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A Spline-based Partial Element Equivalent Circuit
Method for Electrostatics

Riccardo Torchio, Maximilian Nolte, Sebastian Schöps, Albert E. Ruehli

Abstract— This contribution investigates the connection
between Isogeometric Analysis (IgA) and the Partial Element
Equivalent Circuit (PEEC) method for electrostatic problems.
We demonstrate that using the spline-based geometry
concepts from IgA allows for extracting circuit elements
without an explicit meshing step. Moreover, the proposed
IgA-PEEC method converges for complex geometries up to
three times faster than the conventional PEEC approach and,
in turn, it requires a significantly lower number of degrees
of freedom to solve a problem with comparable accuracy.
The resulting method is closely related to the isogeometric
boundary element method. However, it uses lowest-order
basis functions to allow for straightforward physical and
circuit interpretations. The findings are validated by an
analytical example with complex geometry, i.e., significant
curvature, and by a realistic model of a surge arrester.

Index Terms— electrostatics, partial element equivalent
circuit, isogeometric analysis, splines

I. INTRODUCTION

NUMERICAL simulation tools based on discretizations
of Maxwell’s equations are established in academia and

industry. They support engineers during the design and analysis
of products like electric surge arresters or high voltage devices
[1], [2]. They are particularly popular when designing complex
geometries that cannot be analyzed in closed-form or by simple
electric circuit models.

Most such numerical methods are based on surface or volume
meshes that approximate the geometry with low order elements,
e.g., triangles. This comes with two drawbacks: First, there is
a geometry error that is only acceptable if it does not impede
the overall convergence of the method. Secondly, the meshing
step may be time consuming and error prone. Its contribution
to the overall workflow can be significant, Sandia labs have
analyzed that about 75% of the simulation time is related to
modeling, parameterization, mesh generation and pre- and post-
processing [3]. In contrast, Isogeometric Analysis (IgA), [4],
makes use of the exact representation of a device’s geometry
in the language of Computer Aided Design (CAD) tools. Most
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common CAD tools use boundary representations (B-rep) of
objects based on patches of Non Uniform Rational B-Splines
(NURBS). NURBS are popular since they can describe conic
sections exactly, enable local smoothness control, and allow
defining curves and surfaces intuitively [5].

We propose to formulate the electrostatic problem in terms
of integral equations based on the same NURBS geometry
descriptions used in IgA. Consequently, there is no geometrical
approximation error and no need of a separate meshing step.
We follow the well-known Partial Element Equivalent Circuit
(PEEC) scheme [6]. It allows for an automatic representation
of the problem by means of an equivalent electric circuit.
Eventually, the circuit can be solved in a SPICE-like solver,
possibly combined with other circuits that represent other
devices and/or parts of the system. For example, nonlinear
models that are popular to describe varistor-based stress control
of high-voltage surge arresters [7], can be easily included. Being
in the isogeometric setting, we use the term patch instead of
the term cell commonly used in PEEC methods. The usage
of the two terms is equivalent. In this paper we focus on the
electrostatic version of the PEEC method since an accurate
representation of curved geometry is particularly important
in electrostatic applications and this allow us to highlight
the benefit of the proposed approach. Moreover, since in the
PEEC method inductive and capacitive effects are modelled by
dedicated matrices, the theory developed in this paper can be
used to apply IgA to a magneto-quasistatic [8] or a full-wave
[9] PEEC method.

The original PEEC method [6], [10] is based on subdividing
the computational domain in simple structures, e.g., regular
hexahedra or rectangular patches, that allow exact and fast
quadrature of the involved integrals. During the years, the
PEEC method has been extended to the case of more general
mesh elements, such as non-orthogonal hexahedral elements
[11], tetrahedral elements [9], etc. However, in the literature
only linear (non-curved) elements and lowest order basis
functions have been used in the context of PEEC. Therefore,
geometrical approximation errors are unavoidable when dealing
with complex freeform geometries, e.g., devices with curvatures
[12].

Our implementation is based on an existing isogeometric
boundary element library [13], [14]. It is shown that using this
framework with lowest-order basis functions for the expansion
of the solution, i.e., one degree of freedom (electric charge) per
patch and high-order rational basis functions for the geometry,
a PEEC method is obtained that fulfills all promises mentioned
above. In particular, it is demonstrated using the example
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Fig. 1. B-Splines basis functions of degree 3.

of a spherical capacitor, that the convergence rate of this
new method is optimal while the rate deteriorates when using
conventional PEEC implementations. This is explained by the
fact that the so-called Aubin-Nitsche trick, e.g., [15], is not
applicable due to the geometric modelling error.

Consequently, the proposed combination of technologies
contributes to bridging the gap between CAD and circuit
simulation. IgA combined with PEEC can bridge the gap
between CAD and circuit simulation. Indeed, by using a
CAD tool where the geometry is constructed in terms of
splines/NURBS, then the assembly of the PEEC matrices can
be performed automatically (without any user intervention
since the mesh step is not required in IgA). Then, thanks to
the circuit interpretation given by the PEEC framework, it is
also possible to automatically generate a circuit netlist of the
considered device.

The rest of the paper is organized as follows. In Section II,
the fundamentals of CAD and NURBS is revisited. Moreover,
the specific choice of the shape functions used to apply the
PEEC discretization scheme is discussed. In Section III the
PEEC formulation for the electrostatic case is briefly described,
as well as the use of patch-wise defined B-splines to discretize
the unknonws. Section III-B revise the PEEC stamping tech-
niques for the specific case of electrostatic problems, therefore
it is shown how a net-list can be automatically constructed from
the matrix coefficients generated by the IgA-PEEC method.
Finally, in Section IV the findings are validated by considering
an analytical example with complex geometry, i.e., significant
curvature, and a realistic model of a surge arrester.

II. SPLINES AND GEOMETRY

We assume that the CAD geometry is represented by the
union of NΓ surface patches given in terms of NURBS. Each
patch is constructed from two (weighted) b-spline curves. The
basis {Bi,p}N1

i=1 of a one-dimensional B-spline space Spα of
degree p and regularity α is determined by the knot vector
Ξ = (ξ, ξ′, . . . , ξn) ∈ [0, 1]n, ξ ≤ ξ′ ≤ · · · ≤ ξn. The basis is
then given by the Cox-de Boor algorithm

Bi,0(ξ) =

{
1 if ξi ≤ ξ < ξi+1

0 otherwise
(1)

and for p > 0

Bi,p(ξ) =
ξ − ξi

ξi+p − ξi
Bi,p−1(ξ) +

ξi+p+1 − ξ

ξi+p+1 − ξi+1
Bi+1,p−1(ξ).

Fig. 2. Exact description of a sphere by NΓ = 6 NURBS patches (left)
and approximation of a sphere by 208 triangles (right).

Fig. 1 shows a visualization of the basis functions of degree
p = 3. A corresponding NURBS curve is obtained by

γ(ξ) =

k∑
i=1

Bi,p(ξ)wipi∑k
q=1 Bq,p(ξ)wq

(2)

where k is the number of control points pi and wi are the
weights. Finally, the n-th patch can be described as a NURBS
mapping form the reference space [0, 1]× [0, 1] to the three-
dimensional physical space as

Γn(ξ, ξ
′) =

k∑
i=1

l∑
j=1

Bi,n(ξ)Bj,m(ξ′)wi,jpi,j∑k
q=1

∑l
r=1 Bq,n(ξ)Br,m(ξ′)wq,r

. (3)

Consequently, each distinct conductive domain in the prob-
lem is exactly described by the union of a connected set of such
patches. Since we are focusing on electrostatic problems, the
connected patches making up a domain will be equipotential.
We also refer to them as electrodes.

In contrast to many other approaches, only a few patches
are sufficient to describe even complex objects, e.g., NΓ = 6
NURBS surfaces determine exactly a sphere, see Fig. 2 (left).
Now, when computing integrals on such a surface, e.g., the area∫
Γ
dΓ′, then one can use patch-wise Gaussian quadrature on the

reference domain using push-forwards [16]. The convergence is
only determined by the order of the quadrature rule. In contrast,
each element of a low-order surface mesh, e.g., shown in Fig. 2
(right), can be exactly evaluated but is limited to low-order
convergence. Please note that the quadrature in both cases can
be easily parallelized.

III. ELECTROSTATIC PEEC METHOD

The electrostatic PEEC formulation [10, eq: (3.52)] starts
from the well-known equation

φ(r) =
1

4πε0

∫
Γ

ρ(r′)

||r− r′||
dΓ′, (4)

where r is the field point, r′ is the integration point, ε0 is the
vacuum permittivity, ρ is the charge density, φ is the scalar
electric potential, and Γ is the boundary of the conductive
domains in terms of NURBS.

For the representation of the fields we may use patch-wise
defined B-splines from the space

Spα(Γ) = {f : f |Γk
∈ Spα(Γk), 1 ≤ k ≤ NΓ} , (5)
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Fig. 3. NURBS patches for a simple case with two domains. Each
domain is discretized by two patches.

with Spα(Γk) = {f : (f ◦ Γk) ∈ Spα × Spα}, see [17]. The goal
is to find a discrete solution ρh ∈ Spα(Γ), which yields the
applied potential φ when inserted into (4) and evaluated on
the electrodes. For this we choose a basis {wi}1≤i≤n, with
n = dim (Spα(Γ)) which fulfills span{w1, . . . , wn} = Spα(Γ).
In the particular case of p = 0 and without mesh refinement, i.e.,
i = k, we choose wk such that ŵk = (wk◦Γk) = 1/|Γk| holds,
where |Γk| denotes the area of the corresponding patch Γk.
Utilizing the Galerkin discretization ρh =

∑n
i=1 qiwi yields

the discrete variational problem: find ρh ∈ Spα(Γ) such that

1

4πε0

∫
Γ

wj(r)

∫
Γ

ρh(r
′)

||r− r′||
dΓ′ dΓ =

∫
Γ

φ(r)wj(r) dΓ, (6)

for all test functions wj ∈ Spα(Γ).

A. Quadrature and Solution of the Linear System

The discrete variational problem (6) corresponds to a linear
equation system

Pq = ϕϕϕ, (7)

where q is the coefficient vector describing the charge distri-
bution ρh, P is the potential IgA-PEEC matrix and ϕϕϕ contains
the potentials. The general ijth coefficient of such matrix is
given by

Pij =
1

4πε0

∫
Γ

wj(r)

∫
Γ

wi(r
′)

||r− r′||
dΓ′ dΓ. (8)

For the computation of those coefficients, we need to deal with
singular integrals and use the Duffy trick [18]. Additionally,
one has to increase the quadrature degree logarithmically with
the distance between the evaluated elements [15]. Furthermore,
in the utilized implementation Bembel [14], the assembly is
performed in parallel.

In contrast to (high-order) isogeometric boundary elements
methods, we chose element-wise constant basis functions
(p = 0). In the simplest case, i.e., without mesh refinement,
the entries of q can be interpreted as patch-wise charges.
Consequently, CM = P−1 can be interpreted as the (full)
Maxwell capacitance matrix from which the short circuit
capacitance matrix C can be easily obtained as shown in [10],
where Ckl, with k ̸= l, is a capacitance connecting the patches
Γk and Γl. Finding C requires the inversion of matrix P, that
can be computationally expensive. Moreover, as discussed in
[10], some meshing related accuracy problems may occur when
matrix C want to be obtained from P. For this reason and in
the same fashion of the standard PEEC method, with the aim
of automatically construct an equivalent electric circuit of (7)
that can be loaded and solved into a SPICE-like solver, the
current source-based stamping technique described in the next
section can be adopted instead.

B. Stamping Technique

The electrostatic IgA-PEEC problem can be solved with any
standard technique for solving linear systems (e.g., LU decom-
position). Alternatively, by exploiting the circuit interpretation
provided by the PEEC scheme, an equivalent circuit and a net-
list can be constructed and the problem can be imported into a
SPICE-like solver where it can be solved and possibly coupled
with other circuits representing other devices or parts of the
system. In this section, the stamping technique which allows
to automatically construct an equivalent net-list of the problem
is changed for the specific case of electrostatic problems.

In some applications, it can be convenient to represent the
fully coupled electrostatic problem (7) in terms of an equivalent
circuit. Thus, a net-list which represents the electrostatics
problem can be generated. Then, such net-list can be loaded
into a SPICE-like solver where it can be coupled with other
circuits. This can be particularly useful when one wants to
couple the net-list representing the electrostatic problem with
complex circuit components that are described by dedicated
equivalent circuits provided by the SPICE-like solver but not
accessible to the user (e.g., varistor-based stress control of
high-voltage surge arresters). In the following, it is described
how to automatically construct a net-list equivalent to (7).

For electrostatic problems, the standard PEEC primary circuit
cell [19] can be simplified with respect to the one related to
full-Maxwell problems. For the sake of clarity, the very simple
problem showed in Fig. 3 can be considered, where two thin
and curved conductive domains are shown. Each one of the two
domains is discretized by two patches. Although very simple,
this model allow us to discuss how to automatically construct
the net-list for general models. It is worth noting that, although
the formulation described in this paper has been developed
for electrostatic problems only, once the net-list equivalent to
(7) is constructed and loaded into the SPICE-like solver, the
net-list can be coupled with other circuits and also frequency
or time domain simulations can be performed. Thus, for the
sake of generality, in this section the discussion is carried on by
considering a frequency domain problem since the extension
is straightforward. Fig. 4 shows the equivalent circuit of the
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iωq1 iωq2

P−1
11

4∑
s̸=1

P1s

P11
iωqs

n1

iωq3 iωq4

n2

Fig. 4. Equivalent circuit obtained by exploiting the electrostatic PEEC scheme related to the case represented in Fig. 3.

4∑
s̸=1

P1s

P11
iωqs P−1

11
⇒⇒ P12

P11
iωq2

P13

P11
iωq3

P14

P11
iωq4 P−1

11

−
+ 0 V

iωq1

Fig. 5. Representation of the current controlled current sources.

model in Fig. 3. All the patches that make up a distinct domain
are equipotential, therefore the equivalent circuit has a number
of nodes equal to the number of separate domains plus one
node for the ground which is at an infinite distance from the
devices. The number of patches is indicated with N , and in
this case N = 4.

Thus, the electric potential value of patch Γ1 and patch
Γ2 in Fig. 3 is given by the potential of node 1 in Fig. 4.
Analogously, the electric potential value of patch Γ3 and patch
Γ4 in Fig. 3 is given by the potential of node 2 in Fig. 4.

The connections between the patches (circuit nodes) and
the ground node are instead modelled with equivalent capaci-
tances and Current Controlled Current Sources (CCCSs). The
equivalent capacitances represent the electrostatic interaction
between a single patch and the infinity and they are given by

Cii =
1

Pii
. (9)

Instead, the CCCSs represent the electrostatic interactions
between different patches. It is worth noting that each CCCS
represented in Fig. 4 should be modelled by N − 1 CCCSs
representing the mutual interaction between two patches (see
Fig. 5) with gain X given by the ratio between the mutual
potential coefficient of the two patches and the self potential
coefficients of the patches connected to the CCCS, i.e.,

Xij =
Pij

Pii
. (10)

It is worth noting that each CCCS component at the right part
of Fig. 5 is controlled by the current iωqi. At the circuit level,
this current can be obtained by summing up the contributions of

the current flowing through the ith capacitance and all currents
flowing in the CCCSs connected in parallel to the capacitance.
Thus, as described in [20], to make this current available in
the net-list, a Voltage Source (VS) imposing a zero voltage
must be added in series to each capacitance. Thus, by taking
Fig. 4 as example, 4 VSs imposing zero voltage are added to
the net-list and they are connected to the upper terminal of
each capacitance and to nodes n1 and n2 as shown in Fig. 5.

Finally, once the PEEC potential matrix is constructed it is
possible to automatically generate the equivalent net-list.

From the discussion above, it can be inferred that the
generated net-list consist of a large number of components
since all the mutual couplings between the patches require
a circuit component. As discussed in [21], this can become
an issue when a large number of unknowns is required since
standard SPICE-like solvers may be inefficient when large
systems of equations with dense matrix blocks are generated.
However, it is worth noting that the high-order curved geometry
description allows for keeping small the number of required
patches, thus mitigating such issue.

C. Convergence
For sufficiently smooth geometries Γ and solutions φ of (4)

the expected convergence order of the approximation ρh is
O(h3/2+p). This is a consequence of the convergence theory
for boundary element methods [15, Cor. 4.1.34]. The error of
the potential evaluated in (4) by inserting ρh converges even
faster, i.e. with O(h3+2p) due to the Aubin-Nitsche trick [15,
Thm. 4.2.14]. This trick holds more generally for any linear
functional of the approximation ρh that can be evaluated with
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Fig. 6. Convergence analysis of the relative error of the numerically
computed capacity plotted against the utilized degrees of freedom.
The new method is denoted by ‘Splines’ and a conventional reference
implementation by ‘Triangles’.

sufficient accuracy. Since we obtain the capacities, see (8),
in the isogeometric approach by surface integration based on
the exact geometry, we also profit here from the increased
convergence rate.

IV. NUMERICAL RESULTS

In this section, simulation results obtained from numerical
experiments are shown. Three test cases are considered. The
first two are academic examples consisting of a spherical
capacitor, i.e., two concentric spheres, and an ellipsoidal
capacitor. While being simple, they allow us to show the
benefits of the proposed spline-based PEEC approach due
to their strong curvature. Moreover, these problems have a
closed-form solution and therefore we can test and compare
the accuracy of the numerical methods.

The third test case instead consists on the realistic model of a
surge arrester. In this model, thanks to the circuit interpretation
provided by the PEEC scheme, the surge arrester model is
excited by using a lumped voltage source.

The proposed PEEC method has been implemented within
the Bembel, The fast isogeometric boundary element C++
library [14]. The implementation provides an interface to
the Eigen template library for linear algebra operations [22].
Furthermore, the matrix assembly is openMP parallelized [23].
For comparison we also use the Matlab implementation of
PEEC introduced in [9] based on low-order surface mesh (i.e.,
triangular elements) and zero-order shape functions. All code
is executed on a cluster with Intel® Xeon® Platinum 8160
CPU @ 2.10GHz.

A. Academic Example: Two Concentric Spheres
The method has been applied to the electrostatic configu-

ration of two concentric perfect electric conducting spherical
shells of radii rin = 0.1m and rout = 0.2m. The model
consists of 12 NURBS patches. Without further refinement,
this leads to 78 partial capacitances with total capacitance
of C = 21.5 pF. The reference value is the closed-form
solution [24]

Cana =
4πε0

(1/rin − 1/rout)
≈ 22.25 pF.

Construct the
spline-based model

User
intervention

Compute P
matrix and domain

tag information

Automatic
construction

of the net-list

Fig. 7. Work-flow for the automatic net-list generation.

The slopes for the isogeometric method shown in Fig. 6
obtained by mesh refinement meet the expected optimal
convergence order of O(h3) for lowest-order basis functions,
see Section III-C. On the other hand, Fig. 6 also shows the
results obtained from the standard PEEC method based on low-
order surface mesh (i.e., triangular elements) and zero-order
shape functions. Here, the convergence is limited to first order
since we do not evaluate the surface integral with sufficient
accuracy and the Aubin-Nitsche trick is not applicable. This is
well-known in the context of boundary element methods, see
for example [15, Tbl. 8.2] for an overview of the necessary
orders of curvature approximations. The two curves in Fig. 6
confirm the theoretical prediction that the convergence order
of the proposed spline-based PEEC method is much higher
than (non-curved) triangle-based PEEC approaches.

The results above and in Fig. 6 were obtained by solving (7)
with the LU decomposition implemented in Eigen [22]. How-
ever, for the sake of completeness, the automatic construction
of the net-list as discussed in Section III-B and schematically
reported in Fig. 7 is also performed. The generated net-list is
loaded into the SPICE-Solver LTspice and solved by executing
the circuit simulator. The obtained results are, as expected,
identical to the one obtained from LU decomposition up to
machine precision. A part of the generated netlist.cir
file is shown in Fig. 8 for illustration; the code is available in
[25].

B. Academic Example: Ellipsoidal Capacitor

A second academic test case is now considered, i.e., an
ellipsoidal conductor described by the geometry

x2

a2
+

y2

b2
+

z2

c2
= 1

with a = 2m and b = c = 1m. In this test case we focus on
the evaluation of the capacitance of the ellipsoidal conductor
with respect to infinity. The analytical solution is given by

Cana =
8πε0a

√
1− c2/a2

log
1+

√
1−c2/a2

1−
√

1−c2/a2

≈ 146.2 pF. (11)

according to [28].
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* my netlist

C 1 0 1 5.0964e-11; capacitance of patch #1 w.r.t. infinity
...
C 12 0 12 1.0193e-10; capacitance of patch #12 w.r.t. infinity
V 1 13 1 O; 0-voltage source to measure the displacement current in patch #1
...
V 12 14 12 O; 0-voltage source to measure the displacement current in patch #12
F 1 2 0 1 V 2 0.39693; current control current source #1_2
...
F 2 5 0 2 V 5 0.39693; current control current source #2_5}

Fig. 8. Some lines of the generated netlist.cir file for the concentric sphere shells test case.

Fig. 9. Model of the ellipsoid with NΓ = 6 NURBS patches.
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Fig. 10. Convergence study of the relative error of the numerically
computed capacity of the ellipsoidal structure plotted against the utilized
degrees of freedom. The new method is denoted by ‘Splines’ and a
conventional reference implementation by ‘Triangles’.

In the previous test case, where two concentric spheres are
considered, the charge density is uniformly distributed along
the spherical surfaces. Instead, in this test case the charge
density distribution is non-uniform. Thus, with this test case it
is possible to further test the accuracy and the convergence order
of the proposed approach. The model consists of 6 NURBS
patches and it is represented in Fig. 9.

Again, the slopes for the isogeometric variant are shown in
Fig. 10. They are obtained by mesh refinement and meet the
expected optimal convergence order of O(h3) for lowest-order
basis functions. On the other hand, Fig. 10 also shows the
results obtained from the standard PEEC method based on low-
order surface mesh (i.e., triangular elements) and zero-order

Fig. 11. Axisymmetric representation of the surge arrester model of [26],
with grading ring from [27, Tbl. 4.1], not to scale.

shape functions. The two curves in Fig. 10 further confirm
the theoretical prediction that the convergence order of the
proposed spline based PEEC method is much higher than
(non-curved) triangle-based PEEC approaches.

C. Surge Arrester

In this section, the model of a realistic surge arrester is
considered. The model in shown in Fig. 11 and it is derived
from [26]. The model consists on five metallic domains placed
one over the other plus a conductive ring. A voltage source
applying 1V is placed between the top and the bottom metallic
domain. Moreover, the ring and the top metallic domain are
connected with a circuit short thus they are at the same
potential.

Using the spline-based PEEC method, the model consists
of 1912 patches, resulting in 30592 elements with twofold
uniform refinement. Fig. 13 and Fig. 12 show a detail of the
conductive ring and top domain spline based PEEC model,
respectively.
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Fig. 12. Example representation of top domain of the surge arrester in
the NURBS parametrization.

Fig. 13. Example representation of the conductive ring of the surge
arrester in the NURBS parametrization.
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Fig. 14. Visualization of the computed surface charge density distribution
obtained from the spline-based PEEC method.

By using the standard PEEC method with triangular elements,
the model consists on 30113 degrees of freedoms. The capaci-
tance value obtained by using a classical Finite Element Method
approach implemented in the commercial software COMSOL®
is considered as external reference. The (axisymmetric) FEM
model consists of 883297 degrees of freedoms and cubic
elements. The value of equivalent capacitance of the structure
obtained from the (axisymmetric) FEM model and the spline
and triangular based PEEC methods are in very good agreement,
i.e., 9.2935 pF, 9.2942 pF, and 9.2715 pF, respectively.

Finally, Fig. 14 and Fig. 15 show the surface charge density
distribution on the structure obtained from from the spline and
triangular based PEEC methods, respectively.
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Fig. 15. Visualization of the computed surface charge density distribution
obtained from the standard PEEC method.

V. CONCLUSIONS

This paper proposes a Partial Element Equivalent Circuit
(PEEC) method based on the function spaces from Isogeometric
Analysis (IgA). It is applied to electrostatics. Thanks to the
use of an integral equation formulation, the adoption of spline-
based geometry concepts from IgA and piece-wise constant
basis functions, it is shown how a fully-coupled capacitance
circuit can be extracted bypassing the usual costly meshing
step. This saves time and manual efforts of a potential user. It
is demonstrated that a realistic problem with curved geometry
can be solved with adequate accuracy. Moreover, the proposed
IgA-PEEC method converges for curved geometries up to three
times faster than a conventional PEEC implementation. The
consideration of magnetic and eventually full-wave effects in
this new framework are the next natural steps.
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