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ANALYSIS OF THE GAUSS-BINGHAM DISTRIBUTION FOR
ATTITUDE UNCERTAINTY PROPAGATION
Jacob E. Darling* and Kyle J. DeMars†
Attitude uncertainty quantification typically requires a small angle assumption, and thus an
inherent small uncertainty assumption, to be made. This small angle assumption can be
eliminated by employing the Bingham distribution to represent the attitude uncertainty in
the attitude quaternion directly. Moreover, an extension to the Bingham distribution, termed
the Gauss-Bingham distribution, can be used to represent correlated attitude quaternion and
angular velocity uncertainty to enable attitude uncertainty propagation. In order to evaluate the potential accuracy gain using the Gauss-Bingham distribution for attitude uncertainty
quantification, the Gauss-Bingham distribution method for attitude uncertainty propagation
is compared to the propagation step of the multiplicative extended Kalman filter, which requires a small angle assumption to be made. The attitude uncertainty quantified by each
method is discretely sampled and mapped to a common attitude parameterization in order to
make accurate comparisons between each method.

INTRODUCTION
Conventional attitude estimation methods, such as the multiplicative extended Kalman filter (MEKF), require a small angle assumption in order to represent and quantify attitude uncertainty.1–5 These methods
represent the mean attitude using a four parameter representation, typically the attitude quaternion, which
is constrained to be unit norm and provides a global representation of attitude without singularities. Since
the attitude quaternion is constrained (as is any four parameter attitude representation), special care must be
taken to properly quantify the attitude uncertainty using conventional methods. These conventional methods typically quantify the attitude uncertainty using an unconstrained three parameter attitude representation,
such as the rotation vector, Gibbs’ vector, modified Rodrigues parameters (MRPs), or an Euler rotation sequence. Since all three parameter attitude representations are potentially singular, they are used only as a
local attitude error representations as to avoid their singularities. In order to propagate the attitude uncertainty, conventional methods make use of a small-angle assumption to map the attitude uncertainty in the
attitude quaternion to the three parameter attitude representation. When the attitude uncertainty is small, this
small angle assumption incurs little error; however, as the attitude uncertainty grows larger, this small angle
assumption incurs more error, which can cause the quantified attitude uncertainty to be a poor approximation
to the true attitude uncertainty.
The Bingham distribution6 can be used to rigorously quantify the uncertainty of an attitude quaternion,
q̄ ∈ S3 , without relying on the aforementioned small angle assumption. The Bingham distribution is a
zero-mean normal distribution conditioned on the unit hypersphere and is antipodal, making it a natural fit
to quantify an attitude quaternion due to the fact that antipodal quaternions q̄ and −q̄ represent the same
physical attitude. The Bingham distribution has been used to quantify the uncertainty in the attitude quaternion7–9 and pose10 of a rigid body, but these approaches do not quantify the correlation between the attitude
quaternion and angular velocity. Dual-quaternions have been proposed as a method to quantify the correlation
between translational position and angular position under a common Bingham-like distribution.11 Instead of
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correlating the angular position and angular velocity of a rigid body through the use of a dual-quaternion,
the Gauss-Bingham distribution12 is used, which quantifies the correlation between the angular velocity in
R3 and the attitude quaternion in S3 on their natural manifold, R3 × S3 , without requiring a small angle
assumption to quantify the uncertainty in the attitude states.
The Gauss-Bingham distribution is born as the product of a Gaussian distribution and a Bingham distribution, where the parameters of the Bingham distribution are dependent on the random variable associated with
the normal distribution. In Reference 12, the authors presented the Gauss-Bingham distribution, which probabilistically quantifies a state vector where a portion of the state vector is antipodally symmetric and subject
to a unit norm constraint. Because of this, the Gauss-Bingham distribution can be used to probabilistically
quantify a state vector that includes an attitude quaternion combined with other unconstrained states, such as
angular velocity.
An unscented transform and maximum likelihood parameter estimation are used in order to quantify the
temporal evolution of the the Gauss-Bingham distribution given system dynamics. The unscented transform
represents the Gauss-Bingham distribution by a set of discrete points that exist on the manifold Rr × Ss
and match up to the second-order moments of the Gauss-Bingham distribution in Rr+s+1 . The points are
then propagated forward in time according to rigid body attitude equations of motion, and the maximum
weighted log-likelihood parameters of the Gauss-Bingham distribution given the propagated sigma points are
then found via numerical optimization.
In this paper, rigid body attitude uncertainty propagation using the Gauss-Bingham distribution, as presented in Reference 12, is compared to the rigid body attitude uncertainty propagation using the multiplicative quaternion uncertainty representation, as used by the MEKF, which requires a small angle assumption
to be made. Because the Gauss-Bingham distribution and the MEKF quantify the attitude uncertainty using
different attitude parameterizations, the distributions are discretely sampled and the samples are all converted
to a common attitude parameterization for direct comparison.
ATTITUDE REPRESENTATIONS
Many different representations can be used to parameterize the attitude of a rigid body. References 2,
13, and 14 provide a comprehensive overview of attitude representations. The attitude matrix, which is a
nine-parameter attitude representation, is used to fundamentally quantify the attitude of a rigid body. In
practice, the attitude matrix is difficult to quantify directly since it possesses six constraints, so a three or four
parameter attitude representation is typically used to parameterize the attitude matrix in order to overcome
this difficulty.
Three and four parameter attitude representations satisfy certain properties, regardless of the specific representation chosen. All three parameter attitude representations provide a one-to-one representation; however,
they are potentially singular. Three parameter attitude parameterizations can either be singular in representing an attitude or in propagation. The former of these singularities occurs when a parameterization becomes
infinite in order to represent a certain rotation. The latter occurs when the temporal derivative of the representation becomes infinite for certain values of the parameterization. Four parameter attitude parameterizations
are globally nonsingular, but are constrained since three parameters are sufficient to uniquely define attitude.
Four parameter attitude representations provide a two-to-one representation of attitude; that is, two unique
sets of parameters quantify the same attitude. Because of the unique advantages and disadvantages of three
and four parameter attitude representations, a four parameter representation is typically used to globally quantify attitude and a three parameter representation is used to locally quantify attitude errors in order to avoid
their singularities.
Attitude Matrix
The attitude of a rigid body is fundamentally quantified by the attitude matrix, A. The attitude matrix
is defined as the rotation matrix that rotates the expression of a vector in the “I” coordinate-frame to its
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expression in the “B” coordinate-frame. This rotation matrix is denoted by TIB and is defined according to
xB = TIB xI , AxI ,

(1)

where xI and xB denote the physical vector x ∈ R3 expressed in the I and B frame, respectively, and Rn
represents n-dimensional Euclidean space. Typically, the I frame is taken to be an inertially-fixed frame and
the B frame is taken to be a body-fixed frame of interest, but it is not required that the I frame to be inertially
fixed for these attitude representations to be valid.
Through the definition of rotation matrices in Eq. (1), it can be shown that rotations can be applied sequentially according to
xB = TCB xC = TCB TIC xI ,
| {z }

(2)

xC

where the “C” coordinate-frame is an arbitrary, intermediate frame of interest. Equating Eqs. (1) and (2)
shows the property of rotation matrices to apply sequential rotations by multiplying the matrices according to
TIB = TCB TIC .

(3)

matrices exist in the n-dimensional special orthogonal group, which is given by SO (n) ,
 Rotation
T ∈ Rn×n : T T T = I = T T T , |T | = 1 , where |·| represents the determinant operator. From the relationship that T T T = I = T T T , another important property of rotation matrices, T T = T −1 , can be
observed. It is important to note that the “T” superscript here represents the matrix transpose operator and
not a coordinate frame. Applying this property to solve Eq. (1) for xI yields
 T
xI = TIB xB .
From this relationship and the definition of the rotation matrix, it follows that
 T
TBI = TIB ,

(4)

which shows that opposite rotations are represented by transposed rotation matrices. These properties allow
the rotation matrix relating the estimated and true attitude, and thus quantifying the attitude error, to be
expressed as
δA , TB̂B = TIB TB̂I = TIB [TIB̂ ]T = AÂT ,

(5)

where the “ ˆ ” notation represents the estimate of the respective quantity. As the attitude error approaches
zero, A → Â and δA → I where I represents the identity matrix of appropriate dimension.
Since the attitude matrix is a rotation matrix that quantifies a three-dimensional rotation, it follows that
A ∈ SO (3); thus, the attitude matrix contains nine parameters, but only possesses three degrees-of-freedom,
or, equivalently, six constraints. In practice, these constraints can make it difficult to quantify a rotation matrix
directly. Typically the attitude matrix is parameterized by a three or four parameter attitude representation in
order to overcome this difficulty.
Axis-Angle
An intuitive four parameter representation of a rotation in three dimensions is the axis-angle representation.
Euler’s theorem states that any rotation in three dimensions can be accomplished by a single rotation. The
axis of this rotation is known as the Euler axis and is quantified by the unit vector e. Define the corresponding
rotation angle about the Euler axis to be θ ∈ [−π, π). The axis-angle representation of this rotation is then
given by the parameter set {e, θ}.
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The Euler axis is invariant under rotation about the Euler axis, i.e. eB = eI , which allows the axis of
rotation represented by the attitude matrix to be found according to the relationship
eI = AeI ,

(6)

which defines the Euler axis according to the eigenvector/eigenvalue decomposition of the attitude matrix.
The attitude matrix possesses three eigenvalues, one of which is the unity eigenvalue associated with the
eigenvector that defines the Euler axis, and the other two eigenvalues are a complex conjugate pair.2, 15, 16
After finding the Euler axis, the rotation angle must be found in order to fully quantify the rotation defined
by the attitude matrix. In order to find the rotation angle, x is first decomposed into components that are
parallel and perpendicular to e according to
x = xk + x⊥ ,

(7)

where

xk = eeT x ,

and


x⊥ = I − eeT x .

Equation (7) is now expressed in the I frame and this expression is subsequently rotated to the B frame to
yield

AxI = xIk + cos(θ)xI⊥ − sin θ eI × xI




2  I
= I − sin θ eI × + (1 − cos θ) eI ×
x ,
(8)
where [a×] represents the skew-symmetric cross product matrix of the arbitrary vector a. Since Eq. (8) must
be valid for arbitrary x, the attitude matrix is given in terms of the Euler axis and rotation angle about the
Euler axis by



2
A = I − sin θ eI × + (1 − cos θ) eI × .

(9)

Taking the trace of Eq. (9) and solving for θ yields the rotation angle about the Euler axis in terms of the
attitude matrix as


tr A − 1
θ = cos−1
,
(10)
2
where “tr ” represents the trace operator.
In general, no simple form for the axis-angle parameterization is known for the composition of rotations
about non-parallel Euler axes. Opposite rotations are given by changing the sign of either the Euler axis or
the rotation angle, i.e., {e, θ} and {−e, θ} represent opposite rotations, as do {e, θ} and {e, −θ}. If the sign
of both the Euler axis and the rotation angle are changed, the rotation is unaffected, which can be observed by
substituting {−e, −θ} for {e, θ} into Eq. (9). Another important property of the axis-angle parameterization
is apparent when θ = ±π. In this case {e, ±π} and {−e, ±π} represent equivalent rotations.
Rotation Vector
A three parameter representation of a rotation in three dimensions is born as the product of the Euler axis
and the rotation angle about the Euler axis as
θ = θe .

(11)

This attitude parameterization is known as the rotation vector. Equation (9) can be expanded in a Taylor
series about θ and manipulated to give the attitude matrix from the rotation vector according to
A = exp {− [θ×]} ,
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where exp {·} represents the matrix exponential operator. In order to convert the attitude matrix to its corresponding rotation vector, the Euler axis and rotation angle are found according to Eqs. (6) and (10) and
then Eq. (11) is used to find the rotation vector. Given the rotation vector, the corresponding Euler axis and
rotation angle are found according to
e=

θ
θ

√
θ=

and

θT θ .

(12)

It is apparent from Eqs. (12) that the Euler axis is undefined if the rotation angle is zero. This is not an issue,
however, since this corresponds to a rotation angle of zero and A = I in this case.
It is intuitive that θ and −θ represent opposite rotations. The singularity of the rotation vector is present
due to the potential discontinuity when propagating the rotation vector. The norm of the rotation vector is
constrained to be no greater than π since θ ∈ [−π, π). During propagation, if the magnitude of the rotation
vector is equal to π and has a positive temporal derivative, then the rotation vector must instantaneously
change sign since {e, ±π} and {−e, ±π} represent equivalent rotations. This discontinuity makes the rotation vector a poor choice to globally represent the attitude of a rigid body; however, it does not encounter this
singularity when quantifying small rotations and therefore can be used to quantify the attitude uncertainty
locally.
Attitude Quaternion
In 1840, Olinde Rodrigues introduced a four parameter representation of a rotation in three-dimensions
known as the Euler-Rodrigues symmetric parameters, quaternion of rotation, or simply quaternion. In 1843,
Sir William Hamilton introduced the quaternion, which was developed as a new algebra and not as an attitude
representation. Arthur Cayley is credited with connecting the work of Rodrigues and Hamilton. Hamilton
defined the quaternion as a hypercomplex extension of a complex number according to
q̄ = q4 + iq1 + jq2 + kq3 ,
where i2 = j 2 = k 2 = −1, ij = −ji = k, jk = −kj = i, and ki = −ik = j. When using the
quaternion to represent rotations in three dimensions it is more convenient to consider the attitude quaternion
as a four-component unit-“vector” according to
 
q
q̄ =
∈ S3 ,
q

T
where q , q1 q2 q3 and q , q4 are the vector and scalar parts of the quaternion, respectively, and

Ss , z ∈ Rs+1 : z T z = 1 represents the s-dimensional unit hypersphere. Two important quaternion
operations are multiplication and inversion, which are given for unit quaternions by


 
pq + qp − [q×] p
−q
−1
q̄ ⊗ p̄ =
and
q̄ =
,
qp − q · p
q
where q̄ ⊗ p̄ represents the quaternion product of q̄ and p̄ and q̄ −1 represents the inverse of q̄. Quaternion
multiplication is not commutative, i.e. q̄ ⊗ p̄ 6= p̄ ⊗ q̄ in general.
The attitude quaternion is the most widely used attitude representation because it is not singular and quaternion multiplication and inversion are used to represent sequential and opposite rotations. Equations (3) and
(4) can be expressed using quaternions according to
 −1
B
I
q̄IB = q̄C
⊗ q̄IC
and
q̄B
= q̄IB
.

The identity quaternion is defined as q̄I , 0T
that
q̄ = q̄ ⊗ q̄I = q̄I ⊗ q̄

T
1 and is the quaternion representing zero rotation, such
q̄I = q̄ ⊗ q̄ −1 = q̄ −1 ⊗ q̄ .

and
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Using these relationships, the attitude error given in Eq. (5) can be expressed with quaternions according to
ˆ −1 ,
δ q̄ = q̄ ⊗ q̄

(13)

ˆ is the estimated quaternion. As the attitude error
where δ q̄ is the quaternion representation of δA and q̄
ˆ
approaches zero, q̄ → q̄ and δ q̄ → q̄I .
The attitude quaternion is related to the axis-angle attitude representation according to
θ

sin θ
q̄ = θ θ2 .
cos 2

(14)

The unit-norm constraint imposed on the attitude quaternion is apparent in Eq. (14) due to trigonometric
identities. It is also apparent in Eq. (14) that the attitude quaternion is a two-to-one attitude parameterization.
Recall that the axis-angle pairs given by {e, θ} and {−e, −θ} represent equivalent rotations equivalent rotations given by the rotation vector θ. By substituting these axis angle pairs and their corresponding rotation
vector into Eq. (14) and noting the even and odd symmetry of cosine and sine, respectively, it is apparent that
q̄ and −q̄ quantify equivalent rotations.
Equation (14) is used to solve for the axis-angle attitude representation given the attitude quaternion according to
θ = 2 cos−1 q

and

e = csc

θ
q.
2

(15)

After finding the axis-angle attitude representation, Eq. (11) can be used to find the equivalent rotation vector
attitude representation. When comparing the uncertainty quantified by the MEKF (using the rotation vector
attitude representation) and the Gauss-Bingham distribution (using the attitude quaternion representation),
Eq. (14) and Eqs. (11) and (15) can be used to convert between the two representations.
The quaternion representation of the attitude error is related to the rotation vector representation of the
attitude error according to Eq. (14) as
 δθ

sin δθ
δθ
2
δ q̄ =
.
(16)
cos δθ
2
If the attitude error is small, then δθ/2 is small and the small angle assumption, which is the linearization of
Eq. (16) about δθ = 0, yields
   δθ 
δq
≈ 2 .
δq
1
The linear relationship between the rotation vector representation of the attitude error and the quaternion
representation of attitude error is then given by
δθ ≈ 2δq .

(17)

This approximation incurs little error when the attitude error is small; however, as the attitude error becomes
larger, this approximation begins to incur larger errors since the nonlinear terms in the Taylor series expansion,
which are neglected when Eq. (16) is linearized, become larger and cannot be neglected.
ATTITUDE KINEMATICS AND DYNAMICS
The temporal evolution of the attitude quaternion is given by
 
1 ω
q̄˙ =
⊗ q̄ ,
2 0

6

(18)

where ω is angular velocity of the B frame with respect to the I frame expressed in the B frame. This is a
kinematic relation between the temporal evolution of the attitude quaternion and the angular velocity of the
rigid body and is the rotational equivalent of the kinematic relationship between translational position and
velocity.
If I is taken to be an inertial frame, the temporal evolution of the angular velocity is given by
J B ω̇ = τ B − [ω×] J B ω ,

(19)

where J B is the inertia tensor of the rigid body and τ B is the external torque acting on the rigid body, both
expressed in the B frame. This is the dynamic relationship relating the temporal evolution of the angular
velocity to the inertia tensor of the rigid body and the net external torque acting on the rigid body. This
relationship is similar to the dynamic relationship relating the temporal evolution of the translational velocity
to the mass and net external force acting on the rigid body.
UNCERTAINTY REPRESENTATIONS
The quaternion is the ideal choice for globally representing the attitude of a rigid body because it is nonsingular; however, representing the attitude uncertainty of a rigid body using the quaternion can present challenges due to its unit norm constraint. A naive way to parameterize the uncertainty in the attitude quaternion
is by its algebraic mean and covariance according to
n

 o
ˆ = E {q̄} and P = E q̄ − q̄
ˆ q̄ − q̄
ˆ T ,
q̄
(20)
where E {·} represents the expected value operator. This uncertainty representation presents several issues
since the attitude quaternion exists on the unit hypersphere, S3 , which is not a vector space. The algebraic
difference between two attitude quaternions, which is used in Eqs. (20), does not exist on the unit hypersphere. This can be observed in the mean of the attitude quaternion. Since antipodal quaternions, q̄ and
−q̄, represent the same rigid body attitude, they must be equiprobable if the statistical description of the
quaternion is rigorous. Due to this antipodallity, the mean of the quaternion is zero and thus does not exist
on the unit hypersphere containing the attitude quaternion. A similar argument can be made for the algebraic
error covariance, which exists in R4 due to the algebraic error definition, instead of on the unit hypersphere
containing the attitude quaternion.
As shown in Reference 2, if this uncertainty representation is used, an unbiased estimate of the attitude
quaternion violates its unit norm constraint. If the quaternion is forced to maintain its unit norm constraint
(which results in a biased estimate), the covariance matrix of the quaternion becomes ill-conditioned, but not
truly singular since the norm constraint is quadratic and not linear, as the attitude uncertainty becomes small.
Brute force normalization or norm-constrained Kalman filtering17 can be applied to overcome these issues,
but result in a biased estimate of the quaternion. Other methods18–20 can be used that relax the unit norm
constraint on the quaternion, but these methods possess numerical issues which must be overcome.
In order to overcome the issues of the additive quaternion uncertainty representation, two alternate representations are considered here: the multiplicative quaternion representation and the Gauss-Bingham representation. The multiplicative quaternion representation, which is used by the MEKF, requires a small angle
assumption to convert the quaternion representation of the attitude error into its rotation vector representation
in order propagate the attitude uncertainty forward in time. The Gauss-Bingham representation quantifies
and propagates the state density (and thus uncertainty) of the attitude quaternion and angular velocity on its
natural manifold, R3 × S3 . By quantifying the state density on its natural manifold, it is not necessary to
make the small angle assumption in order to convert the quaternion representation of the attitude error into
its rotation vector representation. Because the Gauss-Bingham uncertainty representation does not rely on a
small angle assumption, it is still a valid uncertainty representation even in the presence of large uncertainty.
Multiplicative Quaternion Representation
The MEKF quantifies the attitude globally using the attitude quaternion and the attitude uncertainty locally
using the rotation vector (or any appropriate three parameter representation). In this spirit, the state vector
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quantifying the rotational motion of the rigid body is defined as

x = q̄ T

ωT

T

.

 T
ˆ
x̂ = q̄

ω̂ T

T

,

The estimated state vector is then given by

ˆ is defined as the “average” quaternion when not considering its antipodality and is not defined as
where q̄
the expected value of the quaternion. By defining the “average” quaternion in this way, the issues associated
with the additive quaternion representation are avoided. Since the angular velocity exists in R3 , its estimate
is defined as the expected value of the angular velocity according to ω̂ = E {ω}. In the spirit of the extended
Kalman filter (EKF), the temporal evolution of the estimated state vector is defined by Eqs. (18) and (19)
evaluated at the estimated state.
The error vector of the rotational motion of the rigid body is defined as

δx = δθ T

δω T

T

,

(21)

where δθ is the rotation vector representation of the attitude error, which is linearly related to the attitude
error according to Eq. (17), and δω , ω − ω̂ is the error in the angular velocity. With this definition of error,
the error covariance is defined as

P = E δxδxT .
(22)
The temporal derivative of the error covariance is obtained by differentiating Eq. (22) with respect to time
according to
Ṗ =



d 
E δxδxT = E δ ẋδxT + E δxδ ẋT ,
dt

(23)

which requires the temporal derivative of the error vector. Since no straightforward method to apply sequential rotations exists for the rotation vector, it is difficult to quantify the attitude error (and therefore its
temporal derivative) using the rotation vector directly. In order to find the temporal derivative of the rotation
vector representation of the attitude error, its equivalent quaternion expression is first found. After finding
and simplifying the temporal derivative of the quaternion representation of the attitude error, a small angle
assumption is made and Eq. (17) is then used to convert the quaternion representation of the attitude error
into its equivalent rotation vector representation.
In order to quantify the quaternion representation of the attitude error, Eq. (13) is solved for q̄ and differentiated with respect to time according to
ˆ + δ q̄ ⊗ q̄
ˆ˙ .
q̄˙ = δ q̄˙ ⊗ q̄

(24)

ˆ˙ into Eq. (24), solving for δ q̄,
˙ and simplifying yields
Substituting Eq. (18) for q̄˙ and q̄
 
       
1 ω
δ q̇
δq
δq
ω̂
=
⊗
−
⊗
.
δ q̇
0
δq
δq
0
2
The definition of the angular velocity error, ω , ω̂ + δω, is substituted into Eq. (25) to yield
 
           
1 ω̂
δ q̇
δq
δq
ω̂
δω
δq
=
⊗
−
⊗
+
⊗
.
δ q̇
0
δq
δq
0
0
δq
2
|
{z
} |
{z
}
Term 1

(25)

(26)

Term 2

The first term is simplified by performing the quaternion multiplications and simplifying. In order to simplify
the second term, it is necessary to assume that the attitude error is small such that δ q̄ ≈ q̄I . If the attitude
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error is not small, this assumption can lead to significant error in the attitude uncertainty. Under this small
angle assumption, Eq. (26) becomes
  

 
1 δω
δ q̇
− [ω̂×] δq
=
+
.
(27)
δ q̇
0
2 0
Equation (27) is fully represented by its vector part. Since the attitude error is assumed small, Eq. (17) is
used to relate the quaternion and rotation vector representations of the attitude error, such that the temporal
derivative of the rotation vector representation of the attitude error is given by
δ θ̇ = − [ω̂×] δθ + δω .

(28)

The temporal derivative of the angular velocity error is given by
δ ω̇ = ω̇ − ω̂˙ .

(29)

Substituting Eq. (19) for ω̇ and ω̂˙ into Eq. (29), assuming the inertia tensor and external torques are deterministic, and simplifying yields
δ ω̇ = − J B

−1


[ω×] J B ω − [ω̂×] J B ω̂ .

(30)

The definition of the angular velocity error, ω , ω̂ + δω, is substituted into Eq. (30) and simplified to yield
δ ω̇ = − J B

−1


[ω̂×] J B δω + [δω×] J B ω̂ + [δω×] J B δω .
|
{z
}

(31)

Second Order

Since the MEKF propagates the error covariance according to linearized dynamics, the second order term in
Eq. (31) is neglected and Eq. (31) is simplified further to yield
δ ω̇ = − J B

−1



[ω̂×] J B − J B ω̂× δω .

(32)

Equations (21), (28), and (32) are now used to obtain the temporal derivative of the error vector according
to the linearized system dynamics, which is given in vector-matrix form according to
# 
  "
− [ω̂×]
I
δθ
δ θ̇
−1


δ ẋ =
=
, F (x̂)δx .
(33)
δω
δ ω̇
0
− JB
[ω̂×] J B − J B ω̂×
Equation (33) is substituted into Eq. (23) to yield the temporal derivative of the error covariance as
Ṗ = F (x̂)P + P F T (x̂) ,

(34)

which is an expected result since the MEKF is derived in a similar manner to the EKF. Taking the expected
value of Eq. (33) yields
E {δ ẋ} =

d
E {δx} = F (x̂)E {δx} ,
dt

(35)

which shows that, as long as the expected value of the initial error vector is zero, the expected value of the
initial error vector is zero for all time and x̂ is an unbiased estimate of x. When evaluating the expected
values for Eqs. (34) and (35), it is assumed that F (x̂) is deterministic, which inherently assumes that x̂ is
deterministic
The MEKF quantifies the “mean” attitude quaternion and angular velocity and their associated error covariance; however, it does not quantify the actual state density of the error covariance. When no other information
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is available, the state density of the error vector is typically assumed to be Gaussian distributed according to
pg (δx; 0, P ), where the Gaussian distribution is defined for the arbitrary vector x ∈ Rr by
pg (x; a, A) = 2πA

− 12

n
o
T
exp − 12 (x − a) A−1 (x − a) ,

where a ∈ Rr is the mean and A = AT > 0 ∈ Rr×r is the covariance of the Gaussian distribution.
Given the initial estimated state vector, x̂ ∈ R3 × S3 , and error covariance P ∈ R6×6 , Eqs. (18), (19), and
(34) are used to propagate them forward in time. Equation (34) was derived assuming that the attitude error,
and thus the attitude uncertainty, is small. As the attitude uncertainty grows, this assumption becomes poor
and the attitude uncertainty quantified by the multiplicative quaternion representation can be inaccurate.
Gauss-Bingham Representation
Instead of expressing the uncertainty of the rotation vector representation of the attitude error and angular velocity in R6 , the Gauss-Bingham distribution quantifies the uncertainty of the attitude quaternion and
angular velocity on the manifold R3 × S3 . By quantifying the uncertainty on this manifold, no small angle
assumption is required in order to relate the expressions in R3 × S3 and R6 as they were to derive the MEKF.
The Gauss-Bingham distribution was introduced in Reference 12 to probabilistically quantify a state vector
of arbitrary dimension defined by


q̄ ∈ Ss
x,
∈ Rr × Ss ,
(36)
x ∈ Rr
where x is the unconstrained portion of the state vector, q̄ is the norm-constrained portion of the state vector,
and r and s quantify the dimensions of x and q̄, respectively. The Gauss-Bingham distribution is born as
the product of a normal distribution and a Bingham distribution, where the parameters of the Bingham distribution are dependent on the random variable associated with the normal distribution. The Gauss-Bingham
distribution is defined as

pgb (x; m, P , M (z) , Z) , pg (x; m, P ) pB q̄; M (z) , Z ,

where pB q̄; M (z) , Z represents the conditional Bingham distribution, which is defined by
−1

pB (q̄; M (z) , Z) = F (Z)

n
o
T
exp q̄ T M (z) ZM (z) q̄ ,

where M (z) ∈ SO (s + 1) is the conditional orientation matrix describing the mean orientation of the Bingham distribution, Z ∈ R(s+1)×(s+1) is a diagonal matrix of concentration parameters with nondecreasing
diagonal elements Z1 ≤ · · · ≤ Zs ≤ Zs+1 , 0, and F (Z) is the normalization constant that ensures that
pB (q̄; M , Z) is a valid probability density function.
The orientation matrix is functionally dependent on z, which is related to the Gaussian-distributed random
variable according to
x = Sz + m where

P = SS T .

The correlation between x and q̄ is quantified by this functional dependence of the orientation matrix on the
Gaussian-distributed random variable. Reference 12 considers two types of correlation, linear and quadratic,
which are embedded into a vector of parameters that is used to parametrize the orientation matrix such that
the orientation matrix is given by M (θ(z)). θ(z) represents a minimal set of parameters used to construct
the orientation matrix such that M (θ(z)) ∈ SO (s + 1) ∀ θ(z). The linear correlation structure, which is
used in the remainder of this paper, is embedded into θ(z) according to
θ(z) = θ0 + βz ,
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such that the orientation matrix is explicitly defined by M (z; θ0 , β). Using the linear correlation structure,
the Gauss-Bingham distribution is given by

pgb (x; m, P , θ0 , β, Z) , pg (x; m, P ) pB q̄; M (z; θ0 , β) , Z ;
that is, it is fully defined by the parameters m, P , θ0 , β, Z.
Reference 12 outlines the methods used to construct the orientation matrix from its vector of parameters
for the dimensions s = 1 and s = 3, which are the dimensions of interest since they contain the attitude
quaternion for one- and three-dimensional attitude motion, respectively. For s = 1, θ(z) reduces to a scalar
value and quantifies the angle of rotation in the plane containing the attitude quaternion and is given by


cos (θ(z))
M (z) =
− sin (θ(z))


sin (θ(z))
.
cos (θ(z))

In this dimension, the orientation matrix is simple to quantify since it is defined without singularities by its
single angle of rotation about a known plane.
When s = 3, the orientation matrix is less straightforward to parametrize since it must be specified by two
separate rotations in four dimensions.15, 16 Reference 12 presents two methods for constructing the orientation
matrix from the parameter vector θ(z). A minimum of six parameters is required to specify the orientation
matrix in this dimension. The first approach leverages the Cayley transformation, which is a straightforward
and unconstrained method to specify the orientation matrix given θ(z) ∈ R6 , but it is singular for principal
rotations of 180◦ . This singularity makes it a poor choice for quantifying the orientation matrix. The second
method presented in Reference 12 specifies the planes and magnitudes of the two separate rotations that
define the orientation matrix. The two planes are specified by a pair of orthonormal vectors. In this case,
θ(z) consists of the magnitudes of the two rotations and the four independent parameters of the pair of
orthonormal vectors. Because of the constraints induced by the orthonormality of the pair of unit vectors, this
method is difficult to use for practical applications.
In order to parameterize the orientation matrix when s = 3 in a more practical manner, a new method
using left- and right-isoclonic rotations is used.21 Each rotation is parameterized by a rotation vector, which
is a three parameter representation. Since two rotations are required, six parameters in total (a minimal set)
are needed to specify the orientation matrix in this manner. Let the rotation vector representation of the
left- and right-isoclonic rotations, which are functionally dependent on z, be denoted by θL (z) and θR (z),
 T
T
T
respectively, such that θ(z) , θL
(z) θR
(z) . Let the attitude quaternions associated with θL (z) and
θR (z), which are defined by Eq. (14), be denoted by q̄(θL (z)) and q̄(θR (z)), respectively. The orientation
matrix for s = 3 is then given by
M (θ(z)) = L(q̄(θL (z)))R(q̄(θR (z))) ,
where

q4
q1
L(q̄) = 
q2
q3

−q1
q4
q3
−q2

−q2
−q3
q4
q1


−q3
q2 

−q1 
q4

and


q4
q1
R(q̄) = 
q2
q3

−q1
q4
−q3
q2

−q2
q3
q4
−q1


−q3
−q2 
.
q1 
q4

This method does not possess any singularities and presents a much more straightforward method to construct
the orientation matrix than the second method presented in Reference 12. This method is still constrained,
however, since the magnitudes of the rotation vectors must remain in [−π, π). This does not present an
issue numerically, since rotations of multiple 2π about the same axis represent equivalent rotations. Because
of this, θL (z) and θR (z) can be treated as unconstrained when convenient and returned to [−π, π) when
necessary.
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Propagating the Gauss-Bingham Distribution
In order to propagate the Gauss-Bingham distribution, and thus the uncertainty in the attitude quaternion
and angular velocity, forward in time, an unscented transform and maximum likelihood parameter estimation
are used. The unscented transform for the Gauss-Bingham distribution, which was developed in Reference
12* , uses N , 2(r + s) + 1 weights and points that match the zeroth-, first-, and second-order moments of
the given Gauss-Bingham distribution in Rr+s+1 . For more information on the unscented transform for the
Gauss-Bingham distribution, the reader is encouraged to consult Reference 12.
The unscented transform provides a set of discrete weights and sigma points that approximate the GaussBingham distribution. These weights and sigma points are denoted by w(i) and X (i) , respectively, where
i = 1, 2, . . . , N . The parameters of the Gauss-Bingham distribution are propagated forward in time by
propagating each sigma point forward in time according to Eqs. (18) and (19) to some time of interest, tk , and
recovering the maximum weighted log-likelihood parameters of the Gauss-Bingham distribution according
to the maximization problem

mk , Pk , θ0,k , βk , Zk =

argmax

N
X

m,P ,θ0 ,β,Z i=1



(i)
w(i) ln pgb X k ; m, P , θ0 , β, Z ,

(37)

where the k subscript denotes that the subscripted argument corresponds to tk . Equation (37) uses the the
log-likelihood of the sigma points in the maximization problem instead of the likelihood of the sigma points
directly because it is more numerically stable .
The maximization in Eq. (37) can be performed analytically for the mean and covariance of the Gaussian
distribution, mk and Pk . Performing this maximization defines the mean and covariance of the Gaussian
distribution as the sample mean and covariance of the sigma points according to

mk = 2

N
X

(i)

w(i) X G,k

Pk = 2

and

i=1

N
X



T
(i)
(i)
w(i) X G,k − m X G,k − m ,

(38)

i=1

where the “G” subscript refers to the portion of the subscripted sigma point that is Gaussian-distributed and
corresponds to x, as defined by Eq. (36), and the factor of two is included since only one of each antipodal
pair of sigma points in the quaternion state is quantified.
After analytically finding mk and Pk , Eq. (37) becomes

θ0,k , βk , Zk = argmax
θ0 ,β,Z

N
X



(i)
w(i) ln pgb X k ; mk , Pk , θ0 , β, Z .

(39)

i=1

which is carried out numerically to find θ0,k , βk , Zk . This method of uncertainty propagation using the
Gauss-Bingham distribution is summarized in Algorithm 1.

* In Reference 12, Eqs. (26c) and (26d) were typeset incorrectly and should have read (sin αi )2 and (cos αi )2 , respectively, instead
of sin α2i and cos α2i . This should be reflected in Eqs. (27) as well. The simulations and results were performed with the correct
equations.
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Algorithm 1 Rigid body attitude quaternion and angular velocity uncertainty propagation using
the Gauss-Bingham distribution.
- Given system dynamics and an initial Gauss-Bingham distributed state vector defined by
pgb (x; m0 , P0 , θ0,0 , β0 , Z0 ).
1. Generate sigma points and weights, w(1,...,N ) and X (1,...,N ) , according to the method outlined in Reference 12.
2. Propagate the sigma points to tk according to the given system dynamics.
3. Find the maximum likelihood mk , Pk analytically according to Eqs. (38).
4. Find the maximum likelihood θ0,k ,βk , and Zk numerically according to Eq. (39).
5. Repeat Steps 2 – 4 to propagate the Gauss-Bingham distribution for each time step.

RESULTS
In order to compare the multiplicative quaternion and Gauss-Bingham uncertainty representations, a simulation is conducted in which both representations are used to quantify the attitude and angular velocity
uncertainty of a rigid body undergoing torque-free motion. The inertia tensor of the rigid-body is taken to be
the identity matrix when expressed in the body frame. The true initial uncertainty of the rigid body is defined
using the multiplicative quaternion representation according to




2
0
(1◦ )
 0 

2 


 (1◦ ) 
 0 




 (1◦ )2 

1
x̂0 = 
and
P
=
diag
(40)

,
0
 ◦ 
(0.1◦/s)2 
0.5 /s


 ◦ 
(0.1◦/s)2 
0.8 /s
◦
◦
(0.1 /s)2
−1 /s
where x̂0 describes the “mean” attitude quaternion and angular velocity and P0 is the covariance of the
zero-mean error vector δx, which is further assumed to be Gaussian-distributed.
The parameters of the Gauss-Bingham distribution that best fit the multiplicative quaternion uncertainty
representation given in Eq. (40) are now found. The angular velocity is the Gaussian-distributed portion of
the Gauss-Bingham distribution, with its mean and covariance defined by
 ◦ 


◦
(0.1 /s)2
0.5 /s
◦
◦
m0 = 0.8 /s
and
P0 = diag (0.1 /s)2  .
(41)
◦
◦
−1 /s
(0.1 /s)2
It is important to note here that the P0 in Eq. (40) is not the same P0 in Eq. (41). The former is used
to describe the error covariance of the multiplicative quaternion error and the latter is the covariance of
the Gaussian-distributed portion of the Gauss-Bingham-distributed state vector. The meaning of P0 should
be clear in context. In Eq. (40), the mean attitude quaternion is the identity quaternion and there is no
correlation between the attitude and angular velocity; thus, the parameters which specify the mean direction
of the attitude quaternion and the correlation between the attitude quaternion and the angular velocity are
θ0,0 = 0

and

β0 = 0 ,

(42)

respectively.
In order to find the matrix of concentration parameters, Z, the attitude quaternion is sampled and the
concentration matrix that maximizes the likelihood of these samples is found in a similar manner to Eq.
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(39). Let δθi represent the ith sample of the rotation vector representation of the attitude error and δ q̄i be
its corresponding attitude quaternion defined by Eq. (16). The ith sample of the attitude quaternion is then
generated according to
ˆ,
q̄i = δ q̄i ⊗ q̄

(43)

ˆ is the mean quaternion and is part of x̂ as defined in Eq. (40). 100, 000 samples of the attitude
where q̄
quaternion are then used to find the concentration matrix that maximizes the likelihood of the quaternion
samples, which is found to be


−6557.2
0
0
0

0
−6557.2
0
0
.
Z0 = 
(44)

0
0
−6557.2 0
0
0
0
0
Equations (41), (42), and (44) define the parameters of the Gauss-Bingham distribution that best fits the
Gaussian-distributed multiplicative quaternion uncertainty representation. The two distributions are nearly
identical since the attitude uncertainty is small and small angle assumption incurs little error.
The Gauss-Bingham uncertainty representation and the multiplicative quaternion uncertainty representation, which is used by the MEKF, are then propagated forward according to their respective methods outlined
previously. In order to quantitatively represent the evolution of the true initial distribution, 2, 500 samples
of this true initial distribution (which is defined as the initial Gaussian-distributed multiplicative quaternion
uncertainty representation) are taken and propagated forward in time to compare to the propagated GaussBingham and multiplicative quaternion uncertainty representations. When sampling this true initial distribution, the attitude quaternion is sampled according to Eq. (43).
In order to compare the Gauss-Bingham and multiplicative quaternion uncertainty representations to the
“truth” represented by the Monte Carlo samples at a given time, each distribution is discretely sampled at
that time. The multiplicative quaternion error is sampled according to Eq. (43) under the assumption that
the error vector is Gaussian-distributed. The Gauss-Bingham distribution is sampled using an acceptance
sampling method. At this point, all of the samples express the attitude using the attitude quaternion. The
attitude of all of the samples, including the samples from the initial distribution, are converted from their
quaternion representation to their equivalent rotation vector representation according to Eq. (15) in order to
compare the distributions in a common, three-parameter space.
Figure (1) shows the samples of each initial distribution in rotation vector space. The samples from the
multiplicative quaternion and Gauss-Bingham uncertainty representations are shown in red and blue, respectively. The samples representing the true initial distribution (which is identical to the Gaussian-distributed
multiplicative quaternion uncertainty representation initially), are shown in black. It can also be observed that
the initial Gauss-Bingham distribution is nearly identical to the true initial distribution. From this figure, it
can be observed that the multiplicative quaternion and Gauss-Bingham distributions describe an almost identical initial attitude distribution. Since these initial distributions are nearly identical, they can be propagated
forward in time according to their unique method of uncertainty propagation and compared to each other.
At a time of 5 minutes, the true attitude uncertainty has grown and has evolved into a “teardrop” shape, as
observed in Figure (2). The multiplicative quaternion uncertainty representation still captures the true uncertainty reasonably well; however, it does not capture the teardrop shape well. The multiplicative quaternion
representation over-represents the attitude probability around the “point” of the teardrop and under-represents
the probability around the “bulge” of the teardrop. The Gauss-Bingham uncertainty representation captures
the the teardrop shape of the true distribution well, since no small angle assumption is used to propagate this
representation of the uncertainty.
Figure (3) shows that the true uncertainty has grown even larger at a time of 30 minutes, as expected, and
has evolved into into an “hourglass” shape when viewed as each two-dimensional projection. The uncertainty
has now reached its limits, since the norm of the rotation vector must lie in the interval [−π, π). This is easily
observed when plotting the samples from each distribution, as the samples must lie in this interval. In this
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case, the covariance of the multiplicative quaternion error has grown to represent rotations of magnitude larger
than 2π, and the uncertainty must “wrap around” to stay in the [−π, π) interval. Since the Gauss-Bingham
uncertainty representation quantifies the uncertainty of the attitude quaternion on its natural manifold, S3 ,
there is no need for the uncertainty to “wrap around” using this representation.
The multiplicative quaternion uncertainty representation captures the direction of the hourglass shape in
each two-dimensional projection; however, it does not capture the shape of the hourglass. The multiplicative
quaternion representation over-represents the attitude probability near the middle of the hourglass and underrepresents the probability near the ends of the hourglass. Some of the samples of the true distribution lie
20◦ − 30◦ away from the nearest samples of the multiplicative quaternion distribution. The multiplicative
quaternion representation assigns these samples from the true distribution almost zero probability, which
illustrates that the multiplicative quaternion uncertainty does not represent the true attitude uncertainty well.
The Gauss-Bingham distribution, however, continues to match the true distribution and captures the shape of
the hourglass well even when the uncertainty is large.
Similar conclusions can be drawn for the uncertainty representations at the time of two hours, which is
shown in Figure (4). The multiplicative quaternion uncertainty does not represent the true attitude uncertainty
well, and is beginning to collapse into a line. The Gauss-Bingham uncertainty representation still matches
the true uncertainty well, even after this long propagation time. The absence of the small angle assumption
in the uncertainty propagation of the Gauss-Bingham distribution allows it better capture the true attitude
uncertainty of a rigid body than the multiplicative quaternion error representation, which requires the small
angle assumption.
CONCLUSIONS
When quantifying rigid body attitude uncertainty, conventional techniques typically quantify the mean
attitude of the rigid body globally using a four parameter attitude representation. The attitude uncertainty
is typically quantified using a three parameter attitude representation in order to avoid the degeneracies that
can occur when doing so with a four parameter representation. In order to relate the expressions between the
four and three parameter attitude representations, these conventional techniques make use of the small angle
assumption, which can lead to significant error in the quantified uncertainty if the uncertainty is large.
In order to avoid this small angle assumption, the Gauss-Bingham distribution was introduced in Reference
12, which quantifies the uncertainty of the attitude quaternion and angular velocity on their natural manifold,
R3 × S3 . An unscented transform and maximum likelihood parameter estimation are used to propagate the
parameters of the Gauss-Bingham distribution forward in time. Using the Gauss-Bingham distribution, it is
possible to propagate large attitude uncertainties without incurring error due to a small angle assumption.
This is an important property in two cases: when the initial attitude and/or angular velocity uncertainty are
large, and when the initial attitude and/or angular velocity uncertainty are small but the uncertainty must be
propagated for a long period of time. In either case, no approximation error is incurred by the small angle
assumption when using the Gauss-Bingham distribution as it is when using the conventional techniques.
In this paper, the Gauss-Bingham and multiplicative quaternion attitude uncertainty representations were
compared in order to evaluate the performance benefit of the Gauss-Bingham uncertainty representation since
it does not rely on the small angle assumption. A simulation was presented that shows the ability of the
Gauss-Bingham distribution to accurately quantify the attitude uncertainty when the uncertainty grows large.
In this case, the multiplicative quaternion uncertainty representation associated with the MEKF breaks down
and becomes inaccurate as the uncertainty gets large. Because no small angle assumption is necessary to
propagate the Gauss-Bingham distribution in time, it is capable of propagating large attitude uncertainties.
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