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Event-Driven Off-Policy Reinforcement Learning
for Control of Interconnected Systems

Vignesh Narayanan™, Member, IEEE, Hamidreza Modares
Sarangapani Jagannathan, Fellow, IEEE, and Frank L. Lewis

Abstract—In this article, we introduce a novel approximate
optimal decentralized control scheme for uncertain input-affine
nonlinear-interconnected systems. In the proposed scheme, we
design a controller and an event-triggering mechanism (ETM)
at each subsystem to optimize a local performance index and
reduce redundant control updates, respectively. To this end, we
formulate a noncooperative dynamic game at every subsystem
in which we collectively model the interconnection inputs and
the event-triggering error as adversarial players that deterio-
rate the subsystem performance and model the control policy as
the performance optimizer, competing against these adversarial
players. To obtain a solution to this game, one has to solve the
associated Hamilton-Jacobi-Isaac (HJI) equation, which does not
have a closed-form solution even when the subsystem dynam-
ics are accurately known. In this context, we introduce an
event-driven off-policy integral reinforcement learning (OIRL)
approach to learn an approximate solution to this HJI equa-
tion using artificial neural networks (NNs). We then use this
NN approximated solution to design the control policy and
event-triggering threshold at each subsystem. In the learning
framework, we guarantee the Zeno-free behavior of the ETMs at
each subsystem using the exploration policies. Finally, we derive
sufficient conditions to guarantee uniform ultimate bounded reg-
ulation of the controlled system states and demonstrate the
efficacy of the proposed framework with numerical examples.

Index Terms—Decentralized control, differential game, event-
triggered learning, off-policy learning.

I. INTRODUCTION

HE CONTROL of large-scale interconnected systems is
Tan active area of research, and its application extends
from engineering systems, such as smart grids, cyber-physical
systems, manufacturing plants, traffic networks, and large-
scale robotic systems to biomedical systems, such as neuronal
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networks, cancer models, and gene regulatory networks, to
name a few. Several efficient control methods have been stud-
ied and reported in the literature for dealing with both the
stabilization and the tracking problems associated with such
interconnected systems when the subsystem dynamics are
accurately known [1]-[7].

In this context, robust decentralized controllers have also
been proposed (e.g., [8] and [9]), which used the small-gain
theorem [10] to ensure that the controlled subsystems are
input-to-state stable (ISS) and collectively lead to the over-
all system stability. In addition to stabilization, performance
optimization is also essential for efficiently operating an
interconnected system, as the deterioration of the transient
performance in one subsystem might propagate to the other
subsystems through their interconnections. To ensure the
desired performance, optimal controllers have been developed
for interconnected systems (e.g., see [2], [11] and the refer-
ences therein).

On the other hand, approximate dynamic programming
(ADP) with reinforcement learning (RL) [12], [13] has been
extensively and successfully used to learn approximate optimal
control policies for systems with uncertain nonlinear dynam-
ics. For a single and stand alone system, the implementation
of RL-based optimal adaptive control schemes has been
established, and several results are available in the litera-
ture (see [14]-[18] and the references therein). However,
for an interconnected system with uncertain dynamics, rela-
tively fewer such results are available [19]-[21]. For instance,
an adaptive optimal robust control scheme for large-scale
interconnected systems based on the small-gain theorem was
presented in [8], and decentralized approximate optimal con-
trol schemes were reported in [19] and [20].

Typically, adaptive and learning-based control schemes for
interconnected systems are computationally intensive, and the
presence of a communication network in the control-feedback
loop increases the associated communication cost. Therefore,
to reduce redundant computations and for better communi-
cation resource utilization, event-triggered feedback control
frameworks have been proposed [4], [21]-[25]. The efforts
in [23]-[25] proposed event-triggered controllers for a cen-
tralized system using the ADP approach. For interconnected
systems, approximate optimal distributed controllers have been
proposed (see [26] and the references therein) for optimiz-
ing the performance of the overall system with aperiodic
feedback. However, the existing approaches consider the con-
troller and the ETM design problems independently, and a
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unified decentralized approximate optimal control scheme in
the event-triggered feedback framework for co-designing con-
trollers and the ETMs for a large-scale interconnected system
has not been reported in the literature.

In this article, we propose an optimization problem to co-
design the control policy and the event-triggering instants
at each subsystem. In particular, in our formulation, we
define a cost functional at each subsystem using the sub-
system states and control inputs, and introduce additional
terms to model the effect of the interconnection inputs
and the event-triggering error. Since the interconnection
inputs and the event-triggering error degrade the subsys-
tem performance, these additional terms are modeled as
adversarial inputs, while the control policy is modeled to
restore the subsystem performance. This leads to a novel
game-theoretic scheme wherein the control policy tries to
minimize a desired subsystem cost while competing against
a team of two players. In doing so, the control policy
explicitly accounts for the effect of the event-triggering
error and the interconnections in the subsystem performance.
A natural benefit of the proposed approach is that the
optimal solution for the maximizing player, when used as
the event-triggering threshold in the ETM, potentially elon-
gates the interevent time without deteriorating the subsystem
performance.

The solution to the proposed game can be obtained by
solving a Hamilton—Jacobi—Isaacs (HJI) equation [27]-[29],
which does not have a closed-form solution. To solve the HJI
equation without requiring the complete knowledge of the sub-
system dynamics, an RL-based controller with neural-network
(NN) approximators is used at each subsystem. However, the
commonly used on-policy RL schemes [12], [15] cannot be
directly used to learn a solution to the proposed game because
the actions of the adversaries (i.e., the interconnection inputs
and the event-triggering error) cannot be assigned and updated
arbitrarily to facilitate on-policy learning. This demands devel-
oping an off-policy RL [16], [30]-[32]-based scheme to obtain
a solution to the proposed game.

The off-policy learning allows to separate the policies (both
control and adversaries) that are applied to the system (also
referred as the behavior policy), and the policies that are being
evaluated and learned (also referred as the target/learning
policy). Therefore, we develop an off-policy integral RL
(OIRL) approach to learn a solution for the formulated game.
Specifically, this off-policy approach will learn an approxi-
mate solution to the HIJI equation at each subsystem, which
will then be used to design the controller and the ETM for
each subsystem. Due to the NN adaptation and interconnection
terms, it is possible for the ETM to exhibit the Zeno behav-
ior [22]. We demonstrate this possibility with an example, and
then develop an event-triggering condition using the bounds of
the exploration signal to both satisfy the persistence of excita-
tion requirement, and to ensure the Zeno-free behavior of the
ETM. Finally, sufficient conditions for local uniform ultimate
bounded regulation of the overall system are determined for
three cases: when the (behavior) policy applied to the system
is—1) the optimal policy; 2) the adaptively learned greedy
policy; and 3) an exploration policy.

1937

Thus, the contributions of this article include the: 1) devel-
opment of an approximate optimal decentralized control
scheme using a game-theoretic formulation; 2) a unified design
approach to obtain controllers and ETMs; 3) derivation of an
event-triggering scheme using the exploration policy to ensure
Zeno-free behavior; and 4) deriving sufficient conditions and
the demonstration of closed-loop stability in the presence of
uncertain dynamics with greedy and nongreedy policies.

In this article, we use standard mathematical notations; R
and N denote the set of real and natural numbers, respectively.
In the analysis, the Frobenius norm is used for matrices and
the Euclidean norm is used for vectors. In the equations, the
functional dependencies are not explicitly mentioned unless
required.

II. BACKGROUND

In this section, we begin by introducing the dynamics of the
interconnected system considered in this article, followed by a
brief background on the event-triggered feedback framework,
ISS, and optimal control.

A. System Description

Consider an interconnected system composed of N subsys-
tems, each with the dynamics given by
N
i(t) = filx) + gty + Y Ay(xi x;) (1
J=Lj#i
where x;(0) = xj0, x; € Qi € R™ is the state vector of
the ith subsystem, u; : ©;;, — R™ is the feedback control
policy, f; : Qi — R"™ and g; : Q;; — R%*™ are nonlinear
maps representing internal dynamics and input gain for the ith
subsystem, and A;; represents the interconnection between the
ith and the jth subsystem. The sets Q2;; and €2;, are subsets in
R™ that describe a local neighborhood of the equilibrium point
of interest, and without loss of generality, we consider the
stabilization problem (using feedback) about the equilibrium
point at origin. Since the control policy considered in this
article is a feedback policy, we will also use the notation u;(x;)
in place of u;(?).

The following assumptions are used in the analysis
presented in this article.

Assumption 1: The subsystems defined in (1) are stabiliz-
able and the entire state vector is measurable [29]. Moreover,
the order of each subsystem is known and the effect of
computational delays and losses in the feedback channel are
negligible.

Assumption 2: The interconnection function satisfies
Aji(xi, xj) = Ajj(x;)xj. There exist positive constants g;;, and
gim, such that gi, < |lgill < gim, uniformly in €, for
i =1,...,N. The nonlinear maps f;, g;, and A;; are locally
Lipschitz continuous on compact sets.

The assumption on the interconnection dynamics
(Assumption 2) does not restrict the application of the
proposed control scheme. We present a numerical example
to demonstrate the applicability of the proposed scheme for
interconnected systems by relaxing Assumption 2, that is,
when Aj;(x;)x; is replaced with Ay;(x;, x;).
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In the event-triggered controller, the feedback is available to
the controller at discrete sampling instants that are uniquely
determined by an ETM, which is co-located with the sen-
sors. These discrete sampling instants at the ith subsystem are
represented as a monotonically increasing sequence of time
instants {ti}ke{O,N}s with tf) = 0. Due to the lack of con-
tinuous feedback, the controllers are implemented with the
most recent feedback. Therefore, the control input will be
of the form u;(x;()) = u;(x;(1), where x;(t) = xi(tf{) for
te [1‘,’(,;{4_1 ), Vke {0,N},i=1,2,...,N. This sporadic feed-
back will result in an error e;(f) = x;(f) — x;(t) with ¢;(r) =0
at t = t;; for each k and i. The subsystem dynamics in the
event-triggered feedback framework are given by

Xi(1) = fi(xi) + gi(xiui(x;)
N
+ Z Aji(x))x; + gi(xp)dio 2
J=Li#

where cAJio = u;(x;) — u;(x;). The overarching goal of this arti-
cle is to develop a Zeno-free event-triggered control scheme
for the uncertain interconnected system such that a desired
performance function is optimized at each subsystem given
in (2). Therefore, we will introduce the notions of stability,
event triggering, and optimality next.

B. Stability and Optimality

The notion of ISS is reviewed first, followed by a brief
review of event triggering and L, optimality conditions.

Definition 1 [34]: Consider the interconnected system (2)
and assume that for each subsystem there exists a function
Ji : R™ — R, which is proper, positive definite, and Lipschitz
continuous on R™ such that J;(0) = 0. The function J; is called
an input-to-state practically stable (ISpS) Lyapunov function
for the ith subsystem if there exist a function u;, a positive
constant z; > 0, ¥ € Koo U{0} Vj e {1,...,N},j #i,¢; €
K U {0}, and a positive-definite function ozf-‘ such that

Ji(xi) = wilyin(J1(x1)), - .., vin(In ), di(lleill) + zi)

implies Ji < —ozf-‘(||xi||), where p; : RVT! — R, is a strictly
positive function in its domains except at the origin, strictly
increasing, and is radially unbounded; K = {f Ry — Ry, f
is continuous, strictly increasing, and f 0) =0}; Ko = {f S
K, f is unbounded} and R, is the positive real line. When
z; = 0, the Lyapunov function is ISS. The functions y;; and
¢; are called ISS Lyapunov gains.

A common design practice for finding an event-triggering
condition that guarantees the stability of the system is to
enforce

pillel) = Dieg (IxilD) + Bi 3)

in the interevent periods, where 0 < ¥; < 1, 8; > 0. This
condition can be derived based on the stability analysis of the
system during the interevent time [22]. Here, the error function
due to event-triggered feedback ¢; is bounded by the sum of a
dynamic threshold function %;c} (||x;]|) and a constant §; [22].

Definition 2 [22]: The trigger mechanism is called a relative
trigger mechanism if [in (3)] 0 < ¥; < 1, and B; = 0; an

IEEE TRANSACTIONS ON CYBERNETICS, VOL. 52, NO. 3, MARCH 2022

absolute trigger mechanism if ¥; = 0, 8; > 0; and a mixed
trigger mechanism if 0 < 9; < 1, §; > 0.

Next, to incorporate optimality, let the performance output
to be controlled at each subsystem be defined as

16O = Qi(x:) + ul (t)Riui (1) “)

where Q;(.) > 0,R; > 0 such that Q;(0) = 0. Now, observe
that the subsystem dynamics (1) can be represented as

(1) = Fi(xi, u) + AQx)d; &)

where Fj(xj, u;) represents the controlled dynamics f; +
giu;, and d; is an augmented vector of the adversarial
inputs (interconnection inputs) to the ith subsystem with the
interconnection gain A;, each with appropriate dimensions.

Definition 3 [31]: Each subsystem as in (5) is said to have
an L, gain less than or equal to o; from the interconnections
to the controlled output (4), if for any initial state x;(0) and
for an admissible control u;(r), the response of each subsystem
corresponding to all d; € L;[0, co) satisfies

(0.¢] [ee)
| e <o [ ldmiPar +reon  ©
t t
where o; represents the amount of attenuation from the
interconnection input to the defined performance output, « is
a bounded positive semidefinite function, and L; is a set of
square-integrable functions.

Having reviewed the notions of the L, gain condition, event-
triggering conditions, and the definition of ISS, in the next
section, we present our control design framework.

III. CONTROLLER DESIGN

In this section, first, the proposed control scheme is intro-
duced. Then, we present learning-based design strategies
for realizing the proposed control scheme. Finally, artificial
neural-networks (ANNs)-based implementation procedure and
Zeno-freeness of the ETM are discussed.

A. Proposed Control Scheme—Game-Theoretic Formulation

Let the output to be controlled at each subsystem be defined
as in (4). From Definition 3, each subsystem is said to have an
L, gain less than or equal to oj, if for any initial state x;o and
control u;, the response of each subsystem [with adversarial
interconnection inputs, x;(f)] satisfies

o o0 N
/ Iz lPdr < oﬁ/ Y @ @
t t

J=Llj#

Using (7), an infinite horizon cost function for the ith subsys-
tem can be defined as

00 N
Ji() = / 0i(xi) + ul Ru; — o Z ijxj dr. (8)
'

=L

The event-triggering error, in addition to the interconnection
inputs can adversely affect the subsystem performance.

Authorized licensed use limited to: Missouri University of Science and Technology. Downloaded on February 21,2023 at 21:46:10 UTC from IEEE Xplore. Restrictions apply.
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Therefore, they can be augmented to the cost, and the cost
function can be redefined as

o
Ji(xi, xj, ui) = f Qi(x) + ul Riu;
t

oddbdy |dt (9)

N
o7 D %%~
#
where o;9 > 0.

Remark 1: Note that minimizing (9) under the system
dynamic constraint (2) is equivalent to finding a control
policy at the ith subsystem that satisfies the bounded L;
gain condition. However, directly solving this optimization
problem is highly nontrivial as the adversarial inputs (i.e., the
interconnection inputs x; and the event-triggering error dio)
are not just dependent on the states of the ith subsystem. The
interconnection inputs are the states of the neighboring sub-
systems with their own dynamics, and (Aiio is dependent on the
sampling instants.

Remark 2: In order to ensure a desired performance (4) at
each subsystem, we propose an approximation-based learning
scheme, where we will develop a solution to an optimization
problem with the objective function (9) under the system
dynamic constraint (2) by treating the adversarial inputs as
independent players in a zero-sum game. Since the adversar-
ial inputs acting on the subsystems cannot be directly modified
for the purpose of learning the optimal state-dependent value
function V' (x;), we will present an off-policy learning scheme
(in Section III-C) to learn an approximate optimal value func-
tion using which the performance of the controlled system (2)
can be quantified.

In order to derive an approximation-based learning scheme,
we will consider the following dynamics:

N
Xi() = filxi) + giCx)ui () + Z Aji(x)d; + gi(xi)dio - (10)

j=1,
J#i

where djo, d; € L»[0, o0) represent the adversarial inputs to the
ith subsystem dynamics, and x;(0) = x;9. By defining the value
function as V;(x;) for any admissible policies (u;, d;, djo) [13]
and taking the first derivative of the value function using the
revised cost function given by

o
Ji(xi, dj, ui) = / [Qi(xi) + u] Riuj
t

of Z d d; —

J=lj#
along the system dynamics (10), we obtain the following
Hamiltonian:

adidioldt (1)

N
H; = Qi(xi) + ul Ru; — o Z ddej _
J=Lj#i

2T
oiodipdio

N
+ VE| £ + gileui(x) + gixidio + Z Ajj(xi)d;
ot
(12)

1939

where Vi, = 0V;/0x;. Applying the stationarity condition [13],
[29], that is, 0H;/0u; = 0 and 0H;/0dd; = 0, gives the optimal
control, the theoretical worst case interaction inputs, and the
threshold policy as

1

uj = _2Rz TV;; (13)

df=-> 2A5V,§,j=1,2,...,N,j7éi (14)
] .

I*O_ 0281‘/:(7 l:1,2,...,N (15)
i0

where d]* and dj, are the optimal adversarial inputs that can
be injected into the ith subsystem (10). The optimal policy dj,
reveals a threshold for the event-triggering error to design the
event-triggering instants for the system (2), and u provides an
approximate optimal decentralized control policy for the sub-
system in (2). Note that since the cost function (11) includes
dj and djp for j=1,...,N,j # i, which model the effect of
both the interconnection input and the event-triggering error,
this event-triggering condition and control policy explicitly
accounts for the effects of adversarial inputs in the system
performance.

Remark 3: The zero-sum game problem has a unique
solution [V} (x;)] under certain conditions, locally in the neigh-
borhood of the origin, if the Nash condition holds [27].
Specifically, for a linear system, the infinite horizon zero-sum
game admits a unique saddle point solution under certain con-
ditions as stated in [27]. However, for a nonlinear system, the
infinite horizon zero-sum game may not have a global solu-
tion. Moreover, even when a local solution exists, the solution
V¥ may be smooth only under the stabilizability and zero-state
detectability conditions [35], [36]. In this article, we assume
that such a local optimal solution exists.

Moving on, it should be noted that the solution to the
proposed game can be derived by solving the associated HJI
equation which does not have a closed-form solution. To
obtain the solution to the game when the system dynamics
are uncertain, a novel event-driven OIRL scheme is proposed
to design approximate optimal controllers such that the con-
troller learns the solution to the game online without a priori
knowledge of the system dynamics. Finally, the optimal poli-
cies designed for the system (10) will be utilized to design the
control and the ETM for (1), and the corresponding stability
results will be derived.

B. Adaptive Optimal Controller—On-Policy Learning

By substituting the control policy (13), and the adversarial
policies (14) and (15) in the Hamiltonian (12), the following
HIJI equation is obtained:

< d*v 1*0) Ql(xl) 4 lx glR lgTV*

1
+ 2V* gigi Vi,
1 N
T
+ 2V§; > Al |vi

J=Li#

+ Vi) = 0. (16)
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It can be shown that the control solution obtained
by solving the HJI equation (16) will ensure that
the controlled system (10) will satisfy the L, gain
condition.

Lemma 1: Assume that the optimal value function for the
ith subsystem (10), that is, Vi* (xj)) e C I a positive semidefinite
solution to the HIT equation, exists for each subsystem. Then,
uf = —(R; /2)gTV;;, makes the closed-loop subsystem to
have L, gain less than or equal to o;.

Proof: The proof for Lemma 1 follows the results
in [31]. ]

Since a closed-form solution to (16) does not exist, an on-
policy RL-based approximate solution can obtained. However,
after a brief introduction of on-policy learning, it will be
revealed that the on-policy method cannot be used to solve
the proposed game.

To begin with, differentiate V;*(x;) along the ith subsystem
dynamics (10) with the optimal policies to obtain

VIO = Vi | i) + g [uf + dh] + D Agd?

J=1
i

Using the fact that HY = 0 from (16), we obtain

N
Vi =—0i() — uTRu + 07 Y dFd + oy d;
o
Integrating both sides in the interval (¢,t + T), for T > 0,
yields the integral Bellman equation [13], [15], given by

Vit + 1)) — Vi xi(0)

+T -
= / — Qi(x) — uj" Rju}
t

N

of Y dTdf +opdy dyy |dr.
J=1j#
The integral Bellman equation is also a consistency condi-
tion based on which the optimal policies can be learned in a
forward-in-time manner. Let V; be the estimate of the optimal
value function V}, and let the corresponding estimates of
optimal policies be u;, d;, and djp. Using the estimates in (17),
we obtain

+T ; ) N ,
E; = / Qi(x;) + uj Riuj — o} Z d; d;
t

J=Lj

a7)

oddhdi |dr 4 Vi(xi(t + T)) — Vi(xi(t))

(18)

where E; is the TD error/Bellman error [13]. By updating
V; with an objective of reducing this error, V; converges to
V¥ under certain conditions [15]. To realize such a learn-
ing scheme, the policies (u;, d}, dip) should be applied to the
system, and the resulting change in the state (and the one-

step cost or reward) should be used to calculate the Bellman

IEEE TRANSACTIONS ON CYBERNETICS, VOL. 52, NO. 3, MARCH 2022

error. The RL-based ADP schemes in which the policies
that are being learned are the same as the policies that are
applied to the system (behavior policy) for calculating the
Bellman error are called on-policy RL schemes. However,
it is desired that an exploratory control policy be used dur-
ing the learning process for attaining optimality. Also, since
di # xj, and djyp # cAi,'o, the traditional on-policy RL-ADP
schemes cannot be used to obtain the solution to (16), which
can then be used for controlling the system (1). Next, we
present an off-policy learning scheme that can mitigate this
shortcoming.

C. Solution Using Off-Policy Learning

To develop an off-policy learning scheme, define the
estimate of the approximate optimal value function as Vll
and the associated policies as (ul, djl,dlo) where the super-
script [ denotes the learning step with [ = 0,1,.... The
actual interconnection inputs [x;(#)] and the event-triggering
error [Zlio(t)], which enters the ith subsystem, are differ-
ent from dJl and dfo. Similarly, if an exploratory con-
trol policy u; is applied to the system, which is dif-
ferent from the estimated approximate optimal control
policy uf the differences between the behavior policies,
u;, xj, and dzo, and the learned policies, ul,djl, and dllo,
should be explicitly considered in the learning process.
Adding and subtracting the estimates of the approximate
optimal policies (u dl d! ip) in the subsystem dynamics (2),
we obtain

(1) = fiCe) + i) (ul + ) + giCx) (s — )

N

—dly) + Y[ Mg + ay050) — dl)].
Jj=1
JFi

+-gi(am
(19)

Define the learning policies obtained using the stationarity
condition similar to (13) but with the approximated value
function, as

1
I+1 —1 T ) I+1 T~/
u't = 2R, gV, dt'= — ALV
l
1
I+1
0 =& Vi (20)
2 lO

To develop the integral equation to evaluate the tempo-
ral difference error using the off-policy scheme, differentiate
Vil(xi) along the subsystem dynamics (19) to obtain

V= VE | £ + gix) (u + dfo) Z Ayd!

J#l

+ (=) (o - )

MMz
/—\
\/
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Using the Hamiltonian (16) for the system (19) (with Vl , u dl
and dfo), we obtain

N
Sl Tyl 2 Tl 2 47 1
Vi = =0i — u; Riu; + o} Z d; d; + ojpdjydy

J=1j#
_9 1+1TR( _u)+2022d1+1 (j_d]l'>
2D

Jj=1
J#L

T /A~
203l (10— do)

Integrating both sides in the interval (¢, 7 4+ T) yields the off-
policy integral Bellman equation, given by

VIt + 1)) — Vi)

=2/I.I+T IH R(u,—u)—i—odeHl (x]—d;>

j=1
JF#L

+ oddis ™ (A — dly) |

t+T N
T T
+ / —Q; —ul Rt} + o} Zd/l d,l +ajodigdyg |dr.
t

=L
i
22)

Lemma 2 [31]: The solution obtained for the optimal value
function to the IRL Bellman equation (22) and the solution
obtained for the optimal value function using the HJI equa-
tion (16) are same. Furthermore, the control policies and the
interconnection policies evaluated using the off-policy IRL
Bellman equation and the HJI equation are the same.

Theorem 1: The online event-based off-policy IRL scheme
that uses (20) and (22) converges to optimal policies (13)—(15)
and the value function satisfies the HJI equation (16) for each
i=1,...,N.

Proof: Lemma 2 establishes that the off-policy IRL scheme
and the standard on-policy algorithm converges to the same
value function and the policies. Therefore, both the on-policy
and the off-policy schemes have the same convergence prop-
erties. The detailed convergence results are available in [31].

In the following theorem, it is demonstrated that for a stabi-
lizing event-triggering condition and an optimal control policy,
the closed-loop system admits an ISS Lyapunov function. H

Theorem 2 (Ideal Case): Consider the interconnected
system (2). Let Assumptions 1 and 2 hold. Let an optimal
control policy u} as in (13) be applied to each subsystem, and
let an event be triggered on violation of the condition

< Aillxi])? (23)

- 2
Eille;ll

where E; = L5i||Rl~||, 1 > A; > 0. Then, the ith subsystem
and the overall system are ISS when Q;, R;, and o; are chosen
such that g; > 2||R;[|L2 + A;67(N — 1), where Ly, > 0, g; > 0
is the smallest singular value of the positive- deﬁmte matrix g;
satisfying Q;(x;) = xl-Tqix,- and 6; = max {0y, ..., on}.

Proof: See the supplementary material. |
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Next, we present an ANN-based implementation of the
proposed OIRL scheme.

D. NN Learning and the Role of Exploration in Event
Triggering

In this section, we present an ANN-based implementation
strategy for the proposed control scheme and derive sufficient
conditions for system stability.

For the ease of exposition, define for each i = 1,..., N,
X;, D;, ﬁlH € RN as augmented vectors of xj, dj, d for
j=1,...,N,j#iand N; = Z =1, 1> Tespectively. Usmg
the umversal approximation theorem [37], the optimal value
function and the associated optimal policies can be represented
using parameterized NNs as V¥(x) = W,T¢i1(xi) + ei1(xp),
M;'k(xi) = ,2¢12(x1) + €in(x:), D*(xl) = ,3¢l3(xz) + &3 (x),
and dj(x;) = W03¢,03(x,) + &ip3(x;), where W;, are NN
weights, ¢;, are activation functions, and ¢;, are bounded
reconstruction errors with bounds denoted as &;o)7, €ach with
appropriate dimensions. The estimate of the optimal value
function and the optimal policies are defined as \A/l.l(x,-) =

Wi (x). i () = Whain (), D () = Whigin(x), and
(xl) = zo3¢103 (x;), where W[. are the NN weight esti-
mates, each with appropriate dimensions. Assume R; for each
i to be a diagonal matrix with entries R; k fork=1,...,m.

Define vfl = ui—z}ﬁ vl2 =X; Dl and "13 = d,o dlo’ and let
virx for I = 1,2, 3 denote the kth component of the vector v;;.
Use the OIRL Bellman equation (22), with estimated values
and policies, to obtain the temporal difference error as

— ¢ (xi()]

i N
k+1 T T
1 I 2 E gl 2 4T 41
+ [ Qi + u; Riui —0; dj dj - UiOdiOdiO dt
t

El = W] [bi1 (xi(1411))

k j=1,
i
f Z b xbiRi kv — 0] Z Bk Bi3Vinx
I k=1

(24)

Tio Z i03, k¢103"13 k)df

Define Ap = it (xi(1}., ) — i (i (@), Wi = IWF Wh ...

il

T T T T T T
W12m’W131"' Wz3N’WzO31"' W103n,]
— Ad -
liet1
t;{Jr —2¢n(x)R;, 1‘),1 ldT
o = | 207/, 1 g (el

i
2 [l I
20'l-0 ft;( ®io3 ()C[)UB’]
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and

i N
) T
2 2 T 2 T 4l
Y; Z/i —Igill* + o; § :dj dj + ojpdip diy | d.
I j=1,
J#i
To bring the TD error to its minimum value, rewrite the IRL
Bellman equation as

El=W'o; — v, (25)

Note that this learning problem for obtaining a suitable set of
NN weights satisfying the Bellman equation is a linear regres-
sion problem when the ANNs are selected as random vector
functional link networks [37]. Next, we present two results.
First, it will be demonstrated that using the greedy policy (from
the learning scheme), the closed-loop system composed of the
system state and weight estimation errors is locally uniformly
ultimately bounded (UUB).

Theorem 3 (Greedy Policy): Consider the interconnected
system (2). Let Assumptions 1 and 2 hold, and let V be the
solution of the HIJI equation (16). Let u;(x;) = W£¢12(x,-) be
applied to each subsystem, and let an event be triggered on
violation of the condition L,;|le;|| < |ldip|l with L, > 0 and
dip = W£3¢i03 (x;). Let the NN weights be initialized such that
the resulting initial policy is admissible, and be updated using
the learning rule

: ; T
—h (1+<1>,-T<1>,-)2Ei

where T; > O,Ef. is the Bellman error (25). Then, the ith
subsystem, the overall system state vector, and the weight
estimation errors are UUB as k — oo when, Q;,R; > 0
and o; are chosen such that ¢; > (N — l)al.z, where ¢; > 0
is the smallest singular value of the positive-definite matrix
qi satisfying Q;(x;) = xl-Tqixi, and the bounds are defined as
BY, = 8am((IRill) + 40?)e2, + By, with [lei || < e and
Ay (.) denoting the maximum eigenvalue operator. In addition,
when the regression vector is persistently exciting (PE), and
as I,k — oo, V! — V¥, the control policies u! — u} and the
event-triggering threshold dfo — dy,.

Proof: See the supplementary material. |

Remark 4: It can be observed from Theorem 3 that when
the greedy policy is applied to the system, the weight estima-
tion error and the system state vector remain bounded, and the
bounds are functions of the design parameters R; and o;, and
the approximation error ¢;. By the appropriate design of NN,
the approximation error can be reduced [37], and by choos-
ing small R;, o;, and 7; that satisfy the conditions derived in
Theorem 3, the bounds for the regulation error can be made
small. Furthermore, as the number of events increases, more
data points along the system trajectory are collected to improve
the weight estimation error.

Remark 5: Note that the Bellman error is computed with
the latest states at each event-triggering instant, and it is
used in the weight update rule. In the inter-event period, the
weights are updated similar to the hybrid learning approach
[21], to improve the estimated weights. The NN weight update
rule (26) gives \711, 125'“, Df‘H, 21118' I after each event, and the
update rule can be replaced with the concurrent learning rule

W, = (26)

IEEE TRANSACTIONS ON CYBERNETICS, VOL. 52, NO. 3, MARCH 2022

or experience replay strategy, to overcome the requirement of
persistency of the excitation condition [29]. However, since the
objective of this article is to develop a decentralized learning
control framework, we report our learning scheme with the
update rule as in (26).

Existence of the Zeno Behavior: The event-triggering condi-
tion derived in Theorems 2 and 3 is a relative trigger condition
(Definition 2). Since the interconnection inputs are influencing
the subsystem dynamics, the relative trigger mechanism may
introduce Zeno behavior. This can also happen if an additive
external disturbance is injected to the system as shown in [22].
For example, for nonzero x;y and for ¢ € [0, t’i), if we have

N
—fi — giui(x;) — xio — Z Aji(xi)xj = Ajpxp (27)
i
for some p € {1, ..., N}, p # i, there will be an accumulation

point, resulting in the Zeno behavior. To see this, consider the
event-triggering error dynamics in the interevent period, that
is, using the definition, ¢;(r) = x;(¢) — x;(r), we have &;(t) =
—x;(1). Substituting the system dynamics, and using (27), we
have x;(tf) = —x;o which on integration reveals x;(t) = (1 —
t)xjo. Using the definition of the event-triggering error, we have
for tf) <t< t’i, ei() = xjo— (1 —1)xjp = tx;o. Using the relative
event-trigger condition, we obtain an event when |le;()| <
Pi|lxi(0)| is violated, where P; > 0. Therefore, at r = ¢/, one
has t’i||x,-o|| = Pi(1 — t‘i)||xi0||, which can be simplified to get
1 =[Pi/(1 +P)]=1—[1/(1+ Py] < 1. Similarly, one can
repeat this process [22] to obtain tf{ =1-[1/((1+ Pi)k)]. This
shows that there exists a limit for the sequence of event times
at t = 1. Therefore, the ETM will exhibit Zeno behavior.

On the other hand, for the learning scheme, the behavior
policies applied to the system need to be PE. This ensures that
the data collected for the learning process contain the neces-
sary information about the system. The PE condition can also
be viewed as the condition which promotes “exploration” in
the RL algorithm. Therefore, the control policy that is injected
to the system is designed as

i (1) = ui(x; (1)) + 8;(1)

where u; is the greedy policy and §;(¢) is a bounded signal, and
it is an exploration signal that ensures that the PE condition
is satisfied.

In the next theorem, sufficient conditions for the overall
system stability are derived when the control policy is i;(%).

Theorem 4 (Mixed Event Triggering): Consider the
interconnected system (2). Let Assumptions 1 and 2 hold, and
let V¥ be the solution to the HIT equation (16). Let the explo-
rative control policy (28) be applied to each subsystem, and
let an event be triggered on violation of the condition

‘ u; (fz) — ui(x;)

where 0 < [|62(8)] < dom, YVt € R4, and §>(¢) are a bounded
exploration signal. Let the NN weights be initialized such that
the resulting initial policy is admissible, and be updated using
the weight update rule (26). Then, the ith subsystem and the
overall system, weight estimation errors are UUB when Q;, R;,

(28)

< ldioGx) Il + dom
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Fig. 1. Example 1: state (left) and control (right) trajectories and design
parameters satisfying conditions in Theorem 2, case 1 (b = 1).

and o; are chosen such that g; > al-z (N — 1), and the bounds
are obtained as B{? = SAM(||Ri||)(8i22M +8im) + 4Ui2(81'203M +
82m) + By, Furthermore, as [, k — oo, Vf — V¥, the control
policies uf — u} and the event-triggering threshold dfo — dj,.

Proof: See the supplementary material. |

Remark 6: Note that in the event-triggering condition, the
exploration signal term 6, (#) determines the minimum positive
interevent time. Specifically, in the event-triggering condi-
tion, since [|djoll > 0, we have |lu;(X;) — u;(x))|| < oy =<
ldio(x;)|| + 8237 This ensures that the events are separated by
the time it takes for the event-triggering error in the control
to evolve from zero until ||u;(x;) — u;(x;)|| — 82, which is a
positive constant [22]. Furthermore, note that the bounds for
the steady-state regulation errors are obtained as a function of
the design parameters R;, o;, §;, and T;, and the approximation
error ¢;. Since all these parameters are user defined, they can
be chosen appropriately to reduce this bound.

Next, the simulation results for the proposed OIRL are
presented.

IV. SIMULATION RESULTS

The proposed optimal adaptive control schemes are evalu-
ated in this section using two examples.

Example 1: We considered a network of interconnected Van
der Pol oscillators with a ring configuration with two types
of coupling functions [38]. Specifically, we considered the
dynamics

() + e(xiz(t) _ 1) +xi(0) + aui(z)

:ﬂ(xi—l_zxi+xi+1)’ l=177N (29)

where € > (0. We considered ten interconnected oscillators,
a, B =1 (case 1), and o = sin(x;), B(.) = sin(.) (case 2). Note
that the input gain is constant, and the interconnection is a lin-
ear function of x; for case 1 (o, 8 = 1) while for case 2, it is a
bounded nonlinear function. Furthermore, the interconnections
are of the form A;;i(x;, x;) satisfying Assumptions 1 and 2 (for
case 2, Ajj(.) satisfies the assumptions provided in [39]).

The design parameters were chosen as R; = 10, Q; =
[0y %61 T = 10, and o; = 0.75 for each subsys-
tem. The approximate optimal cost function corresponding
to each subsystem is estimated to be of the form Vi(x;) =
Wlxl-zl + sziz2 + Waxj1xip + W4xl~1xl-22 + W5xi21xi2 with W, =
{2.5093, 2.6061, —0.9625, 0.4725, —0.1746} fork =1, ..., 5.
The training is terminated, that is, the PE condition is removed
once the Bellman error converged to a small bounded set with
radius 1073, The state and control trajectories corresponding
to this controller are plotted in Fig. 1.

20 30 40 50
t(s)

Fig. 2. Example 1: state (left) and control (right) trajectories and event-
triggering condition satisfying (23), case 1 (8 = 1).
10 2
15
i
R ‘3’_1‘3
-2
-3
0 10 20 30 40 50 0 10 20 30 40 50
t (s) t(s)

Fig. 3. Example 1: (case 2) state (left) and control (right) trajectories and
event-triggering condition in Theorem 3.

60

40
t (s)

Fig. 4. Example 2: controlled state trajectories.

Furthermore, using the design parameters, the event-
triggering condition was obtained as ||e,<||2 < O.9||x,~||2. The
resulting state and control trajectories are recorded in Fig. 2
for case 1 where o, 8 = 1.

Without changing the design parameters, the control scheme
was implemented for case 2, which corresponds to the case
when @ = sin(.) and B(x;,x;) = sin(=2x; + xj—1 + Xiy1).
Similar to case 1, the proposed controller stabilized the system
with a similar control effort (Fig. 3).

Example 2: In this example, we considered the load
frequency control application of a three area power system.
The states of the power system model at each subsystem under
consideration are—frequency change, incremental change in
output power of the generator, change in the governor valve
position, incremental change in integral control, and tie-line
power deviation. For the detailed dynamics of the system
considered see [11].

The controller design parameters were chosen as
Ri=0.01,R,=0.01,q; = 20, 0; = 0.6, and T; = 10.
For the value function, a single layer NN with inputs of
the form xl.z,xl-xj for j # i were used, and for the policy
approximators x; was used as input. For the exploration
policy, a sinusoidal signal was used.

Fig. 4 shows the state trajectories of the subsystems. The
initial oscillations are induced by the sinusoidal exploratory
signal. The event error versus the threshold function and the
interevent time are seen in Figs. 5 and 6, respectively. These
demonstrate the functioning of the ETM designed with positive
interevent times.

Authorized licensed use limited to: Missouri University of Science and Technology. Downloaded on February 21,2023 at 21:46:10 UTC from IEEE Xplore. Restrictions apply.



1944

3 — Threshold
— Error

2

)]

>

o1l W‘ : ]

[ i I‘ it TN W
J f H‘\’H‘I\’IH. l\‘EM L‘M;l :l“‘hm’. \‘J‘H“.V:i”h”! ‘\h‘\m »]:” ‘Il\’h)i“\““m

0 20 t (s) 40 60

Fig. 5. Example 2: event-triggering error (e) versus threshold (T) at an ETM
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Fig. 6. Example 2: interevent times at subsystem 2 (SS-2).
0.4 ‘ ‘ ‘ ‘ §ubsysteh-l
Subsystem-2
0.2 Y
5 10 15 20 25 30
t(s)
Fig. 7. Example 2: event-triggered behavior policy.
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Fig. 8.  Example 2: convergence of the Bellman error (E). SS-1, 2, 3

corresponds to subsystems 1, 2, and 3, respectively.

The event-triggered policy applied to the system during the
learning phase is seen in Fig. 7. Due the event-based imple-
mentation, the control policy is piecewise continuous. The
results from this example show that the stability of the system
and convergence of the learning scheme (Fig. 8) are achieved
as expected from the theoretical analysis.

Next, to analyze the performance of the proposed uni-
fied design, we considered an isolated nonlinear subsys-
tem [18]. The design parameters were chosen similar to that
in [18] for comparative analysis. Specifically, we compared
the proposed unified design with the event-triggered control
scheme presented in [23] for an isolated subsystem and the
results are summarized in Table I. In Table I, the proposed
method is abbreviated as PM, and the event-triggered NN-
based approximate optimal control is abbreviated as ET-NN.

From the comparative analysis and the simulations
presented in this section, it is observed that the proposed

IEEE TRANSACTIONS ON CYBERNETICS, VOL. 52, NO. 3, MARCH 2022

TABLE I
ANALYSIS OF THE APPROXIMATE OPTIMAL CONTROL SCHEME

| | Avg. IETins | Cumulative cost | Events |
| © |ELNN| PM | EENN | PM |ELNN|PM|
| 0.90 | 0.0350 | 0. 0685 | 2.074e+5 | 1.442e+5 | 290 | 120 |
0.925 | 0.0357 | 0.0675 | 2.085¢+5 | 1.530e+5 | 280 | 130 |
| 095 | 0.0362 | 0.0744 | 2.100e+5 | 1.602e+5 | 270 | 140 |
10.975 | 0.0369 | 0.0583 | 2.110e+5 | 1.654e+5 | 260 | 160 |
| 1 | 00604 | 0.0562 | 2.114+5 | 1.704e+5 | 260 | 170 |

approach presents an alternative method for the emulation-
based design of event-triggered controllers which is inclusive
of the effects of external inputs in the form of interconnections
(or disturbance for the isolated system). In the unified frame-
work for designing both the controller and the event-triggering
mechanism (ETM), the attenuation parameter and penalty
matrices can be chosen to improve the performance of the
system in the interevent period.

V. CONCLUSION

In this article, we proposed a novel optimization problem
at each subsystem of an interconnected system to co-design
the subsystem control policy and the event-triggering condi-
tions. Due to the natural connection between the proposed
optimization problem and the differential game theory, we
adopted a game-theoretic framework to solve this optimization
problem, and to design controllers and event-triggering
instants at each subsystem, which resulted in the UUB sta-
bility of the interconnected system. The NN approximation-
based controller effectively regulated each subsystem in the
interconnected system using event-triggered feedback and
relaxed the requirement of an accurate knowledge of the
system dynamics. In addition to the stability, the proposed
scheme ensured that the performance of both the controller
and the ETM was optimized as the event-triggering threshold
designed using the Nash solution elongated the interevent time
without deteriorating the system performance.
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