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Deformation of a ferrofluid droplet in simple shear flows under

uniform magnetic fields

Md Rifat Hassan, Jie Zhang, and Cheng Wang?®
Department of Mechanical and Aerospace Engineering, Missouri University of Science and Technology,
400 West 13th St., Rolla, Missouri 65409, USA

(Received 5 July 2018; accepted 23 August 2018; published online 11 September 2018)

We numerically investigate the deformation and orientation of a ferrofluid droplet in a simple shear
flow under a uniform magnetic field. The numerical simulation is based on the finite element method
and couples the magnetic and flow fields. A level set method is used to model the dynamic motion of
the droplet interface. Systematic numerical simulations are used to assess the effects of the direction
and the strength of the magnetic field. Focusing on low Reynolds number flows (Re < 0.02), the
numerical results indicate that at a small capillary number (Ca = 0.02), the magnetic field dominates
over the shear flow above a certain magnetic bond number (Bo,, = 3). The orientation of the droplet
is aligned with the direction of the magnetic field, while the deformation of the droplet varies slightly
when the direction of the magnetic field is varied. On the other hand, for large capillary numbers
(Ca = 0.23), the deformation and orientation of the droplet is influenced by both the shear flow and
the magnetic field, except for a small magnetic bond number (Bo,, < 0.2). In both the small and large
capillary number cases, the droplet deformation is found to be maximum at & = 45° (the direction of
magnetic field) and minimum at @ = 135°. In addition, the effect of the magnetic field on the flow
field inside and outside the droplet at different conditions is examined. We demonstrate active control
of lateral migration of ferrofluid droplets in wall-bounded simple shear flows. The direction of the
lateral migration depends on the orientation of the deformed droplets due to uniform magnetic fields

at different directions. Published by AIP Publishing. https://doi.org/10.1063/1.5047223

l. INTRODUCTION

Emulsions are liquid droplets dispersed in another immis-
cible liquid phase. When subjected to shear flows, the droplets
deform and may break up. Understanding the dynamics of
droplets in shear flows is of great importance to a vari-
ety of technological and industrial applications that utilize
emulsions, including cosmetics, food production, and poly-
mer processing.!:> For example, in blending of molten poly-
mers, the distribution of the droplet size and shape is crit-
ical to the rheology and physical properties of the polymer
system.’™

A single droplet in a simple shear flow serves as an excel-
lent model problem to understand droplet dynamics and can
provide fundamental insights into more complex emulsion sys-
tems.®’ Following the pioneering work of Taylor,®° numerous
experimental,'®~!? theoretical,'> and numerical studies!*!7
have been carried out to investigate the deformation and
breakup of a Newtonian droplet suspended in a shear flow of
another viscous Newtonian fluid. Three-dimensional single-
droplet deformation and breakup under a simple shear flow
using numerical simulation has been investigated by Xi.'4
Debruijn'® developed a Couette device to study the breakup
of non-Newtonian droplets in a quasi-steady simple shear
flow. Li"> performed a numerical simulation using the vol-
ume of fluid (VOF) method to observe the breakup of a single
droplet into daughter droplets via an end-pinching mechanism.
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Feigl!” conducted both simulations and experiments to study

the deformation and orientation of the droplet in a simple shear
flow. These investigations find that the droplet deformation
depends on several dimensionless parameters, including the
capillary number, Reynolds number, viscosity ratio between
the dispersed and continuous phases, and the confinement
ratio. For a comprehensive review of this topic, readers are
referred to a number of excellent review articles.%’

In addition to using viscous shear, external force fields
such as electric or magnetic fields provide an additional
means of controlling the deformation of droplets.'” When the
droplets and suspending fluid have different electrical proper-
ties, an electric field will result in additional Maxwell stresses
on the fluid interface to affect the droplet deformation.?’?!
Vlahovska?! developed an analysis to describe the effect of
a uniform electric field on the deformation and orientation of
dielectric droplets in a simple shear flow. Miahlmann et al.?’
investigated the electric field effects on two dimensional
drops in a simple shear flow at arbitrary Reynolds numbers.
Mandal®? analytically studied the effect of a uniform electric
field on the motion of droplet in an unbounded Poiseuille flow
and also in a simple shear flow.”?

Magnetic fields have been demonstrated to control the
dynamics of single ferrofluid droplets”*?* or emulsion sys-
tems.”%~28 To use magnetic manipulation, either the droplet or
suspending fluid needs to be a ferrofluid”®—a dispersion of
magnetic nanoparticles (typical diameter around 10 nm and
typical volume fraction 5%). Multiphase ferrofluid droplets
have promising biomedical applications due to their ability

Published by AIP Publishing.
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to be delivered at a specific site with the help of proper
manipulation of a magnetic field. A notable biomedical appli-
cation is the treatment of retinal detachment®’ by guiding a
ferrofluid droplet inside the retinae. The magnetic field has also
been extensively used in microfluidics to control the various
manipulation of microdroplets. Varma et al. studied the mag-
netic field experimentally inducing the merging of droplets on
a lab-on-a-chip application.’! Liu ef al. and Wu et al. stud-
ied the ferrofluid droplet formation under a uniform magnetic
field.3>33 Tan et al. reported the manipulation of a ferrofluid
droplet at a microfluidic T-junction by using magnetic fields
induced by permanent magnets.>* Recently, Zhang et al. stud-
ied the flow regimes of ferrofluid droplets under a nonuniform
magnetic field.>

To understand the role of the magnetic field, researchers
have numerically and experimentally investigated the motion
and deformation of a ferrofluid droplet suspended in a viscous
medium under different flow conditions. Ghaffari*® performed
numerical simulations to study the equilibrium shape and coa-
lescence behavior of suspended ferrofluid droplets under a
uniform magnetic field. Bacri** studied the deformation of
large magnetic agglomerates of a ferrofluid that are sand-
wiched in a Hele-Shaw cell in a weak magnetic field. Afkhami
et al.>>" numerically investigated the deformation of a neu-
trally buoyant hydrophobic ferrofluid droplet in a viscous
medium under a uniform magnetic field. Afkhami et al
also investigated the motion of a ferrofluid droplet in an
axisymmetric geometry under a uniform magnetic field. Shi*
numerically investigated the dynamics of a ferrofluid droplet
falling in a non-magnetic fluid under a uniform magnetic field.
Korlie** studied the rising of a bubble and sinking of a droplet
in a ferrofluid by considering the gravity effect, while Zhu
et al.** studied the nonlinear deformation of large ferrofluid
droplets under the influence of a uniform magnetic field and
gravity.

However, until now, few have studied the deformation
of ferrofluid droplets in a simple shear flow under the influ-
ence of a uniform magnetic field. Recently, Jesus et al.*! per-
formed a three-dimensional numerical analysis on the droplet
dynamics and field induced deformation of a ferrofluid droplet
in another Newtonian fluid. They investigated the influence
of the magnetic field on the time evolution of the droplet
deformation for low shear rate and found that the presence
of the magnetic field causes the deformation a longer time
to reach a steady state. Their results suggest that at a fixed
low shear rate, the magnetic field takes control of the defor-
mation and orientation of the droplet at a higher magnetic
bond number, Bo,,. Further, they found that for Bo,, ~ O(1)
and small Ca, the droplet deformation in the vorticity direc-
tion can be of the same order as that occurring in the shear
plane. One advantage of using magnetic fields, when com-
pared to electric fields, is that magnetic fields can be applied
at arbitrary directions with ease. However, the existing inves-
tigations on magnetic control have primarily focused on either
the field direction perpendicular and/or parallel to the flow
direction’>*! or a droplet in a quiescent flow.>*2>-36-39 A thor-
ough understanding of the deformation dynamics of a fer-
rofluid droplet under both shear flows and magnetic fields is
missing.
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By using two-dimensional (2D) direct numerical simula-
tions, this paper investigates the dynamics and deformation
of a ferrofluid droplet in a simple shear flow under a uni-
form magnetic field that is focused in an arbitrary direction.
For computational efficiency, we have chosen to use 2D sim-
ulations in order to study a wide range of parameters (i.e.,
capillary number, magnetic bond number, and field direction).
Prior studies have shown that 2D numerical simulations are
able to qualitatively and correctly capture the characteristics of
droplet deformations in simple shear flows and droplet defor-
mation under uniform magnetic fields.***4>43 Our numerical
simulation, built with a commercial FEM solver, models the
dynamic deformation of droplet interface by using the level
set method and couples the magnetic and flow fields.

The remainder of this paper is organized as follows: in
Sec. II, the mathematical model and numerical method are
described. In Sec. III, we first present the numerical results
obtained from the droplet deformation in a simple shear flow
only and the droplet deformation under a uniform magnetic
field, and we validate our numerical model against existing
theories. We then examine the effect of the magnetic field on
the droplet deformation and orientation by varying the field
direction, magnetic bond number, and capillary number. Fur-
thermore, by combining wall-bound simple shear flows and
uniform magnetic fields, we demonstrate a versatile control of
lateral migration motions of the ferrofluid droplets by adjust-
ing the direction of the magnetic field. Finally, major findings
are summarized in Sec. IV.

Il. NUMERICAL SIMULATION METHOD
A. Level set method

In our model, we have used the conservative level set
method to track the dynamic evolution of the interface between
the droplet and suspending medium.*>** The level set function
¢ is an auxiliary scalar function used to represent the phases
of the two fluids: In the droplet phase as ¢ = 1 and in the con-
tinuous phase as ¢ = 0. The value of ¢ smoothly transits from
0 to 1 over the interface, and here ¢ = 0.5 is used to define the
position of the interface. The level set function ¢ is advected
by the velocity field by*>#6

d¢ Vo )

—+u-Vo=yV- eV —¢(1 - ¢)

ar Vol )

where u, vy, and € denote the velocity field, the amount of
reinitialization, and the thickness of the interface, respectively.
The terms on the left-hand side of the equation represent the
motion of the interface, while the terms on the right-hand side
are required for numerical stability. The parameter € defines
the thickness of the interface and is set to equal the largest
size of the mesh in the domain. The amount of stabilization
is defined by the parameter y, which needs to be carefully
controlled for maintaining the thickness of the interface, and
the appropriate value of y is the maximum magnitude of the
velocity field. The level set function ¢ can be used to find the
unit normal to the interface n,

e

"=Vl @
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With the level set method, the two immiscible fluids are
treated as a single phase flow with material properties that
vary according to the level set value. Here, a linear average
is used, and the density (p), dynamic viscosity (17), magnetic
permeability (u), and magnetic susceptibility ( y) are related
to ¢ via the following equations:

P = pe+(pd — PP, n=nc+Ma—-n)¢, (3)

1= e+ (g — pe)d, X=Xc+Xa— X9, D)

where the subscripts ¢ and d represent the continuous phase
and droplet phase, respectively.

B. Governing equations

The motion of an incompressible, immiscible ferrofluid
droplet in another incompressible, immiscible medium under
the effect of a uniform magnetic field is governed by the
continuity and momentum equations,

V-u=0, &)

and

P
p(a—l:+u-Vu):—Vp+V~‘r+F(,+Fm, 6)

where p denotes the pressure, T = [(Vu + (Vu)")] denotes the
viscous stress, F, represents the force due to surface tension,
and F,, represents the force due to the magnetic field.

The surface tension force F is defined as

F, = V- [o{I+(-nn")}s], (7

where o is the coefficient of surface tension, I is the second-
order identity tensor, ¢ is the Dirac delta function, and n is
the unit normal to the interface that can be calculated using
Eq. (2). The Dirac delta function ¢ is approximated using the
level set function as

6 = 6|g(1 - ¢)[IVel. ®)

The magnetic force can be calculated as>’
F,, =V 7, =V (uHH - gHZI), )

where T, is the magnetic stress tensor for the applied mag-
netic field and H> = H - H = [HI*. To calculate the magnetic
stress tensor, the magneto-statics equations, including mag-
netic induction B, magnetization M, and magnetic field H, are
solved. Assuming linear and homogeneous material proper-
ties, the magneto-static Maxwell equation relates B, H, and M
via the following relationships:*’

V-B=0, VxH=0, M= yH, and

(10)
B = puo(H+M) = po(1+ y)H,

where 119 = 41 x 1077 N/A? is the permeability of vacuum and
w and y depend on the phase function ¢ according to Eq. (4).
A scalar potential ¢ can be defined, and its gradient represents
curl-free H (i.e., H = —Vi). We can now write

V- (uVy) = 0. (1D
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C. Governing equations in non-dimensional form

We rewrite the governing equations to understand the
main effects (in terms of dimensionless groups) that control
the droplet dynamics. We scale the length by the radius of the
initially undeformed droplet (Rp) and time by the inverse of

shear rate —, respectively. The other dimensionless variables

are defined as follows:

*_p *_p *_T]
p =—— p=—0n=—
ny Pc Ne

H

oot g B

Mo Hy

where H is the magnitude of the externally applied magnetic
field Hy. Therefore, the governing equations (5) and (6) can
be written as

V'ou' =0, (12)
Du” Bo,, _, 1
Re( p* =-Vp +V 1" +2—=V* 1 + —F.
e(p Dr* ) P ’ Ca Tm¥Ca
13)

In the above equation, the superscript (%) represents the
nondimensional variables and Re, Ca, and Bo,, represent
the Reynolds number, capillary number, and magnetic bond
number, respectively, which are defined as follows:

Ro*7
Re = L0 (14)
Ne
R
Ca = Ne 07’ (15)
o
and )
RouoH
Bo,, = ZoHoo (16)
20

Other nondimensional groups, including the viscosity
ratio A and permeability ratio , are defined as follows:

A= ana =t (17)
e Ho
Note that the ratio between Bo,, and Ca is known as the Mason
number, Mn. By restricting to low Reynolds number flows (Re
< 0.02), we will mainly concentrate on the effects of Ca, Bo,,,
and the direction of the magnetic field on the deformation and
orientation of the droplet.

D. Numerical model

Figure 1 schematically depicts a ferrofluid droplet (with
magnetic susceptibility y, = 1) suspended in another nonmag-
netic (y. = 0) viscous fluid medium in a simple shear flow
under the application of a uniform magnetic field, Hy. The
height and width of the computational domain are H gomain
= Waomain = 10Ry, where Ry = 50 um is the radius of the
initially undeformed droplet. The viscosity and density of
both the phases are considered equal to each other (i.e.,
ne = n4) where the value of the viscosity was equal to
0.105 Pa s. The coefficient of surface tension is considered as
o =0.0135 N/m.

Initially, the ferrofluid droplet was placed at the center of
the computational domain. The top wall moves with a veloc-
ity u, = %)’/Hdomamex, and the bottom wall moves with a
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Wdomain
——
Droplet
phase
y
u=yy > X
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Me Pc

FIG. 1. Schematic illustration of a ferrofluid droplet suspended in another
viscous fluid in a simple shear flow under a uniform magnetic field, Hy.

velocity u, = —%)’/Hd,,mainex, thus resulting in a simple shear
flow with the constant shear rate y. Periodic flow condition
was applied to both the left and right walls in the x-direction.
A uniform magnetic field, Hy, was applied to the flow domain
along an arbitrary direction, which is denoted by the angle «.
The deformed droplet is characterized by the largest and small-
est dimensions, L and B, along the major-axis and minor-axis,
respectively. The orientation angle of the deformed droplet
6 is defined as the angle measured in the counterclockwise
direction from the positive x-direction to the major axis of the
droplet.

E. Grid independence test

We carried out a grid independence test to determine opti-
mal mesh sizes that give accurate results while using less
computational time. For this validation, the simulation used
different mesh sizes and compared the deformation of the fer-
rofluid droplet for each case. The magnetic field was applied
at 45° to the flow domain (o = 45°). Table I gives differ-
ent mesh sizes for the grid independence test, and Fig. 2
illustrates the deformation parameter D = ﬁfg of the fer-
rofluid droplet against time for these respective mesh sizes.
We used free triangular elements for creating the mesh in
the domain. It can be seen that when there are greater than
26 536 elements in the flow field domain, the results for the
ferrofluid droplet deformation tend to superimpose on each
other. In the remainder of this paper, we have used 42616
elements for the flow field domain to perform numerical
simulations.

TABLE I. Different mesh sizes for grid independence test.

Mesh 1 Mesh2 Mesh3 Mesh4 Mesh5 Mesh6

Flow field domain 16000 19888 26536 29008 33392 42616

Phys. Fluids 30, 092002 (2018)

0.14
0.12
0.1
Q 0.08 Mesh 1
0.06 Mesh 2
Mesh 3
0.04 Mesh 4
0.02 Mesh 5
Mesh 6
0 ;
0 0.005 0.01 0.015 0.02

time (s)

FIG. 2. Grid independence test: the time evolution of the deformation
parameter, D, of a ferrofluid droplet with different mesh settings.

lll. RESULTS AND DISCUSSIONS
A. Validation of numerical method
1. Droplet in a simple shear flow

We first validated our model by simulating the droplet
deformation in a simple shear flow only and compared the
numerical results with existing theories and experimental data
in terms of the deformation parameter D and the orientation
angle 6. According to Taylor,%? the deformation parameter of
a neutrally buoyant droplet suspended in another viscous fluid
under a simple shear at the Stokes flow limit can be calculated
as

L-B 1934+ 161,
= = a
L+B 16n4+16n,

(18)

where the capillary number Ca is defined in Eq. (15). Equa-
tion (18) is based on the assumption of an unbounded simple
shear flow and a vanishing Reynolds number. In numerical
studies, however, the simple shear flow is achieved by moving
two confining walls, thus giving rise to the so-called confine-
ment effect, which is characterized by the confinement ratio
2% Kennedy*® and Guido® reported that the confinement
effect is negligible on the deformation of the droplet when
% < 0.4. In our model, 2% = 0.2, and thus, the confinement
effect can be neglected.

Figure 3(a) shows the equilibrium droplet shapes under
different capillary numbers. The deformation of the droplet
increases with increasing Ca. Figure 3(b) represents the com-
parison of the simulation results with Taylor’s theory and the
experimental results of Vananroye et al.>° When Ca < 0.15,
the simulation results and Taylor’s theory agree very well with
each other although the experimental results are slightly larger
at all capillary numbers compared to the theoretical results.
When the capillary number is large (Ca > 0.15), the differ-
ence between the numerical simulations and the theoretical
prediction increases. This discrepancy could be attributed to
the nature of two-dimensional simulation.* Nevertheless, the
numerical results are considered satisfactory since the errors
are within a few percent. For example, when the capillary num-
ber was equal to 0.2333, the error between the deformation of
the ferrofluid droplet of the simulation results with respect to
Taylor’s theory was approximately 8%.
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(@) (b) ©
1 . : : : ‘
0.3 'ljaylor t‘heory 8, 9] 50 Corrected Cerf theory [51, 52]
o Simulation results . L
) o O Simulation results
0.5 Experimental results [50] @ ) Experimental results [50]
Ca = 0.0194 0.2 45 -
= 0 Ca = 0.0777 . ~\q\
= Ca=01555| Q o <
= Ca =0.2333 < 40 ‘u\*
0.5 0.1 ]\u\
35 s
1
0 30
-1 -0.5 0 0.5 1 0 0.0 0.1 0.15 0.2 0.25 0 0.05 0.1 0.15 0.2 0.25
z/Ro Ca Ca

FIG. 3. Droplet deformation in a simple shear. (a) Outline of the droplet; (b) comparison of simulation results against Taylor’s theory®” and the experimental

results of Vananroye et al.,>° D vs Ca; and (c) comparison of simulation results against the corrected Cerf’s theory

etal.’0 @ vs Cafor 1=0.3.

We also evaluated the orientation angle of the droplet 6 for
the different cases and compared our results with the corrected
Cerf>!? theory and the experiments performed by Vananroye
et al.>® According to the theory,’” the orientation angle in a
simple shear flow is

bis 3+24

0= 7 D 5
In our numerical results, the orientation angle 6 was found
to be 43.537° and 35.424° when the capillary number was
equal to 0.0388 and 0.2333, respectively. Figure 3(c) shows
the comparison of the orientation angle 6 for different capillary
numbers, Ca, between the simulation results, the corrected
Cerf theory, and the experimental results, illustrating very good
agreement with each other.

19)

2. Droplet deformation under a uniform
magnetic field in a quiescent flow

We further validated our model for the deformation of the
ferrofluid droplet in a quiescent fluid under a uniform mag-
netic field. For this purpose, we used the theory provided by
Afkhami et al.”> According to them, the magnetic bond num-
ber Bo,, is related to the deformation of a ferrofluid droplet by
the following relationship:

2 i -2
Bo,,,z(l+k) (b) [2‘2_(‘1) _1}, 0)
X a a a

5152 and experimental results of Vananroye

where 2 is the aspect ratio of the droplet by assuming an

ellipsoidal droplet (i.e., g = %) and k is the demagnetizing
factor,

1-E2 1+E
k= —= )= _2g).
2F3 1-E

with E being the eccentricity of the ferrofluid droplet, which

is given by
2
E=+/1-2.
b

We determined the deformation of the droplet for differ-
ent magnetic bond numbers from the numerical simulations.
For this case, we applied the magnetic field along the y axis
(i.e., @ = 90°). Figure 4(a) indicates that with the increase in
magnetic field strengths, the droplet is elongated more along
the direction of magnetic field, and its steady-state shapes are
approximately elliptical for Bo,, up to 10. Moreover, it can be
seen from Fig. 4(b) that the simulation results agree well with
the theory of Afkhami et al. for Bo,, <7. As the magnetic bond
number Bo,, increases (i.e., Bo,, ~ 10), the deformation of
the droplet from our numerical simulation deviates more from
the theoretical prediction. Even so, the difference between the
numerical results and the theoretical prediction is within a
few percent. For example, when the magnetic bond number
Bo,, was equal to 9.83, the error for the ferrofluid droplet
deformation parameter D between the simulation results and
theory derived by Afkhami et al. was approximately 5%.

@

(22)

(a)
’ (b) ©
0.6
= | 0.15 Afkhami et al. theory [25]
1 O Simulation results
Experimental results [25] /J
Bo,, = 0.2327 0.4
g o Bo,, = 1.4549 0.1
= Bo,, =4.7138
> m
Bo,, =9.8349 _ a
2 5 g
1 0 0.05 /
/ Afkhami et al. theory [25] .
0 0 Simulation results 0 /a/
-2
-2 -1 0 1 0 2 4 6 8 10 0 0.5 1 1.5 2
z/Ry Bo, Boy,

FIG. 4. Deformation of a ferrofluid droplet in a uniform magnetic field. (a) Equilibrium shape of the droplet; (b) comparison of the deformation parameter D
vs Bo,, between the numerical simulation and the Afkhami et al. theory;25 and (c) comparison of simulation results against the Afkhami et al. theory25 and
experimental results2> for low magnetic field data with y = 0.89.
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One of the reasons behind this discrepancy could be that the
theory is based on an axisymmetric droplet. While we con-
sider a two-dimensional droplet in the numerical simulation.
We also compared our numerical results against the theory
and experiments done by Afkhami et al.>> for low magnetic
field data. Figure 4(c) shows that our simulation results are
consistent with both the theoretical results and the experimen-
tal results, except at a magnetic bond number Bo,, > 2. The
difference in the theoretical and simulation results with the
experimental results at a magnetic bond number Bo,, > 2 could
be due to the three dimensional nature of the experiments and
the non-linear magnetic susceptibility of the ferrofluid. Nev-
ertheless, according to the results, we believe our numerical
model is capable of quantitatively predicting the behavior of
three dimensional droplets with substantially reduced time to
investigate a wide range of parameter space.

B. Droplet in simple shear flow with a magnetic
field perpendicular to the flow

When a magnetic field is applied to a ferrofluid droplet
suspended in a simple shear flow, the droplet deforms due to
the combined effects of the magnetic and flow fields. In this
section, we first investigate the case where the magnetic field
is perpendicular to the flow direction (i.e., @ = 90°) and has a
field strength of H =2.5 X 10* A/m. Two different shear rates,
¥ =50 s and 600 s~!, are used in order to assess the effect
of the magnetic field for different capillary numbers.

Figure 5 represents the effect of the magnetic field in a
simple shear flow on the deformation of the ferrofluid droplet.
First, the droplet takes a longer time to reach equilibrium
shapes, which is consistent with previous findings.*! Sec-
ond, the presence of the magnetic field tends to increase the
droplet deformation, as seen in Fig. 5(b). When Ca = 0.0194,
the deformation parameter of the ferrofluid droplet D under
the magnetic field was found to be equal to 0.0988, which
was approximately 5 times that of the deformation without a
magnetic field. On the other hand, when Ca=0.2333, the defor-
mation D was found to be 0.2690, which was approximately
1.2 times greater than the shear flow without the magnetic field.
The reason behind this comparatively small increase in defor-
mation at a large capillary number is the decrease in the Mason
number, Mn = Bo,,,/Ca. The magnetic field is more dominant
than the shear flow for small capillary numbers.

(a)

0.3

0.25 -

0.2}
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We also compared the deformation of the droplet with
an asymptotic theory derived by Jesus et al.*! According to
them, the deformation parameter of a ferrofluid droplet in a
shear flow in the presence of a perpendicular magnetic field is
given by

D= VIa()Cal? + [ﬁ(Xd)BOm]z’ 23)

2+ %ﬁ(Xd)BOm
where a(1) and B(x4) are the functions of the viscosity ratio
() and the magnetic susceptibility ( y») of the droplet which
can be written as follows:

194+ 16
=5 @Y
_3xa(xa+1)
T (25)

Figure 6 shows a comparison of the droplet deformation
between our numerical simulations and the asymptotic the-
ory. It can be seen from Fig. 6(a) that for a small capillary
number (Ca = 0.0194), the simulation results and the theory
given by Jesus et al.*! agree very well with each other. For the
large capillary number (Ca = 0.2333), the two results show a
large discrepancy with each other. This is because the theory
derived by Jesus et al. is valid for small capillary numbers and
low magnetic field strengths.*!

Figure 7 presents the velocity field and magnetic field at
a steady state for Ca =0.0194, Re =0.0015 and Ca = 0.2333,
Re = 0.018 at Bo,, = 1.4549. There is circulation inside the
droplet due to the surrounding flow on the outside of the fer-
rofluid droplet. The arrow in the velocity field plot denotes
the direction of the velocity in the flow domain. The droplet
experiences maximum shear stress and vorticity on the poles
of the droplet. From the magnetic field plots, it is clear that
the magnetic field is uniform both inside and outside of the
droplet. The magnetic field lines are parallel to each other out-
side the droplet, while these lines are slightly deflected along
the interface of the droplet. The droplet experiences maximum
magnetic field strength at the interface along the poles of the
droplet, while the magnetic field strength is least in magnitude
along the equator of the droplet. These characteristics occur
because the magnetic field is applied perpendicular to the flow
domain (@ = 90°), which further causes the largest ferrofluid
droplet deformation along the poles of the droplet. Also, when

—&— Ca = 0.0194,Bo,, = 0

Q 015} Ca = 0.2333,Bo,, = 0

—06— Ca = 0.0194,Bo,,, = 1.4549
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0.1} o—L—-e———o—e—L—-e—-e——e-—-
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1
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FIG. 5. Effect of a perpendicular magnetic field on the deformation of a ferrofluid droplet in a simple shear flow. (a) Deformation parameter D as a function of

time and (b) outline of the droplet shape at a steady state.
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FIG. 6. Comparison of simulation
results against the theory given by Jesus
et al.*! of droplet deformation when
=90°. (a) D vs Bo,, at Ca=0.0194 and
(b) D vs Bo,, at Ca =0.2333.

the capillary number is low (Ca = 0.0194), the magnetic field
takes control of the deformation of the droplet. As a result, the
droplet tends to orient itself along the direction of the applied
magnetic field.

C. Effect of the magnetic field at arbitrary directions
at a low shear rate (Ca ~ 0.02)

We now apply the magnetic field at different directions
relative to the flow direction (varying @ = 0° to @ = 180°) and
examine its effects on the deformation and orientation angle
of the droplet under a small shear condition (Ca = 0.0194). In
the simulation, « is varied from 0° to 180° at an increment
of 15°. However, for better illustration, we chose to present
representative « to discuss the effect of the magnetic field on
the droplet deformation and orientation. In Fig. 8(a), we can
see that at a lower magnetic field strength (Bo,, = 0.0093), the
deformation of the droplet seems the same no matter which
direction we apply the magnetic field to the flow domain since
in this case, the shear flow is dominant and it alone determines
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FIG. 7. Velocity field and magnetic field at a steady state. (a) Ca = 0.0194,
Re = 0.0015, Bo,, = 1.4549, and @ = 90° and (b) Ca = 0.2333, Re = 0.018,
Bo,, = 1.4549, and a = 90°.

0 0.5

BOIIL

(b)

the deformation of the droplet. As we start increasing the mag-
netic field strength, the deformation profile of the droplet starts
to change. In each case, the deformation goes on increasing
and attains the maximum value when a = 45°. This happens
since the shear flow also tends to deform the droplet along
45°, and in this case, the magnetic field additionally aids the
droplet to deform more along the same direction. The droplet
deformation then starts decreasing as @ goes on increasing and
attains the minimum value at @ = 135°. This happens because
we are trying to apply the magnetic field along the direction
opposite to the favorable direction of the shear flow, and at
a = 135°, the magnetic field direction becomes exactly oppo-
site to the shear flow. This is why the deformation gains
minimum value at this point. This is true for every case as we go
on increasing the magnetic field strength up to Bo,, = 5.8194.
The deformation D increases with increasing magnetic field
strength no matter the direction along which we apply the mag-
netic field which is due to the dominant nature of the magnetic
field at a low shear rate (the Mason number, Mn, increases as
we increase the magnetic field strength).

Figure 8(b) gives a clear illustration on the orientation
of the droplet for different conditions. For a fixed «, the ori-
entation of the droplet decreases as we go on increasing the
magnetic field strength up to @ = 45°. This is because when
the shear rate is low, as the magnetic field strength goes on
increasing, the droplet tends to align itself along the direc-
tion of the magnetic field direction. Therefore, the resultant
between the direction of the shear flow and the direction of
the magnetic field decreases [i.e., the orientation angle (6) of
the droplet decreases]. At @ = 45°, the orientation angle 6
reaches a saturation point, and at this point, the orientation of
the droplet is independent of the strength of the magnetic field.
After that, as @ increases up to 135°, the orientation angle 6 of
the droplet starts increasing with the increase in the magnetic
field strength. The reason is due to the dominant nature of the
magnetic field as a result of which the resultant between the
shear flow direction and the magnetic field direction increases
[i.e., the orientation angle (8) of the droplet increases]. At
a =135°, the orientation angle reaches a saturation point again.
Figure 9 represents the velocity field and the magnetic field
strength at a steady state for Ca = 0.0194, Re = 0.0015, and
Bo,, = 1.4549, respectively, for different values of «. These
profiles give us a clear visualization about the deformation and
orientation of the droplet. At @ =45°, the magnetic field lines
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are trying to deform the droplet in the same direction as the
shear flow direction (i.e., deformation D becomes maximum),
while at @ = 135°, the magnetic field lines are in the opposite
direction of the shear flow direction, as a result of which the
deformation of the droplet D attains a minimum value at this
point.

D. Effect of the magnetic field at arbitrary
directions at a high shear rate (Ca ~ 0.25)

Figure 10 represents the effect of the magnetic field at
arbitrary directions on the deformation and orientation of the
droplet when Ca = 0.2333 and Re = 0.018. In this case, «
was varied from 0° to 180°. From Fig. 10(a), it can be seen
that at a lower magnetic field strength (Bo,, = 0.0093), the
deformation remains more or less the same regardless of the
direction of the magnetic field because in this case, the shear
flow alone takes control of the deformation and orientation

of the droplet. The magnetic field has more significant influ-
ence on the ferrofluid droplet as the magnetic field strength
increases (i.e., increasing Bo,,). At a fixed Bo,,, the deforma-
tion of the droplet increases and reaches a maximum value at
a = 45° and then decreases to a minimum value at @ = 135°.
Such a variation could be explained by considering the “super-
position” effects between the deformation due to the shear flow
and deformation due to the magnetic field. Without a magnetic
field, the shear flow always tends to elongate the droplet along
(or nearly) 45°. On the other hand, the magnetic field always
elongates the droplet along the field direction a. As a con-
sequence, when @ = 45°, the two effects coincide, yielding
the largest deformation, while at @ = 135°, the two effects
will counteract with each other, thus producing the smallest
deformation.

Figure 10(b) shows the orientation of the droplet for dif-
ferent cases. From Fig. 10(b), we can see that for a € (5°,45°)
and at a fixed «, the orientation angle (6) of the droplet
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vs a and (b) orientation 8 vs Bo,,.

decreases with an increasing magnetic bond number, Bo,,.
This is because with increasing magnetic field strength, the
magnetic field forces the droplet to align toward the direction
of the magnetic field and therefore the resultant orientation of
the droplet is decreasing due to the effect of both the magnetic
field and the shear flow. Comparing these results to our low
shear rate results, we can see that the orientation angle val-
ues in this case vary in a smaller range (from 10° to 50°) for
the same range of magnetic bond numbers than the values at
small capillary numbers (see Fig. 8). This is because the shear
flow has a significant effect on the orientation of the droplet at
a high capillary number. At @ = 45°, the orientation angle is
predominantly determined by the shear flow alone and has a
value close to € =~ 30° [similar to Fig. 3(c)]. As a approaches
90°, the orientation angle (8) of the droplet increases with
increasing Bo,,, which can be explained by the “superposi-
tion” effect of both the magnetic field and the shear flow. At
a = 135°, the orientation angle of the droplet seems to reach
a constant value and attains similar values as @ = 45° up to
magnetic bond number Bo,, =2.8515. The slight discrepancy
in the values could be due to the effect of the magnetic field
strength at an opposite direction to the shear flow. However,
when we apply a very large magnetic field (Bo,, > 2.8515)
at @ = 135°, a sudden jump in the orientation angle val-
ues was observed. For example, at a magnetic bond number
Bo,, =3.7244, the orientation angle of the droplet 8 was found
to be approximately 83°. The reason for this sudden change in
the orientation angle can be attributed to the fact that the shear
flow is trying to orient the droplet along 30° [Fig. 3(c)], while
the magnetic field effect on the orientation of the droplet acts
along 135°. As the magnetic field strength gets stronger, its
effect on the orientation of the droplet becomes more domi-
nant than the shear flow effect, resulting in a sudden jump in
the orientation angle values. As a result, the orientation angle
value of the droplet was found to be closer to 135° than 30°
at magnetic bond number Bo,, = 5.8194. Additionally, since
the deformation of the droplet is also related to the orientation
angle, the deformation of the droplet at magnetic bond number
Bo,, = 5.8194 shows different behaviors than the deformation
values at other magnetic bond numbers at @ = 135° although
it reaches a minimum value at that point. Figure 11 shows the
corresponding velocity field and magnetic field for different

values of . It is seen that at @ = 45°, the magnetic field lines
tend to deform the droplet in the same direction as the shear
flow. On the other hand, at & = 135°, the magnetic field lines
are acting in an opposite direction to the shear flow, and as a
result, the deformation of the droplet becomes minimum at this
point. Also, due to the counter-effect of the magnetic field with
the flow field, the shape of the droplet becomes more rounded
than elliptical in this case.

E. Lateral migration of ferrofluid droplets
in shear flows

In this section, we demonstrate the feasibility of control-
ling the lateral migration of ferrofluid droplets in the combined
flow and magnetic fields. Recent studies have demonstrated
a novel way to manipulate nonspherical rigid particles by
combining a uniform magnetic field and shear flows at the
microscale.>3>° Although uniform fields exert no forces, a
nonzero magnetic torque alters the particle’s rotational dynam-
ics and influences the lateral migration of the particle via
particle-wall hydrodynamic interactions. Unlike rigid parti-
cles, deformable droplets do not rotate but assume a deformed
shape at an inclination angle, as seen in Secs. III C and III D.
Itis expected that a uniform magnetic field can effectively con-
trol the orientation angle in a similar way as for rigid particles
and can influence the lateral migration.

To investigate the lateral migration behaviors, we con-
sider the motion of the neutrally buoyant ferrofluid droplet
between two plane walls with the bottom wall being fixed
and the top wall moving at constant velocity, yielding a con-
stant shear rate of 50 s~!. To reduce the entrance effect, the
droplet is placed far away from the left boundary, with a
vertical position y = 100 pum below the center of the flow
domain. Periodic flow condition is applied to both the left
and right boundaries. Keeping all other parameters and prop-
erties of the droplet and continuous phases fixed, the effect
of different magnetic field strengths at two different direc-
tions, 45° and 135°, on the lateral migration of the droplet is
studied.

Figure 12 shows the effect of different magnetic field
strengths on the lateral migration of the droplet at a low cap-
illary number (i.e., Ca = 0.0194). The corresponding droplet
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shape at different magnetic field strengths is plotted next to
each case. Without a magnetic field, the droplet migrates
away from the bottom wall while also moving along the
shear flow direction, which is consistent with existing theo-
ries in the literature. With a magnetic field applied, Fig. 12(a)
shows that when a = 45°, the ferrofluid droplet laterally
migrates faster toward the center with increasing magnetic
field strengths, while at @ = 135° [Fig. 12(b)], the droplet
migrates faster toward the bottom wall. Also, at @ = 45°,
the magnitude of the migration velocity of the droplet is
found to be greater than at @ = 135° for the same mag-
netic bond number. For example, when the magnetic bond
number Bo,, was equal to 2.8515, the migration velocity of
the droplet is found to be 126.92 um/s and 74.97 um/s at
a =45° and 135°, respectively. These different lateral migra-
tion behaviors of the droplet are related to the orientation and

deformation of the droplet and the hydrodynamic interactions
between the droplet and wall®® and will be investigated in
future work.

Furthermore, we experimentally demonstrate that the uni-
form magnetic field can control the lateral migration of fer-
rofluid droplets in a microchannel, which is in qualitative
agreement with our numerical results. In our experiment, a
microfluidic chip was fabricated with polydimethylsiloxane
(PDMS) using the soft-lithography method.”’® The main
microchannel had a width of 300 um, a depth of 70 um, and
a total length of about 14 000 um. A uniform magnetic field
was generated by a Halbach array,’® which consisted of 20
cuboid permanent 0.25” x 0.25” x 1”” magnets (K&J Mag-
netics, Inc.). The magnitude of the magnetic field within the
central region was H =~ 60 000 A/m which is measured by
using a gaussmeter. Ferrofluid (EMG 304, Ferrotec Corp.)
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droplets were generated by a T-junction configuration and
were dispersed and transported by a continuous phase made
of olive oil. The density, viscosity, and magnetic susceptibil-
ity of the ferrofluid are 1.24 X 103 kg/m3, 5% 1073 Pas,
and 5.03, respectively. The density, viscosity, and mag-
netic susceptibility of the olive oil are 0.92 x 10° kg/m3,
78 x 1073 Pa s, and 0, respectively. The total flow rate was
6 ul/min for all experiments, so the corresponding Reynolds
number is 0.23. Surfactant SPAN 80 (Sigma-Aldrich, USA)
is added to the olive oil at 0.25% w/w to decrease the
interfacial tension between the olive oil and ferrofluid. The
interfacial tension between the two fluids is measured as
10.26 + 0.81 mN/m.

Figure 13 shows the images of droplets at the inlet and
outlet and the corresponding probability distributions of the
droplet centroid in the y direction. The average radius of the
un-deformed droplet is 34.98 um, so the Reynolds number,
capillary number, and magnetic bond number of the droplet
are calculated to be 6.18 x 10~%, 0.0084, and 7.72, respec-
tively. As can be seen in Figs. 13(al)-13(a3), there is a slight
deformation of the droplet and a net lateral migration in the y
direction. The nonlinear velocity profile is the reason for the
deformation. The inertia effect is the major reason for the net
lateral migration. When the magnetic field is applied at @ =45°,
as shown in Figs. 13(b1)-13(b3), the droplet tends to deform in
the direction of magnetic field, and the degree of deformation is
larger than that without a magnetic field. The net lateral migra-
tion in the y direction becomes larger compared to the result
without a magnetic field. When the magnetic field is applied at
a = 135°, as shown in Figs. 13(c1)-13(c3), we observe elon-
gation along @ = 135°, and the net lateral migration in the
y direction becomes smaller compared to the result without
a magnetic field. These findings are qualitatively consistent
with the numerical predictions although the parameters used
in the experiments are different from those in the numerical
simulations.
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IV. CONCLUSION

The influence of the magnetic field on the droplet defor-
mation and orientation angle based on the arbitrary field direc-
tion, magnetic bond number, and capillary number in a simple
shear flow is systematically studied in this paper. At a small
capillary number (Ca = 0.02), the magnetic field plays a signif-
icant role and dictates the deformation and orientation of the
droplet. Also, as we increase the magnetic field strength at a
fixed magnetic field direction «, the deformation of the droplet
increases, whereas at a fixed magnetic bond number Bo,,, the
orientation angle of the droplet increases with increasing «.
At a large capillary number (Ca = 0.25), the deformation and
orientation of the droplet is determined by both the shear flow
and the magnetic field. In particular, the effect of the magnetic
field is substantially observed at a higher magnetic bond num-
ber, Bo,,. At a fixed @ with increasing magnetic field strength,
the deformation of the droplet increases up to @ = 90° and
decreases at @ = 135°, whereas the orientation angle of the
droplet at a fixed Bo,, increases with increasing @ up to 90°.
At a = 135°, it attains similar values as @ = 45° except at large
magnetic bond numbers (i.e., Bo,, > 2.8515). The orientation
angle values are much lower in this case compared to a low
shear rate due to the dominant nature of the shear flow. In
both cases, the deformation of the droplet attains a maximum
value at @ = 45° and becomes minimum at @ = 135°. Addi-
tionally, the flow field both inside and outside of the droplet
is modified according to the deformation and orientation of
the droplet. We also investigated the lateral migration of the
ferrofluid droplet in wall-bounded shear flows in the presence
of a magnetic field both numerically and experimentally and
found that at @ = 45°, the droplet migrates toward the center
of the domain, while at @ = 135°, the droplet migrates toward
the wall. The magnitude of the migration velocity was also
found to increase with increasing magnetic field strength. The
different lateral migration behaviors of the droplet provide a
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simple but an effective way to separate ferrofluid droplets from
nonmagnetic droplets at microscale.
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