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ABSTRACT 

Restructuring of power industry created the competitive situations for different 

MPs through designing appropriate electricity markets. Typically, in pool-based 

electricity markets, MPs submit their offers, and ISO clears the market and notifies MPs 

of the cleared power amounts and market prices. In this situation, designing an effective 

bidding strategy for MPs who seek to maximize their profits has thus become one of the 

crucial yet difficult tasks that still need further exploration. The majority of recent studies 

overlooked this problem for the purely financial players. Therefore, designing an efficient 

strategy for virtual bidder in the pool-based electricity markets is studied in this work. 

Moreover, this problem is extensively examined for the asset-owned MPs who are able to 

place virtual bids into the electricity market and the difference between the behavior of 

this player and the virtual bidder’s decision is highlighted employing different case 

studies. Transmission congestion in power system causes the price separation in different 

nodes in the DA electricity market, which creates the difference between the payment to 

the generators and the payment collected from the loads. ISO, as a nonbeneficiary 

organization, redistributes this surplus to the MPs through the FTR auction. The FTR 

value is dependent to the DA LMP. That is, the DA market and FTR auction are 

interrelated from a MP’s viewpoint. Furthermore, a strategic MP may tend to manipulate 

the FTR value employing the virtual transactions to improve its overall strategy in 

participating in both FTR auction and DA market. Therefore, this work also proposes a 

bidding strategy framework for a price-maker MP attending in both FTR auction and DA 

market with the consideration of virtual bidding. 
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1. INTRODUCTION 

1.1. DEREGULATION IN POWER INDUSTRY 

Power deregulation is the restructuring of the existing power market and seeks to 

prevent energy monopolies by increasing competition. This growing movement allows 

power users to choose from multiple power providers based on rates that suit their needs 

and specialized product offerings. 

1.1.1. Background.  Nowadays, electricity, as one of the most desirable forms of 

energy, has become a vital element in human life, and to provide it, large and 

complicated power systems have appeared in different countries. From the beginning, the 

management and control of these systems has been the responsibility of the government 

or quasi-governmental organizations such as municipalities, and although their ownership 

has rarely been under the authority of the private parties, its management and control 

structure has been vertical and integrated. In this structure, the production, transmission 

and distribution of electric energy can be done exclusively by one entity, and it is 

considered a monopolistic structure. Most of the theories presented in the past about the 

power system are based on the idea that the electricity sector is a public service sector 

with exclusive characteristics.  

In monopoly markets, local electricity companies have monopoly rights in certain 

geographical areas. Based on this exclusive right, the electricity company usually has the 

monopoly of wholesale or even retail sales of electric energy in its territory. Although the 

external form of this monopoly is different location by location, but it generally means all 

the privileges as well as all the restrictions of exclusive public services are granted to the 
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electricity companies. In these conditions, the power company is usually committed to 

provide electric energy to individual consumers at a certain level of reliability and at a 

fully controlled price [1]. Privatization experiences in industries such as transportation 

and telecommunications gradually raised the idea of “deregulation” of the power industry 

[2]. In many countries, the difficulties caused by the inability of the governments to 

provide the investment and operation costs, pushed the power industry towards 

privatization. On the other hand, in developed countries, the process of deregulation was 

a natural consequence of excess energy supply following significant and costly 

investments in this industry [3]. Moreover, the development of technology, particularly in 

the generation sector and the improvement of the power plants' efficiencies have 

facilitated this process, and the growth of international trade, followed by the requirement 

of the best possible use of primary resources [3], has also strengthened this process. 

Chile, as the first country that has experienced deregulation, created competition 

in the generation sector of the power industry in 1982 due to many difficulties in the 

management of the power grid and power plants. Then, in 1992, Argentina's power 

industry, which had previously been viewed as an inefficient industry, was split into three 

sectors: generation, transmission and distribution, and a competitive market developed in 

its generation sector. Other South and Central American countries, including Bolivia, 

Peru, Colombia, Guatemala, El Salvador, Panama, and, to a limited extent, Brazil and 

Mexico, also experienced similar events [4]. England started this process in Europe, and 

Scotland and Northern Ireland followed Wales' and England's lead. The market 

established in Norway in the Scandinavian region gradually expanded to include Sweden, 

Denmark, and Finland, resulting in the formation of the Nord Pool, one of the most 
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significant active markets worldwide. Spain in 1998 and the Netherlands in 1999 created 

a competitive market in the generation sector, and this trend is now spreading to Eastern 

European countries such as Poland, Romania, etc. In New Zealand, Australia and some 

Canadian states (Alberta and Ontario), deregulation in the electricity industry was 

proposed as an approach to increase efficiency and reduce costs, and it was gradually 

implemented. The United States also enacted privatization laws in many states, and 

ultimately, the states of California, Pennsylvania, New Jersey, and Maryland were 

acknowledged as the pioneers of deregulation even though the crisis of 2000 and 2001 in 

California reduced the speed of deregulation process [5]. 

1.1.2. Economic Motivations for Deregulation. According to economic theories, 

in order to maximize social welfare and public satisfaction, the price of a commodity 

must be equal to the marginal cost of its production [6]. Of course, the practical 

implementation of this proven economic principle is not so simple. There are two 

approaches that can be utilized to reach this result: 

• Creating a regulated structure and forming controlled producers to sell the 

commodities at a price equal to/close to the marginal cost. 

• Relying on the premise that the producers will choose the same price. In other 

words, creating a natural process for choosing the same price by the producer. 

The current structure of the power industry is based on the first assumption. For this 

reason, only one producer is considered for this product in the traditional structure. It is 

obvious that if this monopoly producer sets the price of her/his product equal to the 

marginal cost of its production, she/he cannot obtain the maximum profit. Therefore, in 

order to prevent the monopoly producer from dominating the market, there is a regulatory 



 

 

4 

entity that oversees this scenario and ensures that prices do not exceed the socially 

acceptable limits. However, this structure does not have proper efficiency due to the 

guaranteed profit for the producer since the concept of free selection, which is crucial in 

many countries, is not included in it, and in addition, the bargaining power of influential 

groups on the regulator of the market in order to achieve more profit has harmful effects 

in many countries. Therefore, the monopoly nature of the power industry was questioned, 

and the prospect of reaching a price equal to the marginal costs of production in a natural 

way and in a completely free market was considered a strong motivation for deregulation. 

It is obvious that with this method, in addition to the regulator elimination (along with all 

its costs), it would be possible to achieve the desired result. Hence, the final purpose of 

the liberalization of electricity markets was the economic incentive of having a natural 

way to reach a price at the range of marginal costs and of course improving the efficiency 

(that is, maximizing social welfare) [7].  

In conclusion, attaining two fundamental objectives, namely pricing based on 

marginal costs and decreasing production costs, may be determined to be the economic 

incentives for creating competition. Accepting this economic theory leaves little choice 

but to remove the power industry's monopoly structure, as doing so would require using 

social resources to cover the expenses of a monopoly system under regulations. 

1.1.3. Technical Motivations for Deregulation. The development of power 

generation and information processing, along with the presence of large and 

interconnected transmission networks, provided the basis for the implementation of 

deregulation. 
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• Small-sized efficient power plants: In the power industry, the most important 

feature of the monopoly structure from the technological point of view is the 

reduction of production costs by increasing the size of the power plants. In this 

way, from an economic point of view, large power plants have advantages over 

small power plants, which has clearly shown itself in the electricity industry. By 

enlarging the scale of the power plants from the start of the previous century to 

almost the end of the 1970s, the investment costs of power plants (per megawatt) 

as well as their operating costs gradually declined. However, this process was 

interrupted in the 1980s with the introduction of small and effective combined 

cycle gas power plants. However, this process was interrupted in the 1980s with 

the introduction of small and effective combined cycle gas power plants. During 

those years, it took at least 1000 MW of power plant capacity to lower the fixed 

average cost (per MWh) and make it competitive, but now, this limit can be met 

with just a 100 MW combined cycle gas power plant [8]. This trend allowed small 

producers and/or large industrial consumers to enter the generation market much 

more easily. In these conditions, it seemed difficult to maintain the monopoly 

industry's cost advantages, and the prospect of the presence of a large number of 

players who produce electricity at low costs seemed to be enough to justify 

market competition and deregulation. 

• High Voltage Transmission Line: Existence of transmission infrastructure is 

another technical justification for deregulation since it makes the transfer of 

electric power as feasible as possible with the growth of effective transmission 

networks. For instance, the +400 kV connections between Norway and Germany 
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provide the technical possibility of electricity transmission between these two 

countries and in itself is considered an important element in the possible 

competition between the producers of different countries. 

• Information Technology Improvement: New electrical energy transactions were 

made possible by the development of information technology, the possibility of 

real-time information, and the increase in computational capacity of computers. 

These developments also laid the foundation for market financial transactions. 

Before, it was impossible to conduct these financial and short-term exchanges 

since they required the rapid processing of a large amount of data. 

1.1.4. Shortcomings in Deregulation.  The motivations and ideas justifying 

deregulation have been explained. However, each of these ideas has limitations and 

shortcomings, some of which have been mentioned in this section. 

• Market Power: a factor that can reduce competition and prevent prices from being 

set based on marginal production costs. 

• Marginal cost Increase: Power plants with lower investment costs usually have 

higher operating marginal costs. If the investment is limited to these power plants, 

then the price of electricity will increase. 

• Reliability Issues: with deregulation, none of the other players consider 

themselves responsible for the reliability of the system. Therefore, it becomes 

more difficult to create the reliable system. Reduced reliability standards will 

likely be taken into consideration more in markets where competition is intense 

since market participants' primary objective is to increase their own profits. 
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• Increase in the local price of electricity: With deregulation, electricity in small 

and remote areas, which was cheap before, will become more expensive. 

• Environmental Issue: Although free investment in energy generation may be 

economically advantageous, it is also vital to assess environmental circumstances 

to make sure that new power plants aren't harming the environment. 

• National energy policies: With the increase of international links in power 

systems, it becomes difficult to maintain the stability of energy policies at the 

national level. 

1.2. ELECTRICITY MARKETS  

Various approached have been presented for the grouping of electricity markets, 

however, the basis of all these categorizations has been one of the three important factors 

of competition, types of transactions, or time. In other words, electricity markets can be 

divided into different groups depending on the level of existing competition, the structure 

of transactions and the time of their activity. In this section, these categories are briefly 

discussed. 

1.2.1. Competition. Restructuring and deregulation in the power industry has led 

to the emergence of markets with different competitiveness. If the criterion for grouping 

markets is the level of competitiveness in them, then they can be divided into four 

categories [9]. 

A) Monopoly at all levels: monopoly electricity markets are markets in which the 

generation, transmission and sale of energy is monopolized by a private company, 

government organization, or government-affiliated organizations. In these markets, which 
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dominated the power industry before deregulation, there is a possibility of centralized 

policy making, network control and cost reduction, and the main objective is usually 

something other than economic profit. In other words, in these conditions, political and 

social objectives such as improving people's living standards, providing better production 

conditions, and etc. are usually defined as the ultimate goal of the industry. 

B) Competition in production: In this type of market, power plants and generating 

companies (GenCos) are privately active in the market and compete with each other to 

sell energy safely and cheaply to a large buyer/consumer. In this type of market, this 

large buyer entity is responsible of transmission and distribution of energy and there is no 

possibility of competition in the consumption sector. In these markets, transactions are 

usually based on bilateral contracts and as a result, the necessary funds for the 

development of the system are provided. However, consumers bear the risk associated 

with the market and technology, and there are essentially no incentives to improve power 

plant performance throughout the course of the contract (Figure 1.1).  

C) Competition in the wholesale market: In this model, a wholesale market for 

energy is formed in which wholesale buyers and sellers of electricity compete with each 

other for its quantity and price. Large energy buyers have the option of directly choosing 

their electricity supplier and can directly choose the energy provider they need from 

among large energy suppliers, although this freedom is not available for small consumers. 

D) Retail competition: In this model, which is considered the most complete 

market in terms of competition, all customers, both small and large, can directly choose 

the supplier of the energy they need. In such a structure, freedom of choice is available 

for all consumers and the possibility of competition for the production of cheaper and/or 
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higher quality commodities is available for all producers. In this type of markets, 

intermediary institutions or brokers also appear, which make it possible to exchange 

energy between small consumers and producers. 

 

 
 

Figure 1.1 The genera market structure of deregulated electricity markets [10]. 

 

1.2.2. Transaction types.  If the electricity markets are grouped based on the type 

of energy transactions in them, then three different types of markets can be distinguished 

in the world. These three types are: 

A) Pool-based Markets: There is only one buyer in these markets. “Pool” is 

actually a governmental or semi-governmental organization that, by receiving price 

proposals from sellers and starting with the lowest offers, sells the required power to all 

buyers, usually at a single price, until the demand is fully satisfied. This uniform price is 

the offer price of the most expensive seller whose power is needed by the buyers. The 

economic logic of this method is to allocate more profit to more efficient producers [11]. 

B) Bilateral Contract: In these markets, buyers and sellers negotiate with each 

other individually and agree on the price. It is possible that all or some of the 

specifications of these bilateral or multilateral contracts will be provided to the 
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management system. In these systems, the power transfer fee is calculated separately and 

provided by the producers and/or consumers with the mechanisms foreseen in the 

bilateral or multilateral contracts. 

C) Power Exchange: In this method, a commercial entity is created to manage the 

market by the government or market participants (MPs), which works exactly like a stock 

market. Buyers bids their power requirements and sellers offer their generations to the 

market. Sellers (GenCos) and buyers (Consumers) have really entered the market during 

commercial exchange and are no longer considered individual sellers or buyers. Just like 

the stock exchange in the stock market, the power exchange constantly calculates the 

daily price of a power and provides it to all MPs, which is actually the price of all the 

power exchanges that take place at that moment [12]. 

Although there is no contradiction among these three types of markets, 

simultaneous use of two mechanisms is more common in existing markets. For instance, 

in some markets, in addition to the presence of the power exchange, bilateral contracts 

are also allowed. In some other markets, bilateral contracts between large producers and 

large consumers have been allowed, however, the pool structure has been employed for 

small companies. The key features of these markets are listed in Table (1.1). 

 

Table 1.1 Key features of various transaction structures in electricity markets. 

 

Transaction Type No. of buyers Buyer knows seller? Uniform Price 

Pool 1 Yes Usually 

Bilateral many Yes No 

Power Exchange many No Yes 
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1.2.3. Time Frames of Different Transactions.  Based on the transaction period, 

the existing electricity markets can be divided into three types [13]:  

A) Real time market: a market for buying and selling energy in real time. Real-

time (RT) electricity market can be managed either privately or by governmental/ 

government-affiliated organizations and is normally held 5 minutes to 1 hour prior to the 

operating hours. These markets allow energy generators with additional production to 

quickly find buyers of this additional energy and agree with them on the price in a few 

milliseconds, and finally exchange the energy within a few minutes. It is possible for both 

buyers and sellers to negotiate and offer the price in this market. Due to the fact that its 

information is made public almost at the same time as energy transactions, this market is 

particularly tempting to risk-taking MPs. 

B) Day-ahead market: The energy market for the next 24 hours is called the day-

ahead (DA) market. In this market, which has a greater share of energy transactions in 

existing restructured systems, producers (and customers) present their offers (bids) for a 

next 24 hours. Then these offers/bids are evaluated according to the market structure and 

a balance is created between supply and demand for the next day (Market Clearing 

Process). After this process, the generation amounts (MW) of each generator as well as 

the consumption of each consumer along with the hourly energy price for the next day 

(that is, 24 hours after the start of the market) are fully determined and to informed to 

both sides. 

C) Future energy markets: It is a market for energy in which energies that have 

not yet been produced are bought and sold. Depending on the types of the markets, the 

trading methods can be based on auctions and/or based on stock market methods and/or 



 

 

12 

in the form of bilateral contracts. Moreover, the trading period can change from one week 

to ten years or even more. Trading in this market is dangerous for both the seller and the 

buyer, because the price of energy at the moment of trading can be completely different 

(much more or less) than its price at the time of delivery. The sellers can raise their 

capital wealth by selling their capacity in exchange for this risk, and the buyers can 

supply the energy they require at prices that are protected from unexpected price 

increases (Price spikes). 

1.3. ELECTRICITY PRICING 

How to price commodity and services within a market is unquestionably one of 

the most crucial foundations of the industry. Power is the output of the electricity market, 

and the transmission and distribution of this energy are the services offered in this 

environment. In this section, the pricing methods for energy and transmission services in 

different markets have been briefly highlighted. 

1.3.1. Auction-based Pricing.  Energy auctions are the basis for pricing in many 

electricity markets. This method of pricing ignores the network situation at the time of 

the auction, and its effects, i.e., the limited transmission line capacities and the power 

losses, are added to the energy prices in the next stage. This is usually done in two stages 

and the transmission limit and losses are calculated separately. 

1.3.1.1. Energy auction.  The purpose of designing an energy market and 

determining electricity prices is to optimize the general satisfaction of both generators 

and consumers. For this purpose, an optimization process is typically implemented, the 

objective function of which is the total surplus of the customer and the generators [14]. 
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The customer's surplus is equal to the multiplication of the accepted consumption bids 

and its bid price, and the seller's surplus is the multiplication of the cleared generation 

and its offer price. The main constraint of this optimization is the supply-demand balance 

constraint at the market settlement point. Additionally, other technical constraints such as 

maximum and minimum allowed production values should also be considered in this 

optimization problem. The output of this optimization problem is the amount of 

generation of all generators and the amount of consumption of all loads, along with their 

corresponding price. After optimization, the amount of bill and payment of the MPs can 

be done based on one of the following two approaches: 

 

Figure 1.2 Supply and Demand Curves 

A) Uniform Pricing [15]: The most widely used method in electricity markets in 

the world is holding single-price energy auctions in all developed markets (RT, DA 

markets, etc.). In this method, which is shown in Figure 1.2, after all the generators (and 

depending on the structure of the market, the consumers) have announced the price and 

quantity of their offers/bids to the market, the market operator, starting from the lowest 



 

 

14 

offers, forms the supply and demand curves and the intersection point of two curves 

determine the market price (Market Clearing price (MCP)). In other words, the final price 

of energy in this type of auction is equal to the offer price of the most expensive 

generation that is required to meet the market demand. The most important advantage of 

this method is its economic efficiency. That is, with this method, the most profit is given 

to the producers who gave the lowest price offer. In addition, it is easy to manage 

transactions in this method. On the other hand, the most important shortcoming of this 

method is the possibility of market power formation and the vulnerability of prices from 

the offers of large producers present in the market.  

B) Pay As Bid Pricing [16]: Pricing with this method has been considered as one 

of the ways to overcome the market power. The principles of this method are the same as 

the previous method. The only difference between these two methods is the amount of 

bills and payments of producers and consumers. After clearing the market and 

determining the cleared powers and the final market price, the price received by the 

producers will not be the same as the price announces to consumers. In this method, each 

producer/consumer is paid/pays a price exactly equal to his offer/bid price. The key 

challenge in this method is linking it with markets where there are lots of producers and 

customers. 

1.3.1.2. Congestion management.  The aforementioned methods for determining 

the production prices and cleared powers ignored the transmission line capacities. In 

order to manage transmission network congestion, it is typically tried to reduce the 

overall costs of altering generator output or consumer load (caused by congestion in the 

network) [17]. In this minimization problem, the transmission line constraints as well as 
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the power balance in all network buses are modeled, and the output of this optimization 

problem, in addition to the costs of reducing and/or increasing load and production, is the 

amount of change in consumption or production for all loads and generators connected to 

the network. There are several other approaches reported in the literature [18, 19] that is 

not the focus of this work. 

1.3.2. Pricing Based on Optimal Power Flow.  In this method, after clearing the 

market and determining the market winners for a specific hour, an optimal power flow 

(OPF) is carried out, the purpose of which is to minimize the production cost (offer price) 

of the producers [20]. In the OPF, the loads are assumed to be fixed and the sellers' offer 

prices are usually modeled as cost curves that increase uniformly with the increase in 

production level. The constraints of this minimization problem are the equality 

constraints of active and reactive power in all system buses (in AC power flow), 

transmission line constraints, bus voltage constraints, and generation capacity constraints. 

The output of this optimization is the generators’ productions along with the locational 

Marginal Prices (LMPs) in all the busses of the system, in which the congestion and 

losses costs are included [21]. 

One benefit of this pricing system over auction-based pricing is the non-

separation of congestion costs from energy costs and their simultaneous calculation. 

However, due to the local nature of LMPs, in this method, a merchandizing surplus 

appears, which does not exist in the auction-based pricing approach. In other words, in 

the auction-based method, no direct payment is made to the provider of transmission 

facilities. Rather, transmission costs are provided through fixed payments, but in 

Locational Marginal Pricing approach, during periods of congestion, an important part of 
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customer payments is directly provided to transmission companies through the 

merchandizing surplus.  

1.4. MARKET PARTICIPANTS 

The transformation of the electricity industry and the change of its vertically 

integrated structure to a competitive structure has caused the creation of new 

organizations that are related and appropriate to this new structure. From a general point 

of view, these organizations can be categorized into two important groups: regulatory-

management entities and market participants (MPs).  

The regulatory entity has two main activities. Some of these management 

organizations in electricity markets are responsible for legislation and monitoring the 

proper functioning of the market, guaranteeing the legal, political and social health of the 

market. However, another group of these entities are technically in charge of power 

system management. Independent System Operator (ISO) is the most well-known and 

important management entity whose proper operation has a substantial impact on the 

operation of other institutions. The ISO is actually in charge of controlling the network; it 

determines the transmission tariffs, maintains the security of the system, plans the repair 

and periodically maintenance, and cooperates in long-term decisions. The operation of 

ISOs should be independent from the MPs such as transmission system owners, 

generating companies, distribution companies and end users in order to provide fair 

access to the transmission system for all users. 

There are some other commercial entities who can participate in the electricity 

markets. In this subsection, some of these MPs are briefly described [22]: 
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A) Generating Company (GenCo): Generating companies are in charge of 

operating and maintaining the generating units. These companies can own the power 

plants or merely operate the production units. The relationship between GenCos and 

customers is established through short-term markets and long-term energy or power 

contracts. In addition to active power, GenCos can provide reactive power and reserve, 

and their function is independent from other market entities such as ISO and transmission 

companies. A GenCo can either sell its energy through bilateral or multilateral contracts 

or supply it to large customers through the market. In the competitive electricity market, 

the main and first objective of every GenCo is to achieve maximum profit. Therefore, to 

GenCos, “profitability” is the main factor to consider when making long-term or short-

term plans to enter certain markets. It goes without saying that in this situation, the 

company itself would be immediately impacted by the risks associated with these types 

of decisions. 

B) Transmission Company (TransCo): The responsibility of a transmission 

company is to transfer power from GenCos to distribution companies to satisfy the high 

voltage demands. ISO controls the transmission facilities although its ownership remains 

with their original owners. Ownership, maintenance and operation of the transmission 

system in any specific geographical area is the responsibility of a transmission company. 

These companies should not be dependent on any of the other institutions of the market 

so that they can provide a fair path for all power transactions by creating the possibility of 

free access.to these facilities. The regulations governing the operation of these companies 

are dictated by governmental entities, and their expenses are provided by consumers by 

adding these costs to the bills. 
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C) Distribution Companies (DisCo): Distribution companies use their equipment 

and facilities to distribute electricity in a specific geographical area. A DisCo is 

responsible for creating, maintaining, operating and preserving the reliability of the 

distribution networks as a link between the power end users and the transmission system. 

This company is also in charge of distribution network shutdowns and maintaining the 

quality of transmitted power. Moreover, maintaining the voltage level, periodical 

maintenance and other ancillary services are part of the duties of a distribution company. 

D) Retailer: These companies are a relatively new element in the power industry, 

which are active in retail sales by obtaining a legal license. A retailer buys electric power 

as well as other services necessary to meet its customers’ requirement, then combines 

them in different ways and offers them for sale. 

E) Aggregator: A real or legal person who combines customers as a group of 

buyers/sellers and thus enters the market as a relatively large buyer/seller. The aggregator 

can be like a broker or a mediator between customers and retailers. 

F) Customers: Customer is the end user of electricity, which is connected to the 

transmission system (large customer) or the distribution system (small customer). In the 

vertical integrated structure, the consumer inevitably buys energy from the company that 

has the monopoly in the region, at the price he determines. However, in deregulated 

environment, the customer does not have to buy services from local companies but can 

directly transact with producers or other power providers to buy the electricity or services 

he needs. 

1.4.1. Types of Market Participants in this Work.  In this work, MPs are 

categorized into two main groups: Physical MPs, and Virtual Bidders. 
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1.4.1.1. Physical market participants.  All MPs who own generating units are 

grouped in this category. These generating units can be a conventional fossil-based 

generators or renewable generators such as wind, solar, and etc. In this work, it is 

assumed that the physical MPs owns different kinds of generating units such as coal-

based generating units, oil-based generating units, and nuclear-based generating units. 

Therefore, some physical constraints need to be considered in modeling these MPs based 

on their types such as ramp up, ramp down, min up time, min down time, and etc.  

1.4.1.2. Virtual bidders.  virtual market participants or virtual bidders who play 

in the electricity markets without any assets. They are purely financial players who offer 

or bid in the DA market without the obligation of providing/consuming the physical 

energy in the RT market. The net energy in DA market and RT market are zero, while the 

net profit is calculated in the two-settlement process based on the difference between the 

DA and RT market prices. These transactions could be either generation that is called 

increment offer (INC) or demand that is called decrement bid (DEC). In terms of 

modelling, this player’s important feature is the virtual proxy. Virtual proxy is the 

financial insurance that the virtual bidder needs to deposit in the ISO account to 

guarantee the ability to pay for the potential loss [23]. 

1.5. BIDDING STRATEGY 

The two primary parties involved in most of the competitive electricity market are 

the supplier and the customer. In this environment, all power producers and power 

demands are required to submit offers or bids for the sale and purchase of energy. 

Bidding strategy is a decision-making process that MPs need to consider submitting their 
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best offer or bids into the market. Many research works have been done on the strategic 

bidding problem for a competitive power producer, and several modeling techniques have 

been reported to design the strategic bidding strategies. In general, [10] classified the 

strategic bidding models into four main categories: (1) Single GenCo optimization 

Model, (2) Game theory-based models, (3) Agent-based models, and (4) hybrid or other 

models. In this work, the first modeling approach has been considered and the strategic 

bidding strategy problem from single GenCo or virtual bidder viewpoints have been 

studied. More details about the different modeling methods are provided in the literature 

review section (Section 2).  

1.6. MOTIVATION OF THIS WORK 

Restructuring involves a variety of activities, including reorganizing current 

corporations such as GenCos, privatization, and decoupling. The term "wholesale 

market" refers to the market that exists between GenCos and retailers, large consumers, 

DisCos, or aggregators. This market can be categorized into two main groups: perfect 

competition, imperfect competition. The spot electricity market (like DA and RT 

markets) performs more like an imperfect competitive market due to the small number of 

generators, the lengthy construction period for power plants, the significant capital 

expenditure, the transmission constraints, and transmission losses. In this situation, 

GenCos may offer at higher prices than their marginal costs to increase their profits 

(strategic bidding problem) [24]. Therefore, GenCos can maximize their payoffs while 

reducing the corresponding risks by employing the most effective bidding technique in 
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the competitive power spot market. Hence, one of the motivations of this work is to 

design the effective bidding strategy for strategic MPs in different electricity markets.  

Efficient power DA markets typically incorporate virtual bids. These financial 

contracts are awarded at the DA prices and settled at the RT prices. These virtual bids in 

PJM take the form of things like increment offers (INCs), which are analogous to 

generation offers, decrement bids (DECs), which are analogous to demand bids, and up-

to-congestion bids (UTCs), which are analogous to transmission price spread bids [25]. 

These transactions are able to enhance the power market efficiency, reduce market 

power, improve price formation, and hedge RT market risks. The PJM report generally 

elaborated the benefits of the virtual bidding from the ISO perspective. However, there 

are new types of MPs who want to participate in different electricity markets without any 

assets and maximize their profit. The bidding strategy problem of these kinds of MPs are 

overlooked in the literature. It is worth mentioning that when making decisions, virtual 

bidders, like traditional MPs, must consider a variety of uncertainties, including those 

related to the RT price, rivals' offers/bids, and loads. Therefore, designing the robust 

bidding strategy for these types of players is another motivation of this work.  

Besides the virtual bidders, physical MPs can also take part in virtual bidding in 

electricity markets. However, their strategy may be totally different from purely financial 

players because their decisions are totally dependent to the essence of their physical 

assets. As a result, the decision-making of physical MP with virtual bidding capabilities 

is a novel and difficult issue that requires more investigation. A physical MP with virtual 

bidding capability must consider that its objective is to maximize the total profit 

including the physical generation profit and virtual bid’s profit. Moreover, this player 
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should be aware that the increment offer/decrement bid may alter DA market prices, 

which may change the profit from the physical generation. It also needs to consider the 

effect of its physical generation on the DA market price which subsequently alters DA 

and RT price spread, resulting in changes in the virtual bid’s revenue. Therefore, 

designing the bidding strategy for the physical MP with virtual bidding capability in DA 

and RT markets while taking into account various uncertain parameters is another driving 

force behind this study. 

Transmission congestion causes a price separation among different buses in the 

power system in the DA market. Therefore, the payment to the suppliers (such as 

GenCos) is different from the payment collected from demands. The difference between 

these payments is called congestion charges or congestion surplus. As a non-beneficiary 

independent organization, ISO is required to give this surplus to MPs. To do so, it holds a 

different auction called the Financial Transmission Right (FTR) auction. The value of 

FTR is obtained by the DA price difference between “sink” and “source” buses, which 

implies that these two markets are interrelated. Moreover, virtual bid can be employed by 

strategic MP as a tool to manipulate the DA market price and make the most of these 

situations. In other words, an MP may leverage this impact from virtual bids to boost its 

FTR value and enhance its overall strategy for taking part in both the FTR auction and 

the DA market. In other words, an MP may leverage this impact from virtual bids to 

boost its FTR value and enhance its overall strategy for taking part in both the FTR 

auction and the DA market. Thus, another reason for doing this work is to propose a 

framework for offering strategy for a strategic GenCo that participates in both the FTR 

auction and the DA market while taking virtual bidding into account. 
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The literature review about the topic of bidding strategy is briefly described in 

Section 2. The bidding strategy for the virtual bidder using robust optimization is 

described in Section 3. Section 4 elaborates on the optimal bidding strategy for a physical 

MP with virtual bidding capability. In Section 5, the optimal offering strategy for GenCo 

with joint participation in the FTR auction and the DA Market taking into account virtual 

bidding is completely outlined, and the dissertation is concluded in Section 6. 

1.7. CONTRIBUTIONS OF THIS WORK 

The problem of designing bidding strategy for different market participants in 

various electricity markets is considered in this work. The work exclusively relies on a 

few general assumptions. 

• DC power flow (DCPF) is used to model the transmission network in order to 

make it consistent with contemporary market practices. The line flows have been 

computed using the Power Transfer Distribution Factor (PTDF). 

• In order to be consistent with the existing approaches used in the energy market, 

rivals' offers/bids have been modeled using stepwise curves. It is worth noting 

that these unknown parameters can be calculated and anticipated using public 

market data that becomes available a few months after market clearing. 

• The physical MP provides asset-based physical generation from the buses where 

the generators are connected. However, it may submit its virtual bids from other 

locations. 
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• Similar to the assumption taken in [26, 27], Because of its nonconvexity and 

inability to track the problem, Unit Commitment (UC) is not taken into account in 

this work. 

In light of the explanations in Section 1.6, the contributions of this study can be 

summarized into the list below. 

• Proposes a bi-level optimization model for optimal bidding strategy of virtual 

bidders, and physical MP with virtual bidding capability in Day-ahead electricity 

markets. They are the first models presented for these kinds of MPs participating 

in spot markets. 

• Reveals that the physical MPs may have the incentive to exercise the virtual 

bidding capability in a very different way than purely financial MPs.  

• Considers uncertainties associated with other market participants and with RT 

market prices. It improved the reliability of the model since it considers the 

probable circumstances in the formulations. Employs stochastic model and robust 

optimization to develop the model.  

• Takes into account financial risks of bidding strategy using conditional value-at-

risk (CVaR). It improves the flexibility of the model to work for either risk-taker 

or risk-averse MPs. 

• Develops a two-stage two-level joint offering strategy paradigm for the strategic 

GenCo participating in both FTR auction and DA market. The proposed model is 

enhanced by considering the virtual bidding capability for the strategic GenCo. 

By employing the test system to place virtual bids in the DA market, this work 

also illustrates the potential for FTR value manipulation. 
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2. LITERATURE REVIEW 

When power systems are reformed, strategic bidding provides market participants 

with the opportunity to generate better operation profits. Participants on the supply side 

of the reformed marketplaces have the chance to improve the efficiency of their business 

operations, which will allow them to reduce their expenses and increase their profits. The 

goal of the demand side is to reduce the cost of electricity that is acquired from the grid 

by taking use of the grid's operational flexibility. As a result, throughout the course of the 

past several years, a number of different techniques have been described for the purpose 

of constructing optimal bidding strategies for use in competitive power markets. These 

current strategies can be divided into two basic categories: those designed for players 

who take prices (price-taker market participant) and those designed for participants who 

set prices (price-maker market participant). Therefore, this section will briefly review 

existing works relevant to this research. Moreover, there are two main group of methods 

developed for the price-maker players: game-based approach, non-game approach. This 

section also review some of the works in this area.  

2.1. BIDDING STRATEGY FOR PRICE-TAKER MARKET PARTICIPANTS 

A player whose offers or bids do not influence the result of the market is referred 

to as a price-taker market participant. To speak more generally, these participants have no 

intention of purposefully altering the outputs of the market. These are typically small 

companies and using the day-ahead market price prediction to develop their bidding 

strategies [28 – 30].  
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A bidding rule for a price-taker MP that enables them to attain their best self-

schedule even when there is uncertainty regarding the price, is presented in [28]. The 

hourly market-clearing prices are presented together with an accurate probability 

description of those values. It is applied to the formulation and resolution of a problem 

involving the self-scheduling of expected maximum profit. The methodology that is 

provided [29] enables the identification of bidding tactics for a wind power producer that 

result in a significant reduction in the risk of profit fluctuation for a very little fall in the 

expected profit. In addition, this article presents a method for quantifying the positive 

influence that a series of adjustment markets has after the clearing of the day-ahead 

market. New IGDT-based formulations are reported in [30] for risk-limited self-

scheduling of GenCo under unknown future market prices. It is revealed that for a risk-

averse GenCo, the robust formulation in [30] ensures a minimal critical profit if future 

prices fall within a maximized robustness region. Furthermore, for a risk taker player, the 

reported formulation allows it to benefit from unforeseen price surges and perhaps make 

a higher profit. To help the electric vehicle aggregators make the most of opportunities in 

the RT energy and regulation markets, [31] created a stochastic optimization model. 

Results from experiments in [31] show that the aggregator's bidding approach benefits 

greatly from taking into account both instructed and uninstructed energy variations. 

Bidding strategy of single price-taker pumped-storage power plant in the pool-based 

electricity market is reported in [32]. An unconstrained optimum bidding strategy for a 

pumped-storage generator has been designed in [33] starting with an expected market 

clearing price weekly curve. In order to fulfill the limitations within each time segment 

while taking reservoir capacity limits into consideration in [33], a multistage-looping 
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optimization has been performed. [34] reported a unique multi-objective bidding strategy 

outline for a wind-thermal-photovoltaic system in which two main goals were laid in the 

objective function, the first of which deals with profit maximization and the second of 

which addresses the reduction of thermal unit emissions. An optimum risk-averse bidding 

approach was developed in [35] for the resource aggregator in the day-ahead power 

markets using the set of uncertain scenarios. The forecasted regret value for a selection of 

the worst-case situations, whose combined probability is no greater than a threshold 

value, was minimized. It is demonstrated that the suggested method in [35] performs 

better than benchmark strategies at hedging high regret risks and achieves computational 

efficiency and DA bidding costs that are comparable to the base cases. A robust 

optimization-based technique for choosing the bidding strategy for a wind farm with co-

located energy storage in a power market is reported in [36] which shows that the 

combination of wind with storage improves the exploitation of the unreliable wind 

resource and boosts economic performance by engaging in energy arbitrage. It is 

represented that the robust optimization-based technique outperforms the deterministic 

approach economically in the worst case scenario of considerable wind power and 

electricity price forecast inaccuracy [36]. 

2.2. BIDDING STRATEGY FOR PRICE-MAKER MARKET PARTICIPANTS 

Perfect competitions and imperfect competitions are the two categories that can 

be used to classify market structures when viewed from the standpoint of 

microeconomics market competition. There are a huge number of producers and 

customers that compete on a homogenous commodity in perfect competition. The price 
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of the product is determined by the forces of demand and supply, and no company is able 

to influence the price of the market by changing their market strategies. On the other 

hand, the presence of imperfect competition creates the possibility for certain market 

participants to manipulate market pricing in a way that benefits their own individual 

interests [5, 37]. Energy generating firms, a significant actor in the imperfect electricity 

market environment, seek to optimize their profit by implementing offer strategies in one 

or more markets. In recent years, a significant number of researchers have focused their 

attention on determining the optimal offering strategy for physical generating companies 

in a single market or multiple markets. In this context, a great number of methodologies, 

including optimization-based, game theory-based, and agent-based models, have been 

investigated within the context of the deregulated electricity market [10]. A binary 

expansion approach for the price-maker market participant’s bidding strategy problem in 

a spot electricity market has been presented in [38]. A procedure for a power producer to 

obtain strategic offers for the sale of power in a pool-based electricity market is provided 

in [39]. Instead of being derived from input data, market prices are produced 

endogenously in this reported methodology. The fact that the offering methods and 

demand bids of rival producers are unclear is something that is taken into consideration. 

The reported method has been shown by numerical simulations to have the ability to 

identify the strategic opportunities that will result in the highest return on investment. In 

[40], the bi-level optimization approach was presented to derive the optimum offers for 

the physical generating company so that it could make the most profit possible. An 

optimization-based scheduling for a building energy management system and bidding 

strategy of small-scale residential prosumers are formulated as a stochastic bi-level 
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optimization problem in [41] to minimize the energy cost and prosumer’s inconveniences 

in the upper-level and lower-level, respectively. A non-cooperative game theory approach 

to design the best strategy for market players was reported in [26] which demonstrate that 

the generating company’s bidding strategies and anticipated rewards are significantly 

impacted by the expected total profits. However, by using the suggested approach, this 

player can profit more than the case when they bid at their marginal costs. In [42], 

strategy analysis using agent-based simulation is provided. In [43], the determination of 

an optimal strategy for a GenCo in three consecutive markets has been explored. In this 

study, the generating company is regarded as the price-taker market participant in the 

day-ahead and automatic generation control (AGC) markets and the price-setter player in 

the balancing market. According to [44], a multi-stage stochastic model was used to 

create an offering strategy for a generator in the day-ahead and balancing markets, while 

[45] used a similar technique to create an optimal bidding strategy for a group of 

prosumers in the energy and reserve markets. [46] optimized the MPs' offering strategies 

in the financial transmission right (FTR) auction and day-ahead electricity market using a 

two-tier matrix game model. This approach reflected the iteratively solved FTR game in 

the top tier and the energy game in the bottom tier. An optimal bidding for a microgrid 

(MG) incorporated with the flexible ramping product in multiple markets has been 

presented in [27], which not only increases the MG’s revenue, but also improves the 

dispatch flexibility in the power system. 
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2.3. BIDDING STRATEGY AND VIRTUAL BIDDING 

Virtual transactions, also known as virtual bids or convergence bids, are useful 

tools that can be utilized to bridge the price disparity that exists between the locational 

marginal prices of day-ahead and real-time markets. Financial players can exchange 

virtual bids as increment offers (INC) or decrement bids (DEC) in the day-ahead market 

without having any intention of producing or consuming actual power in the real-time 

market, according to the PJM report [25, 47]. The merits and demerits of virtual bids 

participating in the day-ahead market, were discussed in [48] – [50]. To enhance the DA 

scheduling of generating units, virtual bids were used as flexible resources in four 

different two-settlement market clearing models in [50]. A model with three stages of 

equilibrium was presented in [51] in order to examine the manipulation in three 

sequential markets while taking into account the demand and congestion uncertainty. In 

addition, a numerical simulation conducted on a two-bus system demonstrated that the 

day-ahead price manipulation through the use of virtual bids, which resulted in the 

exploitation of FTR positions, was achieved when all players in the day-ahead market 

participated in the Cournot game. To predict the locational marginal price (LMP) 

difference between the real-time and day-ahead markets, a Mixed Density Network 

(MDN) was established in [52]. It presented a data-driven algorithmic bidding method for 

virtual bids in the day-ahead power market. [53] evaluated the strategy of a photovoltaic 

producer using the virtual bids and stochastic optimization. [54] presents the ideal 

bidding decision design for a virtual bidder in the day-ahead market taking into account 

the risk of profit volatility. In addition to all of the benefits and applications discussed 

above, virtual bids have the potential to boost the value of FTR in an FTR auction since 
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they can be submitted as generations or loads at specific locations [55]. This ability 

allows virtual bids to improve the value of FTR. This aspect of virtual bid provides the 

market players with an opportunity to potentially improve the designs of their bidding 

approach, which is something that has not been researched in previously published 

publications  

2.4. UNCERTAINTY MANAGEMENT 

In almost all research carried out about the bidding strategy problem, it is 

considered that the design of the bidding strategy is subject to a variety of sources of 

unpredictability, including market prices, demand, competitor strategies, and the output 

of renewable energy. The unpredictable actions of competing generators and customers 

were modeled probabilistically in [56], and a Monte Carlo simulation was utilized to 

identify the ideal offering strategy for the price-maker market participant whose expected 

profit was then computed using the results of the simulation. To derive the optimal 

bidding strategy for a strategic generation company, a stochastic bi-level optimization 

problem has been modeled in [39], which modeled the uncertainties of consumers’ bids 

and rival generators’ offers through multiple scenarios. Using the historical hourly 

demand curves and the generation price quota curves, the paper [57] uses a self-

scheduling model to design the bidding strategy of price-maker energy storage and 

evaluate the potential arbitrage benefits of these resources in the Alberta electricity 

market. This evaluation is carried out with the help of the historical hourly demand 

curves (DPGCs and GPDCs). A two-stage stochastic model is presented in [58] with the 

purpose of capturing the optimal offering decisions of a strategic wind power producer in 
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the day-ahead and balancing markets. Within this model, scenario-based modeling is 

utilized to model the uncertainties associated with the wind productions, the behaviors of 

other players, and the market price. This allows the model to capture the optimal offering 

decisions of a strategic wind power producer. Optimal bid prices and quantities of a 

generating company are derived in [59] using a self-organizing hierarchical particle 

swarm optimization. This is a process in which a risk index based on mean-standard 

deviation ratio (MSR) is optimized, and Monte Carlo simulation is applied in order to 

mimic the behaviors of other market players in the electricity market. Robust 

optimization, which is independent of the probability distribution function (PDF) of the 

parameters and assumes uncertain intervals around the predicted parameters, has become 

an appropriate choice for studies with a high level of uncertainties and insufficient data 

for an accurate forecast of probability distribution functions (PDFs). Robust optimization 

is one of the many current methods for addressing the uncertainties. In recent times, the 

robust optimization technique has seen widespread application for the design challenges 

of bidding strategies. In [60], a two-stage robust optimization approach is employed in 

order to build the offering strategy of a price-taker virtual power plant (VPP) who is 

comprised of a wind power producer, energy storage, and a number of demands that 

participate in the day-ahead and real-time power markets. The goal of [61, 62] was to 

present a multi-stage distributionally robust optimization (DRO) model whose value was 

confirmed by the various case studies carried out on the modified Swiss system and 

Nordpool, which are assumed to act as price-makers in the day-ahead market and as 

deviators in the balancing market. A stochastic adaptive robust optimization technique 

has been introduced in [63] to solve the uncertainties related to wind power generation 
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and loads and to attain the optimal behavior of a virtual power plant. The ideal bidding 

strategy for a hybrid power plant that works as a price-maker in the day-ahead market 

and a price-taker in the balancing market has been derived in [64]. This method allows 

the hybrid power plant to participate in both markets while take into account the 

unpredictability of the price quota curve (PQC) employing the robust optimization. In 

order to create the best possible plug-in electric vehicle (PEV) charging station, [65] used 

the bi-level robust optimization model, where the lower-level problem simulated the 

tactical actions of PEV owners. [66] used the fully modeled generation and demand price 

quota curves to take into account the impact of the energy storage power on market 

pricing and recorded the optimal bidding curve of a price-maker energy storage facility in 

the day-ahead market. The optimal behavior of a price-maker microgrid aggregator 

(MGA) utilizing a robust optimization model to address the uncertainties related to 

renewable energy was given in [67] that illustrated that the presented approach can boost 

MGA profits. 

2.5. SECTION SUMMARY 

This section looked at a number of publications about the bidding strategy 

techniques used by various market participants in various power markets. The following 

summarized table (Table 2.1) is aimed to more accurately depict the differences between 

the work proposed in this dissertation and the literature.  
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Table 2.1 Literature review. 
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3. BIDDING STRATEGY FOR VIRTUAL BIDDERS IN DAY-AHEAD 

ELECTRICITY MARKETS 

3.1. BACKGROUND 

Virtual traders, known as virtual bidders, are solely financial MPs in the power 

market who can place bids or offers in the DA market without having to use or generate 

the actual power in RT market. In recent years, these transactions which are designed as 

decrement bids (DECs) or increment offers (INCs), have been considered as part of the 

electricity market design [47]. In 2010 and 2011, virtual bids made up about 6% of all 

transactions in the Midwest Independent Transmission System Operator (MISO) [76] and 

are typically used to decrease the price difference between the DA and RT markets and 

boost market liquidity. The benefits and drawbacks of virtual bids in energy market have 

been reported in [49], which noted that in addition to their advantages, virtual bids may 

raise the possibility of market manipulation.  

Besides, strategic bidding enables MPs in the restructured electrical system to 

enhance their behavior and maximize their total profits. However, numerous sources of 

uncertainty, including market prices, demand, rivals' strategies affect the MPs’ bidding 

strategies. There are numerous articles in the literature that cover the uncertainty 

management (Section 2). Among all current approaches, robust optimization, which is 

independent of the probability distribution function (PDF) of the parameters, seems to be 

an appropriate option to manage the uncertainties. Since it considers uncertain intervals 

around the anticipated parameters rather than constructing numerous scenarios, robust 

optimization is typically a very suitable choice for a situation with significant levels of 

uncertainty and inadequate data for an accurate PDFs prediction. Therefore, in this 
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section, the max-min two-level optimization model for a price-maker virtual bidder who 

plays either generation or load in the DA market, is proposed. In the upper-level of the 

model, the virtual bidder’s profit is maximized, and the market-clearing problem is 

modeled in a lower-level subproblem. The proposed model can be turned into its 

equivalent linear single-level problem employing the KKT conditions, duality theory, and 

strong duality theory (SDT).  

3.2. ROBUST BIDDING STRATEGY FOR VIRTUAL BIDDER 

The detail of modeling and solution procedure is explained in the following 

sections. 

3.2.1. Virtual Bidding Function. Virtual bidders can participate in energy 

markets (DA market) with no physical assets. If a virtual bidder is cleared by the ISO to 

buy (or sell) energy in the DA market for certain time periods, in the ISO two-stage 

settlement it will be automatically considered to sell (or buy) the same amount of energy 

in the RT market for the same time periods. As discussed in [54], virtual bidders can 

improve the market’s ability to manage the forecast errors by increasing the liquidity of 

the market. 

One straightforward example is given to help clarify the role of the virtual bidder. 

Assuming that a virtual bidder predicts the RT price to be higher than the predicted DA 

price, there will be an opportunity for the virtual bidder to arbitrage between the DA and 

RT markets by buying a certain amount of energy in the DA market at a DA market price 

and selling the same amount of energy in the RT market at a RT market price. As a result 

of this virtual bidder participation, the DA market price may increase due to the increased 
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load cleared in the DA market. Consequently, the difference between DA and RT prices 

may become smaller, as illustrated in Figure 3.1. Therefore, virtual bidder participation in 

energy markets may reduce the price gap between DA and RT markets, which is 

considered an improvement in market convergence. 

 

 
 

Figure 3.1 The effect of virtual transactions on DA price and DA/RT price difference. 

 

3.2.2. Model Structure.  The upper-level subproblem of the proposed two-level 

approach represents the profit maximization of a virtual bidder, whose decisions (virtual 

bid quantity and price (𝑉𝑡𝑖
𝑏𝑖𝑑, 𝛼𝑡𝑖

𝑏𝑖𝑑)) are then passed to the lower-level subproblem. The 

lower-level subproblem represents the quasi market where energy and market prices are 

cleared on an hourly granularity on a daily basis. The market results (i.e., cleared virtual 

quantity and market price (𝑉𝑡𝑖
𝐷𝐴, 𝜆𝑡𝑛

𝐷𝐴)) are fed back to the upper-level subproblem, which 

provides a closed loop response of the virtual bidder decision on market price (Figure 

3.2). To optimize the virtual bidder’s decision, it needs to consider various parameters, 
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including the quantities and prices of other generators’/loads’ offers/bids, as well as RT 

market prices. 

 

 
 

Figure 3.2 Proposed Bi-level Model. 

 

All these parameters play a critical role in the virtual bidder’s ultimate profit. For 

instance, the offers/bids of different competitors may change the DA market price, which 

is used by the virtual bidder to calculate its DA profit. Furthermore, the RT price helps 

the virtual bidder to evaluate the DA profit versus the RT profit and deciding whether to 

be virtual generation or virtual demand in the DA market. As these parameters are 

unknown to the virtual bidder, they need to be forecasted or estimated. However, making 

a precise prediction is practically impossible. Therefore, to consider the risks of the 

forecasted uncertainty sources, a robust optimization approach is employed in this work, 

which is widely applied by the risk-averse market participants [77]. In this approach, a 
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confidence interval needs to be introduced around an uncertain parameter, then the worst-

case scenario of uncertain circumstances within this permissible limit is assessed [66]. 

Therefore, the proposed max-min two-level optimization model can be formulated as 

follows. 

3.2.3. Proposed Robust Optimization Mathematical Model.  The main model 

for each level of the proposed approach can be formulated as follows. 

3.2.3.1. Main model. The upper-level model is the virtual profit maximization 

model. 

A) Upper-Level: Maximize the Profit (Model (1)) 

Max.
Ω

Min.
Γ

∑ ∑ [𝜆𝑡𝑛
𝐷𝐴 − (𝜆𝑡𝑛

𝑅𝑇 + Δ𝜆𝑡𝑛
𝑅𝑇)] (𝑉𝑡𝑖

𝐷𝐴𝑔
− 𝑉𝑡𝑖

𝐷𝐴𝑑)

(𝑖∈𝜓𝑛)𝑡

 

(3.1) 

Subject to:  

0 ≤ 𝑉𝑡𝑖
𝑏𝑖𝑑𝐺 ≤ 𝑉𝑡𝑖

𝑏𝑢𝑑𝑔𝑒𝑡
𝑈𝑔𝑡𝑖,    ∀𝑡, ∀𝑖 (3.2) 

0 ≤ 𝑉𝑡𝑖
𝑏𝑖𝑑𝐷 ≤ 𝑉𝑡𝑖

𝑏𝑢𝑑𝑔𝑒𝑡
𝑈𝑑𝑡𝑖,    ∀𝑡, ∀𝑖 (3.3) 

𝑈𝑔𝑡𝑖 +  𝑈𝑑𝑡𝑖 ≤ 1,                    ∀𝑡, ∀𝑖 (3.4) 

𝛼𝑡𝑖
𝑏𝑖𝑑𝐺 ≥ 0,   𝛼𝑡𝑖

𝑏𝑖𝑑𝐷 ≥ 0,          ∀𝑡, ∀𝑖 (3.5) 

−𝜁𝑛
𝑅𝑇𝜆𝑡𝑛

𝑅𝑇 ≤ Δ𝜆𝑡𝑛
𝑅𝑇 ≤ 𝜁𝑛

𝑅𝑇𝜆𝑡𝑛
𝑅𝑇 (3.6) 

−𝜎𝑗𝑏
𝐺 𝑃̅𝑡𝑗𝑏

𝐺 ≤ Δ𝑃𝑡𝑗𝑏
𝐺 ≤ 𝜎𝑗𝑏

𝐺 𝑃̅𝑡𝑗𝑏
𝐺  (3.7) 

−𝜎𝑑𝑘
𝐷 𝑃̅𝑡𝑑𝑘

𝐷 ≤ Δ𝑃𝑡𝑑𝑘
𝐷 ≤ 𝜎𝑑𝑘

𝐷 𝑃̅𝑡𝑑𝑘
𝐷  (3.8) 

−𝜏𝑗𝑏
𝐺 𝜆𝑡𝑗𝑏

𝐺 ≤ Δ𝜆𝑡𝑗𝑏
𝐺 ≤ 𝜏𝑗𝑏

𝐺 𝜆𝑡𝑗𝑏
𝐺  (3.9) 

−𝜏𝑑𝑘
𝐷 𝜆𝑡𝑑𝑘

𝐷 ≤ Δ𝜆𝑡𝑑𝑘
𝐷 ≤ 𝜏𝑑𝑘

𝐷 𝜆𝑡𝑑𝑘
𝐷  (3.10) 
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The lower level represents the hourly-based quasi day-ahead clearing model, 

which takes the offer quantity and price of the virtual bidder as parameters. 

 

B) Lower-Level: Quasi DA Market (Model (2)) 

Min.
Ξ

∑ (∑(𝛼𝑡𝑖
𝑏𝑖𝑑𝐺𝑉𝑡𝑖

𝐷𝐴𝑔
− 𝛼𝑡𝑖

𝑏𝑖𝑑𝐷𝑉𝑡𝑖
𝐷𝐴𝑑)

𝑖

+ ∑ ∑(𝜆𝑡𝑗𝑏
𝐺 + Δ𝜆𝑡𝑗𝑏

𝐺 )𝑃𝑡𝑗𝑏
𝐺

𝑏𝑗𝑡

− ∑ ∑(𝜆𝑡𝑑𝑘
𝐷 + Δ𝜆𝑡𝑑𝑘

𝐷 )𝑃𝑡𝑑𝑘
𝐷

𝑘𝑑

) 

(3.11) 

𝚵 = {𝑉𝑡𝑖
𝐷𝐴𝑔

, 𝑉𝑡𝑖
𝐷𝐴𝑑, 𝑃𝑡𝑗𝑏

𝐺 , 𝑃𝑡𝑑𝑘
𝐷 } 

Subject to:  

∑(𝑉𝑡𝑖
𝐷𝐴𝑔

− 𝑉𝑡𝑖
𝐷𝐴𝑑)

𝑖

+ ∑ ∑ 𝑃𝑡𝑗𝑏
𝐺

𝑏𝑗

= ∑ ∑ 𝑃𝑡𝑑𝑘
𝐷

𝑘𝑑

,   ∶ 𝜆𝑡𝑓
𝐷𝐴,          ∀𝑡 

(3.12) 

0 ≤ 𝑉𝑡𝑖
𝐷𝐴𝑔

≤ 𝑉𝑡𝑖
𝑏𝑖𝑑𝐺  ∶  𝜇𝑡𝑖

𝑉𝑔
 , 𝜇̅𝑡𝑖

𝑉𝑔
  ,     ∀𝑡, ∀𝑖 (3.13) 

0 ≤ 𝑉𝑡𝑖
𝐷𝐴𝑑 ≤ 𝑉𝑡𝑖

𝑏𝑖𝑑𝐷  ∶ 𝜇𝑡𝑖
𝑉𝑑 , 𝜇̅𝑡𝑖

𝑉𝑑    ,     ∀𝑡, ∀𝑖 (3.14) 

0 ≤ 𝑃𝑡𝑗𝑏
𝐺 ≤ 𝑃̅𝑡𝑗𝑏

𝐺 + Δ𝑃𝑡𝑗𝑏
𝐺   ∶  𝜇𝑡𝑗𝑏

𝐺  , 𝜇̅𝑡𝑗𝑏
𝐺 ,     ∀𝑡, ∀𝑗, ∀𝑏 (3.15) 

0 ≤ 𝑃𝑡𝑑𝑘
𝐷 ≤ 𝑃̅𝑡𝑑𝑘

𝐷 + Δ𝑃𝑡𝑑𝑘
𝐷 ∶ 𝜇𝑡𝑑𝑘

𝐷  , 𝜇̅𝑡𝑑𝑘
𝐷 ,    ∀𝑡, ∀𝑑, ∀𝑘 (3.16) 

−C̅𝑙 ≤ ∑ 𝐻𝑛𝑙 ( ∑ (𝑉𝑡𝑖
𝐷𝐴𝑔

− 𝑉𝑡𝑖
𝐷𝐴𝑑)

(𝑖∈𝜓𝑛)

+ ∑ ∑ 𝑃𝑡𝑗𝑏
𝐺

𝑏(𝑗∈𝜓𝑛)

− ∑ ∑ 𝑃𝑡𝑑𝑘
𝐷

𝑘(𝑑∈𝜓𝑛)

)

𝑛

≤ C̅𝑙       ∶ 𝜗𝑡𝑙 , 𝜗𝑡𝑙   ∀𝑡, ∀𝑙 (3.17) 

𝜆𝑡𝑛
𝐷𝐴 = 𝜆𝑡𝑓

𝐷𝐴 − ∑ 𝐻𝑛𝑙( 𝜗𝑡𝑙 − 𝜗𝑡𝑙)

𝑙

 , ∀𝑡, ∀𝑛 
(3.18) 
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As it is seen in Model (1), the objective function of the virtual bidder is 

maximized regarding to its main variables Ω = {𝛼𝑡𝑖
𝑏𝑖𝑑𝐺 , 𝑉𝑡𝑖

𝑏𝑖𝑑𝐺 , 𝛼𝑡𝑖
𝑏𝑖𝑑𝐷 , 𝑉𝑡𝑖

𝑏𝑖𝑑𝐷 , 𝑈𝑔𝑡𝑖, 𝑈𝑑𝑡𝑖} 

and minimized with respect to the uncertain parameters Γ = {Δ𝜆𝑡𝑛
𝑅𝑇, Δ𝑃𝑡𝑗𝑏

𝐺 , Δ𝑃𝑡𝑑𝑘
𝐷 ,

Δ𝜆𝑡𝑗𝑏
𝐺 , Δ𝜆𝑡𝑑𝑘

𝐷 }. Constraints (3.2) and (3.3) set the maximum bounds for the virtual bids 

(generation/demand). Constraint (3.4) guarantees that virtual generation and demand 

cannot be submitted to the DA market simultaneously. Uncertain parameters are limited 

in (3.5) – (3.10) by means of corresponding confidence intervals. The robust parameters 

𝜁𝑛
𝑅𝑇, 𝜎𝑗𝑏

𝐺 , 𝜎𝑑𝑘
𝐷 , 𝜏𝑗𝑏

𝐺 , and 𝜏𝑑𝑘
𝐷  are determined by the virtual bidder and used as known 

parameters to measure the length of uncertain range around the predicted values. Note 

that the correlation between uncertain variables can be reflected in the corresponding 

bounds in this model. Furthermore, the model is flexible to take into account size-varying 

bounds of uncertain variables for different time periods.  

Model (2) represents the lower-level subproblem which is linear since the ISO 

takes 𝛼𝑡𝑖
𝑏𝑖𝑑𝐺 and 𝛼𝑡𝑖

𝑏𝑖𝑑𝐷 and 𝑉𝑡𝑖
𝑏𝑖𝑑𝐺 and 𝑉𝑡𝑖

𝑏𝑖𝑑𝐷 as parameters. Therefore, it can be 

substituted by its KKT conditions.  

3.2.3.2. Equivalent MILP formulations. Combining these equivalenced 

constraints in the upper-level subproblem results in a Mathematical Problem with 

Equilibrium Constraint (MPEC), whose formulation is as follows. 

A) MPEC Model (Model (3)) 

Max.
Ω

Min.
Γ

∑ ∑ (𝜆𝑡𝑛
𝐷𝐴 − (𝜆𝑡𝑛

𝑅𝑇 + Δ𝜆𝑡𝑛
𝑅𝑇)) (𝑉𝑡𝑖

𝐷𝐴𝑔
− 𝑉𝑡𝑖

𝐷𝐴𝑑)

(𝑖∈𝜓𝑛)𝑡

 

(3.19) 

Subject to: 
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Constraints (3.2) – (3.10) (3.20) 

𝛼𝑡𝑖
𝑏𝑖𝑑𝐺 − 𝜆𝑡𝑛

𝐷𝐴 + 𝜇̅𝑡𝑖
𝑉𝑔

− 𝜇𝑡𝑖
𝑉𝑔

= 0, ∀𝑡, ∀𝑖 ∈ 𝜓𝑛 (3.21) 

−𝛼𝑡𝑖
𝑏𝑖𝑑𝐷 + 𝜆𝑡𝑛

𝐷𝐴 + 𝜇̅𝑡𝑖
𝑉𝑑 − 𝜇𝑡𝑖

𝑉𝑑 = 0, ∀𝑡, ∀𝑖 ∈ 𝜓𝑛 (3.22) 

𝜆𝑡𝑗𝑏
𝐺 + Δ𝜆𝑡𝑗𝑏

𝐺 − 𝜆𝑡𝑛
𝐷𝐴 + 𝜇̅𝑡𝑗𝑏

𝐺 − 𝜇𝑡𝑗𝑏
𝐺 = 0, ∀𝑡, ∀𝑗 ∈ 𝜓𝑛, ∀𝑏 (3.23) 

−𝜆𝑡𝑑𝑘
𝐷 − Δ𝜆𝑡𝑑𝑘

𝐷 + 𝜆𝑡𝑛
𝐷𝐴 + 𝜇̅𝑡𝑑𝑘

𝐷 − 𝜇𝑡𝑑𝑘
𝐷 = 0,   ∀𝑡, ∀𝑑 ∈ 𝜓𝑛, ∀𝑘    (3.24) 

Constraints (3.12) and (3.18) (3.25) 

0 ≤ 𝑉𝑡𝑖
𝐷𝐴𝑔

⊥  𝜇𝑡𝑖
𝑉𝑔

≥ 0,     ∀𝑡, ∀𝑖 (3.26) 

0 ≤ 𝑉𝑡𝑖
𝐷𝐴𝑑 ⊥  𝜇𝑡𝑖

𝑉𝑑 ≥ 0,     ∀𝑡, ∀𝑖 (3.27) 

0 ≤ 𝑃𝑡𝑗𝑏
𝐺 ⊥  𝜇𝑡𝑗𝑏

𝐺 ≥ 0,     ∀𝑡, ∀𝑗, ∀𝑏 (3.28) 

0 ≤ 𝑃𝑡𝑑𝑘
𝐷 ⊥  𝜇𝑡𝑑𝑘

𝐷 ≥ 0,     ∀𝑡, ∀𝑑, ∀𝑘 (3.29) 

0 ≤ 𝑉𝑡𝑖
𝑏𝑖𝑑𝐺 − 𝑉𝑡𝑖

𝐷𝐴𝑔
⊥  𝜇̅𝑡𝑖

𝑉𝑔
≥ 0,     ∀𝑡, ∀𝑖 (3.30) 

0 ≤ 𝑉𝑡𝑖
𝑏𝑖𝑑𝐷 − 𝑉𝑡𝑖

𝐷𝐴𝑑 ⊥  𝜇̅𝑡𝑖
𝑉𝑑 ≥ 0,     ∀𝑡, ∀𝑖 (3.31) 

0 ≤ 𝑃̅𝑡𝑗𝑏
𝐺 + Δ𝑃𝑡𝑗𝑏

𝐺 − 𝑃𝑡𝑗𝑏
𝐺 ⊥  𝜇̅𝑡𝑗𝑏

𝐺 ≥ 0,     ∀𝑡, ∀𝑗, ∀𝑏 (3.32) 

0 ≤ 𝑃̅𝑡𝑑𝑘
𝐷 + Δ𝑃𝑡𝑑𝑘

𝐷 − 𝑃𝑡𝑑𝑘
𝐷 ⊥  𝜇̅𝑡𝑑𝑘

𝐷 ≥ 0,    ∀𝑡, ∀𝑑, ∀𝑘 (3.33) 

0 ≤ C̅𝑙 + ∑ 𝐻𝑛𝑙 ( ∑ (𝑉𝑡𝑖
𝐷𝐴𝑔

− 𝑉𝑡𝑖
𝐷𝐴𝑑)

(𝑖∈𝜓𝑛)

+ ∑ ∑ 𝑃𝑡𝑗𝑏
𝐺

𝑏(𝑗∈𝜓𝑛)𝑛

− ∑ ∑ 𝑃𝑡𝑑𝑘
𝐷

𝑘(𝑑∈𝜓𝑛)

) ⊥  𝜗𝑡𝑙  ≥ 0, ∀𝑡, ∀𝑙 (3.34) 

0 ≤ C̅𝑙 − ∑ 𝐻𝑛𝑙 ( ∑ (𝑉𝑡𝑖
𝐷𝐴𝑔

− 𝑉𝑡𝑖
𝐷𝐴𝑑)

(𝑖∈𝜓𝑛)

+ ∑ ∑ 𝑃𝑡𝑗𝑏
𝐺

𝑏(𝑗∈𝜓𝑛)𝑛

− ∑ ∑ 𝑃𝑡𝑑𝑘
𝐷

𝑘(𝑑∈𝜓𝑛)

) ⊥  𝜗𝑡𝑙  ≥ 0, ∀𝑡, ∀𝑙 (3.35) 
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Complementarity constraints related to inequality constraints are stated by (3.26) 

– (3.35) which are nonlinear equations, which can be linearized using the Fortuny-Amat 

transformation (Big M method) described in [78 – 79]. Thus, each of the equations of 

0 ≤ 𝑉𝑡𝑖 ⊥  𝑑𝑡𝑖(𝑥) ≥ 0 can be rewritten as follows. 

0 ≤ 𝑉𝑡𝑖 ≤ 𝑀𝑡𝑖  𝜔𝑡𝑖, (3.36) 

0 ≤  𝑑𝑡𝑖(𝑥) ≤ (1 − 𝜔𝑡𝑖) 𝑀𝑡𝑖   (3.37) 

where 𝑀𝑡𝑖 is a large number and 𝜔𝑡𝑖 is a binary variable. Therefore, the equivalent model 

will be as Model (4). 

B) Equivalent MILP Formulation (Model (4)) 

Objective Function (3.19) (3.38) 

Subject to:  

Constraints (3.20) – (3.25)  
(3.39) 

Linearized form of (3.26) – (3.35) based on Big M method 
(3.40) 

Now, the only nonlinear equation in Model (4) is the objective function, which is 

expressed explicitly with regard to uncertainties (Γ). To linearize the objective function, 

at the first step, it needs to be described implicitly based on Γ, which can be done using 

the SDT [39]. Due to the linearity of the inner problem, SDT can provide an objective 

function that has a zero duality-gap with the primal objective function value at the 

optimal point [80]. Doing some mathematical simplification, the objective function (3.38) 

can be implicitly expressed with respect to the uncertain variables Γ as follows (Equation 

(3.41)): 

Therefore, Model (4) represents the single level nonlinear max-min problem. In 

order to remove the nonlinearities in the objective function, duality theorem is used here. 
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Since the internal optimization problem (which is with regard to uncertain set) is linear, 

the dual form of that can be replaced. This procedure is fully illustrated in [81]. 

Max.
Ω

Min.
Γ

∑ [∑ ∑(𝜆𝑡𝑑𝑘
𝐷 + Δ𝜆𝑡𝑑𝑘

𝐷 )𝑃𝑡𝑑𝑘
𝐷

𝑘𝑑

− ∑(𝜆𝑡𝑛
𝑅𝑇 + Δ𝜆𝑡𝑛

𝑅𝑇))(𝑉𝑡𝑖
𝐷𝐴𝑔

− 𝑉𝑡𝑖
𝐷𝐴𝑑)

𝑖𝑡

− ∑ ∑(𝜆𝑡𝑗𝑏
𝐺 + Δ𝜆𝑡𝑗𝑏

𝐺 )𝑃𝑡𝑗𝑏
𝐺

𝑏𝑗

− ∑ ∑ 𝜇̅𝑡𝑗𝑏
𝐺  (𝑃̅𝑡𝑗𝑏

𝐺 + Δ𝑃𝑡𝑗𝑏
𝐺 )

𝑏𝑗

− ∑ ∑ 𝜇̅𝑡𝑑𝑘
𝐷 (𝑃̅𝑡𝑑𝑘

𝐷 + Δ𝑃𝑡𝑑𝑘
𝐷 )

𝑘𝑑

− ∑ C̅𝑙(𝜗𝑡𝑙 + 𝜗𝑡𝑙)

𝑙

] (3.41) 

Employing this approach to Model (4) leads us to the following linear 

maximization form (Model (5)).  

C) Final Model (Model (5)) 

Max 
Ω,Φ

𝑍 (3.42) 

Φ = {𝜌̅𝑡𝑛
𝑅𝑇 , 𝜌𝑡𝑛

𝑅𝑇 , 𝜂̅𝑡𝑗𝑏
𝐺 , 𝜂𝑡𝑗𝑏

𝐺 , 𝜂̅𝑡𝑑𝑘
𝐷 , 𝜂𝑡𝑑𝑘

𝐷 , 𝜃̅𝑡𝑗𝑏
𝐺 , 𝜃𝑡𝑗𝑏

𝐺 , 𝜃̅𝑡𝑑𝑘
𝐷 , 𝜃𝑡𝑑𝑘

𝐷 , 𝜒̅𝑡𝑗𝑏
𝐺 , 𝜒𝑡𝑗𝑏

𝐺 , 𝜒̅𝑡𝑑𝑘
𝐷 , 𝜒𝑡𝑑𝑘

𝐷 ,    

and all dual variables of the lower level 

Subject to:  

∑ [∑ ∑ {𝜏𝑑𝑘
𝐷 𝜆𝑡𝑑𝑘

𝐷 (𝜃̅𝑡𝑑𝑘
𝐷 −  𝜃𝑡𝑑𝑘

𝐷 )  +  𝜎𝑑𝑘
𝐷 𝑃̅𝑡𝑑𝑘

𝐷 (𝜂̅𝑡𝑑𝑘
𝐷 −  𝜂𝑡𝑑𝑘

𝐷 ) +  𝜆𝑡𝑑𝑘
𝐷 𝑃𝑡𝑑𝑘

𝐷

𝑘𝑑𝑡

−  𝜇̅𝑡𝑑𝑘
𝐷 𝑃̅𝑡𝑑𝑘

𝐷 }

+ ∑ {𝜁𝑛
𝑅𝑇𝜆𝑡𝑛

𝑅𝑇 (𝜌̅𝑡𝑛
𝑅𝑇 −  𝜌𝑡𝑛

𝑅𝑇 ) − 𝜆𝑡𝑛
𝑅𝑇(𝑉𝑡𝑖

𝐷𝐴𝑔
− 𝑉𝑡𝑖

𝐷𝐴𝑑)}

𝑖

+ ∑ ∑ {𝜏𝑗𝑏
𝐺 𝜆𝑡𝑗𝑏

𝐺 (𝜃̅𝑡𝑗𝑏
𝐺 −  𝜃𝑡𝑗𝑏

𝐺 )  +  𝜎𝑗𝑏
𝐺 𝑃̅𝑡𝑗𝑏

𝐺 (𝜂̅𝑡𝑗𝑏
𝐺 −  𝜂𝑡𝑗𝑏

𝐺 )

𝑏𝑗

−  𝜆𝑡𝑗𝑏
𝐺 𝑃𝑡𝑗𝑏

𝐺 −  𝜇̅𝑡𝑗𝑏
𝐺  𝑃̅𝑡𝑗𝑏

𝐺 }  − ∑ C̅𝑙(𝜗𝑡𝑙 + 𝜗𝑡𝑙)

𝑙

] ≥ 𝑍 
(3.43) 

Constraints (3.39) and (3.40) (3.44) 
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𝜌̅𝑡𝑛
𝑅𝑇 +  𝜌𝑡𝑛

𝑅𝑇 = 𝑉𝑡𝑖
𝐷𝐴𝑑 −  𝑉𝑡𝑖

𝐷𝐴𝑔
, ∀𝑡, ∀𝑖 ∈ 𝜓𝑛 (3.45) 

𝜎𝑗𝑏
𝐺 𝑃̅𝑡𝑗𝑏

𝐺 (𝜒̅𝑡𝑗𝑏
𝐺 −  𝜒𝑡𝑗𝑏

𝐺 )  ≥  𝑃𝑡𝑗𝑏
𝐺 −  𝑃̅𝑡𝑗𝑏

𝐺 , ∀𝑡, ∀𝑗, ∀𝑏 (3.46) 

𝜎𝑑𝑘
𝐷 𝑃̅𝑡𝑑𝑘

𝐷 (𝜒̅𝑡𝑑𝑘
𝐷 −  𝜒𝑡𝑑𝑘

𝐷 )  ≥  𝑃𝑡𝑑𝑘
𝐷 − 𝑃̅𝑡𝑑𝑘

𝐷 ,  ∀𝑡, ∀𝑑, ∀𝑘 (3.47) 

𝜎𝑗𝑏
𝐺 𝑃̅𝑡𝑗𝑏

𝐺 (𝜒̅𝑡𝑗𝑏
𝐺 −  𝜒𝑡𝑗𝑏

𝐺 )  ≤  (1 − 𝜔̅𝑡𝑗𝑏
𝐺 )𝑀𝑃 + 𝑃𝑡𝑗𝑏

𝐺 −  𝑃̅𝑡𝑗𝑏
𝐺   , ∀𝑡, ∀𝑗, ∀𝑏 (3.48) 

𝜎𝑑𝑘
𝐷 𝑃̅𝑡𝑑𝑘

𝐷 (𝜒̅𝑡𝑑𝑘
𝐷 −  𝜒𝑡𝑑𝑘

𝐷 )  ≤  (1 − 𝜔̅𝑡𝑑𝑘
𝐷 )𝑀𝑃 + 𝑃𝑡𝑑𝑘

𝐷 − 𝑃̅𝑡𝑑𝑘
𝐷  ,  ∀𝑡, ∀𝑑, ∀𝑘 (3.49) 

𝜏𝑗𝑏
𝐺 𝜆𝑡𝑗𝑏

𝐺 (𝜋̅𝑡𝑗𝑏
𝐺 −  𝜋𝑡𝑗𝑏

𝐺 ) = 𝜆𝑡𝑛
𝐷𝐴 − 𝜆𝑡𝑗𝑏

𝐺 − 𝜇̅𝑡𝑗𝑏
𝐺 + 𝜇𝑡𝑗𝑏

𝐺 ,   ∀𝑡, ∀𝑗, ∀𝑏 (3.50) 

𝜏𝑑𝑘
𝐷 𝜆𝑡𝑑𝑘

𝐷 (𝜋̅𝑡𝑑𝑘
𝐷 −  𝜋𝑡𝑑𝑘

𝐷 ) = − 𝜆𝑡𝑛
𝐷𝐴 + 𝜆𝑡𝑑𝑘

𝐷 − 𝜇̅𝑡𝑑𝑘
𝐷 + 𝜇𝑡𝑑𝑘

𝐷 ,  ∀𝑡, ∀𝑑, ∀𝑘 (3.51) 

𝜂̅𝑡𝑗𝑏
𝐺 + 𝜂𝑡𝑗𝑏

𝐺 = −𝜇̅𝑡𝑗𝑏
𝐺 ,     ∀𝑡, ∀𝑗, ∀𝑏 (3.52) 

𝜂̅𝑡𝑑𝑘
𝐷 +  𝜂𝑡𝑑𝑘

𝐷 = −𝜇̅𝑡𝑑𝑘
𝐷 ,   ∀𝑡, ∀𝑑, ∀𝑘 (3.53) 

𝜃̅𝑡𝑗𝑏
𝐺 +  𝜃𝑡𝑗𝑏

𝐺 =  − 𝑃𝑡𝑗𝑏
𝐺  ,  ∀𝑡, ∀𝑗, ∀𝑏 (3.54) 

𝜃̅𝑡𝑑𝑘
𝐷 + 𝜃𝑡𝑑𝑘

𝐷 =  𝑃𝑡𝑑𝑘
𝐷 ,     ∀𝑡, ∀𝑑, ∀𝑘 (3.55) 

𝜒̅𝑡𝑗𝑏
𝐺 +  𝜒𝑡𝑗𝑏

𝐺 =  −1,  ∀𝑡, ∀𝑗, ∀𝑏 (3.56) 

𝜒̅𝑡𝑑𝑘
𝐷 +  𝜒𝑡𝑑𝑘

𝐷 = −1,  ∀𝑡, ∀𝑑, ∀𝑘 (3.57) 

𝜋̅𝑡𝑗𝑏
𝐺 +  𝜋𝑡𝑗𝑏

𝐺 =  −1,  ∀𝑡, ∀𝑗, ∀𝑏 (3.58) 

𝜋̅𝑡𝑑𝑘
𝐷 +  𝜋𝑡𝑑𝑘

𝐷 = −1,  ∀𝑡, ∀𝑑, ∀𝑘 (3.59) 

{𝜌̅𝑡𝑛
𝑅𝑇 , 𝜒̅𝑡𝑗𝑏

𝐺 , 𝜒̅𝑡𝑑𝑘
𝐷 , 𝜋̅𝑡𝑗𝑏

𝐺 , 𝜋̅𝑡𝑑𝑘
𝐷 , 𝜂̅𝑡𝑗𝑏

𝐺 , 𝜂̅𝑡𝑑𝑘
𝐷 , 𝜃̅𝑡𝑗𝑏

𝐺 , 𝜃̅𝑡𝑑𝑘
𝐷 } ≤ 0   

{𝜌𝑡𝑛
𝑅𝑇 , 𝜒𝑡𝑗𝑏

𝐺 , 𝜒𝑡𝑑𝑘
𝐷 , 𝜋𝑡𝑗𝑏

𝐺 , 𝜋𝑡𝑑𝑘
𝐷 , 𝜂𝑡𝑗𝑏

𝐺 , 𝜂𝑡𝑑𝑘
𝐷 , 𝜃𝑡𝑗𝑏

𝐺 , 𝜃𝑡𝑑𝑘
𝐷 } ≥ 0 

In Model (5), constraints (3.44), (3.46), and (3.52) - (3.55) are the dual forms of 

the objective function (3.41) with respect to its corresponding constraints (3.5) – (3.10). 

Lagrangian coefficients of these constraints are 𝜌̅𝑡𝑛
𝑅𝑇, 𝜌𝑡𝑛

𝑅𝑇, 𝜂̅𝑡𝑗𝑏
𝐺 , 𝜂𝑡𝑗𝑏

𝐺 , 𝜂̅𝑡𝑑𝑘
𝐷 , 𝜂𝑡𝑑𝑘

𝐷 , 𝜃̅𝑡𝑗𝑏
𝐺 , 
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𝜃𝑡𝑗𝑏
𝐺 , 𝜃̅𝑡𝑑𝑘

𝐷 , and 𝜃𝑡𝑑𝑘
𝐷 . Constraints (3.46) – (3.51) are the dualized constraints of the primal 

constraints (3.15), (3.16), (3.32), (3.33), (3.23), and (3.24). Dualized equations of 

constraints (3.7) – (3.10) are stated as (3.56) – (3.59), respectively. Variables 𝜒̅𝑡𝑗𝑏
𝐺 , 𝜒𝑡𝑗𝑏

𝐺 , 

𝜒̅𝑡𝑑𝑘
𝐷 , 𝜒𝑡𝑑𝑘

𝐷 , 𝜋̅𝑡𝑗𝑏
𝐺 , 𝜋𝑡𝑗𝑏

𝐺 , 𝜋̅𝑡𝑑𝑘
𝐷 , and 𝜋𝑡𝑑𝑘

𝐷  are the Lagrangian coefficients of (3.6) – (3.10) to 

evaluate the dual of constraints (3015), (3.16), (3.23), (3.24), (3.32), and (3.33). With this 

method, which is well described in [81], the robust two-level optimization problem is 

converted to a single level MILP problem which can be solved by available commercial 

solvers.  

3.3. ILLUSTRATIVE EXAMPLE 

The considered test system is illustrated in Figure 3.3. This system includes 5 

generators, 3 loads, and 6 transmission lines. It is assumed that the virtual bidder attends 

to submit its bids from two locations (bus B and bus E) to the DA market.  

 

 
 

Figure 3.3 Five-bus test system. 
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For the sake of simplicity, it is assumed that the problem is solved for one period, 

and the corresponding forecasted RT prices ($/MWH) for different buses are shown in 

Table 3.1. Forecasted generators’/loads’ offers/bids are summarized in Table 3.2 and 

Table 3.3, respectively.  

Line capacities are assumed to be 400MW for the line A-B, 240MW for the line 

D-E, and 100MW for the rest of the lines. All robustness parameters are 0.1, and 𝑉𝑡𝑖
𝑏𝑢𝑑𝑔𝑒𝑡

 

is 200MW for virtual bids maximum offers/bids. Solving the Deterministic model (Note 

that this model can be obtained by setting all robustness parameters to zero), the virtual 

bidder’s strategy would be 28.14MW generation at the price of $57.57/MWH at bus B, 

and 200MW generation at the price of $20/MWH at bus E. As it is shown in Table 3.4, if 

we test the Deterministic model results in the worst-case scenario, none of these virtual 

bids are cleared since, in this case, these bid prices are higher than the LMP of the system 

at the corresponding nodes.  

 

Table 3.1 Forecasted RT Price for Different Buses. 

Bus # 

Hour 
A B C D E 

1 12 50 30 45 10 

 

Table 3.2 Forecasted Generators Offer Quantities and Prices. 

  𝑷̅𝒕𝒋𝒃
𝑮  (MW) 𝝀𝒕𝒋𝒃

𝑮  ($/MWH) Location (Bus #) 

G1 40 14 A 

G2 170 15 A 

G3 520 30 C 

G4 200 40 D 

G5 600 20 E 
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Table 3.3 Forecasted Loads Bid Quantities and Prices. 

  𝑷̅𝒕𝒅𝒌
𝑫  (MW) 𝝀𝒕𝒅𝒌

𝑫  ($/MWH) Location (Bus #) 

L1 300 60 B 

L2 300 60 C 

L3 400 75 D 
 

 

Table 3.4 Deterministic and Robust Models Results in the Worst-Case Scenario. 

  𝜶𝒕𝒊
𝒃𝒊𝒅𝑮 

($/MWH) 

𝜶𝒕𝒊
𝒃𝒊𝒅𝑫 

($/MWH) 

𝑽𝒕𝒊
𝒃𝒊𝒅𝑮 

(MW) 

𝑽𝒕𝒊
𝒃𝒊𝒅𝑫 

(MW) 

𝑽𝒕𝒊
𝑫𝑨𝒈

 

(MW) 

𝑽𝒕𝒊
𝑫𝑨𝒅 

(MW) 

D
e
te

r
m

in
is

ti
c 

V
1
 

57.57 0 28.14 0 0 0 

V
2
 

20 0 200 0 0 0 

R
o

b
u

st
 

V
1
 

0 66 0 19 0 19 

V
2
 

18 0 200 0 200 0 

 

 

On the contrary, the bidding strategy of the virtual bidder is completely different 

when he/she applies the proposed model (Model (5)). As this model considers the 

occurrence of the worst-case scenario, its solution will be optimal in this scenario. The 

worst-case scenario happens when the L1 and G5 are the marginal MPs at buses B and E, 

respectively. As the robustness parameters are 0.1, the LMPs will be $66/MWH at bus B 

and $18/MWH at bus E, in the worst-case scenario. Therefore, virtual bidder bids as a 

demand at bus B at the price of $66/MWH and as a generator at bus E at the price of 

$18/MWH to be cleared in the DA market in this situation. As a result, the total profit of 

the virtual bidder is $404 using the proposed robust model at the worst-case scenario, 

while the profit would be zero when bids obtained from the Deterministic model are 

used. 
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3.4. CASE STUDY 

To represent the effectiveness of the model, the following case study is designed. 

3.4.1. Data and Case Setups. The proposed approach is implemented on the 

IEEE 24-bus Reliability Test System [82] (Figure 3.4). This system includes 24 buses, 32 

generators, 17 demands, and 38 transmission lines. A virtual bidder is assumed to bid 

from 5 different locations (buses #6, #11, #14, #16, #22). Suppose the maximum bid 

quantity that virtual bidder can bid in the DA market is 60MW, which is determined 

according to the proxy amount owned by the virtual bidder [52].  

 

 
 

Figure 3.4 IEEE 24-bus test system. 
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Figure 3.5 Forecasted RT market LMP at different buses and periods. 

Forecasted Real-Time LMP at different locations and periods are presented in 

Figure 3.5. Offer quantities and prices of other generation units are represented in Table 

3.5, which are assumed to be the same for all periods. Forecasted loads’ bid quantities are 

depicted in Figure 3.6, and their corresponding predicted bid prices is shown in Figure 

3.7. Note that this predicted bid price profile is considered the same for all loads.  

We designed 9 different cases to present the effectiveness of the proposed model. 

The first case is the Deterministic case in which all robustness parameters are zero. In 

Cases 2 – 6, just one robustness parameter is assumed to be non-zero, and in other Cases 

(Cases 7 – 9), all robustness parameters are non-zero. Cases 7 – 9 are designed to present 

the benefit of the proposed robust model in the highly uncertain situation. Table 3.6 

summarizes the designed cases. 
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Table 3.5 Forecasted Offer Quantities and Prices of other Generating Units. 

Gen # 
𝑷̅𝒕𝒋𝒃

𝑮  

(MW)  

𝝀𝒕𝒋𝒃
𝑮  

($/MWH) 

Location 

(Bus #) 
Gen # 

𝑷̅𝒕𝒋𝒃
𝑮  

(MW)  

𝝀𝒕𝒋𝒃
𝑮  

($/MWH) 

Location 

(Bus #) 

G1 20 13.7 1 G17 12 26.11 15 

G2 20 13.7 1 G18 12 26.11 15 

G3 76 13.32 1 G19 12 26.11 15 

G4 76 13.32 1 G20 155 10.53 15 

G5 20 13.7 2 G21 155 10.53 16 

G6 20 13.7 2 G22 400 5.47 18 

G7 76 13.32 2 G23 400 5.47 21 

G8 76 13.32 2 G24 50 0 22 

G9 100 20.76 7 G25 50 0 22 

G10 100 20.76 7 G26 50 0 22 

G11 100 20.76 7 G27 50 0 22 

G12 197 10.89 13 G28 50 0 22 

G13 197 10.89 13 G29 50 0 22 

G14 197 10.89 13 G30 155 10.53 23 

G15 12 26.11 15 G31 155 10.53 23 

G16 12 26.11 15 G32 350 20.72 23 

 

 
 

Figure 3.6 Forecasted loads quantities at different periods. 
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Figure 3.7 Forecasted bid prices for all loads at different periods. 

 

Table 3.6 Different Cases Design for Uncertainties (%). 
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𝜻𝒏
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𝝈𝒋𝒃
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𝝈𝒅𝒌
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𝝉𝒋𝒃
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3.4.2. Results and Discussion.  We solved the designed cases, explained in the 

previous section, with the proposed Model (5). Moreover, for comparison purpose, the 

Deterministic model results were tested at the worst-case situations. As it is shown in 

Figure 3.8, the total profit of virtual bidder is always higher than the profit this MP can 

obtain from the Deterministic model. This is because the Deterministic model results are 
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not applicable in the worst-case scenario and most of the time, they are not cleared in the 

DA market, which leads to lower profit. Therefore, a risk-averse virtual bidder would 

prefer to apply the robust-based solution in situations with uncertain sources.  

 
 

Figure 3.8 Total profit of the virtual bidder using deterministic and robust optimization at 

the worst-case scenario of different test cases. 

All tests were performed on a computer with a 3.2 GHz Intel Core i7 CPU and 

32GB of RAM. The models were implemented in AIMMS 4.75.1.0 [83] and solved using 

CPLEX 12.10 [84]. The number of variables, constraints, and CPU clock times regarding 

the deterministic model and robust model are summarized in Table 3.7. 

Table 3.7 Number of variables, constraints and CPU clock times of the deterministic and 

robust models. 

 Deterministic Model Robust Model 

# Variables 17041 29617 

# Constraints 15025 25705 

CPU Time 3.1 sec 17.4 sec 
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To present the influence of the virtual bids on the DA market prices, DA LMPs at 

two selected buses where the virtual bidder places its bids (buses 6 and 22), are shown in 

Figure 3.9. Note that these prices are captured in the worst-case scenario. As seen from 

Figure 3.9, the predicted RT LMP at bus 6 is higher than the DA LMP before placing the 

virtual bids. Using the deterministic model, virtual bids cause a reverse divergence 

between RT and DA LMPs at multiple hours, which results in a negative profit for the 

virtual bidder. However, there is a reasonable convergence between RT and DA LMPs 

when the robust optimization results are applied by the virtual bidder. The same situation 

applies to LMPs at bus 22, except that the predicted RT price is smaller than the DA 

LMP before virtual bids.  

A sensitivity analysis has been done here to find the most critical uncertain 

parameter which can highly affect the total profit. Therefore, the Profit Change is 

calculated using Equation (3.60) for designed Cases 2 – 6. In each of the cases, only one 

of the uncertainty parameters is considered. In Equation (3.60), 𝑅𝑑 is the profit of 

Deterministic result in the forecasted scenario, and 𝑅𝑡 is the profit of the 

Deterministic/Robust models’ results testing in the worst-case scenario. 

𝑃𝑟𝑜𝑓𝑖𝑡 𝐶ℎ𝑎𝑛𝑔𝑒 =  
|𝑅𝑑 − 𝑅𝑡|

𝑅𝑑
× 100 

(3.60) 

As it is seen in Figure 3.8, the profit obtained from the Deterministic result in the 

forecasted scenario (Case 1) is $175,635, while the profit of the virtual bidder is 

$133,974 when applying the Robust-based results in the worst-case scenario (Case 2). 

Thus, the profit change is 23.72% for this designed case. 
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Figure 3.10 compares the profit changes calculated for Cases 2 – 6 for both 

deterministic-based and Robust-based results tested at the worst-case scenarios. It is 

obvious that the higher the profit change is, the greater the impact of the corresponding 

parameter on the total profit. Therefore, as shown in Figure 3.10, RT LMP has the 

greatest influence on the total profit of the virtual bidder. 

 

(a) 

 

(b) 

Figure 3.9 RT price, DA price before virtual bids, DA price with virtual bids using 

deterministic model, and DA price with virtual bids using the robust model at bus 6 (a) 

and bus 22 (b). 
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Figure 3.10 Total profit of the virtual bidder using deterministic and robust optimization 

at the worst-case scenario of different test cases. 

In order to observe the performance of the proposed model, this model has been 

tested with different levels of uncertainty (Cases 7 – 9). As shown in Figure 3.11, the 

difference between the profits attained from the proposed model and deterministic model 

results will rise as the level of uncertainty increases. Note that, in these tests, the worst-

case scenario was utilized to evaluate the results of the robust and deterministic models. 

Therefore, the outcome of deterministic model results may change when the uncertainty 

level changes. 

𝐼𝑚𝑝𝑟𝑜𝑣𝑒𝑚𝑒𝑛𝑡  𝑖𝑛 𝑝𝑟𝑜𝑓𝑖𝑡 =  
|𝑅𝑟 − 𝑅𝑑

′ |

𝑅𝑟
× 100 

(3.61) 

The 𝑖𝑚𝑝𝑟𝑜𝑣𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝑝𝑟𝑜𝑓𝑖𝑡, which is calculated by Equation (3.61), represents 

the advantages of applying the proposed model specifically for the risk-averse virtual 

bidders who consider the higher confidence interval for the uncertain parameters. Figure 

3.11 shows that the improvement in profit reaches 50% when the virtual bidder chooses 

0.3 for the robustness parameters in his/her decision-making process. It clearly 
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demonstrates the benefits of the proposed model. In Equation (3.61), 𝑅𝑟 is the profit of 

the robust-based model, and 𝑅𝑑
′  is the profit of the Deterministic model results testing at 

the worst-case scenario. 

 

 
 

Figure 3.11 Profit comparison between the deterministic model and robust model results 

tested at the worst-case scenario with different level of uncertainty. 
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market clearing process and can appropriately make bidding decisions to its best interest. 

Therefore, through the bid price, a virtual bidder can effectively compromise between the 

amount of cleared virtual bids and the affected price difference between the DA and RT 

markets considering the uncertainties of other MPs’ strategies and RT market LMPs. 

Numerical results and sensitivity analysis show that RT LMP is the most critical 

uncertain parameter that the virtual bidder needs to consider in his/her decision-making 

procedure. Moreover, as compared to using the deterministic model, a risk-averse virtual 

bidder can always make more profit at the worst-case scenario employing the proposed 

model, and the improvement in profits increases dramatically as the uncertainty level 

increases 
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4. BIDDING STRATEGY FOR PHYSICAL MARKET PARTICIPANTS WITH 

VIRTUAL BIDDING CAPABILITY 

4.1. BACKGROUND 

Market structures can be divided into two groups based on how perfectly and 

imperfectly a market is competitive from a microeconomics standpoint. In a market with 

perfect competition, there are many producers and customers competing for the same 

homogenous product, and the market price is set only by supply and demand, and no 

company can affect the market price by altering its bidding strategy. However, due to 

imperfect competition, some market participants (MPs) have the ability to sway market 

prices in favor of their own interests [5, 37]. Aside from the purely financial players, 

physical MPs can also take part in virtual bidding in power markets. However, due to 

their interdependence with the physical assets they own, their optimal approach may 

differ greatly from that of purely financial players. For instance, when the RT market 

price is expected to be higher than the DA market price, virtual DEC can provide a 

positive virtual profit. However, it may increase the DA market price which may cause 

the reduction of cleared physical generation and therefore decrease the profit from 

physical generation. Therefore, the decision-making of physical MP with virtual bidding 

capabilities is an innovative and difficult topic that requires more investigation. 

The following aspects need to be included into the decision-making process for a 

physical MP that is also capable of conducting virtual transactions. To begin, the 

objective is not to maximize any one part of the profit; rather, it is to maximize the whole 

profit, which comprises the profit from both the physical generation and the virtual 

transaction. Second, the prices of DA on the market might be affected by virtual 
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transactions (either INC or DEC), which could then have an effect on the amount of 

money made from the physical generation. Third, the physical generation may also have 

an effect on the price of DA and, as a consequence, alters the difference in price between 

DA and RT, which may lead to variations in the profit gained through virtual 

transactions. Therefore, an effective strategy for placing bids should make it possible for 

the MP to wisely control the effect that it has on the DA price, with the ultimate objective 

of optimizing the total profit. Besides, the decision-making process of a physical MP with 

virtual bidding capability is subject to two major uncertainties: the forecasted price of the 

RT market, and the price of the DA market, which is influenced not only by the virtual 

bids and offers of the physical MP itself, but also by the bidding strategy of other MPs 

attending in the DA market. In order to develop an optimal bidding strategy for physical 

MP with virtual bidding capability and at the same time consider the uncertainties in DA 

market price and RT market price forecast, this section proposes a risk-controlled bi-level 

optimization model to maximize the total profit for the appropriate risk level. The upper-

level subproblem aims to maximize the profit of this MP whose income is measured 

according to the cleared DA market price obtained at the lower-level subproblem which 

represents the market clearing procedure. The outputs of lower-level subproblem include 

cleared energy, cleared virtual transactions and the DA market LMP, are turned back to 

the upper-level subproblem. Besides, to handle the aforementioned uncertainties, this 

subproblem incorporates scenario-based uncertainties of rivals’ strategies and RT market 

prices. Finally, the conditional value-at-risk (CVaR) is employed to empirically estimate 

the risk of payoff associated with various strategies. 
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4.2. PROBLEM DESCRIPTION  

The overall structure of the problem is described in this subsection. 

4.2.1. Bidding Strategy of Physical MP With Virtual Bidding Capability. 

During the day before the operating day, the DA market is cleared on an hourly basis, 

while the RT market is cleared on a five-minute basis; nevertheless, its settlement is 

executed based on the average of twelve five-minute time slots [51]. In real world, there 

is often a discrepancy between the prices of DA and RT markets; hence, a physical MP 

who is able to participate in virtual bidding has the capability to arbitrage the price 

disparities by engaging in virtual transactions. 

In theory, a physical MP that holds a large market share has the ability to 

influence the DA market LMP and, as a result, maximize the profits generated by its 

physical generation. Nonetheless, this adjustment may make the price gap between DA 

and RT less significant, which would mean a smaller profit potential for the virtual 

transaction. Therefore, in order for the MP to maximize its profit, it is necessary for them 

to find a balance not only between the cleared power and the DA market LMP, but also 

between the cleared power and the influence that it has on the DA/RT price spread, while 

monitor the probable risk of profit volatility.  

4.2.2. Uncertainty Characterization.  When determining its offers and bids, a 

MP is confronted with a number of uncertainties, including the strategy of its competitors 

and the RT market prices. In order to cope with these uncertainties, a variety of scenarios 

have been established. These scenarios represent the many possible realizations of the 

unknown variables and the probability associated with each of those realizations. For the 
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purpose of the problem formulation presented in this study, two distinct scenario sets are 

specified: 

1) Day-Ahead market scenarios which denote the different strategies of other 

generators/demands 

2) Real-Time market scenarios which denote the different RT market price predictions. 

4.2.3. Risk Modeling.  Because of the aforementioned unpredictability of the 

situation, it is possible that certain MPs will not be ready to adopt a strategy that has a 

high probability of resulting in significant profit volatility. As a result, the Conditional 

Value-at-Risk (CVaR) measure has been implemented; this gives market participants the 

ability to keep track of the risks that are associated with the offers and bids they make. 

This metric is linear and easy to integrate into the optimization problem [85].  

4.2.4. Model Description.  In this section, the optimal bidding strategy of a 

physical MP with the virtual bidding capability in the DA market is formulated by means 

of a stochastic bi-level optimization model. The upper-level subproblem of the proposed 

model illustrates the MP’s payoff maximization problem, and the evaluation of market 

clearing procedure under various scenarios, is performed in the lower-level subproblems. 

The upper-level and lower-level subproblems are connected by their respective decision 

variables. The decision variables of the upper-level subproblem which consist of the MP's 

offers/bids to sell/purchase physical power or virtual bids in/from the DA market, are 

transferred to the lower-level subproblem as parameters. The decision variables of the 

lower-level subproblem include cleared power sold (purchased) by all generating units 

(demands), and wholesale energy prices, which are returned to the upper-level problem 

for MP profit calculation 
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4.3. MATHEMATICAL FORMULATION 

In order to make the model more understandable, a deterministic bi-level model 

of the examined bidding strategy problem will first be described. This model will assume 

that there are no model uncertainties. Next, the stochastic bi-level model is improved by 

include a modeling of uncertainty and risk. 

4.3.1. Deterministic Bi-Level Model. The bidding strategy of a physical MP with 

virtual bidding capability in the DA market can be formulated using the bi-level 

optimization model as follows:  

A) Upper-Level 

Min
𝛾𝑡𝑖𝑘

𝐺 ,𝑃𝑡𝑖𝑘
𝐺

,𝛾𝑡𝑣,𝑉̅𝑡𝑣

∑ 𝜆𝑡𝑖𝑘
𝐺 𝑃𝑡𝑖𝑘

𝐺 − ∑ 𝜆𝑡𝑛
𝐷𝐴𝑃𝑡𝑖𝑘

𝐺

𝑡(𝑖∈𝜓𝑛)𝑘𝑡𝑖𝑘

− ∑ 𝜆𝑡𝑛
𝐷𝐴𝑉𝑡𝑣  +  ∑ 𝜆𝑡𝑛

𝑅𝑇𝑉𝑡𝑣

𝑡(𝑣∈𝜓𝑛)𝑡(𝑣∈𝜓𝑛)

 

(4.1) 

Subject to: 

∑ 𝑃(𝑡+1)𝑖𝑘
𝐺

𝑘

− ∑ 𝑃𝑡𝑖𝑘
𝐺

𝑘

≤ 𝑅𝑖
𝑈𝑃,     ∀𝑡, ∀𝑖 

(4.2) 

∑ 𝑃𝑡𝑖𝑘
𝐺

𝑘

− ∑ 𝑃(𝑡+1)𝑖𝑘
𝐺

𝑘

≤ 𝑅𝑖
𝐿𝑂 ,     ∀𝑡, ∀𝑖 

(4.3) 

∑ 𝑃𝑟𝑜𝑥𝑦𝑡𝑣𝑉𝑡𝑣

𝑡𝑣

≤ 𝐵,      
(4.4) 

−𝑉𝑡𝑣
𝑚𝑎𝑥 ≤ 𝑉𝑡𝑣 ≤ 𝑉𝑡𝑣

𝑚𝑎𝑥                 ∀𝑡, ∀𝑣 (4.5) 

B) Lower-level: 

𝑉𝑡𝑣 , 𝑃𝑡𝑖𝑘
𝐺 ∈ 𝑎𝑟𝑔 { Minimize

𝑉𝑡𝑣,𝑃𝑡𝑖𝑘
𝐺 ,𝑃𝑡𝑗𝑘

𝑅 ,𝑃𝑡𝑑𝑘
𝐷

∑ 𝛾𝑡𝑣𝑉𝑡𝑣

𝑡𝑣

+ ∑ 𝛾𝑡𝑖𝑘
𝐺 𝑃𝑡𝑖𝑘

𝐺

𝑡𝑖𝑘

+ ∑ 𝜆𝑡𝑗𝑘
𝑅 𝑃𝑡𝑗𝑘

𝑅

𝑡𝑗𝑘

− ∑ 𝜆𝑡𝑑𝑘
𝐷 𝑃𝑡𝑑𝑘

𝐷

𝑡𝑑𝑘

 

(4.6) 
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Subject to: 

∑ 𝑉𝑡𝑣

𝑣

+ ∑ 𝑃𝑡𝑖𝑘
𝐺

𝑖𝑘

+ ∑ 𝑃𝑡𝑗𝑘
𝑅

𝑗𝑘

= ∑ 𝑃𝑡𝑑𝑘
𝐷

𝑑𝑘

 ∶  𝜆𝑡𝑓
𝐷𝐴,        ∀𝑡 

(4.7) 

−𝑉𝑡𝑣 ≤ 𝑉𝑡𝑣 ≤ 𝑉𝑡𝑣                 ∶  𝜌
𝑡𝑣

𝑉
 , 𝜌𝑡𝑣

𝑉 ,     ∀𝑡, ∀𝑣 

(4.8) 

0 ≤ 𝑃𝑡𝑖𝑘
𝐺 ≤ 𝑃𝑡𝑖𝑘

𝐺
                    ∶ 𝜌

𝑡𝑖𝑘

𝐺
 , 𝜌𝑡𝑖𝑘

𝐺 ,    ∀𝑡, ∀𝑖, ∀𝑘 

(4.9) 

0 ≤ 𝑃𝑡𝑗𝑘
𝑅 ≤ 𝑃𝑡𝑗𝑘

𝑅
                   ∶ 𝜌

𝑡𝑗𝑘

𝑅
 , 𝜌𝑡𝑗𝑘

𝑅 ,    ∀𝑡, ∀𝑗, ∀𝑘 

(4.10) 

0 ≤ 𝑃𝑡𝑑𝑘
𝐷 ≤ 𝑃𝑡𝑑𝑘

𝐷
                ∶ 𝜌

𝑡𝑑𝑘

𝐷
 , 𝜌𝑡𝑑𝑘

𝐷 ,    ∀𝑡, ∀𝑑, ∀𝑘 

(4.11) 

−𝐶𝑙 ≤ ∑ 𝑃𝑇𝐷𝐹𝑛𝑙 ( ∑ 𝑉𝑡𝑣

(𝑣∈𝜓𝑛)

+ ∑ 𝑃𝑡𝑖𝑘
𝐺

(𝑖∈𝜓𝑛)𝑘

∑ 𝑃𝑡𝑗𝑘
𝑅

(𝑗∈𝜓𝑛)𝑘

− ∑ 𝑃𝑡𝑑𝑘
𝐷

(𝑑∈𝜓𝑛)𝑘

)

𝑛

≤ 𝐶𝑙    ∶ 𝜗𝑡𝑙  , 𝜗𝑡𝑙    ∀𝑡, ∀𝑙 

(4.12) 

𝜆𝑡𝑛
𝐷𝐴 = 𝜆𝑡𝑓

𝐷𝐴 − ∑ 𝑃𝑇𝐷𝐹𝑛𝑙(𝜗𝑡𝑙 − 𝜗𝑡𝑙)

𝑙

            ∀𝑡, ∀𝑛 

(4.13) 

The upper-level subproblem (4.1) – (4.5) represents the profit maximization of the 

physical MP with virtual bidding capability, and the lower-level subproblem (4.6) – 

(4.13) represents the DA market clearing process. Note that the notations on the right side 

of the lower-level constraints represent the dual variables of those constraints. The 

objective function (4.1) consists of four terms: the first two terms (∑ 𝜆𝑡𝑖𝑘
𝐺 𝑃𝑡𝑖𝑘

𝐺 −𝑡𝑖𝑘

∑ 𝜆𝑡𝑛
𝐷𝐴𝑃𝑡𝑖𝑘

𝐺
𝑡(𝑖∈𝜓𝑛)𝑘 ) represent the minus of profits of actual generation in the DA market 

and the second two terms (− ∑ 𝜆𝑡𝑛
𝐷𝐴𝑉𝑡𝑣  +  ∑ 𝜆𝑡𝑛

𝑅𝑇𝑉𝑡𝑣𝑡(𝑣∈𝜓𝑛)𝑡(𝑣∈𝜓𝑛) ) are the minus of 

profits of virtual bids which can be obtained by participating in DA and RT markets. 

Constraints (4.2) and (4.3) express the ramp-up/down limits of the physical generating 

units. Constraint (4.4) limits the virtual energy transaction according to its virtual proxy. 
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Constraint (4.5) imposes power limits that this MP can trade as virtual transactions in the 

DA market.  

The cleared power 𝑉𝑡𝑣  and 𝑃𝑡𝑖𝑘
𝐺  are part of the feasible region specified by the 

lower-level subproblem (4.6) – (4.13). The objective function (4.6) minimizes the 

negative of the social welfare. Constraint (4.7) represents the generation-load balance for 

the whole system, and the dual variable of this constraint denotes the system-wide DA 

market price (𝜆𝑡𝑓
𝐷𝐴). Constraints (4.8) – (4.10) define the power limits for virtual 

transaction, physical generation of strategic MP and other nonstrategic generators, 

respectively. Constraint (4.11) represents the demand limits. Transmission line capacity 

limits are denoted by constraint (4.12). Constraint (4.13) represents the DA market LMP 

at bus 𝑛 and time 𝑡. Note that (𝑖, 𝑗, 𝑑, 𝑣) ∈ 𝜓𝑛 identifies that these generators/demands are 

located at bus 𝑛 and offers/bids from this bus. 

Solution Methodology: To convert the bi-level optimization problem described in 

Subsection 4.3.1 into a single level problem, the lower-level linear optimization problem 

is replaced by its KKT optimality conditions. The obtained single-level problem, which is 

known as Mathematical Problem with Equilibrium Constraints (MPEC), is illustrated as 

follows. 

Min
𝛾𝑡𝑖𝑘

𝐺 ,𝑃𝑡𝑖𝑘
𝐺 ,

𝛾𝑡𝑣,𝑉𝑡𝑣

∑ 𝜆𝑡𝑖𝑘
𝐺 𝑃𝑡𝑖𝑘

𝐺 − ∑ 𝜆𝑡𝑛
𝐷𝐴𝑃𝑡𝑖𝑘

𝐺

𝑡(𝑖∈𝜓𝑛)𝑘𝑡𝑖𝑘

− ∑ 𝜆𝑡𝑛
𝐷𝐴𝑉𝑡𝑣  +  ∑ 𝜆𝑡𝑛

𝑅𝑇𝑉𝑡𝑣

𝑡(𝑣∈𝜓𝑛)𝑡(𝑣∈𝜓𝑛)

 

(4.14) 

Subject to: 

Constraints (4.2) - (4.5) 

(4.15) 

𝛾𝑡𝑖𝑘
𝐺 − 𝜆𝑡𝑛

𝐷𝐴 + 𝜌
𝑡𝑖𝑘

𝐺
− 𝜌𝑡𝑖𝑘

𝐺 = 0,          ∀𝑡, ∀𝑖 ∈ 𝜓𝑛, ∀𝑘 

(4.16) 
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𝛾𝑡𝑣 − 𝜆𝑡𝑛
𝐷𝐴 + 𝜌

𝑡𝑣

𝑉
− 𝜌𝑡𝑣

𝑉 = 0,              ∀𝑡, ∀𝑣 ∈ 𝜓𝑛 

(4.17) 

𝜆𝑡𝑗𝑘
𝑅 − 𝜆𝑡𝑛

𝐷𝐴 + 𝜌
𝑡𝑗𝑘

𝑅
− 𝜌𝑡𝑗𝑘

𝑅 = 0,          ∀𝑡, ∀𝑗 ∈ 𝜓𝑛, ∀𝑘 

(4.18) 

−𝜆𝑡𝑑𝑘
𝐷 + 𝜆𝑡𝑛

𝐷𝐴 + 𝜌
𝑡𝑑𝑘

𝐷
− 𝜌𝑡𝑑𝑘

𝐷 = 0,     ∀𝑡, ∀𝑑 ∈ 𝜓𝑛, ∀𝑘 

(4.19) 

Constraints (4.7) and (4.13) 

(4.20) 

0 ≤ 𝑉𝑡𝑣 + 𝑉𝑡𝑣 ⊥  𝜌𝑡𝑣
𝑉 ≥ 0,                 ∀𝑡, ∀𝑣 

(4.21) 

0 ≤ 𝑉𝑡𝑣 − 𝑉𝑡𝑣 ⊥  𝜌
𝑡𝑣

𝑉
≥ 0,                 ∀𝑡, ∀𝑣 

(4.22) 

0 ≤ 𝑃𝑡𝑖𝑘
𝐺 ⊥  𝜌𝑡𝑖𝑘

𝐺 ≥ 0,                          ∀𝑡, ∀𝑖, ∀𝑘 

(4.23) 

0 ≤ 𝑃𝑡𝑖𝑘

𝐺
− 𝑃𝑡𝑖𝑘

𝐺 ⊥  𝜌
𝑡𝑖𝑘

𝐺
≥ 0,             ∀𝑡, ∀𝑖, ∀𝑘 

(4.24) 

0 ≤ 𝑃𝑡𝑗𝑘
𝑅 ⊥  𝜌𝑡𝑗𝑘

𝑅 ≥ 0,                         ∀𝑡, ∀𝑗, ∀𝑘 

(4.25) 

0 ≤ 𝑃𝑡𝑗𝑘

𝑅
− 𝑃𝑡𝑗𝑘

𝑅 ⊥  𝜌
𝑡𝑗𝑘

𝑅
≥ 0,            ∀𝑡, ∀𝑗, ∀𝑘 

(4.26) 

0 ≤ 𝑃𝑡𝑑𝑘
𝐷 ⊥  𝜌𝑡𝑑𝑘

𝐷 ≥ 0,                        ∀𝑡, ∀𝑑, ∀𝑘 

(4.27) 

0 ≤ 𝑃𝑡𝑑𝑘

𝐷
− 𝑃𝑡𝑑𝑘

𝐷 ⊥  𝜌
𝑡𝑑𝑘

𝐷
≥ 0,          ∀𝑡, ∀𝑑, ∀𝑘 

(4.28) 

0 ≤ 𝐶𝑙 + ∑ 𝑃𝑇𝐷𝐹𝑛𝑙 ( ∑ 𝑉𝑡𝑣

(𝑣∈𝜓𝑛)

+ ∑ 𝑃𝑡𝑖𝑘
𝐺

(𝑖∈𝜓𝑛)𝑘

+ ∑ 𝑃𝑡𝑗𝑘
𝑅

(𝑗∈𝜓𝑛)𝑘

− ∑ 𝑃𝑡𝑑𝑘
𝐷

(𝑑∈𝜓𝑛)𝑘

)

𝑛

⊥  𝜗𝑡𝑙 ≥ 0                       ∀𝑡, ∀𝑙 
(4.29) 

0 ≤ 𝐶𝑙 − ∑ 𝑃𝑇𝐷𝐹𝑛𝑙 ( ∑ 𝑉𝑡𝑣

(𝑣∈𝜓𝑛)

+ ∑ 𝑃𝑡𝑖𝑘
𝐺

(𝑖∈𝜓𝑛)𝑘

+ ∑ 𝑃𝑡𝑗𝑘
𝑅

(𝑗∈𝜓𝑛)𝑘

− ∑ 𝑃𝑡𝑑𝑘
𝐷

(𝑑∈𝜓𝑛)𝑘

)

𝑛

⊥  𝜗𝑡𝑙 ≥ 0                      ∀𝑡, ∀𝑙 
(4.30) 

 

Constraints (4.16) – (4.19) are the set of partial derivatives of the Lagrangian 

function of the lower-level subproblem regarding to the lower-level decision variables. 
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Constraints (4.20) are the primal equality constraints of the lower-level subproblem, and 

the remaining constraints are the complementarity constraints. The resulted model is a 

single-level nonlinear problem, whose nonlinearity comes from three terms: terms 

𝜆𝑡𝑛
𝐷𝐴𝑃𝑡𝑖𝑘

𝐺  and 𝜆𝑡𝑛
𝐷𝐴𝑉𝑡𝑣 in the objective function (4.14) and the complementarity constraints 

(4.21) – (4.30). The nonlinear terms in (4.14) can be translated to their equivalent linear 

expressions applying the strong duality theorem (SDT) [39]. Furthermore, the Fortuny-

Amat Transformation technique [86] is used to replace the complementarity constraints 

with their equivalent mixed integer linear terms.  

4.3.2. Stochastic Bi-Level Model with Uncertainty and Risk Modeling.  

Bidding strategy of the intended MP is affected by the uncertainties of other MPs’ 

strategies and the RT market prices. These uncertainties can be incorporated into the 

main problem ((4.1) - (4.13)) by employing a sets of scenarios, each of which represents 

the realization of different uncertain parameters. In this modeling, the probability 

distribution functions (PDF) of all uncertain parameters are assumed to be known or 

estimated based on historical information. Adding the Conditional Value-at-Risk (CVaR) 

measure to control the profit risk, the resulted formulation will be as follows. 

In this formulation all variables are Δ = {𝛾𝑡𝑣, 𝑉𝑡𝑣𝑠, 𝑉𝑡𝑣, 𝑉𝑎𝑅, 𝜂𝑠𝑤 , 𝛾𝑡𝑖𝑘
𝐺 , 𝑃𝑡𝑖𝑘𝑠

𝐺 ,

𝜆𝑡𝑓𝑠
𝐷𝐴 , : 𝜌𝑡𝑣𝑠

𝑉
 , 𝜌𝑡𝑣𝑠

𝑉 , 𝜌𝑡𝑖𝑘𝑠
𝐺

 , 𝜌𝑡𝑖𝑘𝑠
𝐺 , 𝜌𝑡𝑗𝑘𝑠

𝑅
 , 𝜌𝑡𝑗𝑘𝑠

𝑅 , 𝜌𝑡𝑗𝑘𝑠
𝑅

 , 𝜌𝑡𝑗𝑘𝑠
𝑅 , 𝜌𝑡𝑑𝑘𝑠

𝐷
 , 𝜌𝑡𝑑𝑘𝑠

𝐷 , 𝜗𝑡𝑙𝑠 , 𝜗𝑡𝑙𝑠 𝑎𝑛𝑑 𝜆𝑡𝑛𝑠
𝐷𝐴  } 

and the binary variables created during applying Fortuny-Amat (Big-M) transformation. 

The objective function (4.31) is the negative of the expected profit and 𝛱𝑠 represents the 

probability associated with scenario 𝑠. RT market price uncertainty has been represented 

in the fourth term of the objective function, in which 𝜏𝑤 is the probability of scenarios 

associated with RT market price scenarios. The last term of the objective function (4.31) 
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is CVaR. Weighting parameter 𝛽 is employed to trade off between the expected profit 

and CVaR. The lower 𝛽 is, the more risk-taker the MP is. However, risk-averse MP 

accepts the higher value of 𝛽. It means if 𝛽 is large enough (close to 1), the MP neglects 

its expected profit but guarantees the minimum profit for a given confidence level 𝛼. 

A) Upper-Level 

Maximize
Δ

(1 − 𝛽) ∑ 𝛱𝑠

𝑠

( ∑ 𝜆𝑡𝑛𝑠
𝐷𝐴 𝑃𝑡𝑖𝑘𝑠

𝐺

𝑡(𝑖∈𝜓𝑛)𝑘

+ ∑ 𝜆𝑡𝑛𝑠
𝐷𝐴 𝑉𝑡𝑣𝑠

𝑡(𝑣∈𝜓𝑛)

− ∑ 𝜆𝑡𝑖𝑘
𝐺 𝑃𝑡𝑖𝑘𝑠

𝐺

𝑡𝑖𝑘

− ∑ 𝜏𝑤𝜆𝑡𝑛𝑤
𝑅𝑇 𝑉𝑡𝑣𝑠

𝑡(𝑖∈𝜓𝑛)𝑤

) + 𝛽(𝑉𝑎𝑅 −
1

1 − 𝛼
∑ 𝛱𝑠

𝑠𝑤−

𝜏𝑤𝜂𝑠𝑤) 

(4.31) 

Subject to: 

∑ 𝑃(𝑡+1)𝑖𝑘𝑠
𝐺

𝑘

− ∑ 𝑃𝑡𝑖𝑘𝑠
𝐺

𝑘

≤ 𝑅𝑖
𝑈𝑃,     ∀𝑡, ∀𝑖, ∀𝑠 

(4.32) 

∑ 𝑃𝑡𝑖𝑘𝑠
𝐺

𝑘

− ∑ 𝑃(𝑡+1)𝑖𝑘𝑠
𝐺

𝑘

≤ 𝑅𝑖
𝐿𝑂 ,     ∀𝑡, ∀𝑖, ∀𝑠 

(4.33) 

∑ 𝑃𝑟𝑜𝑥𝑦𝑡𝑣𝑉𝑡𝑣𝑠

𝑡𝑣

≤ 𝐵,                       ∀𝑠 

(4.34) 

−𝑉𝑡𝑣
𝑚𝑎𝑥 ≤ 𝑉𝑡𝑣 ≤ 𝑉𝑡𝑣

𝑚𝑎𝑥                    ∀𝑡, ∀𝑣, ∀𝑠 

(4.35) 

𝑉𝑎𝑅 − ( ∑ 𝜆𝑡𝑛𝑠
𝐷𝐴 𝑃𝑡𝑖𝑘𝑠

𝐺

𝑡(𝑖∈𝜓𝑛)𝑘

+ ∑ 𝜆𝑡𝑛𝑠
𝐷𝐴 𝑉𝑡𝑣𝑠

𝑡(𝑣∈𝜓𝑛)

− ∑ 𝜆𝑡𝑖𝑘
𝐺 𝑃𝑡𝑖𝑘𝑠

𝐺

𝑡𝑖𝑘

− ∑ 𝜆𝑡𝑛𝑤
𝑅𝑇

𝑡(𝑣∈𝜓𝑛)

𝑉𝑡𝑣𝑠) ≤ 𝜂𝑠𝑤              ∀𝑠, ∀𝑤 

(4.36) 

𝜂𝑠𝑤  ≥ 0,                                        ∀𝑠, ∀𝑤 

(4.37) 
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B) Lower-level: 

(𝑉𝑡𝑣𝑠, 𝑃𝑡𝑖𝑘𝑠
𝐺 ) ∈ 𝑎𝑟𝑔 { Minimize

𝑃𝑡𝑖𝑘𝑠
𝐺 ,𝑉𝑡𝑣𝑠,𝑃𝑡𝑗𝑘𝑠

𝑅 ,𝑃𝑡𝑑𝑘𝑠
𝐷

∑ 𝛾𝑡𝑣𝑉𝑡𝑣𝑠

𝑡𝑣

+ ∑ 𝛾𝑡𝑖𝑘
𝐺 𝑃𝑡𝑖𝑘𝑠

𝐺

𝑡𝑖𝑘

+ ∑ 𝜆𝑡𝑗𝑘𝑠
𝑅 𝑃𝑡𝑗𝑘𝑠

𝑅

𝑡𝑗𝑘

− ∑ 𝜆𝑡𝑑𝑘𝑠
𝐷 𝑃𝑡𝑑𝑘𝑠

𝐷

𝑡𝑑𝑘

 (4.38) 

Subject to: 

∑ 𝑉𝑡𝑣𝑠

𝑣

+ ∑ 𝑃𝑡𝑖𝑘𝑠
𝐺

𝑖𝑘

+ ∑ 𝑃𝑡𝑗𝑘𝑠
𝑅

𝑗𝑘

= ∑ 𝑃𝑡𝑑𝑘𝑠
𝐷

𝑑𝑘

    ∶ 𝜆𝑡𝑓𝑠
𝐷𝐴 , ∀𝑡, ∀𝑠 

(4.39) 

−𝑉𝑡𝑣 ≤ 𝑉𝑡𝑣𝑠 ≤ 𝑉𝑡𝑣    ∶  𝜌
𝑡𝑣𝑠

𝑉
 , 𝜌𝑡𝑣𝑠

𝑉 ,     ∀𝑡, ∀𝑣, ∀𝑠 

(4.40) 

0 ≤ 𝑃𝑡𝑖𝑘𝑠
𝐺 ≤ 𝑃𝑡𝑖𝑘

𝐺
       ∶ 𝜌

𝑡𝑖𝑘𝑠

𝐺
 , 𝜌𝑡𝑖𝑘𝑠

𝐺 ,    ∀𝑡, ∀𝑖, ∀𝑘, ∀𝑠 

(4.41) 

0 ≤ 𝑃𝑡𝑗𝑘𝑠
𝑅 ≤ 𝑃𝑡𝑗𝑘

𝑅
      ∶ 𝜌

𝑡𝑗𝑘𝑠

𝑅
 , 𝜌𝑡𝑗𝑘𝑠

𝑅 ,    ∀𝑡, ∀𝑗, ∀𝑘, ∀𝑠 

(4.42) 

0 ≤ 𝑃𝑡𝑑𝑘𝑠
𝐷 ≤ 𝑃𝑡𝑑𝑘

𝐷
     ∶ 𝜌

𝑡𝑑𝑘𝑠

𝐷
 , 𝜌𝑡𝑑𝑘𝑠

𝐷 ,    ∀𝑡, ∀𝑑, ∀𝑘, ∀𝑠 

(4.43) 

−𝐶𝑙 ≤ ∑ 𝑃𝑇𝐷𝐹𝑛𝑙 ( ∑ 𝑉𝑡𝑣𝑠

(𝑣∈𝜓𝑛)

+ ∑ 𝑃𝑡𝑖𝑘𝑠
𝐺

(𝑖∈𝜓𝑛)𝑘

∑ 𝑃𝑡𝑗𝑘𝑠
𝑅

(𝑗∈𝜓𝑛)𝑘𝑛

− ∑ 𝑃𝑡𝑑𝑘𝑠
𝐷

(𝑑∈𝜓𝑛)𝑘

) ≤ 𝐶𝑙    ∶ 𝜗𝑡𝑙𝑠 , 𝜗𝑡𝑙𝑠    ∀𝑡, ∀𝑙, ∀𝑠 

(4.44) 

𝜆𝑡𝑛𝑠
𝐷𝐴 = 𝜆𝑡𝑓𝑠

𝐷𝐴 − ∑ 𝑃𝑇𝐷𝐹𝑛𝑙(𝜗𝑡𝑙𝑠 − 𝜗𝑡𝑙𝑠)

𝑙

  ∀𝑡, ∀𝑛, ∀𝑠 (4.45) 

 

Constraints (4.36) and (4.37) are used to compute the CVaR [85]. All other 

constraints are similar to the deterministic model, while the lower-level subproblem is 

solved for each scenario 𝑠. The procedure of constructing the MPEC and MILP for 

problem ((4.31) – (4.45)) is completely similar to the deterministic model. 
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4.4. CASE STUDY 

The proposed models have been tested on systems of different sizes, and for 

different conditions (including uncongested and congested conditions). For 

demonstration purpose, two IEEE standard systems (IEEE 14-bus test system and IEEE 

39-bus test system) have been studied in an uncongested condition. Detailed data and 

results are illustrated as follows. 

4.4.1. Data and Setups.  Systems’ data used in this section such as generation 

capacities, maximum load quantities, transmission line capacities, and etc. have been 

taken from [87, 88]. Moreover, forecasted offers/bids prices of generators/loads are 

obtained from [39], and have been slightly modified to match the assumptions made in 

this section. The IEEE 14-bus test system has 14 buses, 5 generators, 11 loads, and 20 

transmission lines [88]. Modifications and additional parameters have been made to the 

system for better illustration. The generators’ data is summarized in Table 4.1. It is 

assumed that generators submit two-block offer curves for each hour. The two-block 

offer generations are shown by 𝑃1 and 𝑃2, and the corresponding marginal costs are 

depicted by 𝜆1 and 𝜆2. RU/RD represents the generator ramp up and ramp down rate. We 

consider that a strategic MP has two generators G1 and G3 located at buses 1 and 3 with 

installed capacities of 182.4 MW and 100 MW, respectively. 

Table 4.2 and Table 4.3 display the demand bids and the corresponding bid prices 

of the two blocks, respectively. For the sake of simplicity, the similar 24-hour bid price 

profile is employed for all loads.  
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Table 4.1 Generators Data. 

 G1 G2 G3 G4 G5 

Bus # 1 2 3 6 8 

Capacity (MW) 182.4 130 100 100 100 

𝑃1 (MW) 150.2 99 55 50 55 

𝑃2 (MW) 32.2 41 45 50 45 

𝜆1 ($/MWh) 10.37 10.08 11.32 11.71 19.32 

𝜆2 ($/MWh) 11.41 10.97 13.19 14.93 22.19 

RU/RD (MW/h) 150 120 100 80 90 

 

Table 4.2 Demand Quantity (MW). 

Load # Block 1 Block 2 Load # Block 1 Block 2 

1 21.7 20.5 7 9 7 

2 94.2 88.4 8 3.5 6 

3 47.8 32.5 9 6.1 12.1 

4 7.6 10.1 10 13.5 15 

5 11.2 14.3 11 14.9 21.2 

6 29.5 30    

 

Table 4.3 Demand Bid price ($/MWh). 

Hour Block 1 Block 2 Hour Block 1 Block 2 

1 17.43 16.79 13 25.00 20.61 

2 17.25 16.38 14 24.97 20.38 

3 17.22 16.32 15 20.38 18.93 

4 17.22 16.32 16 20.38 18.93 

5 16.89 16.13 17 20.88 19.53 

6 16.89 16.13 18 25.00 20.61 

7 17.25 16.38 19 25.00 20.61 

8 17.94 17.22 20 25.00 20.61 

9 19.23 18.15 21 25.00 20.61 

10 20.38 18.93 22 24.97 20.38 

11 24.97 20.38 23 19.53 18.34 

12 25.00 20.61 24 17.94 17.22 

Power Transfer distribution Factors (PTDFs) of the IEEE 14-bus test system is 

obtained from MATPOWER [88]. Forecasted real-time market prices are obtained 
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through simulation and shown in Table 4.4. It is worth mentioning that the price forecast 

is for an uncongested system and the forecast will change for congested systems. 

 

Table 4.4 Predicted RT market price ($/MWh). 

Hour Price Hour Price 

1 15.79 13 19.61 

2 15.38 14 19.38 

3 15.32 15 19.43 

4 15.32 16 19.43 

5 15.13 17 20.03 

6 15.13 18 21.11 

7 15.38 19 21.11 

8 16.22 20 21.11 

9 17.15 21 21.11 

10 17.93 22 20.88 

11 19.38 23 18.84 

12 19.61 24 17.72 

Three different case studies have been designed to test the Deterministic Model 

and Stochastic Model. Different conditions, including uncongested and congested 

systems, have been tested, and the results for uncongested system are presented for 

illustration: 

• Case 1: All MPs offer their marginal costs, and the strategic MP does not have 

virtual bidding capability.  

• Case 2: Strategic MP offers strategically without virtual bidding capability 

while other MPs offer their marginal costs. 

• Case 3: Strategic MP offers strategically with virtual bidding capability while 

other MPs offer their marginal costs. 
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4.4.2. Results for Deterministic Condition.  The total cleared power and total 

profits of the strategic MP for the three cases are depicted in Figure 4.1. It shows that, in 

comparison to Case 1, where all MPs, including the strategic MP put in their marginal 

costs as offer prices, this strategic MP makes significantly higher profits in Case 2.  

 
 

Figure 4.1 Results of the strategic MP in the IEEE 14-bus system. a) Total cleared power 

and b) Total profits of MP. 

In Case 2, the MP offers a strategically determined higher price so that the market 

clearing price is increased, as shown in Figure 4.2(a). Although the cleared power is 

reduced, the profit increases. In Case 3, the presence of virtual transactions makes the 

decision-making process more complicated for the strategic MP since virtual transactions 

may change the DA market prices and subsequently alter the DA/RT price which affects 

the virtual transaction profit, and the changed DA price has a direct impact on physical 

generation profit. Therefore, the strategic MP needs to make a compromise between the 

physical generation profit and the virtual transaction profit through a delicate balance 
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between the amount of physical/virtual transactions and its impact on DA prices. In 

comparison to Case 2, more physical generation power of the strategic MP is cleared in 

Case 3, leading to higher profit for the following reasons: 

A) From hour 1 to hour 10, the predicted RT price is lower than the DA price in 

Case 2, as illustrated in Figure 4.2(a). For virtual transaction without physical generation, 

the virtual transaction would always choose to act as a virtual generation (INC) in order 

to make virtual transaction profit. For virtual transactions with physical generation, which 

is the focus of the work, the MP may choose a different strategy because virtual 

generation can cause a negative impact on the physical generation profit through its 

impact on DA prices. In this case study, the strategic MP chooses to bid in as a virtual 

demand (of 6.3 MW) instead of virtual generation and manages to keep the DA/RT price 

difference unchanged. Although the virtual demand leads to a negative virtual transaction 

profit, the strategic MP’s generation increases as a result of the virtual demand, and the 

physical generation profit increases more than the loss in virtual transaction profit, 

resulting in an increase of the net profit.  

B) From hour 11 to hour 14, the predicted RT prices are slightly higher than the 

DA prices in Case 2 (as seen in Figure 4.2(a)), leaving small room to make virtual 

transaction profit alone. The strategic MP decides to bid virtual demand in large quantity 

which substantially increases the DA prices. As the DA prices become higher than the 

RT prices, it incurs significant loss to the virtual transaction profit. However, the negative 

virtual transaction profit is offset by the much-increased physical generation profit (as 

seen in Figure 4.3 (a)) that benefits from increased DA prices. As a result, the total profit 

has increased.  
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Figure 4.2 Effect of virtual transactions on market price in the IEEE 14-bus system. a) 

DA market prices for the three cases and the predicted RT price; b) Virtual transaction in 

Case 3. 

 
 

Figure 4.3 Profit comparison. a) Hourly physical generation profit for Case 2 and Case 3. 

b) Hourly virtual transaction profit in Case 3. 
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C) From hour 15 to hour 24, the predicted RT price is considerably higher than 

the DA price (as seen in Figure 4.2(a)), and strategic MP bids in a virtual demand which 

is expected to bring virtual transaction profit as long as the resulting DA price is 

maintained to be lower than the predicted RT price. In addition, the virtual demand 

increases the DA price and therefore brings higher physical generation profit.  

For the above reasons, the strategic MP with virtual bidding capability (Case 3) 

achieves a higher total profit than Case 2, as shown in Figure 4.1 (b). 

4.4.3. Results for Stochastic Condition.  For the sake of illustration in this 

section, 15 scenarios are generated to model the other MPs’ behaviors and RT market 

prices, however, the proposed method can be applied to a larger number of scenarios. In 

this section, it is assumed that the amount of power offered/bid by other MPs are known 

parameters by the strategic MP. Moreover, their unknown offer/bid prices are modeled by 

multiplying the marginal costs (Table 4.1) and bid prices (Table 4.3), respectively, with 

an uncertainty factor vector [1, 1.1, 1.3, 0.9, 0.75]. Therefore, five independent scenarios 

of rivals’ strategies are designated, with the predefined probabilities of [0.7, 0.05, 0.1, 

0.1, 0.05]. Moreover, to model the RT market price uncertainty, three scenarios (A, B and 

C) are generated by multiplying the RT market predicted prices (Table 4.4) with the 

uncertainty factor vector of [1, 1.25, 0.8]. The probabilities of these scenarios are 

assumed to be 0.8, 0.1, and 0.1, respectively. Due to the simplicity of illustration in this 

case study, transmission constraints were overlooked so that all buses have the same RT 

price. Considering the confidence level α to be 0.95, the single- level model ((4.31) – 

(4.45)) is solved for multiple value of 𝛽.  
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Figure 4.4 Efficient Frontier of Profit vs Risk for the IEEE 14-bus test system. 

 

 
 

Figure 4.5 Profits of Risk-Taker MP versus Risk-Averse MP in different scenarios. a) 

risk-taker MP; b) risk-averse MP. 

 

Figure 4.4 depicts the efficient frontier and indicates the reduction in the expected 

profit as the weighting factor 𝛽 increases. It means that the strategic MP expects a higher 

profit when it takes the risk-taker position. However, it may experience money losses in 
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certain situations, such as RT scenario B in conjunction with DA scenario 5, as shown in 

Figure 4.5(a). On the other hand, when the strategic MP adopts the risk-averse position, 

its expected profit declines, while its tailored optimal strategy assures positive profits in 

all situations, as illustrated in Figure 4.5(b). In other words, the strategic MP decreases its 

profit volatility and its expected profit. 

4.4.4. Results for 39-bus System.  To show the consistency of the results even 

for the bigger system with more buses, lines and MPs, the proposed model has been 

implemented for the 39-bus test system which data can be found in [89]. In this system, 

we select a strategic MP that owns 3 physical units and is able to bid virtual transactions 

in 4 different locations. The three generators are located at buses 34, 36 and 39 

respectively, while the virtual transactions bid from buses 7, 12, 18 and 23 respectively. 

The same three cases (namely, Case 1, Case 2 and Case 3) defined in previous subsection 

are studied here. Figure 4.6 illustrates that, by applying the Deterministic Model, the 

strategic MP with the virtual bidding capability can gain more profit than the other two 

cases. Changes of market prices in the three cases are shown in Figure 4.7, which 

reinforces the observation from the previous section that the price influence of virtual 

transactions plays an important role in the profit maximization of the strategic MP. 

To consider the uncertainty in other MPs’ offers/bids and RT market prices, 7 

different offer/bids of other MPs with a probability vector of [0.6 0.025 0.075 0.1 0.05 

0.05 0.1] and 4 different scenarios of RT market price with a probability vector of [0.8 

0.075 0.075 0.05] are taken into account to construct 28 scenarios in this case study.  

The Stochastic model is solved for several values of 𝛽 and 𝛼 = 0.95. The 

efficient frontier which displays the expected profits of the risk-taker and risk-averse 
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strategic MP is depicted in Figure 4.8. Similar to the observations seen in the IEEE 14-

bus test system, Figure 4.8 shows, as the risk aversion level increases, the strategic MP 

will have reduced profit and at the same time reduced profit volatility. 

 

 
 

Figure 4.6 Results of the strategic MP in the IEEE 39-bus system. a) Total cleared power 

and b) Total profits of MP. 

 

 
 

Figure 4.7 Market prices of the IEEE 39-bus system in different cases. 
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Figure 4.8 Efficient Frontier of Profit vs Risk for the IEEE 39-bus test system. 

4.5. SECTION SUMMARY 

The bidding strategy problem for physical market participants with virtual bidding 

capacity was covered in this section, along with the mathematical models for this rarely 

research yet practical problem. Then, to make the model closer to the practical 

application, uncertainties related to RT market prices, competitors’ offers/bids in the DA 

market, and CVaR to quantify and regulate the financial risks related to the strategies, 

was included to the model. Bi-level optimization programming approach has been 

employed, in which LMPs are endogenous generated. Duality theorem, KKT conditions, 

SDT and Big-M method are employed to translate the bi-level problem into a MILP 

problem to be solved. The proposed model's capability to derive the strategic MP's 

optimal decisions is demonstrated by the simulation results. Employing the proposed 

models, the strategic MP can optimally determine the amount of physical/virtual 
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transactions and manage its impact on the DA price, in order to achieve a balance 

between the physical generation profit and the virtual transaction profit. A case study on 

a deterministic model represents a few optimal strategies that utilize virtual transaction to 

influence DA price in a way that benefits the physical generation profit. Case studies for 

a stochastic model demonstrate the proposed method allows the strategic MP to choose a 

risk level which makes the compromise between the expected profit across all scenarios 

and the profit volatility in those scenarios. 
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5. BIDDING STRATEGY WITH JOINT PARTICIPATION IN FTR AUCTION 

AND DAY AHEAD MARKET CONSIDERING VIRTUAL BIDDING 

5.1. BACKGROUND 

After restructuring of the power industry, and holding different electricity markets 

with imperfect competition, MPs may experience different prices at different locations of 

the system, which is called locational marginal price (LMP). In this situation, MPs may 

be exposed to high and unpredictable congestion charges since the payment to the 

generators may differ from the payment collected from consumers. ISOs hold an 

independent auction known as a Financial Transmission Right (FTR) auction in which 

the FTRs values are determined based on the DA LMP differences between the beginning 

nodes (source) and the end nodes (sink) of the FTRs paths. This process protects the MPs 

from the uncertainty of the congestion price and provides a fair approach to allocating the 

leftover funds. This financial instrument gives the MP the chance to hedge risk while also 

creating the potential of manipulating the wholesale market pricing in order to optimize 

its profit profile. The crucial issue is how a strategic MP should build its offering strategy 

in both the wholesale market and the FTR auction, which is addressed in this section. 

Virtual bids, which have been discussed in previous sections, are useful tools for 

filling in the gaps between LMPs in the DA and RT markets. Moreover, it can be 

employed by MPs as a tool to develop the most profitable strategies. This section 

therefore suggests a two-stage bi-level optimization model for creating a joint offering 

strategy for a strategic GenCo that takes part in both the FTR auction and the DA market 

and has the ability to submit virtual bids in the DA market. The upper-level (UL) of the 

first stage problem models the strategic GenCo's profit maximization problem in the FTR 

https://scholar.google.com/citations?view_op=view_citation&hl=en&user=PhzUXDgAAAAJ&citation_for_view=PhzUXDgAAAAJ:Se3iqnhoufwC
https://scholar.google.com/citations?view_op=view_citation&hl=en&user=PhzUXDgAAAAJ&citation_for_view=PhzUXDgAAAAJ:Se3iqnhoufwC
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auction, and the lower-level represents the FTR auction clearing process that provides the 

FTR cost price for the UL model. Moreover, as the revenue of the GenCo in FTR auction 

is dependent on the LMP difference between the sink and source buses in the DA market, 

this LMP difference are transferred from the second stage problem which models the DA 

market. Additionally, the second stage problem, in which the upper-level (UL) 

subproblem mimics the GenCo's profit maximization problem, simulates the strategic 

decision-making process of this MP in the DA market. The only relation between the first 

stage and second stage problems is the DA LMP, which appears in the first stage 

objective function, meaning that this problem can be written as a single stage bi-level 

problem. Finally, this problem is converted into a single-stage, single-level equivalent 

problem using KKT optimality conditions and strong duality theory (SDT). Case studies 

are provided to show the effectiveness of the proposed model.  

5.2. MANIPULATION OF FTR VALUE BY VIRTUAL BIDDING 

According to the PJM report [25], virtual bids that can be submitted into the 

market in form of either DEC or INC. These products are clearly able to change the 

market prices. The amount of power that is purchased (or sold) by the virtual bidder in 

the DA market is exactly compensated by a sale (or purchase) of the same amount of 

power in the RT market. As a result, the net amount of power that is traded in these 

markets is zero, which is one of the distinguishing characteristics of the virtual bid. The 

difference between the DA/RT LMP and the cleared virtual power is used to calculate the 

virtual bidder's profit. Simply put, the DA/RT LMP discrepancies are used to evaluate the 

value of a virtual bid. Here, the modified version of the five-bus test system described in 
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[90] is used to demonstrate this point. There are 5 generators, 3 loads, 6 transmission 

lines in this system. All offer (bid) quantities and generators’ (loads’) prices, and the 

transmission line capacities are depicted in Figure 5.1 beside each element. Assume that a 

virtual bidder intends to submit VB amount of DECs at bus B. Considering the fixed 

forecasted RT LMP, the value of the virtual bid (𝜆𝑅𝑇 − 𝜆𝐷𝐴) decreases because the DA 

LMP increases, when the amount of DECs increases at this bus (Figure 5.2). The greater 

the cleared DEC amount, the greater the potential profit for the virtual bidder. But as 

cleared DEC amounts rise, the price differential between RT LMP and DA LMP reduces, 

decreasing the virtual bidder's profit. As is seen in Figure 5.2, the virtual bidder can 

maximize the profit ($294.64) by placing 9MW DECs at bus B. In contrast, the FTR 

gives MPs a way to protect themselves from the risk of congestion, and its value is 

equivalent to the difference in LMP between sink and source buses. For example, if an 

MP owns F MW FTR from bus “E” (𝑠𝑜𝑢𝑟𝑐𝑒) to bus “B” (𝑠𝑖𝑛𝑘), its revenue would be 

equal to (𝜆𝐸
𝐷𝐴 − 𝜆𝐵

𝐷𝐴) × 𝐹. As this instrument’s value is calculated based on the DA 

LMP, there is an opportunity for an FTR holder to manipulate the DA LMP, thus 

maximizing its total profit. Moreover, an MP can change the DA LMP without the 

obligation of generating or consuming any physical power. Therefore, placing virtual 

bids at specific buses in the system can worsen the line congestion in the DA market and 

increase the DA LMP difference between the sink and source buses, then it provides 

more FTR profit for the MP. To illustrate this point, the previous example is extended by 

assuming that the MP holds an FTR from bus “E” to bus “B”. As is shown in Figure 5.3, 

DA LMP at bus “B” increases when the more DEC is cleared at this bus; therefore, the 

FTR value (𝜆𝐸
𝐷𝐴 − 𝜆𝐵

𝐷𝐴) increases, and MP makes more FTR profit. 
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Figure 5.1 Five-bus test system. 

 
 

Figure 5.2 Virtual demand value and virtual profit of trader in 5-bus system. 

 
 

Figure 5.3 Virtual demand value and FTR value profiles by placing DECs at bus “B” of 

5-bus system. 
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The total profit made from both the FTR and the virtual transactions is shown in 

Figure 5.4. According to the data shown, the highest possible value of total profit is 

$994.4, and this occurs when 41MW of virtual demand is cleared in the DA market. 

Even if the MP incurs a slight financial loss in the DA market as a result of submitting an 

increased quantity of virtual demand, the MP's overall profit is optimized by generating 

an increased amount of FTR profit. To put it another way, the capability of the MP to 

raise the value of FTR provides an incentive for him or her to position additional DECs at 

the sink bus in order to maximize the overall payoff. 

 
 

Figure 5.4 Virtual profit, FTR profit and total profit profiles of MP by placing DECs at 

bus “B” of 5-bus system. 

5.3. PROPOSED OFFERING STRATEGY MODEL 

FTRs provide MPs a helpful means of protecting themselves from the price 

uncertainty caused by congestions in the market. The DA LMP that is resolved in the DA 

market is used to calculate payments to FTR holders. The DA LMP differential that 

exists between an FTR's source buses and sink buses is determined by the offering 
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strategies of the MPs as well as the settlement of the DA market. As a result, the methods 

for the MP's offering strategy design in the FTR auction and the DA market are highly 

associated with one another and need to be investigated together. As a consequence of 

this, participants in the FTR and DA markets may choose to devise strategies for their 

bids that aim to maximize the total payoffs they get from both markets. This study 

attempts to design a paradigm for a price-maker MP whose offer can alter the DA market 

prices. A strategic MP needs a DA market model to observe the market’s reaction to the 

imposed strategies, instead of predicting the DA LMPs. Furthermore, an FTR auction 

model is needed to derive the market price in the FTR auction, which is required to 

calculate the FTR cost [91]. As a result, in this section, a two-stage bi-level optimization 

model is proposed to capture the strategic MP’s offering strategy in FTR auction and DA 

market.  

Figure 5.5 represents the time sequence of power markets. As a part of forward 

markets, monthly FTR auction is held a month prior to the DA market [71], and an MP 

requires the forecasted DA LMP to design its FTR offering strategy. This study aims to 

design a bidding strategy for a price-maker MP participating in both monthly FTR 

auction and DA market. 

 
 

Figure 5.5 Time sequence of different electricity markets. 
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Figure 5.6 presents the decision graph of the proposed model. As shown, the total 

profit of the strategic MP comprises the FTR profit and the profit from the physical 

generation and virtual bids in the DA markets. Interdependency of these two markets, 

from the MP’s viewpoint, comes from the DA LMP of the sink and source buses, which 

are determined after the DA market clearing process and are required to compute the 

revenue of MP from its FTR position 

 
 

Figure 5.6 Offering Strategy of strategic MP in both FTR and DA markets. 

A strategic market participant may utilize a DA market model in order to examine 

how the market responds to the tactics that are imposed on it. In addition, an FTR auction 

model is necessary in order to extract the market price in the FTR auction, which is 

necessary in order to quantify the cost of the FTR. As a consequence of this, a two-stage 

bi-level optimization model is proposed in this work in order to capture the strategic MP's 
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strategy in both the FTR auction and the DA market. The first stage problem is a bi-level 

optimization model, as can be shown in Figure 5.7. This model represents the FTR 

auction clearing process in the LL subproblem, and it maximizes the profit that the MP 

makes from the FTR auction in the UL subproblem. The DA LMPs that are necessary for 

the calculation of the FTR revenue originate from the second stage at this point. In the 

second stage, a second bi-level optimization problem is constructed. This problem 

represents the maximizing problem at the upper level (UL), while the DA cleaning 

method is modeled at the lower level (LL). 

 
 

Figure 5.7 Proposed two-stage bi-level optimization model and the solution methodology. 
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5.4. MATHEMATICAL FORMULATION 

In order to make it easier to explain how the model is formed, each of the stages is 

modeled on its own first. After that, the necessary information that is sent back and forth 

between the stages is stated, and then the whole model is provided. Therefore, the first 

stage bi-level model, which represents the offering strategy model in FTR auction, is 

described at the first step, and after that, the second stage bi-level model is discussed. 

Lastly, the model is constructed using the data that was exchanged between these stages. 

 First Stage: Offering Strategy Model in FTR Auction.  The first stage of 

the proposed model tries to maximize the MP’s profit participating in the FTR auction. 

To consider the influence of MP’s bids on the FTR auction price, bi-level optimization 

model is formed as follows: 

A) Upper-Level 

Min.
Ω1

𝐹𝑇𝑅 ∑(𝑀𝐶𝑃𝑒𝐹𝑇𝑅𝑒
𝑠 − (𝐿𝑀𝑃𝑡,𝑠𝑖𝑛𝑘 − 𝐿𝑀𝑃𝑡,𝑠𝑜𝑢𝑟𝑐𝑒  ) 𝐹𝑇𝑅𝑒

𝑠 )

𝑡

 
(5.1) 

Subject to:  

0 ≤ 𝐹𝑇𝑅𝑒
𝑆𝑏𝑖𝑑 ≤ 𝐹𝑇𝑅𝑒

𝑆
 (5.2) 

𝜌𝑒
𝑠 ≥ 0 

(5.3) 

B) Lower-Level 

𝐹𝑇𝑅𝑒
𝑠, 𝑀𝐶𝑃𝑒 ∈ arg  {   

Min.
Ω2

𝐹𝑇𝑅 ∑ 𝜎𝑐𝐹𝑇𝑅𝑐

𝑐∈𝑁𝑠𝑒𝑙𝑙

− ∑ 𝜌𝑒
𝑠𝐹𝑇𝑅𝑒

𝑠

𝑒

− ∑ 𝜌𝑓𝐹𝑇𝑅𝑓

𝑓∈{𝑁𝑝𝑢𝑟−𝑒}

 
(5.4) 

Subject to: 

0 ≤ 𝐹𝑇𝑅𝑒
𝑠 ≤ 𝐹𝑇𝑅𝑒

𝑆𝑏𝑖𝑑 ∶  𝜏𝑒
𝑆  , 𝜏𝑒

𝑆
,   ∀𝑒 

(5.5) 
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0 ≤ 𝐹𝑇𝑅𝑓 ≤ 𝐹𝑇𝑅𝑓  ∶  𝜏𝑓 , 𝜏𝑓 , ∀𝑓 ∈ {𝑁𝑝𝑢𝑟 − 𝑒} 
(5.6) 

0 ≤ 𝐹𝑇𝑅𝑐 ≤ 𝐹𝑇𝑅𝑐 ∶  𝜏𝑐 , 𝜏𝑐, ∀𝑐 ∈ 𝑁𝑠𝑒𝑙𝑙 (5.7) 

−𝐹𝑙 ≤ 𝐿𝐹𝑙
𝑒𝑥 + 𝐿𝐹𝑙 ≤ 𝐹𝑙  ∶   𝜉𝑙 , 𝜉

𝑙
    ∀𝑙 

(5.8) 

𝐿𝐹𝑙 = ∑ 𝐻𝑙𝑚

𝑚

𝐹𝑇𝑅𝑚 , ∀𝑙, 𝑚 ∈ {𝑁𝑠𝑒𝑙𝑙, 𝑁𝑝𝑢𝑟}   
(5.9) 

𝑀𝐶𝑃𝑚 = ∑ 𝐻𝑙𝑚( 𝜉
𝑙

− 𝜉𝑙)

𝑙

, ∀𝑚 ∈ {𝑁𝑠𝑒𝑙𝑙, 𝑁𝑝𝑢𝑟}   
(5.10) 

𝐻𝑙𝑚 =  𝑃𝑇𝐷𝐹𝑙,𝑠𝑜𝑢𝑟𝑐𝑒 −  𝑃𝑇𝐷𝐹𝑙,𝑠𝑖𝑛𝑘 
(5.11) 

The objective of the MP is to minimize the negative of profit in FTR auction 

using (5.1) that models the FTR cost in the first term (𝑀𝐶𝑃𝑒𝐹𝑇𝑅𝑒
𝑠) and FTR revenue in 

the second term ((𝐿𝑀𝑃𝑡,𝑠𝑖𝑛𝑘 − 𝐿𝑀𝑃𝑡,𝑠𝑜𝑢𝑟𝑐𝑒 ) 𝐹𝑇𝑅𝑒
𝑠). FTR unit price (𝑀𝐶𝑃𝑒) comes from 

the FTR auction clearing procedure that is modeled at the LL subproblem ((5.4) – (5.11)). 

Additionally, FTR revenue requires the second stage information to be calculated. In this 

model Ω1
𝐹𝑇𝑅 =  {𝐹𝑇𝑅𝑒

𝑆𝑏𝑖𝑑, 𝜌𝑒
𝑠  } is the MP’s set of decision variables in the UL 

subproblem. FTR bid quantity is bounded by (5.2) and (5.3), forcing the FTR bid price to 

be positive. FTR auction model seeks to minimize the minus social welfare regarding the 

simultaneous feasibility test (SFT) constraints. LL decision variables are represented by 

Ω2
𝐹𝑇𝑅 =  {𝐹𝑇𝑅𝑒

𝑠, 𝐹𝑇𝑅𝑓 , 𝐹𝑇𝑅𝑐}. Cleared FTR quantities are bound by their maximum and 

minimum FTR bids or offers in (5.5) – (5.7). Constraint (5.8) limits the line flows 

calculated by (5.9) to the transmission line capacities. 𝐿𝐹𝑙
𝑒𝑥 in (5.8) denotes the line flows 

caused by the existing FTRs contracted in the secondary market [92, 93]. Employing the 

Lagrangian coefficients of (5.8), FTR auction price can be determined by (5.10). Note 

that shift factor versus FTR bids/offers (𝐻𝑙𝑚) is required to calculate the line flows and 
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FTR auction price in this model. This parameter can be obtained by subtracting the PTDF 

of the line 𝑙 vs. the 𝑠𝑜𝑢𝑟𝑐𝑒 from that of the 𝑠𝑖𝑛𝑘 buses (5.11). The FTR auctioneer takes 

𝜌𝑒
𝑠 as a parameter, meaning the LL subproblem is linear and convex, thus, it is replaced 

by KKT conditions. Therefore, the Model (1) is written as a single level optimization 

problem known as MPEC which is detailed in APPENDIX (PART A1). 

5.4.2. Second Stage: Offering Strategy Model in DA Market.  As explained, 

FTR revenue is calculated using the DA LMPs at 𝑠𝑖𝑛𝑘 and 𝑠𝑜𝑢𝑟𝑐𝑒 buses. It is assumed 

that the MP is a price-maker player in the DA market, thus it is needed to model the MP’s 

offering strategy decision-making problem in the DA market and study the effects of its 

offers (quantity and price) on the DA market clearing outcomes. Furthermore, the 

strategic MP submits the virtual bids from different locations in the DA market, which 

empowers the MP to change the DA LMPs for its own interest. Therefore, the second 

stage of the proposed model represents the offering strategy problem of the MP and aims 

to maximize the MP’s payoff in the DA market as follows: 

A) Upper-Level 

Min.
Ω1

𝐷𝐴 ∑ [𝜆𝑡𝑖𝑏
𝑆 − 𝐿𝑀𝑃𝑡𝑛] 𝑃𝑡𝑖𝑏

𝑆

𝑡(𝑖∈𝜓𝑛)𝑏

− ∑ [𝐿𝑀𝑃𝑡𝑛 − 𝜆𝑡𝑛
𝑅𝑇] (𝑉𝑡𝑣

𝐷𝐴𝑔
− 𝑉𝑡𝑣

𝐷𝐴𝑑)

𝑡(𝑣∈𝜓𝑛)

 
(5.12) 

Subject to:  

∑ 𝑃(𝑡+1)𝑖𝑏
𝑠

𝑏

− ∑ 𝑃𝑡𝑖𝑏
𝑠

𝑏

≤ 𝑅𝑖
𝑈𝑃,     ∀𝑡, 𝑖 

(5.13) 

∑ 𝑃𝑡𝑖𝑏
𝑠

𝑏

− ∑ 𝑃(𝑡+1)𝑖𝑏
𝑠

𝑏

≤ 𝑅𝑖
𝐿𝑂,     ∀𝑡, 𝑖 

(5.14) 

0 ≤ 𝑃𝑡𝑖𝑏
𝑆𝑏𝑖𝑑 ≤ 𝑃𝑡𝑖𝑏

𝑆
,     ∀𝑡, 𝑖, 𝑏 (5.15) 
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0 ≤ 𝑉𝑡𝑣
𝑏𝑖𝑑𝐺 ≤ 𝑉𝑡𝑣

𝑏𝑢𝑑𝑔𝑒𝑡
𝑈𝑔𝑡𝑣 ,     ∀𝑡, 𝑣 

(5.16) 

0 ≤ 𝑉𝑡𝑣
𝑏𝑖𝑑𝐷 ≤ 𝑉𝑡𝑣

𝑏𝑢𝑑𝑔𝑒𝑡
𝑈𝑑𝑡𝑣,      ∀𝑡, 𝑣 

(5.17) 

𝑈𝑔𝑡𝑣 +  𝑈𝑑𝑡𝑣 ≤ 1,     ∀𝑡, 𝑣 
(5.18) 

𝛼𝑡𝑖𝑏
𝑆 ≥ 0, 𝛼𝑡𝑣

𝑏𝑖𝑑𝐺 ≥ 0, 𝛼𝑡𝑣
𝑏𝑖𝑑𝐷 ≥ 0 

(5.19) 

B) Lower-Level 

𝑃𝑡𝑖𝑏
𝑆 , 𝑉𝑡𝑣

𝑏𝑖𝑑𝐺 , 𝑉𝑡𝑣
𝑏𝑖𝑑𝐷 ∈ arg  { 

Min.
Ω2

𝐷𝐴 ∑ 𝛼𝑡𝑖𝑏
𝑆 𝑃𝑡𝑖𝑏

𝑆

𝑡𝑖𝑏

+ ∑ 𝜆𝑡𝑗𝑏
𝑔

𝑃𝑡𝑗𝑏
𝑔

𝑡𝑗𝑏

− ∑ 𝜆𝑡𝑑𝑘
𝑑 𝑃𝑡𝑑𝑘

𝑑

𝑡𝑑𝑘

+  ∑(𝛼𝑡𝑣
𝑏𝑖𝑑𝐺𝑉𝑡𝑣

𝐷𝐴𝑔
− 𝛼𝑡𝑣

𝑏𝑖𝑑𝐷𝑉𝑡𝑣
𝐷𝐴𝑑)

𝑡𝑣

 

(5.20) 

Subject to: 

∑ (𝑉𝑡𝑣
𝐷𝐴𝑔

− 𝑉𝑡𝑣
𝐷𝐴𝑑)

𝑣∈𝜓𝑛

+ ∑ 𝑃𝑡𝑖𝑏
𝑆

(𝑖∈𝜓𝑛)𝑏

+ ∑ 𝑃𝑡𝑗𝑏
𝑔

(𝑗∈𝜓𝑛)𝑏

− ∑ 𝑃𝑡𝑑𝑘
𝑑

(𝑑∈𝜓𝑛)𝑘

= 𝑖𝑛𝑗𝑡𝑛

∶  𝐿𝑀𝑃𝑡𝑛,     ∀𝑡, 𝑛 

(5.21) 

0 ≤ 𝑃𝑡𝑖𝑏
𝑠 ≤ 𝑃𝑡𝑖𝑏

𝑆𝑏𝑖𝑑   ∶  𝜇𝑡𝑖𝑏
𝑆  , 𝜇𝑡𝑖𝑏

𝑆
,   ∀𝑡, 𝑖, 𝑏 

(5.22) 

0 ≤ 𝑃𝑡𝑗𝑏
𝑔

≤ 𝑃𝑡𝑗𝑏

𝐺
  ∶  𝜇𝑡𝑗𝑏

𝐺  , 𝜇𝑡𝑗𝑏

𝐺
,   ∀𝑡, 𝑗, 𝑏 

(5.23) 

0 ≤ 𝑃𝑡𝑑𝑘
𝑑 ≤ 𝑃𝑡𝑑𝑘

𝐷
 ∶  𝜇𝑡𝑑𝑘

𝐷  , 𝜇𝑡𝑑𝑘

𝐷
,   ∀𝑡, 𝑑, 𝑘 

(5.24) 

0 ≤ 𝑉𝑡𝑣
𝐷𝐴𝑔

≤ 𝑉𝑡𝑣
𝑏𝑖𝑑𝐺  ∶  𝜇𝑡𝑣

𝑉𝑔
 , 𝜇̅𝑡𝑣

𝑉𝑔
  ,   ∀𝑡, 𝑣 

(5.25) 

0 ≤ 𝑉𝑡𝑣
𝐷𝐴𝑑 ≤ 𝑉𝑡𝑣

𝑏𝑖𝑑𝐷  ∶ 𝜇𝑡𝑣
𝑉𝑑 , 𝜇̅𝑡𝑣

𝑉𝑑    ,    ∀𝑡, 𝑣 
(5.26) 

−𝐹𝑙 ≤ 𝐹𝑡𝑙 ≤ 𝐹𝑙  ∶   𝜗𝑡𝑙  , 𝜗𝑡𝑙      ∀𝑡, 𝑙 
(5.27) 

∑ 𝑖𝑛𝑗𝑡𝑛

𝑛

= 0      ,    ∀𝑡 
(5.28) 

𝐹𝑡𝑙 = ∑ 𝑃𝑇𝐷𝐹𝑛𝑙

𝑛

𝑖𝑛𝑗𝑡𝑛      ∀𝑡, ∀𝑙    }. 
(5.29) 
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The objective function (5.12) consists of two terms that represent the negative of 

MP’s profits, as obtained by physical power generation and virtual bid, respectively. 

Ramp-up and ramp-down constraints of physical generations are represented by (5.13) 

and (5.14). Constraints (5.15) – (5.17) denote the maximum and minimum physical 

power offers and virtual bids, respectively. Constraint (5.18) declares that the virtual bids 

cannot be simultaneously generation and demand at each time period. Nonnegativity 

constraints of offers/bids prices are illustrated by (5.19). The set of UL decision variables 

is Ω1
𝐷𝐴 =  {𝑃𝑡𝑖𝑏

𝑆𝑏𝑖𝑑 , 𝛼𝑡𝑖𝑏
𝑆 , 𝑉𝑡𝑣

𝑏𝑖𝑑𝐺 ,  𝛼𝑡𝑣
𝑏𝑖𝑑𝐺 , 𝑉𝑡𝑣

𝑏𝑖𝑑𝐷 , 𝛼𝑡𝑣
𝑏𝑖𝑑𝐷 , 𝑈𝑔𝑡𝑣, 𝑈𝑑𝑡𝑣}. The objective of the LL 

subproblem that represents the DA market clearing model is to minimize the negative of 

social welfare. The first two terms of the objective function (5.20) represent the physical 

generations offers of the strategic and nonstrategic MPs, respectively. The third term 

models the physical loads bids and the fourth term denotes the virtual generations and 

demands bids. Generation-load balance constraint is represented by (5.21). Constraints 

(5.22) – (5.26) limit the strategic MP’s generation power, nonstrategic MP’s generation 

power, loads power, virtual generation, and virtual demand quantities to their 

corresponding maximum and minimum offers or bids. Power flows of transmission lines, 

which are calculated by (5.29), are bounded by their maximum capacities. The LL 

decision variable set is stated as Ω2
𝐷𝐴 =  {𝑃𝑡𝑖𝑏

𝑆 , 𝑃𝑡𝑗𝑏
𝑔

, 𝑃𝑡𝑑𝑘
𝑑 , 𝑉𝑡𝑣

𝐷𝐴𝑔
, 𝑉𝑡𝑣

𝐷𝐴𝑑}. ISO takes the offer 

price of physical generation along with the bid prices of virtual transactions as 

parameters, thus the LL subproblem is linear and convex. Employing the methodology 

introduced in the previous subsection, the single level optimization model of the second 

stage problem is constructed as expressed in APPENDIX (PART A2).  
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It is worth mentioning that the nonlinear terms in the objective functions (5.1) and 

(5.12) are linearized using the SDT approach [54]. Moreover, complementarity nonlinear 

constraints can be linearized using Big M method described in Section 4. 

Note that although the MP’s offering strategy model in FTR auction depends on 

the DA market outcomes, the actual DA market model is independent of the FTR auction 

model and no FTR market outcomes is needed to create the offering strategy model in 

DA market. To solve this issue, the second term of the objective function (5.1) is 

transferred to the second stage objective function (5.12). This way, the required transition 

information from the first stage problem to the second stage problem will be 𝐹𝑇𝑅𝑒
𝑠, and 

the objective value of the second stage will be the required data passed from the second 

stage problem to the first stage problem. This is noticeably depicted in Figure 5.7.  

5.4.3. Proposed Two-Stage Bi-Level Optimization Model.  Employing the bi-

level optimization models for both stages and the necessary transition data between these 

stages, the final model is developed as follows:  

Minimize
Δ

∑ (− ∑ 𝜌𝑓𝐹𝑇𝑅𝑓

𝑓

+ ∑ 𝜎𝑐𝐹𝑇𝑅𝑐

𝑓

+ ∑ 𝜏𝑓 𝐹𝑇𝑅𝑓

𝑓

+ ∑ 𝜏𝑐 𝐹𝑇𝑅𝑐

𝑐𝑡

+ ∑ (𝜉
𝑙

+  𝜉𝑙) 𝐹𝑙

𝑡𝑙

− (𝐿𝑀𝑃𝑡,𝑠𝑖𝑛𝑘 − 𝐿𝑀𝑃𝑡,𝑠𝑜𝑢𝑟𝑐𝑒 )𝐹𝑇𝑅𝑒
𝑠)

+  [∑ (𝜆𝑡𝑖𝑏
𝑆 𝑃𝑡𝑖𝑏

𝑠 + ∑ 𝜆𝑡𝑛
𝑅𝑇(𝑉𝑡𝑣

𝐷𝐴𝑔
− 𝑉𝑡𝑣

𝐷𝐴𝑑)

𝑡(𝑣∈𝜓𝑛)

)

𝑡𝑖𝑏

+ (∑ 𝜆𝑡𝑗𝑏
𝑔

𝑃𝑡𝑗𝑏
𝑔

𝑡𝑗𝑏

+ ∑ 𝜇𝑡𝑗𝑏

𝐺
𝑃𝑡𝑗𝑏

𝐺

𝑡𝑗𝑏

− ∑ 𝜆𝑡𝑑𝑘
𝑑 𝑃𝑡𝑑𝑘

𝑑

𝑡𝑑𝑘

+ ∑ 𝜇𝑡𝑑𝑘

𝐷
𝑃𝑡𝑑𝑘

𝐷

𝑡𝑑𝑘

+ ∑(𝜗𝑡𝑙 + 𝜗𝑡𝑙)𝐹𝑙

𝑡𝑙

)] 

(5.30) 

Constraints (A3.2), (A3.3), (A3.5), (A3.6)  (5.31) 
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where the decision variable set is Δ = {Ω1
𝐹𝑇𝑅 , Ω2

𝐹𝑇𝑅 , Ω1
𝐷𝐴, Ω2

𝐷𝐴, all dual variables}. Equation 

(5.31) represents the first and second stages’ constraints, which are described in 

APPENDIX (PART A3).  

5.5. ILLUSTRATIVE EXAMPLE 

To illustrate the mechanism and the functionality of the proposed model, an 

illustrative example is designed for this section, and it is implemented on 5-bus test 

system which is described in Section 4.  

5.5.1. Data and Setups.  The data of other MPs in both the FTR auction and the 

DA market are necessary in order to assist the strategic MP in making joint offering 

strategy. Figure 5.8 illustrates the sink and source buses of the offers and bids made by all 

participants. It is generally accepted that Strategic MP will participate in the FTR auction. 

In here, it is assumed that the MP will play in a FTR auction as a buyer, and it tries to buy 

FTR from buses 2 through 5. (FTR5 in Figure 5.8). In Table 5.1, which depicts the FTR 

number, source and sink buses, players status, bid prices, and quantities in separate 

columns, A summary of the information on the offers and bids that were made by seven 

different players during the FTR auction, can be found. 

Offers/bids of all physical generators/loads in DA market are depicted in Figure 

5.9 beside their corresponding elements. Moreover, the transmission lines capacities are 

displayed on corresponding lines. It is assumed that the strategic MP owns a generator 5 

(G5) located at bus “E” with the marginal cost equal to $35/MWH. 
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Figure 5.8 FTR offers and bids illustration in 5-bus test system. 

Table 5.1 FTR offers/bids of all MPs in the FTR Auction. 

FTR # Source  

(bus #) 

Sink  

(bus #) 

Status  

(Buyer/Seller) 

Bid Price 

($/MWH) 

Bid Quantity 

 (MW) 

1 1 4 Seller 5 75 

2 5 2 Buyer 8 140 

3 5 3 Seller 6 120 

4 1 4 Buyer 9 110 

5 5 2 Buyer Variable Variable 

6 5 2 Buyer 8 100 

7 5 2 Buyer 10 100 

 

 
 

Figure 5.9 Offers/bids of all physical generators/loads in DA market. 
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To present the effectiveness of the proposed model, four different cases are 

designed as follows: 

• Case 1: the strategic MP bids separately in FTR auction and DA market with 

the assumption that the accurate prediction of DA LMP difference between 

source and sink buses (DLMP) is available. In this case, Model (A3) 

[described in APPENDIX (PART A3)] are solved separately to determine the 

offering strategies of the MP in FTR auction and DA market.  

• Case 2: this case is similar to Case 1, except that the accurate DLMP forecast 

is not available.  

• Case 3: in Case 1 and Case 2, the strategic MP’s offering decisions in FTR 

auction are not included in the MP’s decision-making process in DA market, 

which is considered in this case. Therefore, Model (A3.1 – A3.3) is solved at 

the first step, similar to Case 2, and then the cleared FTR quantity and FTR 

auction price are passed to the modified version of Model (A3.4 – A3.6) that 

includes the first stage results in its objective function to capture the offering 

decision of MP for the DA market. 

• Case 4: applies the proposed joint offering strategy decision making model 

(Model (5.30) – (5.31)) that simultaneously optimize the decisions of the MP 

in FTR auction and DA market. 

Note that to emphasize the influence of the virtual bids on the final decisions and 

profit of the strategic MP, these designed cases are solved twice, with and without 

considering the virtual bids, and the results are compared afterwards.  
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5.5.2. Results and Discussion.  Strategic MP’s FTR auction profit, DA market 

profit, and total profit are illustrated in Figure 5.10. Employing inaccurate DA LMP 

predictions in Case 2 and Case 3 causes negative profits in FTR auction for these cases. 

However, including the FTR offering decisions in the second stage of Case 3, makes the 

MP offer its power with higher price ($53.3/MWH) in the DA market, so the DA LMP at 

bus 2 will be $70/MWH because of the congestion at line BC. This causes the value of 

FTR to change from [(55.017 – 44.57) – 30.3 = $(-19.85)/MWH] in Case 2 to [(70 – 

53.3) – 30.3 = $(-13.6)/MWH] in Case 3; therefore, MP loses less money from the FTR 

auction (Table 5.2). Although this action caused lower profit in the DA market because of 

the MP’s lower cleared power (133.18MW) in Case 3 in comparison with that of Case 2 

(270.45 MW), the total profit in Case 3 is higher than in Case 2.  

 
 

Figure 5.10 MP’s FTR profit, DA profit, and Total profit in different cases. 
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from [(55.017 – 44.57) – 10 = $0.45/MWH] in Case 1 to [(70 – 53.3) – 10 = $6.7/MWH] 

in Case 4, thereby making more profit in the FTR auction. This way, MP loses a small 

amount of money in the DA market, however, this change in the DA profit is smaller than 

the MP’s FTR auction profit. Put simply, the strategic MP intentionally loses money in 

the DA market (by its strategic decisions) to increase the FTR value and maximize its 

total profit. To present the effect of virtual bids on MP’s offering strategy decision 

making, it is assumed that the strategic MP is able to submit the maximum virtual bids 

(generation/load) of 200MW in buses 2 and 5. Real-time prices are predicted to be 

$30/MWH for all buses. Table 5.3 summarizes the results of different cases 

implementation considering the virtual bids. Comparing the results of Case 2 and Case 3 

in this test with the results of the same cases without considering the virtual bids, shows 

that the MP can make more total profits in both cases. This happens because MP prefers 

to employ virtual generation at bus 5 instead of submitting the expensive physical 

generation to alter the DA LMPs. According to Figure 5.11, virtual bids provide the 

ability to make the strategic MP increase the FTR value and also make more profit from 

virtual bidding in DA market, which results in a higher total profit in Case 4 compared to 

Case 1. To be more specific, it can be said that the MP prefers to submit the lower virtual 

generation (77.56MW) at bus 2 with the higher price ($70/MWH) in Case 4 instead of 

selling 200MW at bus 5 with the lower price ($44.57) in Case 1. This way MP makes 

more profit from virtual bidding, and at the same time, the FTR value raises to 

$6.7/MWH.  To further specify the advantages of employing virtual bids, the results of 

Case 4 without virtual bids (Table 5.2) were compared to the results of Case 4 when the 

MP employs virtual bids (Table 5.2). 
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Table 5.2 Results of Cases for Illustrative Example Without Considering Virtual Bids. 
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Table 5.3 Results of Cases for Illustrative Example With Considering Virtual Bids. 
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Figure 5.12 summarizes the comparison between these two results. As shown, 

virtual bid assists the MP to increase the FTR value with lower cost in the DA market and 

maximize its total profit. In other words, virtual bidding provides a noticeable 

opportunity for MP to increase the DA market profit and raise the FTR value more 

economically. 

 
 

Figure 5.11 MP’s FTR profit, virtual bidding profit, DA market, and Total profit in 

different cases. 

 
 

Figure 5.12 MP’s profit from FTR, virtual bidding, physical generation, and Total profit 

in Case 4 with and without employing virtual bids. 
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5.6. CASE STUDY 

To demonstrate the effectiveness of the proposed joint offering strategy model 

and the value of utilizing the virtual bidding, Model ((5.30) – (5.31)) is solved for the 

strategic GenCo participating in the FTR auction and DA market in the 24-bus test 

system [82]. 

5.6.1. Data and Setups.  Many ISOs in the US publish some of the historical 

market data such the market clearing results, historical bids and offers, and etc. for 

different electricity markets [94 – 98]. Such information may be used by the strategic MP 

to formulate, estimate and forecast the parameters needed for the decision making of the 

MP. 

 

Table 5.4 FTR offers/bids of all MPs in the FTR auction for 24-bus system. 
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1 23 12 Seller 3 50 21 12 9 Seller 8 120 

2 23 13 Seller 3 80 22 11 10 Seller 7 140 

3 23 12 Buyer Variable Variable 23 24 3 Seller 6 120 

4 23 12 Buyer 15 100 24 24 3 Buyer Variable Variable 

5 23 12 Buyer 10 120 25 24 3 Buyer 13 50 

6 23 13 Buyer 15 110 26 24 3 Buyer 14 75 

7 23 13 Buyer Variable Variable 27 14 11 Seller 4 190 

8 23 13 Buyer 9 90 28 15 16 Seller 3 120 

9 16 14 Buyer Variable Variable 29 7 8 Buyer Variable Variable 

10 16 14 Buyer 11 200 30 7 8 Seller 7.5 120 

11 15 21 Buyer Variable Variable 31 7 8 Buyer 15 60 

12 16 14 Buyer 12 150 32 24 15 Seller 4 240 

13 16 14 Seller 4 100 33 22 21 Buyer Variable Variable 

14 15 21 Buyer 11.5 300 34 12 10 Buyer 12 200 

15 15 21 Buyer 10 120 35 12 10 Seller 6.5 80 

16 15 21 Seller 3.5 50 36 16 19 Seller 8 100 

17 17 16 Seller 4 60 37 17 18 Buyer 10.5 200 

18 22 17 Buyer Variable Variable 38 17 22 Seller 5.5 150 

19 17 16 Buyer 9.5 160 39 11 10 Buyer 15 50 

20 11 9 Seller 3.5 105 40 24 15 Buyer 12.5 75 
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In this work, all data are selected based on generator characteristics [39] and 

financial constraints [23] to be aligned with real-world practices. It is assumed that 16 

sellers and 24 buyers submit their offers and bids into the FTR auction, as exemplified in 

Table 5.4. The strategic MP plans to purchase eight FTRs from different 𝑠𝑖𝑛𝑘 and 

𝑠𝑜𝑢𝑟𝑐𝑒 buses in this auction. Furthermore, the strategic MP is assumed to own 7 

generating units in different locations of the system; their maximum capacities and 

marginal costs are listed in Table 5.5.  

 

Table 5.5 Strategic generating units data. 

Gen # 𝑷̅𝒕𝒊𝒃
𝑺  (MW)  𝝀𝒕𝒊𝒃

𝑺  ($/MWH) (Bus #) 

G1 76 15 1 

G2 76 15 2 

G3 400 7 7 

G4 70 4 13 

G5 197 20 16 

G6 155 13 21 

G7 155 13 23 

Table 5.6 Generation units’ offer quantities and prices. 

Gen # 𝑷̅𝒕𝒋𝒃
𝑮  (MW)  𝝀𝒕𝒋𝒃

𝑮  ($/MWH) (Bus #) Gen # 𝑷̅𝒕𝒋𝒃
𝑮  (MW)  𝝀𝒕𝒋𝒃

𝑮  ($/MWH) (Bus #) 

G1 21 16 1 G14 12 27 15 

G2 21 16 1 G15 155 13 15 

G3 21 16 1 G16 76 15 15 

G4 21 16 2 G17 70 4 18 

G5 90 18 2 G18 70 4 22 

G6 90 22 2 G19 70 4 22 

G7 90 22 7 G20 70 4 22 

G8 155 13 7 G21 70 4 22 

G9 155 13 13 G22 90 22 22 

G10 12 27 13 G23 155 13 22 

G11 12 27 15 G24 90 22 23 

G12 12 27 15 G25 197 20 23 

G13 12 27 15     
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Predicted offer quantities and prices for 25 other generators in DA market are 

summarized in Table 5.6. These are presumed to be the same for all periods of time. 

Locations and maximum bid quantities of 17 loads in this system are shown in Table 5.7, 

and the bid prices in different time periods are depicted in Figure 5.13. Note that three 

different bid price profiles used for different loads in different location.  

Table 5.7 Load bid quantities and prices. 

Load # 𝑷̅𝒕𝒅𝒌
𝑫  (MW)  (Bus #) Load # 𝑷̅𝒕𝒅𝒌

𝑫  (MW)  (Bus #) 

L1 105 1 L10 188 10 

L2 92 2 L11 255 13 

L3 172 3 L12 188 14 

L4 73 4 L13 305 15 

L5 71 5 L14 98 16 

L6 133 6 L15 323 18 

L7 119 7 L16 174 19 

L8 165 8 L17 126 20 

L9 167 9    

 

 
 

Figure 5.13 Load bid price profile. 
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5.6.2. Results and Discussion.  The offering strategy problem is solved for the 

four designed cases introduced in the previous section, and the models are tested for the 

strategic MP with and without virtual bidding capability. Figure 5.14 shows the GenCo’s 

profits in FTR auction, DA market and its total profit when the virtual bidding capability 

is not considered. Inaccurate DA LMPs forecast causes lower FTR profits in Case 2 and 

Case 3, which results in the lower total profit for these cases. The DA profit of MP is 

lower in Case 4 compared to Case 1; however, this is opposite for the FTR profit 

regarding these cases. This declares that the MP strategically loses a small amount of 

money in the DA market to increase the FTR value and optimize its total profit.  

 
 

Figure 5.14 MP’s profits in FTR auction, DA market as well as its total profit without 

considering the virtual bids. 
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approximately $265k, and as a result, makes more total profit. Note that it is assumed that 

the MP submits its virtual transactions from various locations (buses 3, 7, 11, 14, 17, and 

22 in this study), and the forecasted real-time LMPs are assumed to be $20/MWH for all 

time periods. 

 
 

Figure 5.15 MP’s profits from FTR, virtual bidding, physical generation along with its 

total profit. 

 

 
 

Figure 5.16 MP’s profits from FTR, virtual bidding, and physical generation as well as its 

total profit in Case 4 with two tests (with and without considering virtual bids). 
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Comparing Case 4 from two tests (with and without virtual bidding) in Figure 

5.16 depicts that the presence of virtual bids can help the MP manipulate the FTR value 

and increase the FTR profit and improve the DA market profit.  

5.7. SECTION SUMMARY 

This section's initial goal was to demonstrate the potential for FTR value 

manipulation through the submission of virtual bids in the DA market, which enables 

MPs to plan their strategy while taking into account a wider range of options. Then, it 

offered a novel two-stage bi-level joint offering strategy model for strategic GenCo that 

participated in both the FTR auction and the DA market, which served as a systematic 

framework to examine the likelihood of such manipulation. The proposed model enables 

this MP to use virtual bids in addition to deciding on the GenCo's physical generation 

because it is flexible enough to be either load or generation at different nodes of the 

network, which affects the FTR value and the MP's offering strategy's overall 

performance in both markets. After that, it demonstrated how the outcomes of the FTR 

auction affected the strategic GenCo's decision to offer in the DA market by examining 

how the GenCo behaves when they participate in both markets separately and jointly. 

Furthermore, a number of case studies, which are intended to compare with current 

techniques, demonstrate the effectiveness of the proposed model in creating an improved 

offering strategy, and show the possibility for a strategic MP to achieve higher total 

profits than the sum of profits in the FTR auction and DA market using separately 

developed strategies that have been described in the literature. In summary, the 

conclusions of this work are listed below.  
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a) A strategic GenCo faces complicated decision making due to the competing 

goals. It must delicately balance multiple objectives in the decision-making, such as (a) 

the tradeoff between the profits in FTR auction and the DA market due to the impact of 

DA LMP on FTR revenue; (b) tradeoff between profits of virtual bids and physical 

generation in the DA market due to both affecting DA LMPs; and (c) tradeoff between 

the FTR quantity and its impact on FTR auction price as both relate to FTR profit. 

b) Based on the proposed model, the MP may choose a tactic that, by using virtual 

bids and its physical generation, can make higher profits through joint participation in 

FTR and DA markets. In fact, virtual bidding can create an opportunity for MP to 

increase the FTR value by manipulating the DA LMP at specific locations of the system. 

In some cases, manipulated DA LMP can result in reduced or negative profit from virtual 

bidding. Despite the resulting profit in DA market is reduced, the profit from FTR market 

is much increased and so is the total profit. 
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6. CONCLUSION 

6.1. SUMMARY OF CONTRIBUTIONS 

In Section 3, the decision-making process for risk-averse virtual bidder in the day-

ahead market is comprehensively studied, and a robust max-min bi-level optimization 

model is presented to optimize the bidding strategy for his player [99]. The bi-level 

problem is converted into a mixed integer linear problem using the big-M approach, the 

duality theorem, Karush–Kuhn–Tucker optimality conditions, and strong duality theory. 

Since the quasi day-ahead market is represented by the proposed model's lower level 

subproblem, a virtual bidder can simulate the market clearing process and make bid 

decisions that are in its best interests. Given the uncertainty of opponents' strategies and 

real-time market pricing, a virtual bidder can therefore successfully compromise through 

the bid price between the quantity of cleared virtual bids and the affected price difference 

between the day-ahead and real-time markets. Real-time price is the most important 

uncertain parameter that the virtual bidder must take into account while making a 

decision, according to numerical data and sensitivity analysis performed in Section 3. 

Furthermore, when utilizing the proposed model in Section 3 for the virtual bidder 

instead of the deterministic approach, a risk-averse player can always make more money 

in the worst-case scenario, and the improvement in profits rises rapidly as the level of 

uncertainty rises. 

The bi-level model and solution procedure proposed in Section 4 enables physical 

market participants with virtual bidding capabilities to maximize their overall profit in the 

participation of both physical assets and virtual bidding [100]. Through the use of 
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scenarios-based modeling, uncertainty in rivals' offers and bids as well as real-time 

market prices has been taken into account. Furthermore, the risk associated with the 

market participant's various decisions has been quantified using the conditional value at 

risk (CVaR) metric. The suggested model's ability to determine the strategic player's 

optimal decisions is demonstrated by the simulation results, and employing the given 

models, the strategic asset-owned market participant is able to balance the profits from 

physical generation and virtual bids by selecting the optimal amount of physical and 

virtual transactions and controlling how they affect the day-ahead price. To test the 

proposed model, deterministic and stochastic case studies are defined in Section 4. A case 

study on a deterministic situation demonstrates a few optimal tactics that make use of 

virtual transactions to affect the price of day-ahead in a way that increases the profit from 

physical generation. For a stochastic situation, case studies show how the suggested 

method enables the strategic MP to choose a risk level that achieve a balance between the 

expected profit across all scenarios and the profit volatility in those scenarios. 

For the strategic generating company with virtual bidding capability engaging in 

both the financial transmission right (FTR) auction and the day-ahead market, Section 5 

presents a joint bidding strategy approach [101]. In this section, it is first shown that 

virtual bids can be employed to modify the financial transmission right values using a 

straightforward example. Next, the strong duality theory and Karush–Kuhn–Tucker 

optimality conditions are used to gradually create the suggested model. Additionally, a 

number of scenarios are created to demonstrate the model's applicability and the 

advantages of incorporating virtual bidding into the market participant's offering strategy 

decision-making process. It is shown that a strategic generating company must make 
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difficult decisions as a result of competing goals. In making decisions, it must delicately 

derive a balance between a number of goals, including (a) the profits from the FTR 

auction and the day-ahead market due to the impact of the day-ahead prices on FTR 

revenue, (b) the profits from virtual bids and physical generation in the day-ahead market 

due to both affecting day-ahead prices, and (c) the profits from the FTR quantity and its 

effect on the FTR auction price as both relate to FTR profit. Additionally, the market 

player may decide on a strategy based on the suggested model that, by utilizing virtual 

bids and its physical generation, can generate larger profits through joint participation in 

FTR and day-ahead markets. In fact, by adjusting the day-ahead price at particular nodes 

in the system, virtual bidding might give market participant the chance to raise the FTR 

value. In some circumstances, altered day-ahead price can cause virtual bidding profits to 

be lowered or even negative. Despite the fact that the resulting profit in the day-ahead 

market is lower, the profit from the FTR market is significantly higher which 

consequently increases the overall profit. 

6.2. FUTURE WORKS 

There are some further works that could be viewed as future contributions to this 

project. First, the lower level of the models can employ the unit commitment model. Due 

to the lower level being a mixed integer problem and the fact that the Karush-Kuhn-

Tucker and strong duality theory are not satisfied, this makes the solution more difficult.  

The uncertainties related to other players' market offers and current prices might 

be taken into account to further broaden the scope of the model described in Section 5. In 

this manner, the integer variables would make up the second stage of the model, and the 
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model should be solved using novel techniques such as column and constraint generation 

(CC&G). 

The market participant can use a few additional variables to strengthen its plan of 

action and increase profits. These parameters could include the minimum ramp-up and 

ramp-down times, and etc. that have not been considered in this study. Additionally, the 

structure of the actual market may assist the market participant in creating a more 

effective bidding strategy. For instance, in the typical day-ahead electricity market, the 

unit commitment problem runs for 36 hours of the next day, while the economic dispatch 

problem utilizes the first 24 hours of the unit commitment output. The overlapped periods 

between market participants' decisions on two consecutive days may therefore help the 

market player in creating the best possible strategy. 

The manipulative behaviors for different market participants in various markets 

were introduced in this work. However, the market monitoring operator (MMO) can look 

into this issue and establish new market regulations to stop these kinds of manipulative 

decisions.  
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APPENDIX  

DETAIL FORMULATION FOR SECTION 5 

PART A1) Mathematical Problem with Equilibrium Constraints (MPEC) model 

for the first stage problem. 

Objective Function (5.1) (A1.1) 

Subject to: 

Constraints (5.2), (5.3), (5.9) and (5.10) (A1.2) 

−𝜌𝑒
𝑠 + 𝜏𝑒

𝑆
− 𝜏𝑒

𝑆 + 𝑀𝐶𝑃𝑒 = 0,     ∀𝑒 (A1.3) 

−𝜌𝑓 + 𝜏𝑓 − 𝜏𝑓 + 𝑀𝐶𝑃𝑓 = 0, ∀𝑓 ∈ {𝑁𝑝𝑢𝑟 − 𝑒} (A1.4) 

𝜎𝑐 + 𝜏𝑐 − 𝜏𝑐 − 𝑀𝐶𝑃𝑐 = 0,     ∀𝑐 ∈ 𝑁𝑠𝑒𝑙𝑙 (A1.5) 

0 ≤ 𝐹𝑇𝑅𝑒
𝑆𝑏𝑖𝑑 − 𝐹𝑇𝑅𝑒

𝑠 ⊥  𝜏𝑒
𝑆

≥  0 , ∀𝑒 (A1.6) 

0 ≤ 𝐹𝑇𝑅𝑒
𝑠 ⊥  𝜏𝑒

𝑆 ≥  0, ∀𝑖 (A1.7) 

0 ≤ 𝐹𝑇𝑅𝑓 − 𝐹𝑇𝑅𝑓 ⊥  𝜏𝑓 ≥ 0, ∀𝑓 (A1.8) 

0 ≤ 𝐹𝑇𝑅𝑓 ⊥  𝜏𝑓 ≥ 0, ∀𝑓 (A1.9) 

0 ≤ 𝐹𝑇𝑅𝑐 − 𝐹𝑇𝑅𝑐 ⊥  𝜏𝑐 ≥ 0,   ∀𝑐 ∈ 𝑁𝑠𝑒𝑙𝑙 (A1.10) 

0 ≤ 𝐹𝑇𝑅𝑐 ⊥  𝜏𝑐 ≥ 0,      ∀𝑐 ∈ 𝑁𝑠𝑒𝑙𝑙 (A1.11) 

0 ≤ 𝐹𝑙 − 𝐿𝐹𝑙
𝑒𝑥 − 𝐿𝐹𝑙 ⊥  𝜉

𝑙
≥ 0,     ∀𝑙 (A1.12) 

0 ≤ 𝐹𝑙 + 𝐿𝐹𝑙
𝑒𝑥 + 𝐿𝐹𝑙 ⊥  𝜉𝑙 ≥ 0,     ∀𝑙 (A1.13) 

In (A1), the nonlinear objective function is the same as in Model ((5.1) – (5.11)). 

Constraint (A.2) replicates (5.2), (5.3), (5.9) and (5.10) constraints. The first derivatives 



 

 

116 

of the Lagrangian function with respect to the decision variables are shown in (A1.3) – 

(A1.5), and the nonlinear complementarity constraints that result from the inequality 

constraints of the LL subproblem of Model ((5.1) – (5.11)) are shown in (A1.6) – 

(A1.13). 

PART A2) Mathematical Problem with Equilibrium Constraints (MPEC) model 

for the second stage problem. 

Objective Function (5.12) (A2.1) 

Subject to:  

Constraints (5.13) – (5.19) (A2.2) 

𝛼𝑡𝑖𝑏
𝑠 − 𝐿𝑀𝑃𝑡𝑛 + 𝜇𝑡𝑖𝑏

𝑆
− 𝜇𝑡𝑖𝑏

𝑆 = 0, ∀𝑡, 𝑖 ∈ 𝜓𝑛, 𝑏 (A2.3) 

𝜆𝑡𝑗𝑏
𝑔

− 𝐿𝑀𝑃𝑡𝑛 + 𝜇𝑡𝑗𝑏

𝐺
− 𝜇𝑡𝑗𝑏

𝐺 = 0, ∀𝑡, 𝑗 ∈ 𝜓𝑛, 𝑏 (A2.4) 

−𝜆𝑡𝑑𝑘
𝑑 + 𝐿𝑀𝑃𝑡𝑛 + 𝜇𝑡𝑑𝑘

𝐷
− 𝜇𝑡𝑑𝑘

𝐷 = 0, ∀𝑡, 𝑑 ∈ 𝜓𝑛, 𝑘 (A2.5) 

𝛼𝑡𝑣
𝑏𝑖𝑑𝐺 − 𝐿𝑀𝑃𝑡𝑛 + 𝜇̅𝑡𝑣

𝑉𝑔
− 𝜇𝑡𝑣

𝑉𝑔
= 0, ∀𝑡, 𝑣 ∈ 𝜓𝑛 (A2.6) 

−𝛼𝑡𝑣
𝑏𝑖𝑑𝐷 + 𝐿𝑀𝑃𝑡𝑛 + 𝜇̅𝑡𝑣

𝑉𝑑 − 𝜇𝑡𝑣
𝑉𝑑 = 0, ∀𝑡, 𝑣 ∈ 𝜓𝑛 (A2.7) 

Constraints (5.15) and (5.22) and (5.23) (A2.8) 

0 ≤ 𝑃𝑡𝑖𝑏
𝑆 ⊥  𝜇𝑡𝑖𝑏

𝑆 ≥ 0,    ∀𝑡, 𝑖, 𝑏 (A2.9) 

0 ≤ 𝑃𝑡𝑖𝑏
𝑆𝑏𝑖𝑑 − 𝑃𝑡𝑖𝑏

𝑆 ⊥ 𝜇𝑡𝑖𝑏

𝑆
≥ 0,   ∀𝑡, 𝑖, 𝑏 (A2.10) 

0 ≤ 𝑃𝑡𝑗𝑏
𝑔

⊥  𝜇𝑡𝑗𝑏
𝐺 ≥ 0,    ∀𝑡, 𝑗, 𝑏 (A2.11) 

0 ≤ 𝑃𝑡𝑗𝑏

𝐺
− 𝑃𝑡𝑗𝑏

𝑔
⊥ 𝜇𝑡𝑗𝑏

𝐺
≥ 0,   ∀𝑡, 𝑗, 𝑏 (A2.12) 

0 ≤ 𝑃𝑡𝑑𝑘
𝑑 ⊥  𝜇𝑡𝑑𝑘

𝐷 ≥ 0,    ∀𝑡, 𝑑, 𝑘 (A2.13) 
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0 ≤ 𝑃𝑡𝑑𝑘

𝐷
− 𝑃𝑡𝑑𝑘

𝑑 ⊥ 𝜇𝑡𝑑𝑘

𝐷
≥ 0,   ∀𝑡, 𝑑, 𝑘 (A2.14) 

0 ≤ 𝑉𝑡𝑣
𝐷𝐴𝑔

⊥  𝜇𝑡𝑣
𝑉𝑔

≥ 0,     ∀𝑡, 𝑣 (A2.15) 

0 ≤ 𝑉𝑡𝑣
𝐷𝐴𝑑 ⊥  𝜇𝑡𝑣

𝑉𝑑 ≥ 0,     ∀𝑡, 𝑣 (A2.16) 

0 ≤ 𝑉𝑡𝑣
𝑏𝑖𝑑𝐺 − 𝑉𝑡𝑣

𝐷𝐴𝑔
⊥  𝜇̅𝑡𝑣

𝑉𝑔
≥ 0,     ∀𝑡, 𝑣 (A2.17) 

0 ≤ 𝑉𝑡𝑣
𝑏𝑖𝑑𝐷 − 𝑉𝑡𝑣

𝐷𝐴𝑑 ⊥  𝜇̅𝑡𝑣
𝑉𝑑 ≥ 0,     ∀𝑡, 𝑣 (A2.18) 

0 ≤ 𝐹𝑡𝑙 + 𝐹𝑙 ⊥ 𝜗𝑡𝑙  ≥ 0      ∀𝑡, 𝑙 (A2.19) 

0 ≤ 𝐹𝑙 − 𝐹𝑡𝑙 ⊥  𝜗𝑡𝑙 ≥ 0      ∀𝑡, 𝑙 (A2.20) 

In (A2), the objective function and the UL constraints (5.13) – (5.19) are 

duplicated in (A2.1) and (A2.2). The first derivative of Lagrangian function with respect 

to the decision variables are denoted by (A2.3) – (A2.7). The equality constraints (5.21), 

(5.28), and (5.29) are summarized in (A2.8). Constraints (A2.9) – (A2.20) represent the 

nonlinear complementarity constraints regarding the inequality constraints (5.22) – 

(5.27). 

PART A3) To linearize the first nonlinear term of the objective function (5.1 (or 

A1.1)), the SDT approach is employed. Thus, applying these methods to (A1) results in 

the following model with linear constraints. 

𝑶𝑭𝟏 =
Minimize

Ω1
𝐹𝑇𝑅 , Ω2

𝐹𝑇𝑅 ∑ (− ∑ 𝜌𝑓𝐹𝑇𝑅𝑓

𝑓

+ ∑ 𝜎𝑐𝐹𝑇𝑅𝑐

𝑓

+ ∑ 𝜏𝑓 𝐹𝑇𝑅𝑓

𝑓𝑡

+ ∑ 𝜏𝑐 𝐹𝑇𝑅𝑐

𝑐

+ ∑ (𝜉
𝑙

+  𝜉𝑙) 𝐹𝑙

𝑡𝑙

− (𝐿𝑀𝑃𝑡,𝑠𝑖𝑛𝑘 − 𝐿𝑀𝑃𝑡,𝑠𝑜𝑢𝑟𝑐𝑒 )𝐹𝑇𝑅𝑒
𝑠) 

(A3.1) 
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Subject to:  

Constraints (A1.2) – (A1.5) 
(A3.2) 

Linearized form of (A1.6) – (A1.13) 
(A3.3) 

Moreover, complementarity nonlinear constraints can be linearized using Big M 

method. Thus, each of the equations of 0 ≤ 𝑋𝑡𝑖 ⊥  𝑑𝑡𝑖(𝑥) ≥ 0 can be rewritten as 

follows. 

0 ≤ 𝑋𝑡𝑖 ≤ 𝑀𝑡𝑖  𝜔𝑡𝑖, 

 0 ≤  𝑑𝑡𝑖(𝑥) ≤ (1 − 𝜔𝑡𝑖) 𝑀𝑡𝑖  

where 𝑀𝑡𝑖 is a large number and 𝜔𝑡𝑖 is a binary variable. 

Applying SDT and Big M methods, the equivalent linear formulation of the 

problem (A2) is obtained as follows. 

𝑶𝑭𝟐 =  
Minimize
Ω1

𝐷𝐴, Ω2
𝐷𝐴 [∑ (𝜆𝑡𝑖𝑏

𝑆 𝑃𝑡𝑖𝑏
𝑠 + ∑ 𝜆𝑡𝑛

𝑅𝑇(𝑉𝑡𝑣
𝐷𝐴𝑔

− 𝑉𝑡𝑣
𝐷𝐴𝑑)

𝑡(𝑣∈𝜓𝑛)

)

𝑡𝑖𝑏

+ (∑ 𝜆𝑡𝑗𝑏
𝑔

𝑃𝑡𝑗𝑏
𝑔

𝑡𝑗𝑏

+ ∑ 𝜇𝑡𝑗𝑏

𝐺
𝑃𝑡𝑗𝑏

𝐺

𝑡𝑗𝑏

− ∑ 𝜆𝑡𝑑𝑘
𝑑 𝑃𝑡𝑑𝑘

𝑑

𝑡𝑑𝑘

+ ∑ 𝜇𝑡𝑑𝑘

𝐷
𝑃𝑡𝑑𝑘

𝐷

𝑡𝑑𝑘

+ ∑(𝜗𝑡𝑙 + 𝜗𝑡𝑙)𝐹𝑙

𝑡𝑙

)] 

(A3.4) 

Subject to:  

Constraints (A2.2) – (A2.8) 
(A3.5) 

Linearized form of (A2.9) – (A2.20) 
(A3.6) 
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