ ∥ϱ̂(t)− ϱ̂(tk)∥+ ∥Ŵ⊤(t)Ψ(z)

− Ŵ⊤(tk)Ψ(ž)∥
)
− (K + ϱ̂(t))s⊤sgn(š) + ∥ε(z)∥∥s∥

− σ∥W̃∥2 + σ∥W̃∥∥W∥+ rprΨM∥ε(z)∥∥W̃∥

+
1

γ2
ϱ̃⊤(t) ˙̂ϱ(t).

When s /∈ Bs, it is to be noted that the trajectories of
the system will be on either side of the manifold S, where
the sampled value of the sliding variable sgn(š) will have the
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same sign with its continuous counterpart s. Thus, it can be
assured that sgn(s) = sgn(š). Using this fact along with (46),
(48), (49) from Appendix, the above inequality can be written
further as

V̇3 ≤− ∥s∥
(
K − LA∥e− ě∥ − Lρ − LW

)
− ϱ̃(t)∥s∥

− ∥W̃∥
(
σ∥W̃(t)∥ − σ∥W∥ − rprΨM∥ε(z)∥

)
+

1

γ2
ϱ̃⊤(t) ˙̂ϱ(t).

Further with (26) and using (50) from Appendix along with
the gain K > LAα+ LW + Lϱ + η, we can write

V̇3 ≤− η∥s∥ − σ∥W̃(t)∥
(
∥W̃(t)∥ − r1

)
, (43)

where r1 is defined in Theorem 2. The finite time stability of
(43) with decay rate min(η, σ) is assured when ∥W̃(t)∥ > r1.
Thus, the error trajectories hit the manifold S in finite time
and the estimation error is bounded inside a ball with radius
r1. On the other hand, as the replay buffer accumulates the
data, after some time tr ∈ (0,∞), the dynamics of the weight
estimation error of RBFNN is governed by (23) which can be
written with (42) as

V̇3 =s⊤
(
A(e)−A(ě)− W̃⊤(t)Ψ(z)− (ϱ̂(t) +K)sgn(š)

+ Ŵ⊤(t)Ψ(z)− Ŵ⊤(tk)Ψ(ž) + (ϱ̂(t)− ϱ̂(tk))sgn(š)

+ ϵ(z)

)
− tr

(
W̃⊤(t)

[( pr∑
i=1

Ψ(zi)Ψ
⊤(zi)

)
W̃(t)

+

pr∑
i=1

Ψ(zi)ε
⊤(zi)− Γ1Ψ(z)s⊤

])
+

1

γ2
ϱ̃⊤(t) ˙̂ϱ(t).

Using similar manipulations as in the case of rank deficient
case of Z , we can finally arrive at

V̇3 ≤ −η∥s∥ − ζmin(Ξ)∥W̃(t)∥
(
∥W̃(t)∥ − r2

)
, (44)

where r2 is defined in Theorem 2. The error trajectories hit
the manifold S and ∥W̃(t)∥ will be ultimately bounded inside
a ball of radius r2.

Case 2: The error trajectories are inside the set Bs:
Due to the reachability condition, the error trajectories enter
the set Bs and hit S. Once this occurs, the sgn(s) = sgn(š)
is not assured and for which the trajectories will grow away
from the manifold S. Once it grows, due to the event condition
(24), it can be guaranteed that the next sampling will occur
and control will be updated which enforces the trajectories to
meet the reachability condition. The maximum growth of the
sliding variables can be calculated as

∥s− š∥ ≤k1|xe − x̌e|+ k2|θe − θ̌e|

+ vM

∣∣∣∣∣ ye√
c+ x2e + y2e

− y̌√
c+ x̌2e + y̌2e

∣∣∣∣∣ .

Using the Lipchitz constant of vrye√
c+x2

e+y2
e

derived at Appendix

and (24) we get

∥s− š∥ ≤(k1 + Lvm)|xe − x̌e|+ LvM |ye − y̌e|+ k2|θe − θ̌e|,
≤λ(t). (45)

Hence, it is ensured that the error trajectories will achieve
PSM and will be contained in the set Bs. Hence the proof is
completed.

LIPCHITZ CONSTANT OF A(e) AND vrye√
c+x2

e+y2
e

Consider the vector function as A(e) =

[
A1(e)
A2(e)

]
. The

partial derivative with respect to e is given by ∂A(e)
∂e =[

0 0 −k1vr sin θe
∂A2(e)
∂xe

∂A2(e)
∂ye

∂A2(e)
∂θe

]
. Hence the Lipchitz con-

stant can be calculated as [22]∥∥∥∥∂A(e)

∂e

∥∥∥∥ = max

{∥∥∥∥∂A2(e)

∂xe

∥∥∥∥,∥∥∥∥∂A2(e)

∂ye

∥∥∥∥, k1vM +

∥∥∥∥∂A2(e)

∂θe

∥∥∥∥}
= LA. (46)

where
∥∥∥∂A2(e)

∂xe

∥∥∥ = 2xM

c1.5

(
yM + 1 +

v2
MyM

xM
+ 3

2cxMaM

)
,∥∥∥∂A2(e)

∂ye

∥∥∥ = 1
c1.5

(
(c+ x2M + 3y2M )ςv + v2MxM + 3

cyMaM
)

and
∥∥∥∂A2(e)

∂θe

∥∥∥ = c+ xM + v2MxMyM .
The partial derivative of f = vrye√

c+x2
e+y2

e

with respect to e

is given by ∂f
∂e =

[
2xeye

(c+x2
e+y2

e)
1.5

2y2
e

(c+x2
e+y2

e)
1.5 0

]
. So, the

Lipchitz constant is given by∥∥∥∥∂f∂e
∥∥∥∥ = L = max

{
2yMxM
c1.5

,
c+ yM
c1.5

}
(47)

BOUND OF ∥ϱ̂(t)− ϱ̂(tk)∥, ∥Ŵ⊤(t)h(t)− Ŵ⊤(tk)h(tk)∥
AND ∥e− ě∥

Recall the adaptive gain update rule (26) from where we
can write

∥ϱ̂(t)− ϱ̂(tk)∥ =γ2

∫ t

tk

∥s∥dt

≤γ2(∥š∥+ α)∆Tk = Lϱ. (48)

Recall the RBFNN weight update rule (15), using this we can
write

∥Ŵ⊤(t)h(t)− Ŵ⊤(tk)h(tk)∥ =Γ1

∫ t

tk

Ψ(z)s⊤dt

≤ΨM∥Γ1∥(∥š∥+ α)∆Tk

=LW . (49)

The expression of ∥e− ě∥ can be expressed as

∥e− ě∥ ≤|xe − x̌e|+ |ye − y̌e|+ |θe − θ̌e|
≤λ(t) ≤ α. (50)
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CALCULATION OF sup{λ̇(t)}

Recall the definition of λ(t) from where we can write

λ̇(t) =c1ẋe + c2ẏe + c3θ̇e

≤max{c1, c2, c3}∥ė∥

Using cm := max{c1, c2, c3} and using the error dynamics
(6) we can write

λ̇(t) ≤cm(∥F∥+ ∥G∥∥∥u(Ŵ, ϱ̂)∥∥+ ∥Ψ∥)

≤cm(
√
2v2M + ω2

M + 2 + yM + xM + ∥u(Ŵ, ϱ̂)∥

+Ψmax∥W∥+ ϱ) = Θ(Ŵ, ϱ̂) (51)
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