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ABSTRACT

Variational data assimilation (VDA) is a process that uses optimization techniques
to determine an initial condition of a dynamical system such that its evolution best fits
the observed data. In this dissertation, we develop and analyze the variational data as-
similation method with finite element discretization for two interface problems, including
the Parabolic Interface equation and the Stokes-Darcy equation with the Beavers-Joseph
interface condition. By using Tikhonov regularization and formulating the VDA into an
optimization problem, we establish the existence, uniqueness and stability of the optimal
solution for each concerned case. Based on weak formulations of the Parabolic Interface
equation and Stokes-Darcy equation, the dual method and Lagrange multiplier rule are uti-
lized to derive the first order optimality system (OptS) for both the continuous and discrete
VDA problems, where the discrete data assimilations are built on certain finite element
discretization in space and the backward Euler scheme in time. By introducing auxiliary
equations, rescaling the optimality system, and employing other subtle analysis skills, we
present the finite element convergence estimation for each case with special attention paid
to recovering the properties missed in between the continuous and discrete OptS. More-
over, to efficiently solve the OptS, we present two classical gradient methods, the steepest
descent method and the conjugate gradient method, to reduce the computational cost for
well-stabilized and ill-stabilized VDA problems, respectively. Furthermore, we propose the
time parallel algorithm and proper orthogonal decomposition method to further optimize
the computing efficiency. Finally, numerical results are provided to validate the proposed

methods.
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1. INTRODUCTION

Data assimilation seeks to incorporate observations into a physics model for attaining
the best possible estimate of the state forecast, subject to initial conditions. This process
results in data driven initial conditions for PDEs, yielding more accurate forecasts. It
can improve models in numerous fields, such as weather forecast [1-3], geoscience [4—
7], ocean flow prediction [8—10], and biology transport [11-13]. Currently there are two
main categories of data assimilation techniques. The first category includes the statistical
methods based on the Bayes’ Theorem and the Kalman filtering approach, which evolve
the state vector along with time according to error statistics [14-20]. The second category
includes the variational methods based on the optimal control theory, which minimizes
a cost functional measuring the discrepancy between the state variable and the observed
data [21-27]. Besides, some other data assimilation techniques are also very popular for
certain problems in last few decades, such as nudging method [28, 29] and continuous data
assimilation method [30-32].

In this dissertation we discuss the variational method to solve the data assimilation
problem for interface problems. The variational methods are first introduced by J L. Lions
in optimal control to estimate relevant model parameters for parabolic equations [33].
Afterwards, a vast amount of literature employing variational methods has been contributed
to investigate the data assimilation problem for different physical models both theoretically
and computationally, see, e.g., [34-37]. However, as far as we are aware, there is not a
thorough consideration of the data assimilation for the interface problems. Therefore, a
primary interest in this dissertation is to investigate the variational data assimilation for the
interface problems, such as the Parabolic Interface equation and Stokes-Darcy equation.
We will focus on identifying a faithful initial condition for the physical model such that the

target state can be better predicted. Our approach to achieve this goal is by incorporating



the deterministic or noisy measurement into interface equation through an appropriately
designed cost functional. The optimization theories and techniques play key roles dealing
with the challenges throughout the simulation process.

In Section 2, we introduce fundamental concepts, notations, and theories often used
in the discussion of the variational data assimilation.

In Section 3, we start our data assimilation journey from a PDE constrained op-
timization problem, and introduce basic ingredients for the well-posedness analysis [33].
We recall two powerful approaches to derive the optimal condition, i.e., dual method and
Lagrange multiplier rule. Meanwhile, the finite element methods are proposed to discretize
the optimization problems, along with a mathematic derivation of its optimality system.
To handle the extreme computational cost arising from the variational data assimilation,
we discuss two classical gradient methods, steepest descent method and conjugate gradient
method, to address the large-scale computing difficulties. Secondly, based on a multiple
shooting method, we present the time parallel algorithm to further improve the efficiency
and increase the solving flexibility. Finally, the proper orthogonal decomposition methods
are utilized to overcome the memory challenges and optimize the computational resource
in variational data assimilation.

In Section 4, a VDA method is proposed and analyzed for the Parabolic Interface
equation [38, 39] that models important physical phenomena when two or more distinct ma-
terials or fluids with different conductivities or diffusions are involved. By using Tikhonov
regularization and optimization formulation, the existence, uniqueness, and stability of the
optimal solution are established. The optimality system for both continuous and discrete
VDA are derived, where the discrete VDA is built on a finite element discretization. The
finite element convergence with the optimal error estimate is proved with special attention
paid to the recovery of Galerkin orthogonality. Lastly, we provide the detail of implement-
ing different numerical algorithms and use numerical experiments to validate the proposed

methods.



In Section 5, due to numerous attention and potential applications received by
the Stokes-Darcy model in recent decades [40-47], we investigate the variational data
assimilation for the Stokes-Darcy equation with Beavers-Joseph interface condition. Based
on a proper mathematical interpretation of the Stokes-Darcy equation, we formulate the
VDA into a constrained optimization problem and present the well-posedness analysis. We
derive the first order optimality system using Lagrange multiplier rule for both the continuous
and discrete VDA problems. Again, the discrete VDA utilizes a finite element method. By
rescaling the optimality system and analyzing its fundamental operator properties, we prove
the optimal finite element convergence rate via introducing relevant axillary equations and
recovering uncertainties missed in the OptS. The numerical algorithms are presented in
detail and numerical experiments are provided at the end.

In Section 6, we draw conclusions and look forward to the future works.

This dissertation consists of material partially from one submitted paper [48] and
another to be submitted paper [49]. Some minor changes to the papers are added in this

dissertation in order to provide more details and increase the readability.



2. MATHEMATICAL PREMILINARIES

In this section, we are going to provide the necessary mathematics preliminaries
for discussion of partial differential equations, numerical methods, optimization, and data

assimilation.

2.1. BASIC CONCEPTS

Let || - ||x denote the norm for a normed vector space X, (-,-) denote the inner
product for Hilbert spaces, (-, -) represents a general duality paring between a Banach space
and its dual space (see definition 2). Then, we introduce preliminaries for this dissertation

as follows.

Definition 1 Let X and Y be normed vector spaces, a linear operator T : X — Y is said to

be continuous if there exists a constant C such that

ITx|ly < Cllx]lx-

We use .Z(X,Y) to denote a set of bounded linear operators from X to Y, with which the

operator norm is defined as:

B ITx|ly _ B
ITll.zx,y) = sup sup ||Tx|ly = sup ||Tx]ly.
oevex XX pxfx=1 Ixllx<1

Definition 1 indicates that boundedness and continuity are equivalent for a linear operator.
In addition, the continuity at x = 0 € X of a linear operator gives the boundedness as well.
Furthermore, one can verify that £ (X, Y) is a Banach space if Y is a Banach spaces.

For a special set of linear operator T € .Z'(X,R), T is also called a linear functional

on X, which gives the definition of the dual space of X.



Definition 2 Let X be a normed vector space, we define X’ := £ (X,R) as the dual space

of X. ForT € X" and x € X, we also write
Tx =(T,x).

In Banach space, the dual space usually can be identified by another Banach space. For

example,

1 1
LP(Q) = L1(Q), forl < p <oo, —+—=1,
P 4

note that (L'(Q)) = L®(Q), but L1(Q) # (L*(Q))". Another example is that the
continuous function space C(€2) can be represented by the bounded variation function
space BV(Q), i.e., C(Q) = BV(Q). Specifically, in Hilbert space, we can observe even

nicer representation.

Theorem 1 (Riesz representation ) [[50]] Let H be a Hilbert space and let f : H — R

be a bounded linear functional. Then there exists a unique element y € H such that

(f,x)=(y,x), Vx € H.

This element y € H satisfies

(y,x)
| ANl = llyllz = sup :
e/ oy 1xlla

Thus the map H — H' : y — (y,-) is an isometry of normed vector spaces.

In this dissertation, X’ refers the dual of X if X is a Banach space, X’ also refers to the Gateaux or Fréchet
derivative operator when X is a mapping.



Definition 3 Let A : X — Y be a bounded linear operator, where X and Y are normed

vector spaces. The adjoint operator of A is defined as A* : Y — X':

(g,x) = (A'T,x) =(T,Ax), VT €Y’

Definition 4 Let A : X — Y be a bounded linear operator, where X and Y are Hilbert

spaces. The adjoint operator of A is defined as Ay, Y — X:

(Ayy,x) =(y,Ax), VxeX,yeY.

The adjoint operator in Hilbert space is, to some extent, identical with the adjoint definition

in general normed vector space. This can be seen by the isometric relation:

A" Y 2y -5 X = X.

For this reason, we will not distinguish A}, and A* from now on, only using A* to denote
the adjoint operator of a bounded linear operator A either in Hilbert space or Banach space.

One can further verify some basic properties of the adjoint operator:

* (@A) = aA”.

(A+B)" = A"+ B*.

(AB)* = B*A".

(A—l)* — (A*)_l.

In the following, we define the convergence and continuity in a weak sense, which
coincide with the strong convergence and continuity in the finite dimension space. However,

they behave differently in the infinite dimension space.



Definition 5 Let X be a normed vector space and {x,},en+ be a sequence in X, x,, weakly

converges to x € X if and only if

(foxa) = lim (f,2), VfeX

In Hilbert space H, the weak convergence x, — x is equivalent to

(v, xp) = (y,x), Vy€H,

which is a consequence of the Riesz representation, i.e., H = H'.
Similarly, we need weak™ convergence, this is useful when weakly convergence fails in some

considerations.

Definition 6 Let X be a normed vector space and { f,,}nen+ be a sequence in X'. Then f,

converges to f € X' in a weak” sense if and only if

(farx) = lim (f,x), Vx€X.

Definition 7 Let U be a subset of a Banach space. We say that the functional f : U — R is
(sequentially) weakly/weak* lower-semicontinuous on U if for every sequence {uy } ren+ C U

converging weakly/weak™ to u € U, we have that

f(u) < liminf f(ug).
k—o0
Remark 1 The weakly lower semi-continuouity is more often used in optimization problem.
We recall the following useful results.
* Convex, (lower) continuous functional is weakly lower semi-continuous.

e Norm is convex and continuous.



It is worth mentioning that the dual space X’ of a normed vector space is a Banach
space, no matter if X is complete or not. It is then helpful to conceive a bidual space of X

for purpose of investigating the structure of X.

Definition 8 Let X be a real normed vector space, the bidual space of X is the dual space

of X' and denoted by

X" = (XY = Z(X,R).

There is a natural mapping ¢ : X — X” defined as

(€, [ = ([, %),

where % is called the canonical mapping. By the definition of dual space, we may not
be able to expect that there exists a one-to-one onto correspondence between X and X’ in

general. However, this bijection can be preserved for some normed vector spaces.

Definition 9 A real normed vector space X is called reflexive if the canonical mapping €

is bijective.
We recall some useful conclusions in reflexive normed vector spaces [50].

Corollary 1 The following statement is true for the reflexive normed vector space:
(i) Reflexive space is complete.

(ii) X is reflexive iff X’ is reflexive.

(iii) Finite dimensional space is reflexive.

(iv) L? is reflexive for 1 < p < co.

(v) Hilbert space H is reflexive, i.e., H = H = H”.

Theorem 2 (Eberlin-Smulian Theorem) Ler X be a real Banach space and

B:={xeX:|x|| <1}



be the closed unit ball. Then the following are equivalent [50].
(i) X is reflexive.

(ii) B is weakly compact.

(iii) B is sequentially weakly compact.

(iv) Every bounded sequence in X has a weakly convergent subsequence.

Theorem 3 (Banach—Alaoglu Theorem) [50] Let X be a separable real normed vector
space. Then every bounded sequence in the dual space X' has a weak® convergent subse-

quence.

Note that the result in Theorem 3 can be extended to no-separable normed vector space.
At the end of this section, we introduce the bilinear form that will be often used in

the quadratic optimization and partial differential equation.

Definition 10 Let X and Y be normed vector spaces over the field R. A bilinear form is a

function b : X XY — R such that

b(aix) + ax2,y) = a1b(x1,y) + a2b(x2,y),

b(x,a1y1 + a2y2) = a1b(x,y1) + a2b(x, y2),

where ay,ay € R, x1,x2 € X, and y1,y; €Y.

The bilinear form b(-, -) is bounded if satisfying the following condition:
|b(x, )| < Clixllxllylly, Vxe X,y eY,
and its norm is defined as

1b(x,y)|
Iblly =" sup ——=——= sup  |b(x,y)|
oexeX,02vey IXNxYIly  eix=tiviy=1
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Corollary 2 (Reisz Representation) /50, Chapter 3] Let X and Y be Hilbert spaces and
b : X XY — R be a bounded bilinear form. Then there exists a unique S € £ (X,Y) such

that

b(x,y) = (Sx,y) and ||blly = [ISll.2xy)-

2.2. DERIVATIVES IN BANACH SPACES

Let X and Y be Banach spaces and F : X — Y be a mapping from X to Y.

Definition 11 For an element x € X, if the limit
.1
OF (u,h) = lm(l) —(F(x+sh) — F(x))
s—0 §

exists for h € X. We call 6F (u, h) a directional derivative of F at x in direction h. If
this limit exists for all directions h € X, then we call the mapping h +— 6F (x, h) the first

variation of F at x.

Definition 12 F is said to be Gateaux differentiable at x if it is directional differentiable

and
OF(x,h) =Ah, withA e £(X,Y)

exists for all h € X. We refer A as the Gateaux derivative of F at x € X.

If f: X — R is a Gateaux differentiable functional, then the Gateaux derivative is an

element of the dual space X’.



11

Definition 13 A mapping F : X — Y is Fréchet-differentiable if there is an operator

A e Z(X,Y) and a mapping r : X X X — Y such that

[l (x, )|l

F(x+h)=F(x)+Ah+r(x,h) and
|7l x

forall h € X. We refer A as the Fréchet derivative of F at x and write F'(x) = A.

Theorem 4 (Chain rule) Let X,Y and Z be Banach spaces and let F : X — Y and

G : Y — Z be Fréchet-differentiable at x € X, then the composition

E(x) :== G o (F(x))

is also Fréchet-differentiable at x € X and

E'(u) = G'(F(u)) o F'(u).

Remark 2 * Gateaux differentiable can not imply continuity.
» Gateaux differentiable can not imply Fréchet-differentiable.

* Chain rule is not generally true for Gateaux derivative.

If the Fréchet derivative exists, so does the Gdteaux derivative and they coincide.

If F is Fréchet-differentiable at x € X, then F is continuous at x.

If F is Fréchet-differentiable at x, then the derivative F’(x) is unique.

» If F is continuously differentiable at x, the F is Fréchet-differentiable at x.

If F' € £(X,Y) is also differentiable at x, then F" (x) € Z (X, Z(X,Y)).

Next, we provide a few examples to concretely show the calculation of derivative

for a mapping in a general Banach space.
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Example 1 The bounded linear operator T : X — Y is Fréchet-differentiable with deriva-

tive
T (x)h =Th.

It is simply true by the linearity T (x + h) = T(x) + T (h).

Example 2 The functional %llull 12(q) is Fréchet-differentiable and its derivative at u is
/Q uhdx and the gradient is u.
Proof :

We set J(u) = %||u||Lz(Q) = %(u,u) = /Q uudx. Then

J(u+h)—J(u) = %(u+h,u+h) — %(u,u)

1
2

:wJo+%mJu

(u,u) + %(u,h) + %(h, u) + %(h, h) — %(u,u)

17112
Obviously, 2||||21|||| — 0as h — 0. Therefore, J'(u)h = (u, h). By Riesz representation, we

obtain J'(u) = u.

Example 3 The bilinear and continuous mapping B(u,u) : X X X — Y is Fréchet-
differentiable with derivative B(u, h) + B(h, u) at u.
Proof :

We set f(u) = B(u,u) and do the calculus variation:

f(u+h)— f(u)=Bu+h,u+h)— B(u,u)
= B(u,u) + B(u, h) + B(h,u) + B(h, h) — B(u,u)

= B(u, h) + B(h,u) + B(h, h).



13

Since B(u,u) : X X X — Y is continuous, we have % — 0as h — 0. Therefore, the

result holds.

Example 4 The next example is an application of the Chain Rule. Find the Fréchet
derivative of functional J(u) = fg(ﬁ —u?)?: X — R, where ii is a known function in X.
Solution :

First, it is not difficult to verify that J(u) is Fréchet differentiable. We consider J(u) =
E o G(u), where G(u) = u*> and E(z) = /Q(ﬁ — 2)%dz. By applying the chain rule, we

obtain
f'(wh=(E'(G(u)),G (u)h) =4 /Q (@t — u*)uhdsx,
since G'(u), E’(z) can be easily calculated as
G’ (u)h = 2uh, (E'(z),v) = 2/9(& _ 7)vdz.

Let U € X be a nonempty subset of a real normed vector space X and J : U — R

be a given functional. Define a minimization problem:

min J(u). 2.1)

xeU

Definition 14 For x € U C X the direction y — x € U is called admissible if there exists a

sequence {t,}neny With 0 < t, — 0 as n — oo, such that x +t,(y —x) € U for everyn € N.

Theorem 5 Suppose that x € U C X is a local minimum of (2.1) and that y — x is an

admissible direction. If f is directionally differentiable at x, in direction y — x, then
0J(x)(y —x) > 0.

Theorem 5 indicates the following Corollary immediately.
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Corollary 3 If U = X and J(x) is Gdteaux differentiable at x where the local optimal

solution is obtained, then

J'(x)h=0, VheX.

Theorem 6 (Lagrange Multiplier Rule) [/51]] Let X and Y be real Banach spaces. Let
U be an open subset of X and let J : U — R be a continuously differentiable function.
Let g : U — Y be another continuously differentiable function, the constraint: g(u) = 0.
Suppose also that the Fréchet derivative g'(u) : X — Y of g at u is a surjective linear map.

Then there exists a Lagrange multiplier

1:Y—>R

such that

J'(u) =20g" (u).

2.3. MINIMIZATION PROBLEM

We conclude this Section by applying the above definitions and theories to two
prototypical minimization problems.
Let X be a Banach space, U,; € X be a nonempty set of optimal variables, and

J : U — R be a functional, bounded from below. Consider the problem:

aréilrjl J(u). (2.2)

A urgent question to be answered is whether problem (2.2) is well-posed, i.e.,

* For all data, does there exist a solution of the problem?
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* For all data, is the solution unique?
* Does the solution depend continuously on the data?

We start from the existence discussion. Since J(u) is bounded below, therefore infimum

exists. We can construct a minimizing sequence {u,} € U,4 such that
J(u,) — inf J(u).
uelUgyg

If J(u) is coercive, i.e., J(u) — oo as ||u]| = oo orJ(u)+Q > C||u||, Q is aknown quantity.
Then {u,} is a bounded sequence in U,;. Based on Theorem 2, there exists a subsequence
still denoted as {u, } converging weakly to u* in X if X is a reflexive Banach space. Assume

further that the functional J(u) is weakly lower semi-continuous, we can deduce
J(u*) < liminf J(u,) = inf J(u),
k—o00 ueUyq

which concludes that «* is a minimizer once U,  is weakly closed, or convex and closed.
Second, in order to show the uniqueness, assume that J(u) is strictly convex and u; and u;

are two optimal solutions, we will have

up+u

: T (W) e ),

J
( 2 2 MGUad

) <

which contradicts the definition of infimum. Therefore, solution is unique.
Aside from concerning the stability, we can summarize a few necessary ingredients

when modeling an optimization problem.

Theorem 7 Let U,y be a closed and convex subset of a reflexive Banach space, if a
functional J(u) is bounded below, coercive, weakly lower semi-continuous, and strictly

convex, then there exists a unique minimizer for J(u) [33].
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Next, we look at an optimization problem with a constraint. Let Z be a reflexive

Banach space and X, Y be Banach spaces. We state the problem as

min  J(u,z) subject to e(u,z) =0. (2.3)

U,2€XXZga

Here,J : XX Zy,g = R, e: XX Z,qg — Y, and Z,, 1s convex and closed. Before preceding
the wellposdness discussion, we clarify a few understandings in (2.3). The functional

J(u, z) usually consists of two components:

J(u,z) = Ji(u) + J»(2),

where J; : X — R is the objective and J; : Z,; — R is a penalty or regularization for
optimal variable. For e(u,z) = 0, we assume ¢ : X X Z,; — Y is smooth enough and the
condition for implicit function theorem holds, i.e., e(u, z) = 0 is differentiable and is able

to define a mapping u(z) : Z,q — X. Problem (2.3) is then rewritten as:

min J(z) subject to e(z) =0.
Zezad

Theorem 8 The problem (2.3) admits an unique solution if the following conditions hold:
(i) Z,q is convex and closed.

(ii) The equation e(u,z) =0 : X X Z,q — Y defines a mapping u(z) that is continuous with
respect to z.

(iii) J is continuous in term of variables u and z, respectively.

(iv) J is strictly convex, coercive, and bounded below.

Proof:
Conditions (i1) and (iii) indicate that J is continuous, the convexity further implies the

weakly lower semi-continuity of J. Then the rest of proof is using Theorem 7.
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Remark 3 * Coercivity is contained in convexity for some contexts, for instance, if J

is proper, convex, lower semi-continuous in a Hilbert space, then J is also coercive.
* The continuity of u(z) could happen in a weak sense, i.e., 7, — u as u(z,) — u(z).

For simplicity of the following presentation, we assume Z,; = Z. We next committee
to characterize the optimal solution via calculating the first oder variation of the functional

J(u,z):

(J'(u,2), by = (Ju(u, 2),u' (2)h) + (J-(u, 2), h)

= (' (2))"Ju(u, 2), h) + {J=(u, 2), h).

To further understand the structure of (#’(z))*, we do calculus variation with respect to z

of the constraint equation e(u, z) = 0:
e, (u,2)u’(2)h +e,(u,z)h =0,
which gives
W' (2)h = —(eu(u,2)) " e (u, 2)h,
and
(D) = = (ex(.2)" ((eulw ) ) = (exw,2)" (el 2)) . @4
Substituting (2.4) into the first order variation of the functional J, we obtain

(J'(u,2), hy = (' (2))"Ju(u, 2), h) + {J=(u, 2), h)

= (= (ez(u, 2))" ((eu(u, 2))") ™" Jul1t, 2), by + (J(u, 2), h).



It is now natural to introduce the adjoint equation

(eu(u,2))" u* = J,(u,z)

to simplify the first order variation as:

(J'(u,2), by = (= (ez(u,2))" u”, h) + (J-(u, 2), h).

The first order optimal condition is concluded by sufficing

(— (e;(u,2)) u* +J,(u,z), hy =0.

18
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3. VARIATIONAL DATA ASSIMILATION AND ALGORITHMS

3.1. FORMULATION OF VARIATIONAL DATA ASSIMILATION

Let U,4 denote an admissible solutions set that could be either a Hilbert space
H(Q) or a closed convex subset of H(Q) c L?*(€), where Q is an open bounded domain
with regular boundary 0Q. Given T > 0, y > 0, and a distributed observation & €
L%(0,T; H(Q)) c L*(0,T;V’(RQ)), the data assimilation for a given dynamical system is

considered as [33]:

. 1T
min J(uo) =5 [ = utuo) e + 3 ol @D
0

uo€Uqq 2

subject to

OU  du= f e L20.T:V'(9)),
o (3.2)
u(0) =ug € Lz(Q),

where H(Q) and V(Q) are appropriate Hilbert spaces, A is a linear operator describing
some physical phenomena, and the mapping u(u) is defined as the solution of (3.2) with
the initial value ug. By incorporating the & with the output of the dynamical system (3.2)
through the cost functional (3.1), our purpose is to identify a reliable initial condition u for
a better state predictions via minimizing the cost functional (3.1).

Since (3.1)-(3.2) can be viewed as an optimization problem, we use the argument

developed in Chapter 2 to investigate whether (3.1)-(3.2) is well-posed.
* U,q is a closed and convex, or weakly closed.
* Cost functional (3.1) is non-negative, therefore bounded below .
 Cost functional (3.1) is obviously coercive due to the term %lluollz.

* Assuming the wellposdeness of (3.2), the mapping u(ug) is a continuous mapping.
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* By the continuity of norm, cost functional (3.1) is continuous.

* From the linearity of (3.2) and the strict convexity of norm for Hilbert space, we can

verify the cost functional (3.1) is strictly convex.

Apparently, the data assimilation problem (3.1)-(3.2) satisfies all ingredients as an optimiza-
tion problem for the Theorem 8, hence admits an unique optimal solution. Furthermore, by
calculating the first order derivative of the cost functional (3.1), the optimal solution u can

be characterized by

T
(F"(uo), v — uo) =/0 ((u(uo) — i, u(v) — u(ug))dt

+ v (ug, v —ug) =0, Vv € Uyy. (3.3)
Next, we show that the solution of problem (3.1)-(3.2) is stable with respect to the
perturbation on the distributed observations and the regularization parameter .

Theorem 9 The solution of problem (3.1)-(3.2) continuously depends on the observational

data ii and the parameter vy.

Proof: Introducing perturbations €; € R on y and e; € L?*(0,T; L?>(Q)) on 7 respectively,

and letting ity denote the perturbed optimal solution, we then have

T
/ (u(ito) — & — €2, u(v) — u(ito))dt
0 3.4

+ (y + €1)(itg, v —ifg) = 0 Vv e Uyy.

Taking v = ug in (3.4) and v = iip in (3.3) gives us

T
/0 (u(ito) — i — €2, u(uo) — u(iig))dt + (y + &) (do, uo — o) = 0,

T
/0 (uuto) — b, u(ito) — u(uto))dt + (o, o — i) > 0.
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Adding the two inequalities together leads to

T
/ (o) — (o) |2,dt + (y + e (o — o)1
0 (3.5)

T
< / (€2, u(fio) — u(uo))di + e (i, o — o).
0

Applying the Cauchy-Schwarz inequality and Young’s inequality for the right hand side

terms in (3.5), we have

T T
1
[ (@t —utwoydr < [ o) = uto) e+ el ppay GO

lei
2

€1

€1 (uo, ug — ilp) < — o — dio]|%. 3.7

2
lluoll7 +

Combining (3.5)-(3.7) and setting |e;| < % we have the inequality

Vo — ol < eols oty + ol (8
which implies that the solution of problem (3.1)-(3.2) continuously depends on the obser-
vational data 7 and vy.

Moreover, inequality (3.8) indicates that small y will degrade the stability of the
data assimilation problem.

Since the arguments above deeply rely on optimal control theory [33], we refer such
approach as the variational data assimilation method.

The next step is to find out the optimal solution, we will present two main techniques,

dual method and Lagrange multiplier rule, to derive the optimality system.
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3.2. DERIVATION OF THE OPTIMALITY SYSTEM
3.2.1. Dual Method. To begin with, based on equation (3.2), we define the con-

straint operator M : L2(Q) x L>(0,T;V(Q)) — L*(Q) x L*(0,T;V'(Q)):

ou
E+A1/l—f

u(0) — ug

M (ug, u) = e L*(0,T;V'(Q)) x L*(Q).

We then do standard calculus variation for the cost functional J(ug, u) with respect to ug

0J (uo, u)
(9”0

P
( LRy = (Juy (10, 1), ) + (T (110, 10), a—:om, Vh e Uy. (3.9)

A calculus variation of the constraint equation M (ug, u) = 0 with respect to u( leads to

Miyh + My 5%h =0, (3.10)
where
(2L +A)2wp
_ ou ot ou
Muoh = > Miguh = 91(0)
—h . h
uo
Recall that

M,, : L*(Q) — L*(0,T;V(Q)) x L>(Q),
M, : L*(0,T;V(Q)) — L*(0,T;V'(Q)) x L*(Q),

Ju(ug,u) : L*(0,T;V(Q)) — R.

In order to connect (3.9) and (3.10), it is natural to introduce the adjoint operator, i.e.,

M : L2(0,T; V" (Q)) x (L*(Q)) — L*(0,T;V'(Q)),
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then there exists a element z € L>(0,T;V”(Q)) x (L*())’ such that
M,z = J,(uo, u). (3.11)

Using the equation (3.10), we deduce the following operator calculation

0
<M*z,3“h> (z, M, uau “hy =(z,—M,,h) = {z, - Y =(u*(0),h), (3.12)
—h

u*
where z € L%*(0,T;V(Q)) x L*>(Q) defined as z = is the identity of z €
u*(0)
L%(0,T;V(Q)”) x (L*(Q))’ by the reflexive property of Hilbert space.

Then we have

ou .
<JM(MO’ M), a_h> = <I/t (O)a h)
Uo
Recall (3.9), we eventually find the optimal condition

(Lo [y = (4 (0), h) + (Juy (0, 1), 1) = 0,

du

Now the only task left is to solve equation (3.11) for z,

0 ou *

<M;‘z,§—”h>=<z,Mu‘9—”h>=<(0f+ Dt | [ 4,

uo ouyg 6;150) i u*(O)
0 ou . ou(0)
= (g + Ay + G o)
= (=g + A ey D 0 + (), S )

up up
(‘9“(0) 0 (0))

Juy
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ou ou(T)

0 N *
= <(_E+A )M ’ au0h>+( abt() h’u (T))

= (Ju(uo, u), :—:Oh)%

where the third line is taking integration by part with respect to z.
Setting u*(T) = 0 we then have

ou*
ot

u*(T) = 0.

+A'u" = J,(uo, u),

This finally concludes the optimality system

‘2—’; +Au=f,

u(0) = uo,

_6a_u:+A* * = J,(uo, 1), (3.13)
u*(T) =0,

u*(0) + Ju, (uo, u) = 0.

Remark 4 In the above derivation, (3.13) used the assumption H(Q) = L*(Q). If
H(Q) # L*(Q), the optimal condition will be given implicitly by equation (u*(0), h) +
(Juo(uo,u), hy = 0. In the following parts of this Section, we will keep this assumption

H(Q) = L*(Q).

3.2.2. Lagrange Multiplier Rule. Another way, that is usually more convenient
to derive the optimality system, is the Lagrange multiplier rule. Before using such method,

one thing we should verify is the surjective of the derivative of the constraint operator M,
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which is essentially required by the implicit function theorem [51]. However, this is usually
not an issue when operator A in (3.2) is linear. In particular, we should be very careful for
problems with nonlinear constraint.

To find the solution of the problem (3.1)-(3.2), we form a Lagrange functional:
LA, u,up) = J(uo, u) + (A, M (uo, u)), (3.14)

where 1 € L2(0,T; V" (Q)) x L*>(Q)’ is the Lagrange multiplier.

*

u
By the isometrics property of Hilbert space, we identify A as e L*(0,T;V(Q)) x

u(0)*
L*(Q) and rewrite (3.14) as

L, u™(0),u,ug) = J(ug, u) + (M (u, up), ! )
u(0)*

0
= J (0. u) + (G + Au = fou") + u (0). 1(0) — o).
Doing calculus of variation with respect to u*, u*(0), we recover the constraint equation

E +Au=f, u(0) = ugp. (3.15)

Doing calculus of variation with respect to u, ug, we have

% + AV = fou”) + (@ (0), v(0)) + (i (o, u), v) = 0, (3-16)

(u(0), —=h) + (Jy, (o, u), h) = 0. (3.17)

Taking integration by part with respect to ¢ on (3.16), we find out

ou*
ot

(- + A"u*,v) + (Jy,(ug, u), vy + (u*(T),v(T)) = 0. (3.18)
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Setting u(7T') = 0 we have

ou*
ot

+ A*u* = -J,(up,u), u*(T)=0. (3.19)

Summarizing (3.15)-(3.19), we obtain the optimality system

%+ Au = f,

u(0) = uo,

_% + AU = —J, (g, 1), (3.20)
u*(T) =0,

u*(0) — Jy, (uo, u) =0,

which is the same as (3.13) derived in section 3.2.1.

The dual method and the Lagrange multiplier rule are both important techniques
in optimization. However, the Lagrange multiplier rule is preferred in lots of constrained
optimizations because it is more straightforward to be implemented and allows the opti-
mization problems to be solved without explicitly parameterizing the constraints. In next
subsection, we will employ the Lagrange multiplier rule to explore the discrete variational

data assimilation (or discrete PDE-constrained optimization).

3.3. DISCRETE VARIATIONAL DATA ASSIMILATION

Usually, for computational purpose, we have multiple ways to deal with a variational
data assimilation or a PDE-constrained optimization problem. One is to first optimize it
and then discretize it, such as a direct numerical solving of the optimality system (3.20) in
section 3.1. The second is to first discretize it and then optimize it, which is going to be

discussed in this section.
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We use a finite element method as a spatial discretization and the backward Euler
scheme as an example to discretize the time. Let 7}, denote a family of triangulation of Q,
that is an approximation of Q. Assume the triangulation 7, satisfies the usual sort of quasi-

i=Np,
=1

uniformity condition. Associated with 7j, is the finite element space V), =span{u;}
where u; are piecewise polynomials and N, is the number of finite element nodes. The
admissible set of discrete optimal variable is then considered as Uy, = V), N\ Uygq.

For the time discretization we uniformly construct a temporal grid 0 = 7y < 1] <
f) < t3... < ty... < ty = T with time step 7 = % Let I, = (tp_1,t,] denote the n'"

sub-interval. We will use the finite-dimensional space
Ven={v:[0,T] = V) :v|;, €V, 1isconstantin time}.

Let v" be the value of v € V  at 1, and V', be the restriction to I, of the functions in Vz ;.
Given specific 4,7 and y > 0, a fully discretization of the problem (3.1)-(3.2) can

be formulated as:

min Jh(uo,h) (3.21)

uo,n€UR

subject to
n+l _ u"
(L vy + AU i) = (et Vi), Vv € Vi,
T (3.22)
u) =uop  uop € L*(Q),
where
1 al 0%
Filuon) = 57 3 18" = w5 + Zlluolly- (3.23)
n=1

Using the similar argument in continuous formulation (3.1)-(3.2), it is not difficult

to prove the wellposedness of problem (3.21)-(3.23).
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In order to solve for upj, we use Lagrange multiplier rule and form the discrete

Lagrange functional:

N
_ _ 1 .
L@ won i) = 57 Y 1" = w3+
n=1

N-1 o+l _ un (3.24)
h
47 ) (T A~ f )+ ()~ o ),
n=0
where i), = (u}l,u%,uz, ..... ,ug) and i1, (u *1 *2 uf, ..... ,uZN_l). Based on a
adjoint notation in the sense of (Au, v) = (A*v, u), we rewrite (3.24) as
1 N n+1 n
L(inuops @) = 57 Y N = whlly, + Slwoslly +7 Z« )
n=1
+ (AU Wy = (Fursul™)) + (uf  uiN) - (ulhv, u*N) + (U8 = ug p u})
1 & W 1 _ (3.25)
2
=57 ) " — il + |u0h||H+rZ< up)

n=1

Z<A* sn—1 Mh>_TZ<f”l’ =1y 4l wiNy = (o p, D).

By using standard techniques from the calculus of variations, we derive equations that
correspond to rendering (3.25) stationary. Variations in the Lagrange multiplier i), recover

the constraint equation (3.22). Variations with respect to ug 5 and ”Z’ forn=1,2,3....N—-1

yield
a-[:(’/_lh, uo,h’ﬁ*) *
F Wy, = (yuo,n, vn) — (”ho"’h) =0, (3.26)
oL (ip, uop, ;" —
. gu()h 2 wp=7(—— " wi) + (A )" wy) = T(@" — uf, wp) =0

(3.27)
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Imposing u*hN = 0 when calculating the variation with respect to ug finally gives the discrete

optimality system,

1 n
Wt —u
h h n+l
+ Auh = fn+17
T
0
uh = uo,/’la
u*n+1 —utn
__h h + A*u = ﬁn+l _ un+l, (328)
h h
T
uZN =0,
1
uop = —uzo
Y

forn=0,1,2,3.....N — 1.

Remark 5 One may observe that the discrete optimality system (3.28) is the same as the
direct full discretization of (3.20). This is because of the special symmetric property of
Euler’s scheme, including the explicit Euler scheme. However, such coincidence may not
happen for other temporal discretization schemes, such as the Crank-Nicolson and most of

the Runge-Kutta methods.

A direct solving of the optimality systems (3.20) and (3.28) will couple space
and time together and result in an extreme large linear system, which is challenging to the
computational resource. In next section, we present several iterative algorithms to overcome

this difficulty.

3.4. GRADIENT DESCENT METHOD

When talking about descent method to find optimizer for a smooth cost functional,
there are two basics that matter: the descent direction and the descent step size along
that direction. In this section, we recall two methods with descent directions that rely on

the information from the first order derivative (or the gradient), thereby being named as
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gradient descent method. Based on different descent directions, we further classify them
as the conjugate gradient method and the steepest descent method. We also will discuss
practical techniques to determine a desirable choice of the descent step size.

To begin with, we need to calculate the first order derivative of the cost functional

(3.21) and find out its dual element (or gradient) in the admissible set:

N
(Th(uon) vay =7 D (0" =y, (uh)'va) + (vt vi), ¥vu € Up. (3.29)
n=1

Note that (u})v), is essentially the solution by solving the following discretized equation

WZ+1 —Yr

( " owa) + (AU wy) = 0,

0
q/{h = Vh,

(3.30)

forn=0,1,2,3,-,N — 1.
We now introduce a set of adjoint variables {uZ”}nN:‘O1 toreplaceeachw, forn =0,1,2,3,-, N—
1, in (3.30):

WZH — Y

( Loty + (AU upty = 0,

(‘LI}? -V, uzo) =0.

(3.31)

Multiplying the first equation with 7 in (3.31) and adding all equations together, for n =

0,1,2,3,:,N — 1, we do the following manipulations

-1 +1
qrtl —qqr
0=7 ) (i) + (AT i) + (U = vy
"0 (3.32)
N-1 ﬂnH —Yr

=7 ) () + (AU )
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+(UY, Ny = (UY Ny + (U = v uf?

-1 _ N

—TZ< i JURY T (Aupt Uy (3.33)

n=1
+ (U ;) = (vpup).

We can connect (3.29) and (3.33) by setting the following equations:

u*n—l
<u UMY + (A Uy = (@ — u, U,
T (3.34)
uZN =0,
which leads to
N
huon), va) =T Y (0" = 1y, (uh)'va) + (yuo s va)
(3.35)

= —(vp u})) + (yuton, vi)

= (yuop — u}’, vp).

Finally, yuo , — u), O gives the gradient of (3.21) at current initial condition uq ;. Basically,
the above is a similar argument compared with (3.24) — (3.25), and yug ) — ”Z is the
representation of the linear functional J ;l(uo, ») in the admissible set Uy,.

3.4.1. Steepest Descent Method. With the result in (3.35), we can discuss the

steepest descent method [52, 53] to solve the discrete optimization problem (3.21): given

ﬁ(o) and a tolerance €, solve the following equations sequentially until the stop criteria

“ ->(l+1) ->(1) || (i+1) MZO(HI) ||

< € (or ||yu u < €) is satisfied:

n+l(@) _  n(i)
l/lh u/’l +AMZ+1(i) :fn+1,
T (3.36)

PUOREG)
Up Uon
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sn+1(7) #1 (1)
_ Uy — Uy + Ay *n(l) An+1 n+1(i),
T (3.37)

*N(i) _
u, =0,

(()121) _ u() +nl+1(u*0(t) yu(()’)h (3.38)

where n =0, 1,2,3....N is time evolution step, i = 0, 1,2, 3.... represents the iteration step,

@) - n(0) n(l)

77”1 is called the learning rate at each iteration, and Ug s Uy s

are iterative sequences.

Since gradient is a local information for a given functional, a choice of 7'*! usually happens
between (0, 1].

We illustrate the steepest descent algorithm as follows:

Algorithm 1 Step O (Initialization): Specify a convergence tolerance €, guess initial func-
tion u(() })l and start the iteration step i = 1.

Step 1 (Forward phase): Use é)h as initial condition to solve equation (3.36) for
.

Step 2 (Backward phase): Pass u() to equation (3.37) and solve equation (3.37)
backward for u,, =00,
Step 3 (Update phase): Use n'*! from (0, 1) and then update

(D) _ ) i (200 _ 0

Upp = Uy, Ylop)

Step 4 (Criteria for stopping the iteration): Compute ||u*0(’) — yu(%ll if ||u20(i) -

yuo h” < € then stop; otherwise, increase i by 1 and go back to Step 1.

3.4.2. Inexact Line Search Steepest Descent Method. To reduce the iterations
and improve computational efficiency in the steepest descent method, we can optimize the

choice of the learning rate n'*! instead of randomly picking n*! between (0, 1] at each
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iteration. This is equivalent to deal with another minimization problem:

mlinRu(ni”) = I )+ @Y~ yul)). (3.39)
T]H- € ’ i
Normally, solving problem (3.39) is also computationally expensive and tractable, which is

what we do not want to handle. An alternative way is to determine a relatively optimal 7'*!

by Armijo backtracking rule. The idea is given as follows: we start a guess of relatively

large *!, such as a real number 1 or 2, then shrink °*! proportional to a constant p between

(0,1) if u(()i)h + it (uzo(i) - yu(()i)h) does not provide a noticeable value decreasing for the

cost functional (3.21).
Such idea is also called the inexact line search method, which is mathematically
i+1

described as: find ' via repeatedly solving (3.36) with initial value

(i+1) _

o () " ni+1 (ﬁzo(i) (@)

u o — yuy,) by updating 7' = pn™!, (3.40)

until the following inequality is satisfied

Tn(us i) < Tu(l)) + s @)t = yull)), (3.41)

where 1! is typically initialized as a constant equal to or greater than 1, and ¢ and p are
chosen between (0, 1).

The straight line

. i : ’ i *0(i i
y(nl+1) — Jh(ué,)h) + 677”—1(‘]};(”((),)]1)’”]1 (0 _ 7”((),)h> (3.42)
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is a search line, which measures the value decreasing of the cost functional (3.21). If

Jh(u(()’;)h + n”l(uzo(i) - yu(()l;)h)) is underneath the line (3.42), n*! is a good candidate of

descent step size, otherwise, we need to go through step (3.40) again until the inequality

(3.41) is satisfied.

After the modification of the choice on n'*!, we summarize the algorithm as follows:

Algorithm 2 Step O (Initialization): Specify a convergence tolerance €, guess initial func-

~(0)

tion u, ,, and start the iteration step i = 1.

Step 1 (Forward phase): Use ug)h as initial condition to solve equation (3.36) for
(i)
u,’.
Step 2 (Backward phase): Pass ug) to equation (3.37) and solve equation (3.37)
backward for uzo(i).

Step 3 (Inexact line search for ni*!):

(1) Initialize a constant n”l >1,set0<p<land0<6<1;

(2) use ug;zl) = u(()l;)h +itl (uzo(i) - yu(()’;)h) as initial value to solve equation (3.36)

forward to obtain u}, for computing Jh(ﬁ(()izl));
(3) Update ' = pn'*! until inequality (3.41) is attained.
(4) Output n™*'.

Step 4 (Update phase): Use n'*! from step 3 and then update

+1) _ =@

_ 06 _ 0
0,h 0,h ’

i+1
+7n (uh - yuo,h

Step 5 (Criteria for stopping the iteration): Compute ||u20(i) - yu(()i)hll, if ||u20(i) -

yu(()’)hH < € then stop; otherwise, increase i by 1 and go back to Step 1.
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Remark 6 The steepest descent algorithm or descent with inexact line search is very stable
and easy to be implemented by only calculating the first order derivative. However, we know
the information contained in the first order derivative is a consequence of locally linear
approximation of the cost functional. Therefore, slow convergence behavior, such as linear

or sublinear rate, is often observed.

3.4.3. Conjugate Gradient Method. To possess a faster convergence speed, be-
sides using the gradient information, we also can try to incorporate the information from
previous steps, that is interpreted as a momentum or inertial term, to accelerate the al-
gorithm. Mathematically, this change essentially allows us to vary the steepest descent
direction such that the new one could be A-conjugate orthogonal to all previous descent
directions, where A is connected to the property of the cost functional. This is then called

the conjugate gradient method.

(1)

For detail, the conjugate gradient method is illustrated as: given u(() ;l U j and
a tolerance €, solve the following equations sequentially until the stop criteria ||u(l+1)
#(1) Wlm < € (or ||yu(’+1) u20(1+1)”H < €) is satisfied:
n+1(7) n(i)
u, —u, +AuZ+1(i) =fn+1,
T (3.43)
0@) _ @
Up = Upp
sn+1(7) #n(7)
_ Uy — Uy + A*u *n(l) Gl el @)
T ’ (3.44)
uZN(i) =0,
821) = u + {l+1B’(u*0(l) - yu(l) ) + n”lC’(u(l) (l 1)) (3.45)

where n =0, 1,2,3, ..., N is the time evolution step, i = 0, 1, 2, 3, ... represents the iteration

n(i) #«n (i)

i+1 i+1 : . (@) : :
step, ¢ and n'" are 1terative parameters, ”0, Uy and u h are 1terative sequences, and

B' and C' are two symmetric positive definite matrices.
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Following the ideas in [54, 55] we adopt B’ and C' as identity matrices, ™! and

n*! are updated using

. 1 . e
gl” = F ;7”1 = s (3.46)
where
. 0 i=0,
e =
i I3
e >0
. pulk )
i+1 — ||||/U||||§J _ez’ i:0,1,2,3,----
H

Here A’ = yué”h - uzo(i) and |||, = (LA, Ai)%. The operator L acting on A’ is defined as

follows .
ﬂ”” — 9"
. U /ALEY 1)

T (3.47)

0 i
ﬁh = /l 9
2§>x<n+l — g
_ _h h +A*ﬁ;<ln — _ﬁhn+1’
T (3.48)
9N =0,

LY =yd' - 970 (3.49)

Now the conjugate gradient algorithm can be summarized as follows:

Algorithm 3 Step O (Initialization): Specify a convergence tolerance €, guess two initial

(0) (1)

ok and U jy

functions u and then start the iteration at step i = 1.

Step 1 (Forward phase): Use u(()i)h as the initial condition to solve (3.43) for uzi).

Step 2 (Backward phase): Pass ugli) to (3.44) and solve (3.44) backwards for uzo(i) .
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Step 3 (Computing for operator L):
(1) Set X' = 7u(') ho(i) and use it as initial value to solve equation (3.47)
forward to obtain ¥
(2) Pass 9y, to (3.48) and solve equation (3.48) backward for attaining 020;
(3) Compute LA’ = yA' — ﬂ;;o.
Step 4 (Update phase): Calculate ¢, n"*" by using (3.46) and then update

(()z;l) — ﬁ(z) " §1+1(u*0(l) W(()l)h) +ni+1(u(i)0’h _ u(i—l)o’h)_

Step 5 (Criteria for stopping the iteration): Compute ||u(l+1) (l) Wl If ||u(l+l)

M(()i)hHH < € then stop. Otherwise increase i by 1 and go back to Step 1.

Remark 7 The conjugate gradient method serves a linear or super linear convergence rate,
and solves the discrete optimality system (3.28) effectively in most of cases. However, it
is relatively less stable and hence causes the algorithm itself to diverge for some of the
data assimilation scenarios that have low stability, e.g., small regularization parameter y
in the cost functional (3.21). To tackle this numerical problem, we usually turn back to the

steepest descent method which gains more stability at the cost of a lower convergence rate.

3.5. PROPER ORTHOGONAL DECOMPOSITION IN OPTIMIZATION

Proper orthogonal decomposition (POD) is a data approximation method that aims
at obtaining a low-dimensional representation of the high-dimensional processes. It does so
by creating an optimal lower order basis, called POD modes, to minimize the information
loss as less as possible. POD has numerous applications in fluid dynamics, image process,

signal analysis, and data compression.
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In this section, we employ an incremental POD method [56, 57] to optimize the
computational resource in the variational data assimilation or PDE constrained optimization

problem. Recall in section 3.4 the steepest descent method:

n+1(i) n(i)

+AuZ+ @ _ e
T (3.50)
0@ _ ()
Uy =Uop
wn+1(7) #n (i)
_ — +A*u2"(i) O}
T (3.51)
uzN(i) =0,
ug = ug, + 1wy = yug)). (3.52)

(@)

To find the gradient at current point o o

we need to solve equation (3.50) for obtaining
{u’;l}nNzl, then plug {uZ}nN:l into the right side of equation (3.51) for a backward solving
to find uzo(i). During this procedure, if the space dimension is considerable and the
time evolution 7 is long as well, we may run into trouble storing the data {”2}2]:1 when
solving (3.50). To address this issue, an incremental POD method is introduced as a data
compression technique such that the storage of {u’;l}nN:1 is not challenging to the computer
memory anymore.

3.5.1. Proper Orthogonal Decomposition/Singular Value Decomposition. We
first review the basic ideas of the data compression using proper orthogonal decomposition.

Given a set of data {y; };_, € X, find a set of proper orthonormal basis {y } r << nand

r
k=1’

the corresponding coefficients such that the following objective functional is minimized:

m
min J = AT 2, 353
yieXi=12.r ;llyk Yillx (3.53)
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where || - ||x is a norm measuring distance we are interested in, and y; = Z;zl Bikyj. To
solve this minimization problem, we use the best operator approximation theory. To begin

with, we define the Hilbert-Schmidt (HS) norm for a bounded linear operator.

Definition 15 Let X and Y be Hilbert spaces, an operator T € £ (X,Y) is Hilbert-
Schmidt if 351 |Tx,||> < oo for some total orthonormal sequence {x,}n>1 € X. The

Hilbert-Schmidt norm of T is defined as

ITlls = O I1Txal®)z. (3.549)

n>1

m

Define a linear bounded operator L : K™ — X by La = ], aryk,a = {ax}7_, € K™.
Lemma 1 L is Hilbert-Schmidt (HS) and ||L||12LIS =2 ||yk||§(.

Lemma?2 IfT € Z(X,Y) is HS, then the best r-rank HS operator approximation of T is

given as:

1
in _||T - K,|lus = e 3.55
(i IT = Krllas (j;m o7) (3.55)

in which the minimum is achieved by the r'"* truncated singular value decomposition (SVD)

T, of T, and o represents the j singular value of T.

Based on the definition of operator L, Lemma 1, and Lemma 2, we have

m
min, Jr= ~yilx = min |IL - K|l 3.56
yieXi=l2.r ; i =il K, eB(K™.X) I s (3.56)

which gives the following Theorem:
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Theorem 10 Let {yi}}_, € X and L € L (K™, X) as defined above, if the SVD of L is

given as

m
La= ) ow(a,yi)enb, (3.57)
k=1

where oy, are ordered singular values, Y, 0y are the corresponding singular vectors of T*T

and TT". Then y, = Z;:l (vk»0)x6; solves the minimization problem

n
min_ J, = ~ il 3.58
Lmin ), ; v = 7ilz (3.:58)

3.5.2. Incremental SVD in Standard and Weighted Euclidean Space. In stan-
dard Euclidean space, a given linear operator L : R” — R” has a matrix representation,

saying U,,x,. The SVD of L is equivalent to find a matrix decomposition of U,,x;, such that
Upsn = VEWT (3.59)

where V, W are left and right singular vector matrix that are orthonormal with respect to
standard Euclidean inner product, and X is an ordered diagonal matrix. In the following, we
use || - || to stand for the norm of standard Euclidean space. If we add one more column ¢ onto
U,i.e., [U c], which becomes a matrix representation of a new operator L¢ : R+ 5 R7,
To find out the SVD of L¢ or [U c], we first use a projection and normalization or QR
decomposition to produce a left orthonormal matrix:

Whe=c-VWe= ﬂ = [V M] = QR decomposition of [U c]

llc = VVTc| lle=vvTc]

~ o1 (=W %
- [VZWT c] = [V ey ")]
le=WVEll g e = vvTel|
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We also ask for a right orthonormal matrix, hence a nature candidate of matrix decomposi-

tion for [U c] is, [57]

» » o1 |ZWT Vie
[U c] = |lvzw’ c] =y e
: e g e —vvTe)
i T T
Iy (c_vac)] ) Ve wl 0
_yvT :
le=VEll o e —vvTep|] o 1
z Vie ) )
LetQ = and its standard SVD as Q = VpZo W, this leads to
0 |lc-=VVic|

T r O
— (c=VV'ic) T
[U C] [V ||C—VVTL||] oWy .
T
(c-VVTe) 3 wo
- ([V ||c—VVTc||] VQ) © Ve
0 1
. . . T W O .
We can easily verify that the matrix [V ﬁi ‘X“ﬁéﬂ ] Vp and W) are still orthonormal
- 0 1

matrix based on a simple geometric fact, and X is an ordered diagonal matrix automatically
since it is the diagonal matrix from the SVD of Q. So far, using the above matrix decom-
position, we are very close to state an iterative process to find the SVD for a large-scale
data matrix incrementally. Considering the singularity and instability in this scheme, we
also need to truncate the negligible singular values and their corresponding information in

singular vector matrix, and give additional study to the following cases as well.



42

If ||c = VVT¢|| is small enough, the column vectors of the matrix V and ¢ can be

viewed as being linear dependent, i.e., ¢ — VVTe = 0. In this point, we have the matrix Q

T Vi
as and do the following matrix decomposition:
0 O

[U c] = :VZWT c] = [V 0

=1V 0
) 0O O 0 1
T
Z[V ()] VQZQWé
1
Zokte Of wt
=|v o|ve w5
0 0

= VVQ(I:k;l:k)ZQ(l:k;lzk)(WQ(:,lzk))T

W 0

== VVo(1:k:1:k) 20 (1:k:1:k) Wo(.1:x)
0 1

We can observe that VQ(l:k;l:k)EQ(l:k;I:k)(WQ(:,lzk))T is exactly the standard SVD of the

matrix R = [2 VTC].

We now summarize the above incremental process as follows:

Algorithm 4 Step 0: Specified tolerances €, €3, and €3, initialize the SVD for the first data

vector.

Step 1: Given U = VEW! and new data vector ¢, compute

) vlie
0= .
0 |lc-=VVi¢|

and assemble
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Step 2:
(1) If llc = VVTe|| < e, compute the SVD of R = [z VTC] as R = VRS W7,

then update V = VVg, T = Zg, and W = (WWg)T.

p) vic
(2) If |lc = VVT¢|| > e, compute the SVD of Q = as Q =
0 |lc=VVic|
T
. W 0
VoZoW?Z, then update V = [V (c-VV_c) ] Vo, Z=2p and WT = Wo
lle=vVTell 0 1

Step 3: If (V(:,end),V(:,1)) > €, do the Gram-Schmidt orthogonalization.
Step 4: Do the truncation for V,X and W if the singular value is less than the
specified tolerance €.

Step 5: Do Step 1-5 until the last data vector is introduced.

Remark 8 Step3 is important to be checked to eliminate the non-orthogonality of left

singular vectors caused by roundoff error.

Besides the incremental POD for a standard Euclidean space, we are also interested
in the best data approximation quantified by other different metrics. In the following, we
will show the incremental POD in a general finite dimension Hilbert space or, equivalently,
a M weighted Euclidean space.

Assume M is a positive definite matrix, define the Hilbert space R’ induced by the

weighted inner product:
(x,y)u =Y Mx Vx,y €R},. (3.60)
We now consider a slightly different minimization problem:

m
__min - J, = Z vk = ¥illgn » (3.61)
Y ERy, i=1.2..r = M
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where {y;}]_, is a set of data vectors and y; = Z;zl Bjky;. Denote the data matrix

Z ={y1,¥2,Y3-....Ym} and define the operator L : R" — R/ :

La= Z aryr = Za Va={a;}", € R". (3.62)
k=1

We can find out the adjoint operator of L by
(Lx,y)rn, =y’ MZx = (x,L*y)rm = (Ly)'x x €R", y €R}, (3.63)

which leads to L*y = Z'My.
Based on the Theorem 10, we know the problem (3.61) eventually boils down to a
SVD of the compact operator L. Before looking into the incremental decomposition of L,

we clarify the following notations for understanding:
s (x,y)x =x' My, X is M-weighted R” space.
« Z"=7"M.
e [:R" > X, L*:X —>R"
e [I'L:X —> X, LL*:R™—R"

If we have a SVD of L: Z = (y1,y2,...vn) = VuZuWL , Z is the matrix representation of
L, then the above clarification implies that Vj; should be a M-orthonormal matrix and W),
is a orthonormal matrix in standard sense.

A simple geometric fact is that the multiplication of a matrix with a standard
orthonormal matrix is only a rotation without changing its shape, hence a M-orthonormal
matrix are still M-orthonormal after transformed by a standard orthonormal matrix. This
hints us only to modify the incremental SVD in the standard inner product space a little to

obtain the incremental SVD algorithm in a weighted inner product space.
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Given a matrix U and its M-weighted SVD U = Vy ZyW7 , if we add one more

column ¢ onto U, i.e., [U c]- We have the following matrix decomposition:

T
Vv XM V¢ Wy O
U c]= [VMZMW;(,] c] = [VM %] M
M 0 Jfle=VuVyecllm|| 0 1
ZM V;(/[c .
LetQ = and its standard SVD Q = VpXo WY, then we have
0 le=VuVycllm
T
" Wy O
_ c—Vu Vi, c T
[U C] - [VM ||—c—vM—v;:i||M] YozoWo 01 (3.64)
T
. Wy O
_ c—Vu Vi, c
= ([VM m] VQ) ZQ 0 1 WQ . (3.65)

C—VMV[T/IC

= M m- |V is a M-orthonormal matrix and
||c—va;4c||M] ¢

We can formally verify that [VM

Wy O
W is orthonormal with respect to standard inner product. Therefore, (3.65) is
0 1
a M-weighted SVD of [U c]. Again, if |[c — ViV, c|ly is small enough, we do the

decomposition similar to what we have done in section 3.5.2.

We then summarize the incremental M-weighted SVD algorithm [56] as follows:

Algorithm 5 Step 0: Specified a tolerance €, €; and initialize the M-weighted SVD for the

first data vector.

. ) 3 c—VMV;{,IC
Step 1: Given U = VyZyWy and new data vector ¢, compute TeVaVercl and

ZM VLC
assemble Q = .
0 lle=VuVyecllm
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Step 2:
(1) Ifllc=VaViscllu < €, compute the SVD of R = [z VZC;C] as R = VeSpWe,
then update V. =VVg, X = Xy, and W{I = (WyuWg)T.

z Vi€
(2) If llc = VuVy,cllu = €, compute the SVD of Q =

0 lle=VuVyclim

as Q = VoZoWL, then update Vy = [VM M] Vo, Zm = Zo and WAT/I =

le=VaVyellm
T

Wy O
Wo
0 1
Step 3: If Vyr (i, end) MVy (2, 1) > €, do the Gram-Schmidt orthogonalization.
Step 4: Do the truncation for Vyr, Xy and Wy if the singular value is less than the

specified tolerance €.

Step 5: Do Step 1-5 until the last data vector is introduced.

3.5.3. Error Analysis. For the proposed incremental algorithm, we are also inter-
ested in the information loss during such process . In [58], authors there developed a prior
error estimate of information loss in sense of an infinity matrix norm, which can be improved
by Hilbert-Schmidt norm since the data information is measured by the Hilbert-Schmidt
norm (see Lemma 1). In this section, an more accurate error estimation will be presented
to quantify the information loss. For this purpose, we first recall some properties of the
Hilbert-Schmidt norm in finite dimension space. Note that the matrix representation of the
POD operator is exactly the data matrix, in this sense, we abuse the Hilbert-Schmidt norm
of the data matrix for presentation.

Property 1: The Hilbert-Schmidt norm is independent of the choice on the total
orthonormal sequence, and 7 is Hilbert-Schmidt iff 7* is Hilbert-Schmidt.

Property 2: If T is compact and 5, 02 < oo, then T is Hilbert-Schmidt and

1T 5 = Znz1 -
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Denote C/ as a data matrix with j column vectors, ¢/*1 as a new data column vector.

In finite dimension space, we verify the following facts about Hilbert-Schmidt norm.
Fact 1: [|C**!| s = |C¥||s + Ic¥* ! ||rn , where C**1 = [CF - ¢+,

Proof: We choose é1, &5, é3, ...,8m, € R™ and ey, €2, €3, ..., €m, €ms1 € R™ as two

sets orthonormal sequences, then based on the definition of HS norm, we calculate

m+1

k+112 k+1 2
IC** s = DS IICH el
i=1

M

Il
—_

ICkei2, +IC e,

1

k)2 k+1)2
IC s + 1™ Mg -

or

k+1 k
k+12  _ 2 i (12 k+1y12
lc ”HS‘ZI”CI”R'& —lenclannc Iz
i= =

k2 k+112
= 1C% s + ™ I -

Fact 2: If the p truncation is only applied in the algorithm, we have ||C**! —

C**lgs = Il = VVeellpn .

Proof:

Ch = B = ICE )= [Ch Ve
—[I[0 = vV

— ||Ck+1 _ VV*Ck+1 ||]12§"M’

where the last equality is a consequence of Fact 1.



48

Fact 3: If we only apply SVD truncation on C¥*!, we have ||C**! — C_‘k“ll%]s =
Disl 0'1:2, [ is where the singular value truncation starts. This fact is a consequence of
Property 2.

We denote U*, U k and U as the full data matrix, data matrix with p truncation,
and the final data matrix at the k incremental step. Using all three facts above, we quantify

the information loss in the incremental POD algorithm:

||Uk+l _ Uk+1||HS — ||Uk+l _ [Uk Ck+1] + [Uk Ck+1] _ ﬁk+1 + ﬁk+1 _ Uk+l||HS
<[|UM' = [T M Mlas + 11T 1 = T s + 10 = T s
< [U* = T* 0lllus + 1[0 K = VEVE* R || yg + OF — T s

_ 1
< U = T¥[ls + 1" = VEVE S gy + (O ()2,

>

where V* is the left singular vector matrix of U¥ and 0'1."+1 is the ith singular value of Uk+!,

We then estimate the error accumulation along the incremental process as follows:

ek if no truncation is applied,
ek + ||kl — ykyke kel Iz, if only p truncation is applied,
ek+1 < .
T ek + (i (oFh?)2 if only singular value truncation
is applied,
1 . . .
X+l cM —VIVE R Ipn + (2 (af1)?)2  if all truncations are applied.

This error estimation provides guideline to set up the truncation thresholds for the

incremental POD algorithm.
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In addition, if one wants to monitor the ratio between the captured information and

the full information along the incremental algorithm, we have the following estimation:

Tk+1112 Tk+1112 l
L T PP VAN C e

27 yk+l T oyk+l )
10T I, ZE kR,

(l"k+1)2 —

For this consideration, we need to compute the M weighted norm of the new introduced data

¢’ at each step and add it to the next step for calculating the full information Zf‘:ll k|2 -
M

3.5.4. Data Compression in PDE Simulation. Consider a time dependent partial

differential equation:

6—M—Au:f inQx (0,7],

ot (3.66)
u(-,0) =uy in Q,

where A is a generic linear (or nonlinear) operator. In discrete level, we can discretize

(3.66) as

Unl = Un _ Aupsy = fasr QX (0,7],

T (3.67)

u® = ug in Q,

where 7 is the temporal step size.

We intend to compress data Z = {u;}7", € X into a smaller size, this problem can

1

be formulated as:

m

Cmin  J, = Z il — w1 (3.68)
yeX,i=12...r =l

In physics, it means that we are trying to find a optimal » dimension basis to capture certain
energy defined by || - ||x along time as much as possible. Or (3.68) can be interpreted as the

discrete Riemann sum of a spatial and temporary integral mathematically.
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If we consider X is a finite dimension Hilbert space in domain €2, we observe

n

n
lx|lx = (Z XiWi, in!//i)x =x"Mx = (x,x)u, (3.69)
i=1 i=1
where ¢; could be finite element basis or other basis, and M = | fQ Wi jdx] is a positive
definite matrix. Based on the previous arguments, problem (3.68) is essentially a M-

weighted SVD of the operator L : R™ — R

m
1
Lg= ) getiup = ZA'g Vg ={g} €R", (3.70)
k=1
where A = diag[ty ™ 13 ... Tm].

We can easily prove that the SVD of the operator: ZA? 1 R™ — R}, is equivalent
to the SVD of the operator: ZA : RY — R}/, [59]. This is mainly because that problem
(3.68) is also equivalent to find the best HS operator approximation of the discrete linear

operator K, which is defined by

m
Kg =) tug. (3.71)

Operator L is essentially an approximation of the continuous PO D operator:

K.g = /u(x, t)g(t)dt. (3.72)
T

In discrete level, we assume that u(x, t) and g(¢) are piecewise constant function in term of

time, i.e.,
u(x,1) = > w0, () =) (), (3.73)
i=1

i=1

where y;(t) are characteristic functions defined for time interval (;, t;41].
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From this point view, operator K : L?>(0,7) — X has the matrix representation
ZA, ie., ZA : RK — R’& in finite dimension Hilbert spaces. This is a more general
perspective to have insight of POD operators, which also gives us an alternative to do the

matrix decomposition: let UA; := VEW™ be the SVD of UA : RK - er(r then we have

[U C]A=[VZWTA,~ Ti+1c]

TA. . *
_ [V ” C;X/V*ﬁ ] W Al TH.IV C
c=VV*c
L0 Tl =Vveelu
) . T
pX 2 V¥ w 0
— c=VV*c i+1 A
V' vl I | A
-O 2 lle=VVic|llm| |0 7.3
1
z T2, Ve
LetQ = L and Q = VpZoW?Z, then
0 72,llc=VViclu
T
A cVVie hY WO A
— c— c
[U C] ([V ||c—VV*c||M] VQ) ol Wo
Tivl
. . * . W 0 .
It is not hard to verify that [V %] Vo is M-orthonormal and 0 : Wo is
i+1

A-orthonormal.

Based on the above decomposition argument, we provide the following algorithm

[59]:

Algorithm 6 Step 0: Specified tolerance €, €, and initialize U, A and UA = VEW™.

Step 1: Solve the PDE one more step and use the output as new vector data c, generate

1
2 *
; c=VVic ; x Ti"'lV ¢
new left orthonormal matrix |V TeTveel and matrix Q as |
- v 1
0 74l

lc = VV*c|lm
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Step 2:
(1) If ||c = VV*c||y < €3, compute the SVD of R = [Z V*c] as R = VRZrWT,

then update V = VVg, T = Zg, and W = (WWg)T.

Z Ve
(2) If llc = VV*cllu = €3, compute the SVD of Q = . as
0 72,llc=VVcllu
T
. w 0
Q = VpXoWL, then update Vy; = [VM e WWe Y, ¥ =3%, W= | Wo
lle=VV*ellm 0 7

i+1
and A = diag [A Ti+1]-
Step 3: If (V(:,end),V(:, 1))y > €, do the Gram-Schmidt orthogonalization.
Step 4: Do the truncation for V, % and W if the singular value is less than tolerance
€.

Step 6: Do Step 1-4 until the PDE runs out of the final time moment.

Remark 9 Note that in the algorithm 6, we do not need to store the original data after

using them, hence computer memory would be saved when truncations are applied.

3.5.5. Data Compression in Variational Data Assimilation. Consider the varia-

tional data assimilation problem that identifies an initial condition for a dynamics system:

1

T
. _ . 2 Y 2
i Jo) =5 [l = o) e + Lol (374

subject to

6—M—Au:f inQ x (0,7],

ot (3.75)
u(-,0) =uy in Q.

In discrete level, this optimization problem can be stated as

in 7, (1) 1
min u = =T
Mo’hEUh h O,h 2

N

An o Y
> " =il + 3 ol (3.76)
n=1
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subject to
Upsl — U

- - Aul’l+l = fn+1 in Q X (0’ T]9
T (3.77)
0

u =uy in Q.
A standard calculus variation of the cost functional (3.76) gives the following opti-

mality system:

Untl — Un _ Aupi1 = fpe1 IMQX (0,77,
T

u® = ug in Q,

Pt T ey = @ - inQx (0,7, (3.78)

forn=0,1,2,3....N - 1.
As mentioned at the beginning of section 3.5, the use of gradient method to solve
(3.78) will encounter storage difficulties for {u”}nNzl. To overcome this difficulty, we apply

the incremental POD algorithm developed in above sections to the gradient descent methods.

Algorithm 7 Step O (Initialization): Specify a convergence tolerance €, guess initial func-
tion ug p, and start the iteration step i = 1.

Step 1 (Forward phase): Use u j, as initial condition to solve first equation in (3.78)
forward to obtain u", at the same time implement Algorithm 6 to compress data matrix
{u”}nN:1 as VuZyWy, or ViuZuWIA.

Step 2 (Backward phase): At each time moment t,, reconstruct the data u" =
VuZuWT (:,n) from the compressed data in Step 1 and plug the reconstructed data to
the second equation of (3.78) to solve backward for u*®. Note that the the time related

information is indicated in matrix W.
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Step 3 (Inexact line search for n*!):

(1) Initialize a constant n”l >1l,set0<p<land0<6<1;

(2) Use u(”l) (l) +17’+1 (u, *00) _ (’) ) as initial value to solve equation (3.78)
Jforward to obtain u}, for computing Jh(uo hl));

(3) Update ™' = pn'*! until znequalzty]h(u('+l)) <Jp (ﬁ(’) )+57]i+1<.];l(1/_[(l)) ﬁ*o(l)
yﬁol;)hm;;xyh is attained.

(4) Output n™*'.

Step 4 (Update phase): Use a proper learning rate n'*! from step 3 and then update

G4 _ 40 4 it (200 _ )

Upp = Uy Yo p)-

Step 5 (Criteria for stopping the iteration): Compute ||u*0(’) yu(’)hHH, if ||u20(i) -

yuo h” H < € then stop; otherwise, increase i by 1 and go back to Step 1.

3.6. PARALLEL ALGORITHM

In this section, we start from a new perspective to optimize the computational
resource for the variational data assimilation problem, i.e., parallelization. Recall solving
the variational data assimilation problem (3.1)-(3.2) ends up with dealing with the optimality

system:

{ _du”

o tAU =1 —u, (3.79)

u*(T) =

u*(0) = yu(0) =




55

One main challenge to solve (3.79) is induced by its coupled temporal and space nature.
We hereby propose a time parallel algorithm to decouple the system along time and mitigate
the computational burden.

The time parallel algorithm was first developed by Lions, Maday and Turinici for ad-
dressing the computational cost in ODE and PDE [60, 61], it is then widely extended to solve
problems with extreme computational cost, such as optimal control [62-64]. Motivated by
their philosophy, we parallelize the variational data assimilation problem to improve the
computation efficiency. We first partition the time domain of the VDA optimality system
into smaller sub-intervals, and do computation in a parallel manner for each sub-interval.
The communication among each sub-interval is carried on by a multiple shooting method.
By such design, the original problem (3.79) is finally transformed to solving a nonlinear
equation, which can be handled using a root-finding method, such as Newton’s method.

For notation convenience, we change the adjoint variable u* in (3.79) to p for the
presentation only in Section 3.6. The parallel algorithm starts by guessing the solution
of u and p in (3.79) at time t;, kK = 0,1,2,3....N, where ¢; is the grid point partitioned
from interval (0,7]. Denote these guesses with U* and P¥, let u(tgs1; Prs1, UF) and

p(tr; Pryr, UX) be solutions of the following two-point boundary problem:

MI+AM:f’ inQX(tk,t]H_]],

u(-, 1) =U%, inQ,
(3.80)
—pi+Ap=l—u, inQX[trs1,tk),

Py teer) = Pk+l, in Q.
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where U¥ and P¥ are also called shooting variables. If (Uk, Pk) and (u(ty; P, Uk_l),

p(tx; Prsr1, UY)) are all solutions of (3.79) at time {tk}gzl, they should satisfy the following

matching conditions:

1
v - =-p0=0,
Y

U' = u(r; U, PY =0,
U? —u(tr;U', P?) =0,

U? - u(t3:U*, P?) = 0,

N -
1 (3.81)

P2 —u(t;U*, P?) =0,
P —u(13; U3, PH =0,

PN pty_; UM PNy = 0,

PV =0.

For convenience, we abuse notations for a while, that abbreviates u(ty; Py, U k_l) and
p(te; Prs1, UY) as u(ty) and p(ty), respectively. They will be equivalent notation in the
following presentation. We use (3.81) to define a nonlinear equation F ()?) = 0, where
X = oo, ut,u?, ..., uN-L oM, PO Pt P2 P, PN PYYT | To solve for )2 we use the

Newton’s method, i.e.,
)?k+1 = )?k — J‘l()?k)F()?k), J~!is the inverse of Jacobian matrix,
which is also equivalent to

J(X0) (X1 — Xi) = —F(Xz). (3.82)



The next step is to calculate the Jacobian matrix:

1 0 0 —% 0 0 o 0
du(tr) du(t))
_6—U‘; 1 0 0 (‘3_P11 0 ... 0
u(ty) u(ty)
0 _6_U12 0 0 0 _6_[)22 ... 0
0 0 1 0 0 0 0 0
Ap(to) dp(to)
-0 0 0 1 - 0 e 0
dp(1) ap(t1)
0 _a—Ull 0 0 1 _aTﬂl o 0
0 0o ... Sl 1 0 1
0 0 0 0 1 0 e 0

Based on the Jacobian matrix, we can explicitly write (3.82) as:

1 1
Up, —U) = =(PY,, - P)) = =P} - U}
Y Y

1 I _ 0
i+1 ~ Ui i1 L oP! (P — P;) =p(to) — P},

_9plin-1)

IN—
v U = UM P - P p(ty-1)
i

N N
i+1 i i+1 aPl]\] (P _Pi )

i+1

= p(ty-1) = PN 71,

pY

i+1

- PV =-pV

_ Ou(tn)
9PN

_0p(tn-1)
9PN

i+1 i i+1
0u(tl) . u(l])
~ 00 U, -UH+Ul, -Ui' - o (PL, —PH=u(t)-U,
au(tN) _ _ . M(IN)
s wht-uNh+ul - Uit - o p7 (PN, - PN) = u(ty) - UV,
i i
{ 9p(to) _ p(1)

57

(3.83)
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Rearranging (3.83) gives us the iterative update of X:

Uhy = U2 = < (Phy - Py = =P - U] 384

L= un) + (;1) = Ph+ ‘9“(”) UL, - U)), (3.85)
U2y = ultx) + S (B - P + 6”“”( Ul -U). (3:56)
............ (3.87)
Uﬁll—u(tN_l)+%(Uﬁlz pN-2) 4 M- 1)(13{111 PN1), (3.88)
UN, = u(ty) + ‘9”(’” VN UV + ”a(”jv) (PN, - Py, (3.89)
PO = pltg) + 2L (0)( g, - Ut + 20 01) (L, - PY), (3.90)
Pl =p(t)+ ap(“)( Ul - U+ 6(;,12) (P2, - P}), (3.91)
............... (3.92)
Pﬁll—p(tN_1)+a§l(jt]]VV f)(Uﬁll uN1y + 2 plin 1)(Pl+l—PfV), (3.93)
PN, =0. (3.94)

Uk) + k1) u(tes1) (P((+1 _

Pk“ i+1

Define 67 = 22

a +
aUk ( i+1 Uk)+ p(;k)l (P{Hl —Plkﬂ), ot = Ou(ts1)

i+1 ank ( i+1

P;‘”). We observe that 67 and 6" are the total variation of u, p in (3.80) with respect to
variables U* and P**! at interval (tk,tr+1]. Therefore, the variation can be obtained by

solving the following equation, for k =0,1,2,-,N — 1,:

5 + As" =0,

§*(te) = UL - UF

1

(3.95)
— 6] + AT6P = =¢6",

6" (tra1) = Piy = P

i+1
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Note that

§"(ty) = UK, —UF = UL | —u(ty) +u(ty) = UF = of + SY, (3.96)
0" (tre1) = P = P = PEY — p(t) + p(t) = P = oy 4 ST (3.97)

where 8% = u(t) — UF and 87, = p(t) — PF*!. Recall (3.84) that of = U¥

k+1 — i+l u(ty) and

0'1,’,€+1 = sz++11 — p(tx). Using a backward finite difference scheme to discretize (3.95), for

k=0,2,3,....,N — 1, we have

Syt = 6" (1)
T
§"(tx) = UL, — UF,
&y = 67 (txs1)
-

P _ pk+l _ pk+l
0 (l‘k+1) _Pi+1 Pi .

+ Ak = 0,

(3.98)
x ck _ k+1
+A%6, = -6,

By a simply algebraic work on (3.98) with (3.96) - (3.97), the locally solving (3.95) is then

approximately equivalent to solving the following equation globally:

O'If+l — O',f +A0',f+1 — S_L]i,
T T
1 0
O-M(’O) = _O-p’
4 3.99)
ok — gk+l Sk+1 3.
A A*O'l]; =gkl 2
T T
op(-,T) =0.
We finally have an explicit and simplified update of X:
1
UI.O+1 = —Pl(.)+1, Ul.lJrl =u(t)) + 0'11, Ut.zJr1 =u(t) + 0'3, Uﬁl =u(ty) + O'Iiv,

P =plto)+oy, PLy=pt)+oy, -+ PN =pln)+o)', Py =0.
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Now we can summarize the parallel algorithm as:

Algorithm 8 Step O (Initialization):Solving

ur+Au=f, inQx(0,T],
u(-,0) =uy, inQ,
—-p+A'p=id—-u, inQx][0,7), (3.100)

p(-,T) =0, inQ,

1
up = —p(0).
Y

in a coarse time grid discretization as an initial guesses of U* and P*, which is cheap.

Step 1 (Parallel running): Solving

us+Au=f, in QX (g, tre1],

u(-,ty) = Uk, inQ,
J (3.101)
—pi+A'p=d—u, inQX|[tis,tr),

P, tiel) =Pk+1, in Q.

independently with a refined discretization at each sub-interval in an parallel manner when

k > 1. For k = 0, we need to solve the following equation:

us+Au=f, inQx(ty, 1],

u(-0) = Lp(0), inQ,
y (3.102)

p(-,T)=P', inQ.

All purposes here are to obtain u(ty; PX, UY) and p(t; P, U%).
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Step 2 (Correction): Computing the defections S,’j = u(ty; PX,U*") — U* and
Sf, = p(ty; P¥*1,U*) — PX, then using them to find the correction terms. This can be

obtained by solving the equation:

o/ +Aoc, =0, in QX (tg,tis1],

(- tx) = UL - UF, inQ,

(3.103)
- O'IP +A%0, = -0y, inQX [ty trs1),

k+1 k+1 .
ol (- tg) =Py =P, inQ,

where i is the number of iteration from Newton’s method. Note, this step is a local problem in
continuous level. However, after discretization, (3.103) can be replaced by solving equation
(3.99) globally.

Step 3 (Update):

U = ok +u(t; PX, UMY,

P* =)+ p(te; P UY).

Step 4 (Stop criteria): Running Step 1 and Step 3 until a pre-defined stop tolerance

€ is greater than the quantity max{||oX||4, ||0'll§||«H} .

Due to the decoupling of time in the optimality system, the linear system from the
discretization of each subproblem in the parallel scheme is not formidable anymore, so it is
possible to discretize and solve them directly. An alternative to deal with the subproblems
is using optimization technique, such as gradient descent methods, which is necessary to
be mentioned to handle the optimality system with even larger spatial and temporal scale.

Then an equivalent discrete illustration of Algorithm 8 is presented as follows:
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Algorithm 9 Step O (Initialization): Solving

u — U
+ Aut! = fi,
-
1
uo - _p05
4 Y (3.104)
Pk—l’k+1 k k+1 k+1
+A'p* =" —u*,
-
pY =0,

in a coarse grid discretization as an initial guesses of U* and P*. This is equivalent to solve

the minimization problem:

N
1 ko _ k2 LY 2
F(ug) = 57; It = 13+ Zluoll, (3.105)
subject to
k+l _ ok
TR Al = f,
T (3.106)
uo = Uug.

Step 1 (Parallel running): Solving

n+l _ n
A" = f,
u(ty) = UX,
R (3.107)
+ A*pn — ﬁn+1 _ un+1’
T
P(teser) = Pk+1,

independently with a refined discretization at each subinterval in a parallel manner when
k > 1. Note that, in our presentation in this section, k is a global time step index, n is a
local time step index. An important advantage in this step is the computation in (3.107)

can be finished in one step without any iterations, i.e., no optimization is involved.
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For k = 0, we are supposed to solve

n+l _ n
“ 7 - + Au™! = Jorts
u(0) = U°

n _ n+l
)4 14 +A*pn — ﬁnH _ un+1, (3.108)

T
p(t) =P,
UO — lPO
Y

For this purpose, we firstly solve an auxiliary equation

+A'w" =0,
T (3.109)

w(ty) = P,

to attain w(0). Then u(0), p(0; P, U°) and u(t,; P', U°) are given by solving the following

minimizing problem:
1 & y 1
" 2 2
F(uo) = ET; ||u”—u”||ﬂ+§||u0—;w(0)||H (3.110)
subject to
n+l _ n
0 A =
T (3.111)
uO =Uugp.

It is not difficult to see the solving of the (3.108) is equivalent to the solving of (3.109)-
(3.111), then p(0; P', U°) is given by p(0; P', U°) = yu(0).
Step 2 (Correction): Computing the defections S’,j = u(ty; PX, U1 — U* and

Sf, = p(tx; pk+l Uk) — PX, then using them to obtain the correction terms, which can be



provided by solving
k+1 k k
o, -0, S
Tu ZTu 4 Aot =2k
T T
1 0
ou(+,0) = -0,
Y
k k+1 k+1
o, -0 S
p p +A*<T,I,‘:—U,f+l+ P
T T
op(-,T) =0.
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(3.112)

Similarly, to solve (3.112), we do the following manipulations: solving an auxiliary equation

1 Sn+1
" — Zn+
+ A = L
T T
z(T) =0,

to first find out z(0), then we solve the minimization problem

N
1 y 1
F(uo) = 57 ) o, + F oo = ~2(O) I
k=1

subject to

0,(0) = 0',9.
Again, problem (3.113)-(3.115) is equivalent to (3.112).

Step 3 (Update):

U* = ok +u(ty; PE,UR,

PY = ok + p(t; P UY).

(3.113)

(3.114)

(3.115)

Step 4 (Stop Criteria): Running Step 1 and Step 3 until a pre-defined stop tolerance

€ is greater than the quantity max{||c¥ ||, ||0']’,‘||7{} .
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4. DATA ASSIMILATION FOR PARABOLIC INTERFACE EQUATION

4.1. BACKGROUND FOR SECOND ORDER PARABOLIC INTERFACE EQUA-
TION

Parabolic interface equations model physical or engineering problems when two or
more distinct materials or fluids with different conductivities or diffusions are involved.
Unlike a normal parabolic equation, many important features, such as the lower global
regularity, interface jump conditions, and discontinuous coeflicients, need to be addressed
with more considerations both theoretically and numerically, see, e.g., [38, 39, 65-67].

Over the past few decades, a vast amount of literature employing variational methods
has been contributed to investigate the data assimilation problem for parabolic equations.
In [33], J. L. Lions provided an elementary introduction of the adjoint method and dual
method to recover parameters for parabolic partial differential equations. Motivated by
this approach, researchers afterwards employed similar thoughts on the initial recovery of
parabolic types of dynamics systems. In [34], efficient numerical methods were developed
to attain the optimal initial condition of the heat equation. In [37], a forward approach
to reconstruct the initial state was presented for the convection-diffusion equation and a
practical algorithm is established. Moreover, the nonlinear parabolic equations, such as
in water movement and in radiative heat transfer problems, were studied in [35, 36] by
reducing nonlinearity. However, to our current knowledge, few studies have investigated
data assimilation for parabolic interface equations. The main interests of this section is to
investigate the VDA problem for the parabolic interface equation.

We consider the following second order parabolic interface equation:

u—V-Bx,y)Vu=f, inQx(0,T],

u(-,0) =up, inQ, 4.1)

u=0, ondQx(0,T],
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together with the jump interface condition,

0
[u]|r =0, [ﬁ(x,y)a—;] I =0. 4.2)

Here Q c RR? is an open bounded domain, the curve I is a smooth interface that separates
Q into two subdomains Q* and Q~ such that Q = Q" U Q™ UT, [u]|r = u¥|r — u”|r is
the jump of function u across the interface I', where u* = u|g+ and u™ = ulg-, 7 is the
unit normal vector along interface I" pointing to Q~, % is the normal derivative of u, and

B(x,y) is assumed to be a positive piecewise constant function

BT if (x,y) € Q,
B(x,y) =
B~ if (x,y) € Q7,

and the source term f is given discontinuously as

froif (x,y) € QF,
fx,y,1) =
f~ if(x,y) e Q.

We now introduce necessary preliminaries for the discussion of the data assimilation
problem concerning equations (4.1)-(4.2). Let || - || denote the L?>-norm with the usual L?
inner product (-, ), || - ||co denote the L*-norm, and || - ||,,, denote the standard norm in the
Sobolev space W"?(Q), which is also written as H™ (Q). For the temporal-spatial function

spaces over (0,7) x Q, we define, for 1 < p < oo,

m T
WP (0,T: B) = {u(z) € Bforaet e (0,T) and Z/ 16D (1) |5 dr < oo}
=070
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and for p = o0

wW"=(0,T; B) = {u(t) € Bforaet e (0,7T) and [max (ess sup |lu' ()|lg) < oo}
<Jj<m

0<r<T

which are equipped with corresponding norms

m T 1
llullwm.ro,7;8) = (Z/o ||M(j)(t)||%dt)1 ,
=0

lullwmsso7:8) = max (ess sup [u(1)]|z),
0<j<m 0<t<T

where B is a general Banach space. As usual, we let L?(0,T;8) = W% (0,T; 8) and
H™(0,T;B) = W™2(0,T; B).

We shall also need the following spaces:

X = H'(Q) n H*(Q") n HX(Q"),

Y=L*(Q)nH (Q)NnH(Q),
equipped with norms

lullx = llullg @) + lull 2@y + Mlullg2@-)-

lully = ||”||L2(Q) + ||”||H1(Q+) + ||M||H1(Q—)-

We write Y(0,T) = L?(0,7; X) n H'(0,T;Y).
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To introduce a weak form of the interface problem (4.1)-(4.2), we define the
continuous bilinear form a(-, -): H(l) (Q) x H(') () — R and the associated operator A :

H}(Q) - H™'(Q) as follows:

a(u,v) = /ﬁ(x,y)Vu - Vvdxdy
Q
= BVu - Vvdxdy + B Vu - Vvdxdy,
Qr Q-

a(u,v) = (Au,v),

where (-, -) again defines the duality pairing between H~'(Q) and Hé (Q).
Setting W(0,T) = L?(0, T;H(l) (Q)) N H'(0,T; H'(Q)), the weak formulation is

derived as follows:

Given f € L*(0,T; H"'(Q)), findu € W(0,T) satisfying
0
(Fov) +aluy) = (fv), W € Hi(9). 43)

u(-,0) =uy atr=0.
Note that (4.3) can be expressed in the form:

ou
— +Au—-f=0.
6t+ u=r

Throughout this Section, C is a generic positive constant that is independent of the

mesh parameter /4 and the time step 7 and is not necessarily the same at each occurrence.

4.2. MODELING THE VARIATIONAL DATA ASSIMILATION

4.2.1. Mathematics Formulation and Well-posedness. Let U,; denote the ad-
missible solutions set that could be either L2(Q) or a closed convex subset of L?(€). Given

T > 0,y > 0, and a distributed observation i, the variational data assimilation for the
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second order parabolic interface equation is given by

. Lt
min (o) =5 [ = utuo) Bt + 3 ol 44
0

up€Uguq
subject to
Mt_v‘ﬁ(x’)’)vu:f, anX(OaT]’
M(',O) = Uo, in Q’
u=0, ondQx|[0,T], 4.5)

[u]lr =0, onI'x (0,77,

0
[B(x, }’)6—;]|r =0, onT'x(0,T],

where the mapping u(ug) : L>(Q) — W(0,T) is defined as the solution of (4.5) with the
initial value up. The mapping u(ug) is continuous and uniquely defined [39].

The minimization of fOT %Hﬁ — u(ugp) ||%dt is the primary goal, which is to drive the
state variable u(ug) close to the distributed observations & over (0,7) X Q via adjusting
the initial condition ug. The second term %Huoll% is a Tikhonov regularization and plays a
key role in guaranteeing the existence of the minimizer as well as the stability of the data
assimilation problem. In particular, y is a significantly characterized parameter. According
to the reliability of observations, it can be used to measure the cost acted on the initial
condition and balance the minimizing distribution in the cost functional.

For the minimization problem (4.4)-(4.5), provided that 0Q and I' are smooth

enough and f, i € L*(0,T; L*(€)), we have the following existence and uniqueness result.

Theorem 11 There exists a unique solution ug € U,y for the data assimilation problem

(4.4)-(4.5). Furthermore, the solution ug can be characterized by

T
7 (10). v — p) = /0 /Q (u(up) — @) (V) — u(up))dedyds
(4.6)

+ y/ ug(v —ug)dxdy >0 Vv € Uyq.
Q
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Theorem 12 The solution of problem (4.4)-(4.5) continuously depends on the observational

data il and the parameter y.
Moreover, small y will degrade the stability of the data assimilation problem.

Remark 10 Theorem 11 and Theorem 12 can be verified immediately by using Theorem 8
in the Section 2 and Theorem 9 in the Section 3, since the problem (4.4)-(4.5) is a special

case of the optimization problem considered there.

4.2.2. Derivation of the Optimality System. Based on the wellposedness results,
we can now determine the optimal initial condition. Using the gradient information from the
Gateaux derivative and the adjoint method, we derive the optimality system characterized
by the first order necessary condition.

Computing the first order Gateaux derivative of the cost functional (4.4) at any given

direction & € L?(Q) gives us

DJ T D
W) ) _ / / (@ - (2 o v + / yuohdxdy. 4.7)
Duy 0o Jo Duy Q

Equation (4.7) should vanish if ug is the minimizer in U,y = L*(Q), thereby allowing us

Du(ug)

to solve for ug. However, fOT fg(ﬁ — u(u0)) (5

h)dxdydt is an intractable term to be
evaluated. Hence, expressing ug explicitly is difficult. To address this difficulty, the adjoint

method is used.

Lemma 3 The mapping u(ug) : L>(Q) — W(0,T) defined as the solution of (4.5) with ini-

tial condition ug has a Gateaux derivative %M“O())h in every direction h € L*(Q). Moreover,

Du(up)

Dy h solves the second order parabolic interface equation with zero force and initial

condition h.

Remark 11 Lemma 3 holds because of the linearity of the constraint equation.
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Oriented by the Gateaux derivative, Lemma 3 gives us the insight to represent

rr Du(uo)
/0 /Q(M—U(MO))( Dug h)dxdydt

based on the adjoint method, which can be seen in the following theorem.

Theorem 13 Given an observational function it € L*(0,T; L*(Q)) and if ug € L*(Q) is

the optimal solution for (4.4)-(4.5), then uy is obtained as
L,
up = —u (-, 0) (4.8)
Y
where u* is the solution to the associated adjoint equation,

—u;, =V -Bx,y)Vu" =i —u, inQx][0,7T),

u(-,T)=0, inQ,

u =0, onoQx|[0,T), 4.9
[u*]lr=0, onT x[0,T),

(Z;”r =0, onI'x|[0,7).

[B(x.y)

Proof: Considering the formula (4.7), the main purpose of this proof is to find an easily

evaluated adjoint representation for

T
/ / -2 ”(”O)h)dxdydr. (4.10)
0o Ja Duy
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Lemma 3 reminds us to make use of the equation,

u;—V-B(x,y)Vu =0, inQx(0,T],
u(-,0) =h, inQ,
u=0, ondQx(0,T], (4.11)

[ullr=0, onI x(0,T],

1B 22l =0, onTx (0.7,
n

By taking the L?(0,T;L?()) inner product on the first equation in (4.11) with u* €
W(0,T), we obtain

T ou T T
/ / —u"dxdydt + / BVuVu*dxdydt +/ / B~ VuVu*dxdydt = 0.
0 Q or 0 Q, 0 _

Integrating by parts in time for the first term leads to

T ou* T
/uu*|gdxdy—/ / udxdydt+/ BVuVu*dxdydt
Q 0o Jo Ot 0o Jo,

T (4.12)
+/ B VuVu*dxdydt = 0.
0o Jo-
By imposing
T rour r
- / ua’xdydt+/ BVuVu*dxdydt
0o Ja 01 0o Jo,
T T
+ / B~ VuVu*dxdydt = / / (4 — u)udxdydt, (4.13)
0o Jao- o Ja

u (-, T) =0,

(4.12) can be simplified as

T
—/uu*(~,0)dxdy:/ /(ﬁ—u)udxdydt. (4.14)
Q 0 Q
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Taking integration by parts in space Q = Q*UQ™ on (4.13) gives the adjoint equation (4.9),
together with u*(-,T) = 0. We also know that u = %;g’)h and u(-,0) = h. The proof is

completed by substituting (4.14) into (4.7) and letting %ﬂ‘?) - h vanish, i.e.,

DJ
o)y _ _ / u* (-, 0)hdxdy + / yuohdxdy = 0,
Duy Q Q

/(yuo —u*(-,0))hdxdy =0 Vh e L*(Q).
Q

By the completeness of the L?(Q) space, we have ug = %u*(-, 0).
Since the minimization problem (4.4)-(4.5) is strictly convex, the first order neces-
sary condition in Theorem 3.4 is also sufficient. In order to attain the optimal solution, we

need to solve the following equation systems (the optimality system):

the forward state equation

u,—V-Bx,y)Vu=f, inQx(0,T],
u(-,0) =up, inQ,
u=0, ondQx(0,T], 4.15)

[u]lr=0, onI'x(0,T],

(B8l =0, onx (0,7],
n

the backward adjoint equation

—u; =V -Bx,y)Vu" =i —u, inQx][0,7T),
u*(,T)=0, inQ,
qu* =0, onodQx][0,T), (4.16)

[u*]lr=0, onI x][0,7),
ou*

[BCry) 5

llr=0, onI'x][0,7T),
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and
1,
ugp=—u (-,0), (4.17)
Y

where ug € L*(Q), u € W(0,T), u* € W(0,T), &i € L>(0,T; L*(Q)), f € L*(0,T; L*>(Q)).

Remark 12 If the admissible set is considered as Uyq = {ug € L>(Q) : a < ug < b},
then the optimal solution is an orthogonal projection of %u*(-,O) onto Uyy, ie., ug =

max{a, min{b, %u*(-, 0)}}.

4.3. A FINITE ELEMENT APPROXIMATION AND CONVERGENCE
ANALYSIS

4.3.1. Numerical Approximation. To numerically compute the solution discussed
in section 4.2, in this section we present a fully discrete approximation to the data assimila-
tion problem (4.4)-(4.5) that uses a piecewise linear finite element method in space and the
backward Euler scheme in time.

For the spatial discretization, we first approximate the smooth interface I" and
boundary 0 with line segments, the union of such line segments forms an approximate
interface I'j, and boundary 0€2;. The domain circumscribed by 02, is denoted with Q,
which is an approximation of Q. I'j, divides €, into two subdomains QZ and Q,, which
form an approximation of Q" and Q~ respectively.

Let 7," denote a family of triangulation of ©; and 7, denote a family of triangulation

of Q; such that

We need the vertices on 9€2), or I, of a triangle 7, € 7, to be vertices of 0Q, or [},
respectively. We also assume the triangulation 7}, satisfies the usual sort of quasi-uniformity

condition.
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Associated with 77, is the finite element space V), :span{(ﬁi}i:]lv” , where ¢; is piece-

wise linear polynomials and N;, is the number of finite element nodes. The admissable set
of discrete solutions is denoted by Uy, = V), N Uyg.

For the time discretization we uniformly construct a time grid 0 =79 < t] < f; <
13... < ty... < ty =T with time step 7 = % Let I, = (t,-1,t,] denote the nth sub-interval.

We use the finite-dimensional space
Ven={v:[0,T] = Vy:v|;, €V, isconstantin time}.

Let v" be the value of v € V; , at t, and Vf , be the restriction to I, of the functions in Vz ;.
Given specific h, 7 and vy > 0, the fully discrete approximation of problem (4.4)-

(4.5) is stated as

min ]h(uo,h) (4.18)

u(),hGUh

subject to
n+l _ n
U, Uy n+l _
( svi) +a(uy ", vp) = (fur1,va),  Yvp € Vi,
T (4.19)
u?l = uo,ha
where
1 N v
In(uon) = 57 Y 112" = il + 5 ol (4.20)
n=1

Similar to the proof for the wellposedness of the continuous data assimilation prob-
lem, one can prove the wellposedness of the fully discrete data assimilation problem (4.18)-

(4.20).

r

5 and mesh size h, for each fixed regularization parameter y, there

Theorem 14 Givent =

exists a unique optimal solution ug j, € Uj, such that the cost functional (4.20) is minimized.
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Theorem 15 The solution of problem (4.18)-(4.20) continuously depends on the observa-

tional data ii and the parameter .

Note that small y will also reduce the stability of the discrete data assimilation
problem.

In order to derive the discrete optimality system and solve for up ,, we apply an
approach different from that of the continuous problem, i.e., a Lagrange multiplier rule. We

form the Lagrange functional as

N
_ ] . 2, Y 2
L@ won @) = 57 Y 12" =g+ 3 ol
n=1

4.21)
N-1 _ n+l n
y, —uy n+l *n 0 +0
+7 § ( - + AUy = furls Uy >+(“h_u0,h,uh )s
n=0

3 %1 %2 %3

LU U ,uZN_l). Going through

where i), = (u}l, u]%, u , ”2]) and ﬁz = (uzo, u
the almost identical steps (3.24)-(3.28) in section 3.3 and using the self-adjointness of
the operator A in sense of (Au,v)H_leé = (Av, u)H_leé , we end up with the discrete

optimality system,

1 n
Wt —u
h h +1
——— +Auy" = fun,
T
0
uh = uO,h,
u*n+l — oy
_ _h h + Au = ﬁn+l _ un+1’ (422)
h h
T
*N _
u, =0,
1
uop = —uzo
Y

forn=0,1,2,3....N - 1.

4.3.2. Finite Element Convergence Analysis. We shall expect the discrete solu-
tion in (4.22) to converge to the solution of (4.15)-(4.17). That is, given fixed y, ug , — uo,
up — u and u; — u* should be attained while the time step 7 and finite element mesh size

h diminish.
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Theorem 16 For each fixed regularization parameter vy, let {uo s }n>0 be the correspond-
ing sequence of minimizer of the discrete data assimilation problem (4.18)-(4.20). Then

{uo.n}n>0 converges to the optimal solution uq of the continuous problem (4.4)-(4.5).

Proof: It is not difficult to see J; (1o ;) < C for some constant C independent of / and 7.
Then the coercevity of J(uo ) implies the boundedness of {ug;} in L?(€). Hence we
can extract a subsequence {ug j } from {ug;} such that {ug; } weakly converges to u* in

L?(€). We conclude furthermore

1

N T
1
. A 2 A #\ 12
h/l’leO 57 ng_l la" — ujy (uon)ly — 5 /0 4 = u(u™)|lgdr.

Thus, for Vv € U,4, by the weakly lower semicontinuity we deduce

N
1
J(p*) < liminf 7 Z} " = o)+ 5 timinf o
< liminf Jy (ug ) < liminf Jp (7p (v
' =0 ( h' T —0 V) (4.23)

1T 4
:5/0 I - u(v)li3de + 2i1vi3

=J(v)

where 71, is the L? projection operator from U,y to Uy,.

Then (4.23) and the uniqueness result in Theorem 18 imply u* is the optimal solution
of the problem (4.4)-(4.5) and thus the theorem is proved.

Besides a general convergence result in Theorem 21, under appropriate assumptions,
we can obtain the optimal finite element convergence rate for ug — uop, u — up, U™ — ”Z'

Compared with the classical FEM approximation analysis, the difficulties in our case
lie in the undetermined initial condition from the forward state equation and the Gelarkin
orthogonality we miss on the backward adjoint equations, both of which would lead to the
invalidity of the classical analysis framework. In order to overcome these difficulties, we

introduce the following auxiliary equations to bridge the analysis in the data assimilation
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problem and the classical FEM approximation results:

w_v.(ﬁ(x’y)Vu):f, in Qx (0,717,

u(uop)(+,0) =ugp, inQ,
1u(uopp) =0, onodQx(0,T], (4.24)

[u(uo,n)]lr =0, onI x (0,77,

ou(uo,p)

(B0 ) =

llr=0, onI'x(0,T],

_ o)
ot

u*(up)(-,T) =0, inQ,

-V - (Bx,y)Vu*(up)) =i —up, inQx[0,7),

1u*(up) =0, ondQx[0,7) (4.25)
[u*(up)]lr =0, onT x[0,T),

(B

llr=0, onI x|[0,7).

_ W - V- (BCx,y)Vu™ (uo,n)) = it — u(uo,p), in Qx[0,7),

u*(upp)(-,T) =0, inQ,
qu*(uop) =0, ondQx|[0,T), (4.26)

[u*(uon)]lr =0, onI' x[0,7),

a *
[Br,yy 2 02)

llr=0, onI'x][0,T),

The motivation of the constructions for (4.24) and (4.25) is to remove the uncertain-
ties on the initial condition and source term. We then convert the target error estimate into an
intermediate error that can be bounded finally by using (4.26) and the additional equalities

up = %u*(-, 0) and ug, = %uzo in the optimality systems. The details are demonstrated in

the following theorem and lemmas.
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Theorem 17 Let (u,u”,ug) € W(0,T)XW(0,T) xUqq and (up, uy, uon) € Ven X Ven XUy
be solutions of the continuous optimality system (4.15) — (4.17) and discrete optimality
system (4.22) respectively. Assuming the solutions are smooth enough, then the following

error estimate holds

lluo — uonllo + llue — wnll 207,020 + 14 — wyll 20,5020

< C(y)(h?|logh| +1). 4.27)

This is the major theorem we are going to show in this section. To prove it, some

useful inequalities need to be derived from the auxiliary equations first.

Lemma 4 Let (u(uop), u* (uopn), u™(up)) € W(0,T) x W(0,T) x W(0,T) be solutions for
equations (4.24), (4.26), and (4.25) respectively. Let (u,u*,ug) € W(0,T) X W(0,T) X U,q
be the solution of (4.15)-(4.17) and let (uy, uy, uo.p) € Ven X Ve X Uy, be the solution of

(4.22). Then we have the following inequalities

llu = u(uo,n)llr20,1:02(0)) < Clluo = uo,nllo (4.28)
™ (un) = u™ (uon) 207220 < ClluCuon) — unllr201:22(02))> (4.29)
sup |lu*(up) — u* (uop)ll < Cllu(uo,n) — unll201:02(0)» (4.30)

0<t<T

lu* —u” (o)l 220.7:22(02)) < Clltto — uo.nllo- (4.31)
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Proof: By subtractions between the equations (4.15) and (4.24), (4.16) and (4.26), and

(4.25) and (4.26), respectively, we obtain the following equations

W = V- (B(x,y)V(u—u(upp)) =0, inQx(0,T],

(u —u(uop))(-,0) =upg —ugp, 1in L2,
u—u(upgp) =0, ondQx(0,T], (4.32)

[u—u(uopn)llr=0, onI x(0,T],

O(u — u(uo,n))

(B0 ==

llr=0, onIx(0,T],

N0 g (e )V o)) =

u(uop) —u, inQx[0,7),

(u" —u*(uop))(-,T) =0, inQ,
| (4.33)
(u* —u"(uop)) =0, onodQx|[0,7),

[(u" = u"(uo,p))]lr =0, onI'x[0,7),

O (u* — u*(uo,n))
on

- N 2R g (e, )9 ) — ) =

[B(x, )

llr=0, onI'x[0,T),

u(”o,h) — Up, in Q X [O’ T)’

(u* (up) — u* (o)) (-, T) =0, inQ,
(4.34)
(u*(up) —u*(uop)) =0, ondQx|[0,7T),

[(u*(up) = u"(uo.n))]Ir =0, onI x[0,7T),

1B(x. ) 6(”*(uh)6_ﬁu*(u0,h))

llr=0, onI'x[0,7).
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By taking the L?(0, t; L?()) inner product with u — u(u ) for the first equation in (4.32),

we obtain

) _ 2 '
/ 1dlu u(Mo,h)HOds +/ (B, )V (= u(uop), V(u — uug)))ds = 0. (4.35)
0o 2 ds 0

Equation (4.35) infers

(e = we(a0.)) (-, D115 + 2/0 (B(x, y)V(u = uluon)), V(u — u(uo,n)))ds

= lluo — uo pll3.
Thus, we have the inequality
| = u(uo,n)) (-0 llo < llug —uopnllo for0O<t<T. (4.36)
Integrating with respect to ¢ on both sides from 0 to T for (4.36) gives us
lu = uCuo,n)llr20.7:02(0)) < Clluo = uonll- (4.37)

Taking the suprenum with respect to ¢ on (4.36), we obtain

sup |lu — u(uon)ll < lluo —uo.nllo- (4.38)
0<t<T

Taking the L?(Q) inner product on the first equation of (4.33) with u* — u*(u0.,), we have

dlu* - u* 6
- % - L; o)l (B, V(U™ = u”(uon)), V(™ —u”(uo,)))
t (4.39)

= (u(uop) —u,u” —u*(ugp)).
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Applying the Cauchy-Schwarz inequality and Young’s inequality on the right hand side of
(4.39), we have

il = o) I}

+ (Bx, )V (" —u"(uop)), V(u* —u*(uop)))

21 dt | (4.40)
< =llu(uon) — ulld + = llu* — w* (uo.n)lI3.
2 2
Using the Gronwall inequality on (4.40) leads to
) T
I = oI+ [ 190 = (o)) s
t
"1 2 2
< C [ Slutuos) - ulfds + 16" = (o) DIR @41
t
T 1 5
—c [ Slutuo) - ulds
t
Thus, we have
. ) 1 )
I = o) O < € [ St = s,
which implies another two inequalities:
||u* - u*(uo,h)lle(o’T;Lz(Q)) < CHM(”‘O,h) - u”LZ(O,T;LZ(Q))’ (4.42)
sup ||u” —u"(uon)llo < Cllu(uo,n) = ull200.7:2(0))- (4.43)

0<t<T

In addition, taking the L?(Q) inner product on the first equation of (4.34) with u*(uy,) —
u* (uo,5) and similarly applying the Cauchy-Schwarz inequality, Young’s inequality, and the

Gronwall inequality step by step, we have the following inequalities:

™ (un) = u” (uom) 2020 < ClluCuon) — unllz201:2(02))> (4.44)

Sup llu” (un) — u*(uo.n)llo < Cllu(uon) = unll 20,702 (02))- (4.45)
<t<T
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Finally, combining (4.42) and (4.37) leads to

lu* = u” (uon)ll 200,r:22(02)) < Clluo = uo.nllo- (4.46)

Now we are in position to build up connections between the inequalities derived
above and classical FEM convergence results. By using the triangle inequality and (4.28)

we can bound [[u — up||12(0.7.12()) as follows:

lu —wnll 200200y < lu—uluon)ll 2072 + 1u(won) — unlli207:2@)) @47

< Clluo — uo.nllo + llu(uon) — unll20.1:12(02))-

From inequalities (4.29) and (4.31), ||[u* — u} ||;2(0.7.12(q)) can be bounded similarly as

llu* — UZ”LZ(O,T;H(Q))
< ™ = u (won) 2 0.7:02(0)) + 1w (wo.n) — u* (un)ll201:02(0)

+ |lu* (up) - MZ||L2(0,T;L2(Q)) (4.48)
< Cllug — uo.nllo + Clluuon) — unllr200.7:2()

+ || (un) — MZ”LZ(O,T;LZ(Q))-

Note that uj; and u) are the classical FEM approximations of u(uo ) and u*(uy),
respectively. Convergence and error estimates between them are obtained directly while
traditional regularities are satisfied. From inequalities (4.47) and (4.48), we see that the
convergence analysis now points to the only undetermined term ||ug — uo x||o. Another two

conditions ug = %u*(-, 0) and ug = %u}‘lo will be used to bound ||ug — uos|lo-
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Lemma 5 Under the same conditions for u, u*, ug, ug p, u*(uo.p), and u(ug ) as in Lemma4,

we have the following error estimate:

1 * *!
lluo — uonllo < ;HM (uo.) (-, 0) = u}llo. (4.49)

Proof: Taking the L?(Q) norm of ug — ug, and applying equalities 1y = %u*(», 0) and

u

L We have

<=

Uo.n =

lluo — uonll> = (o — o p» tto — tto 1)
L, .
= ;(u (-,0) = u}’, uo — o ) (4.50)

1 * * 1 * *
= ;(u (+,0) —u" (uop) (-, 0), up — uo ) + ;(u (uo.n) (-, 0) = w0, uo — o ).

We now use (4.32) and (4.33) from the proof in Lemma 4 and take the L?(0,T; L*(Q))

inner product with u* — u*(u¢ ) on the first equation of (5.77). This leads to

T -
[ i

T 4.51)
v /0 (B, )V (= (i), ¥ (" — u* (tto,0))) et = 0.

Taking integration by parts with respect to ¢ on the first term of (4.51) gives us

((u = uuop)) . T), (" = u”(uon)) (- T)) = ((u = u(uo.p)) (- 0), (" — u”(uo,1)) (-, 0))
T ® %
[ D g
0

t

T
+/0 (BCe, y)V(u* —u*(uop)), V(u — u(ugp)))dt = 0.

Using (4.33) we simplify the previous equality:

T
((u = u(uo,n))(+,0), (" —u”(uo,n))(-,0)) = —/0 (0 = u(uo,pn), u — u(uo,y))dt.
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. T . .
Since /0 (u —u(uo,p), u —u(uop))dt is nonnegative, we have

(u(+,0) = u*(uo,n) (-, 0), uo — uo ) < 0. (4.52)

Combining (4.52) with equality (4.50) leads to

o — uonlly < —(u* (uop) (-, 0) — 3, uo — uo )

<

RN ==

ll* (uo,) (-, 0) = ;oo — uo.nlo-

Hence,
1 * *0
lluo — uo,nllo < ;HM (uo,n) (-, 0) —uy”llo-
By using the triangle inequality and (4.30), the last step necessary for Theorem 17
is provided by

gy = u* (o) (- O)lo < [lees” = (un) (- O)llo + llue* (ue) (-, 0) = " (u,) (- 0) o

< max |lu) —u(up) (o t1)llo+ sup lu(up) — u*(uon)llo (4.53)
0<i<N-1 0<t<T
< max | ||MZI —u"(up) (-, t)llo + Clluy, — M(Mo,h)||L2(o,T;L2(Q))-

~ 0<i<N-

Rearranging inequalities (4.47), (4.48), (4.49), and (4.53), we conclude

o = wonllo + llu = unll 202 (0)) + ™ = wyll 20,02 (02))

C y C
< — k1 _ k . . _ _ )
<5 oA Ny, —u* () (- 1) llo + y Nlun — u(uon)llr20.1:02(02))

+ ||u” (up) - MZ”LZ(O,T;LZ(Q))
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Using results in [39], the following classical error bounds holds:

*o .1 < 2
Jmax [laii = @) (o llo < COPlolog hl +7),

llu*(un) = ujll 207020y < C(H*|log h +7),

llu(uo.n) = unll2007:22(0)) < C(h*[log hl + 7).

Finally, we have the convergence result,

lluo — uonllo + Nl — wnll 207,020 + 14 — wyll 20,020

< C(y)(R*loghl +1),

which completes the proof of Theorem 17.

Also, the dependence of the constant C on y implies small regularization parameters
may cause the numerical accuracy to degenerate. Hence, in practice one needs to use more
refined mesh size 4 and time step 7 to reduce the finite element approximation error caused

by small y.

4.4. ITERATIVE METHODS SOLVING THE DISCRETE OPTIMALITY SYSTEM

Due to the forward in time nature in the state equation and backward in time nature
of the adjoint equation, solving the discrete optimality system directly would generate a
massive linear system and encounters computational difficulty. Considering the stability
in data assimilation problem, in this section we develop two iterative algorithms, based on
the conjugate gradient method and the steepest descent method, to decouple the discrete
optimality system, which improve the computation efficiency significantly.

4.4.1. Matrix Formulation. We first derive the matrix formulation of the fully
discrete optimality system (4.22). By definition of the operator A, the discrete optimality

system (4.22) can be written as
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i — iy
( i) +a(upt ve) = (furtovi),
Uy, = Uohs
u*n+1 wn
|~ (v +auvi) = @ = vy, (454)
*N
h 0
1 Lo
uop = —u
yh
forn=0,1,2,3,..... N — 1.
Considering the integral formula of the first equation in (4.54), we have
M”+1 —y"
/ ek dxdy + / BVul Vv, dxdy
Q T Q* (4.55)

+/ ﬁ_Vu’;l“Vvhdxdy:‘/ f;+1vhdxdy+/ fovidxdy.
Q- o Q-

For each time moment n, u} = Z?’:"] u'i¢j, plugging uj into (4.55) and using v, = {¢: f\i”l

to test (4.55) respectively, we obtain

0 et —u) 120108,
/g - ¢J¢,dxdy+/ Z 1 dxdy
Np Ny
n+ ¢ ¢l n+l o— ¢] a¢l
+/+Zujl,86 add+/_z lﬁa ——dxdy
/ 7“,3_ ¢j a¢’dd _/ an+1¢,dxdy

Nb
+ / Z [ didxdy.

Then the matrix formulation of the fully discrete forward state equation can be written as

+ Qﬁn+1 l')’n+1 ,
T " (4.56)
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where
Nyp

M = [/ ¢j¢idXd)’] ,
Q i,j=1

6 (9 i Nb (? ('3 i Nb

Q:[/ ,8+ﬁ—¢dxdy + ‘/ﬁJ’ﬁ ¢dxdy]
QF 6x 6x ij=1 QF 0)/ 8y ij=1
Np Np

2

ij=1

_09; 0¢;
/_ﬁ Ea—yd.x,'dy

+

/ ,B_%a(ﬁi dxdy] +

ox Ox i j=1

Nyp

/ Jovi qSl-dxdy] .
Q- i=1

Similarly, the matrix formulation of the fully discrete backward adjoint equation can be

Ny
+
i=1

Bn+l = L/;F f,;l(pidxdy

written as
2sn+l _ ’/-[*n

u -
_Mu+QﬁZn=b*n+l,
. 4.57)
iV =0,
where
- - g Nh
bt = byt~ Bt = [/ (@ i idvdy|
Q i=1
- Nb
b = | [ |
Q i=1
Np

l;’;:‘ = [/ uZ”qS,-dxdy]
Q

i=1

Finally, the matrix formulation of the fully discrete optimality system is given by

—n+1 ~=n

u —Uu -
h h -

ML 4 it = p

(4.58)
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4.4.2. The Conjugate Gradient Method. Based on the conjugate gradient method

and ideas in [54, 68], to efficiently solve (4.58) we propose the following iterative method to

~(0) (1

decouple the equation system (4.58): given u ) and €, solve the following equations

0, h’
sequentially until the stop criteria ||u(’+1) "(()l)hllo < € (or ||yu('+1) ﬁ20(1+1)”0 < €)is
satisfied:
-n+1(i) —>I’l(l)
Muh " Q—>n+1(l) bn+]
T (4.59)
~0(i) _ ->(t)
up Uo.n>
Ssn+1(i)  —xn(i)
_ Muh B uh + Q"*n(l) b*n+1(l)
T (4.60)
@ =0,
gy =), + OB, — i) + gt Oy, - iy ), (4.61)

wheren =0, 1,2,3, ..., N is the time evolution step, i = 0, 1, 2, 3, ... represents the iteration

~(i)  =n(i) *n(i)
WAk

step, ¢ “*1 and 77”1 are iterative parameters, u ,and u u,  are iterative sequences, and

B' and C' are two symmetric positive definite matrices.

Following the ideas in [54, 55] we adopt B' and C' as identity matrices. Then ¢'*!

and n*! are updated using
. 1 . PL
i+1 +1 _
¢ qi+l = qi+1 ’ (4.62)
where
o i=0,
e' = .
A,
lA=H15
i+l _ ”/ll”i

iz—d,izOJﬂﬁpm
2115
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Here ' = yiil) — @9 and ||3||, = (LA, X)2. The operator L acting on A’ is defined as

0n ~ Up
follows -
¢n+ ¢}’L N
(4.63)
¢ =1,
¢*n+1 5*n R
-M h h +Q¢2n_ b;r:lﬂ’
(4.64)
¢ =0,
LI =yd' = ¢, (4.65)

The above iterative scheme is carried out concisely using the following algorithm:

Algorithm 10 Step O (Initialization): Specify a convergence tolerance €, guess two initial

~(0) ~(1)

Y on and then start the iteration at step i = 1.

functions u,,, and u

Step 1 (Forward phase): Use (())h as the initial condition to solve (4.59) for u(’)

Step 2 (Backward phase): Pass u i h ) to (4.60) and solve (4.60) backwards for u ho(’) .

Step 3 (Computing for operator L):

*O(z)

_ (t)
(1) Set /l’ Yidg, u,

and use it as initial value to solve equation (4.63)
forward to obtain ¢h;
(2) Pass (];h to (5.89) and solve equation (4.64) backward for attaining (5;0;
(3) Compute L1 = 7/1’ ¢*0
Step 4 (Update phase): Calculate {'™*', n'*! by using (4.62) and then update

70D —»(l) +{l+1 =x0(7) =(i)

1 =1 - 1
—yiig)) + 0! g, = i, ).

0,h

Step 5 (Criteria for stopping the iteration): Compute ||_’(l+l) q(’) Wl If ||*(l+1)

(l) |l < € then stop. Otherwise increase i by 1 and go back to Step 1.
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4.4.3. The Steepest Descent Method. The conjugate gradient method serves an
high convergence rate and solves the discrete optimality system (4.58) effectively for most
of cases. However, it is relatively less stable and hence causes the algorithm to diverge for
some of the data assimilation scenarios that have low stability, e.g., small regularization
parameter y in the cost functional (4.18).

To tackle this numerical problem, we adopt the steepest descent method in [52,
53]which gains more stability at the cost of a lower convergence rate. For the purpose we
need to calculate the gradient of the cost functional (4.4) and find out its representation in

the admissable set.

N
J,(wo.n)vi, = TZ(ﬁ" —uy, (up)'vi) + (yuon,vi),  Vvi € Up. (4.66)

By using the similar techniques as (3.24)-(3.28) in section 3.3, the gradient of the cost

functional (4.4) is obtained as

T (uon)v = (yuon vi) — (0, va), (4.67)

And yuo  — u) 0'js the representation of the linear functionals F’ ,(t0,) in the admissable
set Uy,

With the result in (4.67), we now present the steepest descent method to solve

()

the discrete data assimilation problem: given u,, and €, solve the following equations

-(i+1) -x0(i+1)

sequentially until the stop criteria ||u(l+1) _)(l) llo < € (or llyiig, ' — i, "o < e is
satisfied:
-n+1(i) ->n(z)
Muh + Q-’n+1(l) bn+l
T (4.68)

~0(i) _ —>(l)
uy, Uy po
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ﬁ*n+l(i) _ ﬁ*n(l)

M h h +Q->*n(z) b*n+1(l)
T “n (4.69)
@ =0,
ﬁ(()t;zl) _ ﬁé) z+1(—»*0(1) 7-’(()’)}1 (4.70)

where n =0, 1,2,3....N is time evolution step, i = 0, 1,2, 3.... represents the iteration step,

1'*! is called the learning rate at each iteration, u(()’)h, 17”(’), ") are iterative sequences.

To reduce the iterations and improve computational efficiency, the learning rate n'*!

is determined by applying the inexact line search algorithm: find n*! via repeatedly solving

(4.68) with initial value

1/7(()1;1) — L—Z(()l)h + nl+1(b7;0(l) yu(()z)h) by updating ni+1 _ P77i+1,
until the following inequality is satisfied
Jh(b_[(”l)) <J, (—>(1))+5nz+1<J (—>(l) ’ —*ZO(I) 71/7(()1);1>U;><Uh, (4.71)

where 1! is typically initialized as a constant equal to or greater than 1, and ¢ and p are

chosen between (0, 1).
The above steepest descent method is implemented concisely using the following

algorithm:

Algorithm 11 Step O (Initialization): Specify a convergence tolerance €, guess initial

~(0)

0k , and start the iteration step i = 1.

()

function u

Step 1 (Forward phase): Use u,, as initial condition to solve equation (4.68) for

(i)
u, .
Step 2 (Backward phase): Pass u() to equation (4.69) and solve equation (4.69)

backward for u u, T
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Step 3 (Inexact line search for n*!):

(1) Initialize a constant n”l >1l,set0<p<land0<6<1;

(2) use u(()lzl) ég)h +nitl (u), 700 _ yu(()l)h) as initial value to solve equation (4.68)

forward to obtain i}, for computing F, h(u('+1))
(3) Update n'*' = pn*! until inequality (4.71) is attained.
(4) Output n'*!.

Step 4 (Update phase): Use n'*! from step 3 and then update

-(i+1 - %0 -
0D Z g0 i GO0 0

Step 5 (Criteria for stopping the iteration): Compute ||u* 00) yﬁg)hll if ||_’*0(l)

(’) || < € then stop; otherwise, increase i by 1 and go back to Step 1.

Remark 13 (Incremental POD for gradient methods) As mentioned in the Section 3.5.1,
we may run into memory difficulties to store data {ulh}fi , in the Forward phase for both
conjugate gradient method and steepest descent method. It is then time to use the incremental
POD data compression technique. Define the needed thresholds for truncations and re-
orthogonalization, recall the weighted matrix, i.e., mass matrix M, and time step size T
have already been provided in above, we implement the algorithm 6 on the step of Forward
phase to compress {u’h }f\i | into a smaller size matrix, then reconstruct {u’h} at each time
step when used for the Backward phase solving. By doing so, storing large-scale data is

avoided.

4.5. NUMERICAL EXPERIMENTS

Based on the iterative methods developed in previous section, this section will
present numerical results to demonstrate the performance of the reconstructed initial con-
dition. The finite element space is chosen on continuous piecewise linear polynomial with

mesh size &, and backward Euler scheme is used with time step 7 = h? correspondingly.
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L®, L? error norm will be considered respectively. We especially focus on the L? error
norm, since the way we measure the distance between observations and state variable in the
cost functional is in an L? norm sense.

4.5.1. Verification of the Finite Element Convergence Rate. Before showing the
data assimilation performance, we provide an example to verify the conclusions in Theorem
17. Given a set of smooth observations and for each fixed regularization parameter y, we
expect to observe that the finite element approximation converges in a second order regarding
to L? norm. Mesh sizes of 1/4, 1/8, 1/16, 1/32 and time step sizes of 1/16, 1/64, 1/256,
1/1024 are used, respectively. For each fixed vy, the discrete solution with 4 = 1/64 and
T = 1/4096 will be used to represent the analytical solution.

The distributed observations are given by
ut =sin(m - x)sin(x - y) sin(z + 1), u~ = 2sin(w - x) sin(x - y) sin(z + 1).

Other relevant parameters are set as: S+ = 1, B~ = %, Qt = (0,1) x (0,1), Q =
(1,2) X (0,1), " : x =1,and T = 1. The boundary condition and jump interface condition
satisfy u = 0 on 0Q, [u]|r = 0 on I, and [ﬁ(x,y)%]lr = 0. Both f* and f~ can be
computed by using u*, u~, 8, and 8.

Numerical results are displayed in Table 4.1, where the L? norm errors appear to
satisfy the optimal convergence rate. In additional, at each column, the error between the
analytical solution and numerical solution is tending to be larger when y decreases, which
indicates the coefficient C(7y) in inequality (4.27) is proportional to % And this negative
behavior is reduced effectively while smaller mesh size 4 and time step 7 are used.

4.5.2. Data Assimilation Performance without Observation Noise. We now in-

vestigate the numerical performance for the data assimilation problem utilizing the iterative

methods in section 4.4. In this example, we assume there is no noise in the distributed
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Table 4.1. The finite element convergence rate for the recovered initial condition ug of the
Second order Parabolic Interface equation. Here ug ~ u, L

Finite Element Convergence Rate

Y ||uo—u0,§|| ||Mo—uo,%|| rate ||uo—u0,§|| rate #
1 1.0x103 | 28x107* [1.85] 5.7x107° | 2.30
5 | 39x107 | 1.1x107° | 1.84 | 2.7x10™* | 2.03
1
350
T

1.1x1072 | 27x107 [2.03| 51x10™* | 240
s | 27x107% | 6.2x107° [ 212 ] 1.5x107° | 2.05
=5 | 36x1072 | 7.2x107° [232] 1.4x107° | 236
o | 40x107% | 7.9x107° [233 ] 1.6x107° | 231

observations. Hence, the sample is given by the exact solution. We test the expected nu-
merical performance by adjusting the regularization parameter y. The spatial and temporal
step sizes are set to 1/50 and 1/200, respectively.

Distributed observations are generated by the exact solution
u* =sin(xr - x)sin(z - y) sin(z + 1), u~ = 2sin(m - x) sin(x - y) sin(z + 1).

Other relevant parameters are set as: 8% = 1, B~ = %, Qt = (0,1) x (0,1), Q =
(1,2) x (0,1), T' : x =1, T = 1. The boundary condition and jump interface condition
satisfy: u = 0 on 9Q, [u]|r =0on I, and [B(x,y)%] [r =0onT. Both f*and f~ can be
computed by using u*, u~, B*, B~

In Table 4.2 and 4.3, the error between the numerical results and the observations
(or the exact solution) becomes smaller as y decreases from 1 to WIOO' The numerical
results for the recovered initial condition becomes more accurate correspondingly. These
observations match our practical expectation.

Furthermore, the convergence comparison of the two iterative methods indicates
that, in practice, the conjugate gradient method is preferred for the moderate y because of
its higher convergence rate, and the steepest gradient is a prior option for the small y due to

its capability for maintaining the stability.
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Table 4.2. Conjugate Gradient Method: data assimilation result without noise for the
Second order Parabolic Interface equation. u and u, are the exact solution and the numerical

simulation performance, ||u — upl||;2 = ZnNzl Tl —ufllo, and || — up||L~ = ZnN:1 7||u" -

uyll=(0)-

L?, L™ Norm of u — uj;: Conjugate Gradient Method

Iteration #

Y || HNu—upllpz || 1w —wupllr~

1 [[9.26x1072 [ 1.70 x 107! 3
5 16.32x107% [ 1.18x 107! 12
55 || 8.50x 1073 || 1.87 x 1072 14
ﬁ 2.42x1073 || 6.20x 1073 21
10000 \ \ 00

Table 4.3. Steepest Descent Method: data assimilation result without noise for the Second
order Parabolic Interface equation. u and u;, are the exact solution and the numerical

simulation performance, ||u — upl||;2 = Zfl\;l 7|l —ufllo, and |[u — up||L~ = ZnNzl T||u" -

upll=()-

L2, L™ Norm of u — uy: Steepest Descent Method
0% [loe —upllz2 || |lu —upllre Iteration#
1 [[9.26x1072 || 1.70 x 107! 4
5 | 635x107% [ 1.19x 107! 14

s || 1.08x 1072 [| 1.90 x 1072 50

o || 3-42x107% | 5.83 x 1073 59

g | 2-08x 1073 || 4.82x 1073 60

4.5.3. Data Assimilation Performance Test with Observation Noise. We now
consider a more realistic case, which introduces noise with a normal distribution N (0, 1/100)
into the observation sample. For the finite element approximation we still use a mesh size
of 1/50 and a time step of 1/200. The numerical data assimilation performance is shown

by altering .

The exact solution is given by

u* =sin(xr - x) sin(n - y) sin(z + 1), u~ = 2sin(x - x) sin(x - y) sin(z + 1).
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Other relevant parameters are setas 87 = 1, 87 = %, QY =(0,1)x(0,1),Q" = (1,2)x(0, 1),
I': x =1,and T = 1. The boundary condition and jump interface condition satisfy
u=00ndQ, [ul[r =0o0nT, and [B(x, y)%]lr =0onT. Both f*and f~ are computed
by using u*, u~, B*, and 5~

Based on this setup, the distributed observations are provided by adding noise from
the normal distribution N (0, 1/100) into the exact solution. In this experiment, due to the

differences between the exact solution and the observations, we investigate the distance

from the numerical results to both the exact solution and the observations.

Table 4.4. Conjugate Gradient Method: data assimilation result with noise for the Second
order Parabolic Interface equation. u and u;, are the exact solution and the numerical

simulation performance, ||u — upl||;2 = ZnN=1 Tl — ufllo, and |[u — up||L~ = ZnNzl T||u™ -

uyll=(0)-

L?, L™ Norm of u — uj: Conjugate Gradient Method

vy [le —upllz2 || |lu —upllre Iteration #

1 [[9.03x1072 [ 1.70 x 107! 3

5 [ 632x107% [ 1.18 x 107! 16
ﬁ 1.01 x 1072 || 1.83 x 1072 15
m \ \ o
10000 \ \ 0o

Table 4.5. Steepest Descent Method: data assimilation result with noise for the Second order
Parabolic Interface equation. u and uj, are the exact solution and the numerical simulation

performance, ||u — upl|;2 = XL, 7llu” = ufllo, and |ju = wy||ze = T 7llw" = || L= (-

L?, L™ Norm of u — uy: Steepest Descent Method

Yy [lu —up|l;2 || |lu —up||r~ || Iteration #

1 [9.02x107 | 1.70x 107! 4

& [16.35x107 | 1.19x 107! 14
o5 || 1.09x 1072 || 1.92 x 107 50
song || 321 x 107 | 6.01 x 107 59
oo || 2-50% 1073 || 4.90 x 1072 60
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Table 4.6. Steepest Descent Method: data assimilation result with noise for the Second order
Parabolic Interface equation. # and uy are the exact solution and the numerical simulation
. N N . N -

performance, [|@ — up|[2 = X, Tl|@" — u}llo, and [|@ — up|[~ = 2,2, Tlld@" — u} |1~ (0)-

L2, L™ Norm of 4 — uy: Steepest Descent Method

0% [l —up|lz2 || || —up|lre~ || Iteration #

1 [9.38x107% || 1.94x 107" 1

5 || 6.75x107% | 1.43x 107! 14

s || 1.70x 1072 || 477 x 1072 50
somg || 1:07x 1072 | 3.71 x 1072 59
g || 1.03x 1072 || 3.58 x 1072 60

In Table 4.4 and 4.5, the convergence comparison again confirms the advantages
of a higher convergence rate from the conjugate gradient method and reliable stability of
the steepest descent method. In Table 4.6, the distance measured with the L? and L*
norms between the observations and the numerical results always becomes smaller as y
decreases. In Table 4.4, a desired accuracy of the recovered initial condition, based on the
noisy observations, can be attained by adjusting the characterization parameter vy, which
validates the proposed methods to solve the data assimilation problem for the second order
parabolic interface equation.

4.5.4. Data Assimilation Results using Incremental POD. In this section, we
present the numerical results using incremental POD data compression. The observed data
and parabolic interface model have the same set-up in Section 4.5.2. For the numerical
discretization, we use 7 = 1/100 and i = 1/32.

In Table 4.7, we show that the use of incremental POD saves storage at least
%70 — %80, which effectively solves the memory issues for gradient descent method in the
data assimilation problems. The promising part from incremental POD is that we might not
compromise any accuracy with the approximated data if the POD truncation is less than the

gradient tolerance, which are displayed in Table 4.8. This is probably due to the correction
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of the iterative gradient method. It also might be the total information loss in our example
is very minimal. These are interesting behaviors deserving more investigation for the POD

data compression in optimization problem.

Table 4.7. Memory saved from the incremental POD for the data assimilation of the Second
order Parabolic Interface equation. 1024 X 100 is the data matrix size we need to save in
gradient methods, 1024 X 9 or 1024 x 15 is the data matrix size after POD compression.
The POD truncation thresholds are all 1071°,

Memory Saved During Iterations

v | Original Data size | Compressed Data size | Storage Saved
1 1024 x 100 1024 x 9 82%
% 1024 x 100 1024 x 15 70%
% 1024 x 100 1024 x 15 70%

Table 4.8. Data assimilation comparison between the use and no use of the incremental
POD of the Second order Parabolic Interface equation. u is the exact solution, uy is

the numerical result without compression, uf is the results applied data compression,

N N
e —unlle = 22, Tl = uillo and [lu — ug||2 = X2, wllu™ = ujllo.

Error comparison between compressed and no-compressed data

v | llu = unllp AL
1 |4.69x107? 4.69 x 10~
5 | 6.51x 1073 6.51 x 10~
& | 3.05%x 1073 3.05x 102

4.5.5. Data Assimilation Results using Parallel Algorithm. This section presents
the numerical results using the parallel algorithm developed in Section 3.6. We still use
the same model parameter as Section 4.5.2 to generate observations and test numerical
performance.

Table 4.9 shows that the computational cost is reduced when we simulate the VDA
problem in a parallel manner. In Table 4.10, the numerical results show that the parallel

algorithm does not affect the data assimilation accuracy. One disadvantage observed from
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our numerical experiments is that some of the decoupled problems are not well-conditioned.

It means the preconditioning is necessary for the parallel algorithm, and it will be an

interesting near future work.

Table 4.9. Computational cost saved from a sequential test of the Parallel algorithm

Sequential test of Parallel algorithm y = 1 no noise

# of partition || # of iteration Time saved
8 6 ~ 25%
16 8 ~ 50%
32 8 ~ T5%

Table 4.10. Data assimilation performance comparison between the parallel algorithm
and the steepest gradient descent. ||u — uh||fz2 = 3N Tlut - Wl |lo and [Ju — upll;2 =
ZnN: L Tllu™ = u}||o are numerical results with and without parallel algorithm, ||u — uy| . =
SN Tl — w17 and [lu — up||e = XN, 7llu” — u? || are defined same.

Accuracy comparison y = 1 no noise

# partition | [lu —up|l7, | llu—unllje | llu—unllp2 || llu = upllz~
8 9.46x 1072 | 1.80x 1071 [ 9.46 x 1072 || 1.80 x 1072
16 9.46x 1072 | 1.80x 1071 [ 9.46 x 1072 || 1,80 x 107!
32 9.46x 1072 || 1.80x 107" | 9.46 x 1072 || 1.80 x 107!
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S. DATA ASSIMILATION FOR STOKES-DARCY EQUATION

5.1. BACKGROUND FOR THE STOKES-DARCY MODEL

The Stokes-Darcy model is receiving more attentions nowadays due to its potential
applications to a variety of flow phenomena, for instance, the hydrological system where
surface water percolates through rock and sand [69-71], petroleum extraction [72—80], and
industrial filtration [81, 82]. In recent decades, a significant effort has been on studying this
sophisticated interface system both theoretically and numerically [41, 42, 83-98]. However,
these existing works were dedicated to the idealized model, i.e., the relevant input data, such
as initial condition, boundary condition, sink/source term, and diffusion coefficients, are
entirely provided for the model prediction. In real implementations, some of these input
data literally remain unknown or in uncertainty [99—101]. Therefore, one of the challenging
problems is to identify a set of faithful needed data such that the forecast of the target flow
can be performed reliably. This is where the data assimilation comes in [102].

We consider a free flow in a bounded domain €2 ¢ and a porous media flow in another
bounded domain €,. These two flows are coupled together in the domain Q through the
interface I' = Qp N Qf such that Q = Qp U Qf. WealsoletI', = 02, \I'and 'y = Q¢ \T.
A Stokes-Darcy model can be used to describe this coupled fluid phenomena. Then the

porous media flow is governed by the Darcy equation:

86_5’ -V-(KV¢) =f, inQ,x(0,T],

¢(-,0)=¢o in Q, (5.1)

=0 on '),



102

where ¢ denotes the hydraulic head, K is the hydraulic conductivity tensor assumed to be
homogeneous isotropic in this paper, i.e., K = KT with a constant K, and f), is a sink /source

term. On the other hand, the free flow is governed by the Stokes equation:

0
== V-T(u.p) = fy inQx(0.7],

V-u=0 inQyx(0,T],
(5.2)
u(-,0)=uy in Qp,

u=0 on Iy,

where u denotes the fluid velocity, T(u, p) = 2vD(u) — pl is the stress tensor, D(u) =
%(Vu + V') is the deformation tensor, v is the kinematic viscosity of the fluid, p is the
kinematic pressure, and fy is a general external forcing term that includes gravitational
acceleration. Systems (5.1) and (5.2) interact on I" through the Beavers-Joseph interface

conditions, see [103-112]:

u-nr=KVé-n,,
-7 (T(u,p) -ny) =at- (u+KVg), (5.3)

—ny- (T(u,p)-ny) =g(¢-2),

where n s and n, denote the outer normal vectors to the fluid and the porous media regions
on the interface I', respectively, T denotes the unit tangential vector to the interface I',  is a
constant depending on v and K, g is the gravitational acceleration, z is a constant assumed

to be 0 from now on.
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For the purpose of discussing the data assimilation problem, it is necessary to

appropriately understand the Stokes-Darcy model. We first define the Hilbert spaces

X, ={y e H (Q): ¢=00n0Q,\T},
X;p={veH (Q):v=(v)" =00ndQ;\T},

X:=X,xX;, X\ :={veX;: V-v=0}, Xai := X, x X/,

div div’
0 :=L*(Qf), L*(Q) := L* (Q,) x L* (Q)
and the corresponding norms
%
11lx, = 11l )0 911, = lay) = (19101200, + 2030q,))

1
. 2 2 \2 .
Vil o= (05, + 1913,) s Il 2= vl o),

=
D=

Vi = (015, + 1003, ) s IVl = (1012, + 9122,

For a domain D, (-, -)p denotes the L? inner product on D, (-, )y denotes the inner product
for other Hilbert spaces H(D). Depending on the context, (-, -) can represent the inner
product on the interface I', or a general duality between a Banach space and its dual space.
For simplicity, let || - |o denote all the L? norms, H” (D) denote the Sobolev space W"-?(D).
Besides, considering the temporal-spatial function spaces, let L?(0,7; 8) = W% (0, T; B)

and H™(0,T;B8) = W™2(0,T;B), where B is a generic Banach space. We use these
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notations to define the following bilinear forms and linear functionals:

ap (¢.9) = (KV¢, Vg, Yo, ¥ € X,
ay(u,v)=2v(D(u).D(v))g, Yuv € Xy,
a(U,V)=ay(u,v)+a,(¢,¢) +{gp.v-nsp)—(u-nsy)
+a(P. (u+KVg),Pv) VU= (¢,u) € X, VW =(y,»)! eX,
by (v.p) = —(V-v,pla, . WeXs, Vpe, oy
b(V.p)=by(v,p), VW eX, VpeQ,
(F,V)=(fp.¥)a, + (fr.V)a, YF=(f, fr)" € X', VV € X,

oU ¢ ou L
(5 V)= (G i) +(5y) YU e H'(O.T:X'), VV € X,

where P, denotes the projection onto the tangent space on I, i.e., P;u = (u - T)t. For
(P (KVg), P.v) in (5.4), we need the trace space defined as H(l)(/)Z(F):=X rlr, which
is a non-closed subspace of H(l)/ 2(1“) and has continuous zero extension to H(l)/ 2(69 1)
(P; (KV¢), P.v) is then interpreted as a duality between (H(l)éz(f‘))’ and H(ljéZ(F). See
[106] and references cited therein for more details.

We use bilinear forms a(-, -) and b(-, -) to define linear operators A, A*, B, and B*:

a(U,V) = (AU, V) = (U, A*V), b(V,p) = (BV,p)=(V,Bp), (5.5)

where A € Z(X,X’),Be Z(X,0Q), A" € Z(X,X’) and B* € Z(Q, X’) are the adjoint
operator of A and B, and .Z is the set of linear and continuous operators for the relevant

spaces.
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Testing systems (5.1) and (5.2) with (¥, v, g)” € X x Q and incorporating the three

interface conditions in (5.3), we obtain the weak formulation of the Stokes-Darcy model:

0
L) by (.0) =m0 = ) V€ X,

(Z—l:,v>+af (u,v) +bs(v,p) +{gd,v -ns) +a(P (u+KVp),P.v)

=(fr.v) VveXy, (5.6)

by(u,q)=0 VYq€Q,

¢(-,0)=¢o in L*(Q,), u(-,0) =ug in L*(Qy).

By definitions in (5.4)-(5.5) and denoting Uy = (o, uo)’, (5.6)is equivalent to the following

expression:
ou
<E,V>+a(U9V)+b(Vap):<F’V> VVEXa
b(U,q)=0 VYqeQ, 5.7
U(-,0)=Uy in L*(Q).
An operator form of (5.7) can be written as:
ou
— +AU+B'p=F inX/,
ot
BU=0 in(Q’, (5.8)

U(-,0)=Uy inL*(Q).

If we consider BU = 0 € Q' above as a constraint and restrict the discussion in space Xy,
a more concise form of (5.8) is

U  AU=F in X/,
ot (5.9)

U(-,0)=Uy inL*(Q).
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Recall that (5.6), (5.7), (5.8), and (5.9) sit in an equivalent class, the well-posedness of each

is further guaranteed by the continuous inf-sup condition [106]:

: b(V.,q)
inf  sup

———— > 3, B1is apositive constant. (5.10)
02¢€Q gxvex llgllo IVIIx

For each Uy € L*(Q) and F € L?(0,T; X’), the coupled Stokes-Darcy system (5.8) admits
a unique solution (U, p) € L*(0,T;X) N H'(0,T;X’) x L>(0,T;Q) (cf. [113]). Thus,
we can use formulation (5.8) to define the operator M : L*(0,7;X) N H'(0,T; X’) x
L*(0,T;0) x L>*(Q) — L?*(0,T;X") x L>(0,T;Q’) x L*(Q)

ou *
U Sy +AU+B'p - F
M| p|= BU

With a simple calculus of variation, one can see that the Fréchet derivative operator M’ is a
bijective mapping, the surjective of M’ is thereafter self-contained. These basic formulations
and properties will allow us to use Lagrange multiplier rule later to find the optimal solution
for cost functionals constrained by the Stokes-Darcy equation. In addition, throughout this
Section, C, C;, Cij and C; ; x are generic positive constants that are independent of the mesh

parameter 4 and the time step 7, and are not necessarily the same at each occurrence.

5.2. MODELING THE DATA ASSIMILATION PROBLEM

5.2.1. Mathematical Formulation and Wellposedness Analysis. Let Y,; be an
admissible set for the initial value that could be either L?(Q) or a closed convex subset
of L?(Q) in which we look for a solution to our data assimilation problem stated as:

given T > 0, ¥ > 0, and the distributed observation U = (¢,u)" € L2(0,T; L*(Q)), the
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variational data assimilation of the Stokes-Darcy model is:

1 7o~
min J(Uo):—/ ||U—U(U0)||Sdt+%||U0||g subject to (5.8) (5.11)
0

U()GYad 2

where the mapping U(Uy) : L?(Q) — L?(0,T; X)NH'(0,T; X’) is defined as the solution
of (5.8) with initial condition Uy. The minimization of% fOT ||l7— U(U) ||(2)dt in (5.11) is the
primary goal, which drives the state variable U(Uy) close to the distributed observation U
via adjusting the initial data Up. The second term %HU()H% is a L2-Tikhonov regularization.

The parameter y measures the relative importance of the minimization between terms

T —_
Jo U —-UU0)IIGdr and [[Up[5.

Remark 14 Problem (5.11) can also be written as:

. 1L 2 Y 2
Jmin I =3 [ 10 -U@Far+ S0l (5.12)
subject to
oU o
E +AU=F in XdiV’

(5.13)
U(-,0)=Uy in L*(Q).

Provided that F, Uel? 0,T; LZ(Q)) and 0Q, I" are regular enough, we have the

following wellposedeness results.

Theorem 18 There exists a unique solution U(’; € Y, 4 for the data assimilation problem

(5.11). Furthermore, the solution Ua‘ can be characterized by

T —
VU (Zo-UY) = /O /Q UWY) - 0)(U(Zo) - UUY))dxdydt sin

+7/ Ug(Z() —U(’;)dxdy >0 VZyeYy.
Q
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Proof:
Since J(Uy) is nonnegative and thus bounded from below, the infimum exists. Let {Uj} €

Y4 be a minimizing sequence such that

" inf .
J(Uy) — UlnY J(Uyp)

0€Yqq

The coercivity of J(Uyp) granted by term %||U0||2 leads to the L? boundedness of the
sequence {Uj}. By the well-posedness results the Stokes-Darcy equation, {U(Uj)} is
bounded in W(0,7) = L?(0,T; X4iv) N H'(0,T; (X4y)’). Since the closed convex set
in L*>(Q) is weakly closed and Hilbert spaces are weakly compact, the Eberlin-Smulian

theorem implies there exists a pair of subsequence ({ng HLAUU gk)}) such that

ng — Uy € Y,q weakly,
U(ng) — U* € L*(0,T; Xgiy) weakly, (5.15)
U(ng) — U* € H'(0,T; (Xqiy)") weakly.

The next step is to show U* = U(Uy). First, the continuity of the bilinear form a(U, V)

leads to

a(UUL), V) = (AUWUL), V) = UUL), A*V) 516
— (U*, A*V) = (AU*, V) = a(U*, V)

as k — oo, where A* is the adjoint operator of A.

Considering the weak formulation:

T aU(U” T k k
/ V}dt+/0 a(UUL), V)dt + (UUL)(-,0), Vo)

= / <F,V>dt+(U"",V0) Y(V,Vy) € Xaiv X L*(Q).
0
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Based on the convergence results in (5.15) and (5.16), we have

T

T * T
/0 <agt ,V)dt+/0 a(U*,V)dH(U*(~,0),Vo)=/O (F,V)dt + (U5, Vo),

which indicates that U* = U(U}) via the definition of U(UY).

Now by the weakly lower semi-continuity of the cost functional J(Up), we deduce

1 ~
10 = 21wt 5 [ @) -0

k
< liminf J(UY ) = inf J(Uy) < J(UY).
<Nt/ U5 = jof, /(00 </ U5)
Hence,
o
J(Ug) = inf J (W),

where U(’)* is the minimizer we need.
By the linear property of the Stokes-Darcy model, one can find out that F(Up) is

Fréchet differentiable and its second order derivative can be calculated as follows:

T
@0z = [ [ v @odsdyarey [ Ziasdy > yIzol} V2o € Yo
0 Q Q

Based on the standard argument for convex minimization we know the minimizer U[ is

unique. Further, U} can be characterized by

T —
FU(Zo-UY) = /0 /Q U2 - O)(U(Zo) - UWU?))drdyds

+y/ U (Zo-Ul)dxdy >0 VZj € Yoq.
Q

This finishes the proof.
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Next, we show that the solution of problem (5.11) is stable regarding to the pertur-

bation of the observational data U and the regularization parameter 7.

Theorem 19 The solution of problem (5.11) continuously depends on the observation data

U and the parameter y.

Proof: Introducing perturbations € € R on y and e, € L?(0,T; L*(Q)) on U

respectively, and letting Uy denote the perturbed optimal solution, we then have

T —_ -
/ / UO0) - T - &)(U(Z) - UDy))dxdyd
0 JQ (5.17)

+ (’y + €1) / Uo(Zo - Uo)dxdy >0 VYZyeY,,.
Q
Taking Zo = U} in (5.17) and Zo = Uy in (5.14), we obtain
T -— —_~ p—
[ [ w@y-0-e)wws - vy
0 Q

+(y+e) / Uy(U} - Uy)dxdy > 0,
Q

T
/ / UWUy) -U)(UUy) - UUy))dxdydt +y / U (Uo — Uy)dxdy > 0.
0o Ja Q
Adding the two inequalities together, we have

T
/ /(U(U{)‘) —U(Uy))*dxdydt + (y + €1) /(U(’)‘ — Up)*dxdy
0 Jo Q (5.18)

T
< / / & (U Uy) - U(UY))dxdydt + € / Uy (U - Uo)dxdy.
0 Q Q
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Applying the Cauchy-Schwarz and Young’s inequalities for the right-hand side terms in
(5.18), we have

T _ 1 T B
/0 /Q e(U(0o) - UWU}))dxdydr < /0 /Q UUY) - U(lp))2dxdydr  (5.19)

2
+ = ||62||L2(O,T;L2(Q))’

€1 /QUO(Ug —Uy)dxdy < u||Ug||g + % /Q(Ug —Uy)%dxdy.  (5.20)

Combining (5.18)-(5.20) and setting |€;| < %, we obtain the inequality

/ / (U(U}) - U(Uy))*dxdydt + = / (U - Uo)*dxdy (5.21)

1 le1]
§||62||L2(0TL2(Q)) ||U8||0’ (522)

which implies that the solution of problem (5.11) continuously depends on the observational

data U and the regularization parameter vy.

Remark 15 Continuing on (5.18), a variant of treatment on the term fOT /Q & U U) -

U(UY))dxdyadt in (5.18) will produce a different stability estimation.:

1| |61|

% / (U - Up)*dxdy < ||U*||0 (5.23)
Q

|62||L2(0 T: LZ(Q))

Inequality (5.23) offers more information about how parameter 7y affects the stability of
solution. That is, small y will generate ill-conditioning for the data assimilation system.

This is a similar argument of the Theorem 9 in Section 3.1.

5.2.2. First Order Optimality System. To find out the unique optimal solution
such that the objective functional (5.11) is minimized, we apply the Lagrange multiplier

rule which is apparently available due to the property of the operator M (surjective of M”)
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shown in Section 5.1. The Lagrange functional is formed as:
PN
LAUp.U) =5 [ 10U+ X0+ A MU O, 629
0

where 1 € L?(0,T; X”) N H'(0,T; X’) x L*>(0,T; Q") x L*(Q)’ is a Lagrange multiplier.
Since Hilbert space is reflexive, X X Q and X” x Q" are therefore isometric. The element
in dual space of a Hilbert space can be identified by the element in the Hilbert space itself.

Hence, using the definition of operator M, (5.24) then can be rewritten as

‘E(U*a p*a U*(’ O)’ U’ D, UO)

1T T aU . .
:5/0 ||U—U||édt+%||U0||(2)+/0 (E+AU+Bp—F,U>dt

T
+/ (BU, p*)dt + (U(-,0) — Uy, U*(-,0))
0

1 (5.25)

T y T oU T
:—/ ||U—U||(2)dt+—||U0||(2)+/ (—,U*)dt+/ a (U,U*) dt
2 Jo 2 o | Of 0

T T
+/0 b (U ,p)dt+/0 b(U,p")dt+ U(-,0)-Up,U"(-,0))
T
- (F,U*)dt.
0

Variations in the Lagrange multipliers U*, p* and U*(+, 0) recover the constraint equation

(5.8). Variations with respect to U, p, and Uy yield

T % r !
/ (U—U,—V)dt+/ <—,U*>dt+/ a(V,U*)dH/ b(V.p7)dr
0 0 ot 0 0
+(V(-,0),U*(,0) =0 VV e L*(0,T;X) x H'(0,T; X),
; (5.26)
/ b(U*.q)dt =0 Vg€ L*0,T:Q),
0

y(Uo, Zo) — (Zo,U*(-,0)) =0 VZj € L*(Q).
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Taking integration by parts with respect to time for fo (% T V. U*)dt in the first equation of

(5.26), we obtain

T T *
/(U—U,—V)dz+(V,U*)|g—/ <‘9U
0 0 0

T
+/ b(V,p*)dt+ (V(-,0),U*(-,0)) =0
0

T
,Vydt + / a(V,U")dt
0 (5.27)

Choosing U* (-, T) = 0 and simplifying (5.27), we have

/(U U,-V)di - / /Ta*(U*,V)dt+/0Tb(V,p*)dt:O

(5.28)

where a* (U*, V) is given as

a* (U*,V)=2v (D (u*),D (v))Qf +(KV¢*, Vi), +(gu™ - nys,v)

—(@", v -ny) + a(Pu*, Pv) + a(Pu*, Pr (KVy)).

(5.29)

(5.29) is essentially a consequence of swapping terms related to V and U* of a (V,U").
Summarizing all operations from (5.24)-(5.29), the optimal solution Uy, is attained

by solving the following coupled equation systems in the weak form:

the forward state equation

ou
(E,V>+0(U,V)+b(V,p)=<F,V> Ve X,

b(U,q)=0 YqeO, (5.30)

U(,O) = UOa UO € L2(9)9
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the backward adjoint equation

—<%,V)+a* (U*,V)+b(V,p*) = U-U,V) VVeRX,

10 (U*.q) =0 VqeQ, (5.31)

U*(-,T) =0,

and the optimality condition

Uy = %U*(-, 0). (5.32)

Concretely, by the definition of bilinear forms a (-, ), a* (+,-) and b (-, -), (5.30)-(5.32) are

equivalent to:

the forward state equation

0

) vy (.0) = np ) = ()

0

(a—l;,v)+af (u,v)+by(v,p)+(gd,v-ns)+a(P- (u+KVep),Pv)={(fr,v)
bf (u,q) =0

¢(’0) = 9o u(,O) =Up

(5.33)

the backward adjoint equation

9¢”
ot

ou*
—(——.v)+ay (W v)+bs(v,p*) = (", v - ns) + a(Pu*, Prv) = ( —u,v)
T (5.34)

bf (u*,q) =0

¢*(’T) :O’ U*(aT) :0’

— (== )y +a, (¢°,0) + (gu* - nyg,y) + (P, Pr (KVy)) = ( — ¢, )
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and
1 1,
¢0 = _¢ ("0)’ uyo=—u (" O) (535)
Y Y

Moreover, note that a(U,V) = (AU,V) = (U, A*V), which gives (A*U,V) = a*(U,V).

Then (5.30)-(5.32) are also equivalent to:

the forward state equation

ou
—+AU+B'p=F,
Fy + +Bp
1BU =0, (5.36)
U('» O) = UO9
the backward adjoint equation
ou* ~
- A'U*+B*p*=U-U,
ot " 8P
BU* =0, (5.37)
U*(-,T) =0,

and

Uy = %U*(-, 0). (5.38)

The coupled systems (5.30)-(5.32), (5.33)-(5.35) or (5.36)-(5.38) are the first order
necessary optimality system. The minimization problem (5.11) is strictly convex, thus the

first order necessary condition is also sufficient.
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5.3. NUMERICAL APPROXIMATION

5.3.1. Finite Element Approximation. In this section, we propose a fully discrete
approximation of the data assimilation problem (5.11), which is based on a finite element
discretization in space and the backward Euler scheme in time.

For spatial discretization, we consider X" = le,’ x X J}i and Q" being pairwise well-
defined finite element subspaces of X = X, X Xy and Q, respectively. These family of

spaces are parameterized by the mesh size 4 that tends to 0, and we assume these finite

element spaces satisfy the inf-sup condition, i.e., there exists a positive constant 5 such that

b(V,
inf b9 (5.39)
0£q€0" gzyexh 191lo IV IIx

As usual, we also assume the following approximation properties: there exist con-

stants k and C, independent of i, v, g and A, such that

inf |y =yl < CH"Wllmer Yo € H™(Qp) 1 <m < k+1, (5.40)
g[/hEXg

inf ||v—wplli < CH"||v]lme1 Vv € H™N(Qp), 1<m<k+1, (5.41)
thX;’. ’

inf} lg = qnllo < Ch™|lqllm Vg € H"(Qf), 1<m<k+]1. (5.42)
qneQ”

For the time discretization we uniformly construct a time grid 0 =7y <t} < --- <
t, <--- <ty =T with time step 7 = % Let I,, = (t,—1, t,] denote the n-th sub-interval, we

use the finite-dimensional space
Xen={V:[0,T] —» X" Vi, € X" is constant in time}.

Let VZ be the value of V; € X; ) att, and X f " be the restriction to [, of the functions in

Xe.
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Given specific h, 7, v > 0 and an admissible set Y: =X "Ny, for the possible

initial values, the fully discrete approximation of problem (5.11) is stated as

N
. 1 - y )
min J;(Uos) = 57 ) U = UG+ S |U 543
min, JiWon) = 3 Z‘ 10" = U115 + 51Ul (5.43)
subject to
Un+1 _ Un
T
] BUZ+1 =0 in (Qh),, (544)
U,=Uy; in X"

Similar to the proof for the well-posedness of the continuous data assimilation
problem, one can prove the well-posedness of the fully discrete data assimilation problem

(5.43)-(5.44).

Theorem 20 Given T = % and mesh size h, for every fixed regularization parameter vy,
there exists an unique optimal solution Uy, € Yf ', such that the cost functional (5.44) is
minimized. The optimal solution continuously depends on the observation data U and the

parameter y.

Furthermore, one can also observe that small y will reduce the stability of the
discrete data assimilation problem.

We expect that the optimal discrete solution of (5.43)-(5.44) converges to the solution
of (5.11). That is, given a fixed v, Ug’ P Ug should be attained when the time step
and finite element mesh size & tend to 0. Essentially, this is not difficult to be observed
by a weakly argument, plus using a L? projection from Y, to the finite element space X"

(cf.[114])

Theorem 21 For a fixed regularization parameter vy, let {U}, }n>0 be the corresponding
sequence of minimizers of the discrete data assimilation problems (5.43)-(5.44). Then

{U(’;‘ L Hh>0 converges to the continuous optimal solution U(’;‘ ash— 0andt — 0.
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5.3.2. Derivation of the Discrete Optimality System. Similar to the continuous
VDA problem, we can derive the discrete optimality system via the Lagrange multiplier
technique for computing the optimal solution Uy ;. We formulate the discrete Lagrange

functional as:

Ly, pn. Uop, U, p, USY)

N N-1
=o7 Z 10" = U315 + S Woalli +7 Y (BU. pi)
n=0

L (5.45)

n+
+TZ< +AU"+1 + Bt — Fo, U
+(U) = Uy, UY),

where Uy, = (UY,U,, U5, ..., UN), U; = (U, U2,...,UNY, pu = (p;. pr. P} -
..,ph) and p; = (ph ,ph p*hz,pf’, . ,pZN ). By a few manipulations on U”, U," and

using the adjoint notation: (AU, V) = (U, A*V),we reorganize (5.45) as

L(ﬁh, p_h, UO hs Uh’ ph9 U*O)

=—TZIIU” Uyl + —||U0h||0+TZ<BU"“, )

N-1
+TZ(B*pZ+1,U )+‘rZ<AU"+1 U," —TZ(F,,H,UZ"
n=0

N-1 l]n+1 U
+1 Z( ol UM+ YUY - Uy U;Y)
(5.46)
+(U) = Uo, Uy)

= —TZIIU” Uyl + —||U0h||0+rZ<BU",p )
n=1 n=1

N N N
+7 Z(B*p',;, U+ Y (AU U -7 Y (F U
n=1 n=1

U*nl Uzn . N *N *0
+TZ< U+ (UY, UN) = (Uo, U3Y).
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Variations in the Lagrange multipliers U?, p ,andU ZO recover the constraint equation (5.44).

Variations with respect to Uy 5, U} and p} yield

OLUpy, pn,Uop, Uz, pr, U) .
78 = (WUon Z) - (U, 20) =0 VZi e Y,

oUo
0L U, pn,Uo, Uz, pz, U0 vl -y
e 3(;]}111 P b )Vh =7( h h ,Vh>+T<A*UZn_1’Vh>
h

+ 7BV, p" Yy 2 (U - U, Vi) =0 VYV, eX" n=1,--- ,N-1,

3£(0h,ﬁh,Uo,h,UZ,ﬁZ,UZO)V UN-1
=

< ,‘7h> < q*lz*N—l,‘7h>
N h
oU

+7(BVy, piV 1y = 2(OY - UY, V) =0 VvV, € X",
LU, pi.Uo . U;, p}, U
ap;,

qh:(B*qh,UZ"_1>:O VgneQ", n=1,---,N.

Using the fact (BV}, pZ”‘l> = (B* pZ"‘l, V1), we obtain the discrete optimality system,
n=0,1,2,3,...,N—1,

n+1 n
vy -U

h n+l « n+l _ pn+l
. +AU," +B'p,” =F"",

BU =0,

0
U, =Uon,
*n+l _ yren
U U,
T

BU;" =0,

" A*U;kln + B*pzn — fjn+1 _ Uz+1’ 5.47)

UN =0,

1.
U =-U;.
Y
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Remark 16 One may observe that the discrete optimality system (5.47) is the same as the
direct full discretization of (5.33)-(5.35). This is because of the special symmetric property
of Euler’s scheme, including the explicit Euler scheme. However, such coincidence may not
happen for other temporal discretization schemes, such as the Crank-Nicolson and most of

the Runge-Kutta methods.

5.3.3. Finite Element Convergence Analysis. In addition to the general conver-
gence resultin (21), one may be more interested in how the convergence behaves in practical
simulations since it will help us properly set up discretization parameters for different sce-
narios. In the rest of this section, we focus on proving that, under enough smoothness
assumption on Uy, U, and U*, the optimal finite element convergence rate is preserved for
each of them.

Recall that the discrete optimality system (5.47) coincides with the direct full dis-
cretization of (5.33)-(5.35) in sense of the operator form, see (5.36)-(5.38). (5.47) hereby
shares lots of similarities with the discretization of classical PDEs except only a few special
terms. Therefore, instead of directly investigating the error equation between (5.47) and
(5.33)-(5.35), we can utilize the FEM results from classical PDEs to study the convergence
behavior in the data assimilation problem.

Before doing so, we need to rescale (5.33)-(5.35) such that the rescaled formulations
possess crucial features for our analysis. The rescaling is achieved by multiplying the first
equation in (5.33) and the second equation in (5.35) with 7, respectively, the corresponding

rescaled bilinear forms are as follows:

ay (U’V) =nasr (u7v)+ap (¢,W)+77<8¢7V nf>
_<u '”f’lﬁ>+77@<Pr (u+KV¢)’PTV>a
ay (U, V) = ay (u*,v) +na, (¢",¢) +nigu” - ng, ) —(¢",v - ny)

+a{Pu*, Pv) +na(Pu*, P (KVy)).
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As stated in the following lemma, both a;, (U, V) and a; (U*, V) are coercive in
the sense of a Garding type inequality, and this property will be frequently used in the

convergence analysis.

Lemma 6 For appropriately chosen positive rescaling parameter 1, there exist constants
Ciyp Coypy Gy, and Cyy such that ay (U, V) and a; (U*, V) are coercive in sense of the

Garding type inequality:

ay (U,U) + CiyllUNG = C2, U, (5.48)

ay, (U*,U*) + C3,|lU*|1§ = Cay U1 (5.49)

Proof: We first prove the coercivity of the adjoint bilinear form a;, (U*,U*). According to

Korn’s, the Cauchy-Schwarz, Poincére’s, Young’s and the trace inequalities, we deduce

a, (U*,U*) + C3, U3

= C34IU”[lg +2v (D (U*) . D (U)o, + n(KV9", V¢ )a, +n(gU" -y, ¢°)
—(¢".U" - ny) + a(PU", P:U") + na(P-U", P (KV§"))

> C3 Ul + ZVIID(U*)IIS + 7 min () V7[5

—ngC1IIVU*|| IIU*II IVe® ||0||¢ IIO +a||PU* N2,

— VU I IV 1211612 = nerdmax () VU [0l V6" o
. . . N Amin (K) (K)
> C3,IU* 12 + 2Cov [ VU2 + dmin () [ V* | — L2012
(Cl (778+ 1))4 *112 * 1 * 2 2/lrznax(JK) %112
S LY — Cov||VU* |2 - —— Tmax ) vy
iy 1971 = oV IVU I} = e WP = T v
_ N Amin(K) (K)
UALLICATL AT
(C(ng +1))* 2
= (Cypy — ——)U*|2 + (C3,y — =222 ) ||g*
(Can = e U + (Con =~ L6
®). .o nl
+(Cov— $>||VU 13+ Mo g

mln (K)
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where C; are generic constants depending on Q, or I, or both Q and I', A, (K),
Amax (K) are the smallest and largest eigenvalues of matrix K, and (Pu, P (KV¢)) is under-
stood as the duality between H(lu/)z(l“) nd (Hl/ 2(F))’ In addition, the above boundedness

1 1
of —(ng + DC||[VU*||5IU*l§ ||V¢*||8 ||¢*||8 is decomposed as follows:

1 1 1 1
= (ng + DCHIVUIIGIT* NGV llg 1"l
IVU*[lollU*llo (g + DCD* 19" loll¢*llo

- 2 2
\ L nzmm(ﬂ@ (Cilng + )" .o
> -Cov||VU*||§ — —— v _ .
VU = fore MU I = F =9 = el
Once one chooses 7 and C3 , satisfying
CovAmin(K 1 (Ci(ng+1))*

222, (K) 16Cov"  4nAmin(K)

there exists a positive constant Cy4;, such that
ay (U*,U*) + C3,|IU*|[g = Cay|IU*13
n ’ 3777 0= 4’77 X

Moreover, proceeding argument similar to above, one can identify n and C,, satisfying

{ (Ci(ng+1))*

CovAmin (K) 1 1
= omin 81Cor ST (D) }, then there exists a constant C5,, such

TS 2, ®
that

and C, > max

ay (U,U) + CiyllUNG 2 CopllUI%-

CovAmin(K)  Covdmin (K) }

The proof is complete by choosing < min{ L) ()

The following lemma is for the continuity of a, (U, V) and a;, (U*, V), which follow
naturally from a group of standard inequalities, such as the trace, Korn’s, the Cauchy-

Schwarz and Poincére’s inequalities.
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Lemma 7 a, (U,V) and a;, (U*, V) are continuous, i.e., there exist constants C depending

onQ, T, n, g a Ksuch that

ay (U, V) < CllU|IxIVIlx, (5.50)

a, (U, V) < C|U*||x|IV]lx- (5.51)

Proof: We provide a sketch proof for the adjoint bilinear form a;, (U, V), since the analysis

of the others is very similar.

a; (U*,V) < 2C3v|lu|lx, IV ]]x, + Crndmas )16 lLx, 1011 x, + Ca(1+ng) e x, 1 I1x,
+ Csarllu” | x, 1911 x, + Conadmas (Kl x, 111 x,
< Cas(lu 1, + 16715, > (W I, + w1} )
+ Cag(llu Iy, + 16715 AW I, + wl,)?
+ CnAmax () (1”11, + 110°13 )2 (01, + Iw113,)?

= ClIU"lIxIVIlx,
where C; and C; ; are generic constants depending on €2, I', and

G35 = max{2C3v, Csa}, Cs6=max{Cs(1+ng), Conadm(K)}

C = max{C35, Cs46, C7nAmax (K)}.

Remark 17 A consequence of Lemma 6 and Lemma 7 is the optimal FEM convergence of
the backward adjoint equation equipped with a regular, non-variable force term. This can

be shown by an extension of the proof in [105, Theorem 4.4].
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In the following, we will use the rescaled norms which are naturally defined as:

T
1
Vil = (llvlZ + 18112)%, ||V||LZ(O,T;L;,(Q)):( / ||V||5,,7dt) ,
0

1

T 2
1
Vo = (IIG +nligll3)?, ||V||Lz(0,T;L@*(Q)):( /0 ||V||(2),n*dt) .

By definition, one can easily establish the norm equivalences for || - [|o, || - [lo,; and || - [|o,*

stated in the following lemma.

Lemma 8 Norms || - ||o, || - |lo,; and || - ||o,,+ are connected each other as:
CyllUlloy < 1UNlo < CylIU o, (5.52)
CyllUlloy+ < 1Mo < G0N0y (5.53)
CollUllog < 1Ullog < CyllU o+ (5.54)
where
C! = min{1 ! }, C2 = max{1 1 }, C3 = min{yp : }, C} = max{\7 : }
= s —J>» = X s —J» = )7’ > = X 77, =
n \/ﬁ n \/ﬁ n \/ﬁ n \/ﬁ

Define notations

0 0 0
Vi = Gy an Gy, (E VY = Gpt) +0fr0),
0 0 0
oV =n(GEw) + Gy, EVY =0l + (fy0).

Then, using equivalent arguments similar to those used for (5.6), (5.7), (5.8), and (5.9), we

can rewrite the continuous optimality system (5.33)-(5.35) as

Y vy, 4 a, (U.V) = (F.V), YV € Xan,

o’ (5.55)
U(-,0)=Uy in L*(Q),
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oU* _
= Vit a, (U V) =T -U. V), WV e Xay,

d (5.56)
U*(-T)=0 in L*(Q),

—

Uy = %U*(-, 0). (5.57)

As mentioned previously, we intend to carry out the convergence analysis for the
data assimilation problem by the finite element convergence results for classical PDEs. A

key step is to introduce the following auxiliary equations:

oUu (U
PIEL) ), sy (U WD, V) = (F. V), W € X
(5.58)

UUou)(-,0) =V, in L*(Q),

oU* (U, R
Ny é o,h),v>;; +al (U*(Uop), V) = U -UUg). V) VYV € X,
l (5.59)

U*(Uos)(~T) =0 in L*(Q),

T Vyyv (U@, V) = T - U VY WV € Xas,
3 (5.60)
U*(U)(-T) =0 in L2(Q).

-

Equations (5.58) and (5.59) are used to remove the concern from the initial condition in
(5.55). Equation (5.60) basically recovers the Galerkin orthogonality we lost between the
continuous and discrete adjoint equations 5.56 and (5.47). Analyzing these equations in

pair,we can establish the inequalities stated in the following lemma.

Lemma9 LetU(Uy ), U* (U ), U (Uy) be solutions of equations ( 5.58),
(5.59) and (5.60), respectively, and let (U,U*,Uy) and (Uy,U;,Uo ) be solutions of the

continuous and discrete optimality systems (5.55)-(5.57) and (5.47), then the following



estimates hold

U - U(Uo,h)||L2(o,T;L3](Q)) < CarrllUo - UO,h”O,n
* *
\U" -U (UO,h)||L2(0,T;L§]*(Q)) = CQ,F,T”U(UO,h) - U||L2(0,T;L%](g))

sup [U™(Up) = U*Won)lloy < CarrllUWon) = Unll 20,122 @)

0<t<T

||U*(Uh) - U*(Uo,h)”LZ(o,T;L%]*(Q)) < CQ,F,T”U(UO,h) - Uh”LZ(o,T;L%](Q))-

Proof: Subtracting (5.58) from (5.55), we have

<5(U - U(Uo))
ot

(U-UUop)(-,0) =Up - Uy, in L*(Q).

Vg +a, (U-UUoy),V)=(0,V), VV e Xy,
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(5.61)

(5.62)

(5.63)

(5.64)

(5.65)

Taking V = U — U(Uy,;) on (5.65), using the coercive inequality (5.48) and norm relation

(5.52), we obtain

d|lU - UUonll5,,
dt

+CoyllU - UWon) ik < CyIIU = UWon)ll5,-

Applying the Gronwall inequality on (5.66) leads to

t
(U - U(Uo,h))(',f)H%,,7 + CQ,F,T/ U - UWo )|} < CarrllUs - Uo,h||(2),,7-
0

Inequality (5.67) gives us

U =UWon)ll1207.02 @) < CarrlUo = Uonlloy-

(5.66)

(5.67)

(5.68)
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Again, we subtract (5.59) from (5.56) to obtain

d(U* - U* (Vo))

=< o Vi, +a, (U =U"(Uon). V)
1 = U, -0),V), VV € Xy, (5.69)

(U* —U*(Uo))(-,T) =0 in L*(Q).

Testing (5.69) with U* — U*(Uy ) and using the coercive inequality (5.49), the Cauchy-

Schwarz, Young’s inequalities and (5.53)-(5.54), we deduce

dIU* - U* Wo I,

+ CayllU* = U* Wo)lly

dt
< (g * G CIN" = U Wonly + 5 51U W0 = Ul

The Gronwall’s inequality immediately implies

||U’l= - U*(UO,h)”LZ((),T;Lf’* (Q)) < CQ,F,T”U(UO,h) - U”LZ((),T;L%](Q))- (5.71)

Finally, subtracting (5.60) from (5.56), we have

B <0(U*(Uh) - U*(Uon))
ot ’

=(UUon) - Uy V), VYV € Xy, (5.72)

V);; + a; (U*(Uh) - U*(Uo,h), V)

(U*(Uy) = U*(Uop))(T) =0 in L*(Q).
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Similarly, by choosing appropriate test function in (5.72) and applying the coercive inequal-
ity (5.49), the norm relations (5.53)-(5.54), the Cauchy-Schwarz inequality, the Young’s

inequality, and the Gronwall’s inequality, the following estimates hold

sup [[U*(Up) = U*(Uon)llog < CarzllUWon) = Unll20.1:12 @) (5.73)

0<t<T

||U*(Uh) - U*(Uo,h)||L2(0,T;L§7*(Q)) < CaorrllU(Uon) - Uh||L2(o,T;L3,(Q))- (5.74)

The proof is completed by putting (5.68), (5.71), (5.73) and (5.74) together.
By using the triangle inequality and inequality (5.61), [U — Uyl| ;20 7 L2(q) can be

estimated as:

U = Unll20.7:22 (@)
< NWU=UWonllr2 0122 () + 1UWon) = Unll207:22 @) 673

< CarrllUo = Uonlloy + 1UWon) = Unll 20722 0))-

One also can bound ||U* — UZ”Lz(O’T;Lz*(Q)) using inequalities (5.62), (5.64) and (5.61),
n

N\ - Uzlle(O,T;Lf]*(Q)

< |U* - U*(Uo,h)||L2(o,T;L37*(Q)) + U (Uon) - U*(Uh)”LZ(O,T;Lf]*(Q))
+[|[U*(Uy) - UZ||L2(0,T;L§7*(Q))

< Corr(lUWon) = Ull 20,702 () + 1UWo.r) = Unllr2 0,702 02)) (5.76)
+||U*(Up) - UZ||L2(O,T;L31*(Q))

< Carr(lUo = Uonllon + IUWo.n) = Unll 20,702 0))

+|U*(Uy) - UZ”U(O,T;L?)AQ))'
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Note that Uj, and U, are the classical finite element approximations of U (Uop) and U*(Up),
which is as desired. From (5.75) and (5.76), we observe that the bounds for the error in
these classical finite element approximations depend on [|[Uy — U 1 ||o,,, which is estimated

in the following lemma through two given equalities Uy = %U “(-,0)and Uy, = %U}“ZO.
Lemma 10 Let Uy, Uy, U;O , U"(Upp)(-,0) be functions defined in equations (5.33),
(5.47), and (5.59), the following error estimate holds:

Car 1 "
100 = Toullo < == U o) (- 0) = Ul (5.77)

Proof: Using U, = lU*(-, 0) and Uy, = 10 we have
Y ’ Y h

1 £ *
Uy — Upll3 = ;(U (-,0) = U, Uy - Up )
1 * *
= ;(U (,0) =U*(Uo,p)(+,0), Uy - Up ) (5.78)

1 % #
+ ;(U (Uon) (- 0) =U;°, Uy — Uy p).

Taking V = U* — U*(Uy, ) on (5.65) without the scalar n and integrating with respect to ¢,

we obtain

T _
/0 (5(U ;](Uo,h))’U* _ U (Ugp))dt

! (5.79)

T
+/ a(U—U(U()’h),U* —U*(U()J,))dt =0.
0
Integration by parts with respect to 7 on (5.79) results in

(U -UWon)(-,T), (U =U (Uon)) (- T))

~ (U ~UWon)(,0), (U = U’ (Uo))(-.0))
_/QMW—WWM» (5-:80)
0

U -UU dt
Y (Uo,1))

T
+/ a(U - U(Uo’h),U* - U*(Uo’h))dt =0.
0
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Using equation (5.69) without the scalar 1 and the fact a(U — U(Uy ), U* — U*(Uo;)) =

a* (U -U"(Uyp), U -U(Uyy)), we simplify the previous equation as

(U -UUon)(-,0), (U =U"Uon))(-0))

T
- /0 (U ~U(Uo). U~ U(Uop))dr.

The nonnegativity of /OT(U -UUy ), U-U(Uy,p))dt and the equality in (5.78) immediately

show
CQ,F o %0
IUo — Uoplloy, < THU Uo.n)(,0) = U, o5
2
where Cor = %, this is the fact using the norm relations (5.52) and (5.53).
n

Using (5.77) and the triangle inequality, ||Up — Up 1|0, can be bounded as below

Cor .. .
lUo — Up,nlloy < THUhO = U (Uon) (-, 0)|lop

Car .« . Car . .
< TFIIUhO U (Un) (-, 0)llo + TFIIU Un)(-,0) =U*(Uo,n) (-, 0) 0+

Cor _ Car (5.81)
< —= max ||US-U"Up)(-,t)lloy +—— sup [[U(Up) = U Uo,n)llo,
Y 0<i<N-1 Y oo0<i<T

CQ’F % * CQ,F
< y OSrirg}\)f(—l ”Uhl -U (Uh)(9 ti)”(),r]* + y _”Uh — U(Uo,h)”Lz(O,T;L%(Q))'
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Summarizing (5.75), (5.76), (5.81) and the classical FEM error estimates [105, Theorem

4.4] and (17), we finally arrive at the estimation

1Uo = Uoplloy + 11U = Unll p20.7:22 () + IU” = UZ”Lz(O,T;Lf,*(Q))
< CarrllUo = Uonlloy +1UWon) = Unll 20722 (0
+||U*(Uy) - UZHL?(O,T;Lf]*(Q))

Carr ;
< ——— max ||U}-U"(UypC(.,¢t +
y 0<i<N-1 ” h ( h)( l)”O,n

Carr

1Ur =UWon) 20,722 )

1
< Cyarr(h™ +1),
where r is the polynomial degree of the finite element basis function.

Theorem 22 Let (Uy,U,U") and (Uy j,, Uy, UZ) be solutions of the continuous optimality
system (5.33)-(5.35) and discrete optimality system (5.47) respectively. Assuming the input

data are smooth enough, then the following error estimate holds

1Uo = Uo,nlloy + IU - Uh||L2(o,T;L§7(Q)) +||U* - UZ”LZ(o,T;Lf*(Q))
’ (5.82)

< Cyorr(h* +1),

where Cy o1 1 IS a constant proportional to % and also depends on Q, I" and T.

The inequality in (5.82) indicates that very small regularization parameter y may
have a negative impact on the numerical accuracy. Therefore, in practice, more refined /

and 7 are necessarily applied to offset the impact from a small y.



5.4. ITERATIVE METHODS FOR SOLVING THE DISCRETE

OPTIMALITY SYSTEM
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Due to the complex structure of Stokes-Darcy model and the forward-backward

coupled temporal nature in the optimality system, solving the (5.47) directly results in an

extreme large coupled linear system [54], thereby being very computationally expensive.

Hence we propose two iterative algorithms, the conjugate gradient method and the inexact

line search steepest descent method, to decouple the discrete optimality system.

5.4.1. Matrix Formulation. For the description of the iterative methods, we intro-

duce the matrix formulation for the fully discrete optimality system. By definition of the

operators A, A*, B, B*, the discrete OptS (5.47) at each time step can be written as

n+l n
¢h ¢h
1
M, uZ“ L
n+l n
Dy Py
1
¢Zn+
_%Ma u*n+1 —
+1
Py
¥ [0
. h
UiN = =
*N 0
u, 0

¢Z+l
+ S uZ+l =
PZH
¢,
ul" + 5"
Py
, Upp=1

*1
P

n+1

psh 0
¢
n+1 UO = h
ff h 9 h b
s uo
6 h
i+l n+l
P P
= ﬁzﬂ -M, uz+1 ,
0 0

(5.83)
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where M,, S, and S* in (5.83) are formulated as:

My 0 0
M, 0
M, = 0 M, , OF, Mgy = >
0 M,y
0 0 O
Ses Sus O Sas Siy O

S={Sou Sau+Suu Spul|> S =S5, SautSiu Spul-
0 Sup 0 0 Sup 0

Here, the related matrices Mg, My, Sags Sau> Sug> Suus Sous Spus Sups SZ¢, Suus S;u and

other vectors f ”*1, f i ¢Z+1, and 172“ are assembled as follows:

My = [/ W iidxdy
Qp

Spu = —/ q;V - vidxdy
[

s Mgy =

/ KVlﬂle//,dxdy .

14

/vj-v,-dxdy Sap =
Q |

Sup = Shu»Sau = / 2vD (v;) : D (v;) dxdy|,
| JQ

»Sup = — [/Vj'nfl//idS],
r

/ozPijPT (KV!//,) dS] ,
r

S(;Su = /gl,iji . nde + /QP-,- (KV!//J) PvdS
LJT r

Suu: /CYPTV]PVdS:|,Su¢— [/gv]nfl//zdS +
| J T

[/w]v, nedS|,

I = [/ fr(tusn)vidxdy|,

An+1 / ﬁ(tn+1)vidxdy s
Qf

where {¢;}, {v;} = (vi,v;)T and {g;} are basis functions of the finite element spaces X",

Sou = /aPTv]P vidS|,
| Jr

;1,711: / Jp(tne1)Yidxdy |

(Z;ZH = / ¢(tn+l)wthdy

X ? and Q" respectively.
5.4.2. The Conjugate Gradient Method. Motivated by the fundamental conjugate
gradient method in [54, 68], to efficiently solve 5.47 we propose the following iterative

method to decouple the equation system: given Uéoh), U(l) and €, solve the following
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IA

equations sequentially until the stop criteria ||U(()':1) - U(()i;l llo < € (or ||yU(()izl) - UZO(M) llo <

€) is satisfied:

1 . Wi
y ¢Z+ U] ¢Z(l) ¢Z+ 0] 1;1,4];1
a 1(i i 16) | —
el | el B A | R il R g
L . L R
pz+ () pz(l) pz+ 0] 0 (5.84)
ot
o | %"
Uh = NE
100
h
sn+1(7 #n(i sn(i -~ 1(i
y ¢hn+ (@) ¢hn(l) ¢hn(l) ¢I;l+1 ¢Z+ @)
_ Ma sn+1(i) | _ #n (i) * «sn(d) | — | ~n+1 | _ n+1(i)
= || u, +S5 u, =\ uy* M| ufy ,
sn+1(i *n(i *n(i = =
phn+ @) phn(l) phn(z) 0 0 (585)
*N (i) A
UV — D) _ 0
e oaNvag |z
u, 0
Ug(l""l) — Ug(i) + §i+1Ei(UZO(i) _ )/Ug(i)) + ni+1Ci(U2(i) _ Ug(i—l))’ (5.86)
where n = 0,1,2,3,..., N — 1 is the time moment, i = 0,1,2,3,... is the iteration step,

U 2(0 , Uz(i), andU Z"(i) are iterative sequences, E "and C' are two symmetric positive definite

matrices, /™! and n'*! are parameters updated at each iteration.

Following the ideas in [54, 55] we use E’ and C' as identity matrices, **! and n'*!
are then updated as
. 1 . Py
i+1 _ i+l _
&= 7 n = F’ (5.87)
where
0 i=0, LA 117
i_ i+l _ L i P L.
e = e = ||Xi||2 , 1=0,1,2,3, .
L2 0 4> 0’ 0
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Here y' = yUg(’) - UZO(’) and || x'|lL = (Lx", x')&. The operator L acting on x' is defined

as follows
n+l n n+l N
M ¢L,h L,h ¢L,h 0
a n+l | — n + 9 n+l | = 1A
- 1%L Upn Urn 0
n+l n n+l Pt (588)
P P Prn 0
0 _
Upw=x
#n+1 N N n+l
Prn DL DL L
_7a wn+l | — *n + S* n | =—-M n+
- [ %L.n Upn Upn alpn |
#n+1 N *Nn Pt
pL,h pL,h pL,h 0 (589)
U*N——O
L,h - > |
0
0
L,h
Ly'=vyx' - . (5.90)
u'
L,h

We summarize the above iterative scheme as:

Algorithm 12 Step 0 (Initialization): Specify a convergence tolerance €, guess two initial
functions U 2(1‘) and U ,i(i), and then start the iteration at step i = 1.

Step 1 (Forward phase): Use Ug(i) as the initial condition to solve (5.84) forward
JorU®, n=1,2,3,---.

Step 2 (Backward phase): Pass UZ(i), n=123--- to (5.85) and solve (5.85)
backward for UZO(i).

Step 3 (Computing operator L):
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(1) Set x' = )/Ug(i) - UZO([) as initial value to solve equation (5.88) forward to

L
obtain u’L’ Wl
PLi
* *0
o P
(2) Pass uy" [to (5.89) and solve equation (5.89) backward for attaining uzoh ;
3k, *0
er,lh Prn
¢;
(3) Compute Lx' =y x' — N
),

Step 4 (Update phase): Calculate ¢, n"*' by using (5.87) and then update

U?l(iﬂ) _ Ug(i) + é«i+1Ei(UZO(i) _ 7U2(i)) " ni+1ci(U2(i) _ UZ(H)).
Step 5 (Criteria for stopping the iteration): Compute ||U2(i+1) — Ug(i) llo- If||U2(i+l) -

Ug(i) llo < € then stop. Otherwise go back to Step 1 and continue.

5.4.3. TheInexact Line Search Steepest descent Method. The conjugate gradient
method described above has a descent convergence rate and solves the discrete optimality
system (5.47) effectively in most cases. However, its descent direction is sensitive to
the stability of the data assimilation problem which can hinder the convergence of the
conjugate gradient method for a problem with a low stability which might be caused by a
small regularization parameter y in the cost functional (5.43).

This shortcoming motivates us to propose a steepest descent method in [52, 53] that
gains more stability at the cost of a lower convergence rate. To begin with, we need to
calculate the derivative of the cost functional (5.43) and find out its representation in the

admissible set,

N
JUonZy=71 ) (U" = Uy (U Zy) + (YUos. Zr) VZy € YL, (5.91)
n=1
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Note that (U})’Z, is essentially equal to U}’ which is the solution of the following discretized

equation
(Lln+l wn
b Th oy A 4 B =0, BUM =0, U = Z), (5.92)
T
N-1
N-1 *n
*1 ¢h
To compute J; (Uo,z)Zj, we introduce the adjoint variables h = u and let
*n
ph n=0 p*n
h n=0
N-1
*n
) |7
UZN = =0, u;" is the discrete solution of equation:
N
uh *Nn
ph n=1
U*n+l .y
——r__h . LA U+ Bt = U - UMY, BU =0, U =0. (5.93)

Proceeding the similar technique as (5.46), the derivative of the cost functional (5.44) is

obtained as
IUon)Zy = (YUo —U;Y, Zy), (5.94)

and yUy j, — UZO is the gradient of J;, at Uy j,.
With the gradient information in (5.94) we now present the steepest descent method

to solve the discrete data assimilation problem: given UO(Z)

and e, solve the following
equations sequentially until the stop criteria |U 2(l+1) -U 2(1) llo < €(orllyUy, (i+1) -U, 0D <

€) is satisfied:

1 1
y ¢n+ (i) ¢n(l) ¢n+ (i) I:,}_l]
Ta u};+1(i) _ un(z) +S uZH(i) — },:;ll ,
1(i 1(i =
b, pZ+ (l) p’;l(l) p;ll"' (l) 0 (5.95)
0
00 _ ¢, @
v :
uO(z)
h
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wn+1(i #n(i sn(i - 1
N ¢hn+ (@) ¢hn(l) ¢hn(l) ¢r}ll+1 ¢’;l+ (i)
_Ta u2n+1(i) _ uzn(i) + S* uzn(i) — ﬁzﬂ - M, ul;l+l(i) ,
wn+1(i *n(i #n(i = =
) phn+ (i) phn(l) phn(l) 0 0 (596)
=N (i) 3
U*N(i) _ ¢h _ 0
h - *N(l) s
u, 0
i+1 ) 1 *0(i 0(i
Ui = Uy, + 0 0 - U ), (5.97)

wheren =0,1,2,3,...,N — 1 is time moment, i = 0, 1,2,3, ... is the iteration step, U(()iz,

U Z(i), U Z"(i) are iterative sequences, and 77'*! is a constant called the learning rate.

To reduce the iterations and improve computational efficiency, the learning rate n'*!
is determined by using the inexact line search algorithm: find 5"*! via repeatedly solving

(5.95) with initial value
U(()le) = U(()’}Z + ni+1(UZO(i) - 7U&) by updating 5! = pp'tl,
until the following inequality is satisfied
IUD) < 1U§) + 0™ L), URY = yU ), (5.98)

where n*! is typically initialized as a constant equal or greater than 1, § and p are chosen
between (0, 1).

We summarize this inexact line search descent algorithm as follows:

Algorithm 13 Step O (Initialization): Specify a convergence tolerance €, guess initial

Sfunction U, ©

Y and start the iteration step i = 1.

Step 1 (Forward phase): Use Uéiil as initial condition to solve equation (5.95)

forward for UZ(i), n=1,2,3,...,N.
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Step 2 (Backward phase): Pass Uz(i), n=1,2,3,...,N to equation (5.96) and solve
equation (5.96) backward for U Zo(i) .
Step 3 (Inexact line search for n*!):
(1) Initialize a constant n”l >1l,set0<p<land0<o6<1;
(2) Use U(()izl) = U(()i;l + ni”(UZO(i) - )/U(()iz) as initial value to solve equation
(5.95) forward to obtain U}, for computing Fh(U(()le));
(3) Update n'*' = pn*! until inequality (5.98) is satisfied;
(4) Output n'*'.

Step 4 (Update phase): Use n'*! from Step 3 and then update
U5 <Ol O )

Step 5 (Criteria for stopping the iteration): Compute ||UZOU) — yU(()i}ZH, if ||U20(i) -

yU(()i;lll < € then stop; otherwise, go back to Step 1 and continue.

Remark 18 [f the admissible set is in a box constraint: Y:d ={Upp € L*(Q) : a < Uy, <
b}, for both of the conjugate gradient and steepest descent methods, we need to project
the U(()le) (at each iteration of the Update phase) onto Y;‘ , L.e., the update in Step 4 is
replaced as: U(()le) = max{a, min{b, U(()le)}}. This is then called the projected gradient

method.

Remark 19 (Application of the Incremental POD) The incremental POD technique can
be used in the Forward phase for both conjugate gradient method steepest descent method

to save computer memory.
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5.5. NUMERICAL EXPERIMENTS

This section presents numerical results to demonstrate the optimal convergence
established in Section 5.3 and the performance of the state prediction using the algorithms
developed in Section 5.4. The Taylor-Hood finite element method is applied for the space
discretization.

5.5.1. Verification of the Finite Element Convergence Rate. In this example, we
letK=La=1g=1 9, =(0,7)x(0,1), Qr = (0,7) x (=1,0), I' : x = 0, and
Ulso = 0. Based on the numerical example in [115], whose analytic solutions satisfy the
Beavers-Joseph interface conditions, we choose the following initial functions and source

term functions:

Wo =((2 — msin(zx)) (=y + cos(m(1 = ))), x>y + e, (=2/3)xy> + 2 — zsin(7x))7,
fp =cos(2mt) (72 (2 cos(n(1 — y)) — 27 sin(zx) cos(x(1 — y)) + xy sin(7x)))
— 27 sin(271) (2 — 7 sin(7x)) (—y + cos(x(1 = y))),
fi =cos(2x1) (=2y* — 2x% — e™ + 7% cos(nx) cos(27y))
— 27 sin(2nt) (x*y? + e7Y) sin(27t) (=27),
f> =cos(2xt) (4xy — 7> sin(7rx) + 271(2 — 7 sin(7x)) sin(27ry))

2
-2 sin(27rt)(§xy3 + 2 — msin(7x)).

To construct a set of smooth observation data satisfying both the interface conditions and
homogeneous boundary conditions, we numerically solve the Stokes-Darcy model with
h = 1/64, T = 1/4000, initial function Wy, and source term F = (fy, fi, f»)7 in the
time interval [0,0.75]. Then the numerical solution in the time interval [0.25,0.75] is

considered as the observation data U.
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Table 5.1. The finite element convergence rate of the recovered initial condition ¢q of the
Stokes-Darcy equation.

Y | ll¢o =g 1llo | llgo =g illo | rate | |lgo— g llo | rate
1 | 1.16x107%2 | 1.30x 107 [3.15] 1.20x 10" | 3.44
1] 419x107% | 490x 107 [3.09| 4.70x10* | 3.38
5 | 9.83x1072 | 1.22x1072 [3.01 ] 1.30x 10~ [3.23
05 | 1.14x 1071 | 1.41x 1072 [3.02| 1.50x 107 |3.23

Table 5.2. The finite element convergence rate of the recovered initial condition uq of the
Stokes-Darcy equation.

v | llwo—wugillo | lluo—uy Lo | rate | [luo—uy 1]lo | rate
1 | 210x107° | 242x 107 [3.12| 2.91x10* |3.06
1] 1.03x107% | 1.25x107 [3.04 | 1.41x10* |3.15
5 | 494x107 | 6.00x107> [3.04| 6.64x107 |3.17
505 | 6.69%x1072 | 8.65x1072 |2.95] 8.80x10~° |3.29

Table 5.3. Relative finite element errors according to y of the Stokes-Darcy equation.
R%0 — go=donllo puo _ [lo—uo.nllo
= lgollo > "h = lluollo

y | R | R® | R? | R | R™ | RY

8 16 32 8 16 32
1 [ 0.2184 | 0.0247 | 0.0023 | 0.0972 | 0.0119 | 0.0013
1102341 [ 0.0278 | 0.0027 [ 0.1167 | 0.0143 | 0.0016
& | 0.2496 | 0.0314 | 0.0033 | 0.1649 | 0.0208 | 0.0023
51 0.2524 [ 0.0313 | 0.0034 | 0.1811 | 0.0236 | 0.0027

For the data assimilation problem, we use the mesh sizesof 1/8,1/16,1/32,1/64 and
time step sizes of 1/16, 1/128, 1/1024, 1/4000 to produce numerical solutions, based on the
conjugate gradient method. For each 7y, the numerical solution with 2 = 1/64, 7 = 1/4000
is considered to replace the analytical solution when computing the numerical errors. Tables
5.1-5.3 illustrate the convergence performance. From tables 5.1 and 5.2, we can see that the
L? norm errors for ¢ and U appear to converge optimally. In addition, the relative errors in
table 5.3 become larger when y decreases, which is consistent with the conclusion that the

coefficient Cy q ;7 in Theorem 22 is proportional to %
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5.5.2. Data Assimilation Performance. We now investigate the performance of
the state forecast for Stokes-Darcy model utilizing the data assimilation methods developed
in this Section. Let K =1 a =1,g =1, Q, = (0,7) x (0,1), Q = (0,7) x (-1,0),
I':x=0,Ulsqg =0, and

F = (zsin(x) + cos(y) +3/2, x>+ y+cos(y) +1, sin(y) +2x+y+2)7,

(2 - msin(7x)) (—y +cos(n(1 = y))) + y +sin(x),y > 1,
$0 =1 (2 — wsin(mx))(=y + cos(m(1 = y))) + y + cos(x),y < —%,

(2 —msin(zx))(—y + cos(m(1 —y))), otherwise ,
(x?y? + exp(—y)) + L +sin(y), y > 3,

10 =\ (x?y? + exp(-y)) + 3 +cos(y),y < -1,

(x2y? + exp(—y)), otherwise ,

—2xy? +2 — wsin(zx) + 1 +sin(y), y > 1,

Uz = —%xy3 +2 —sin(zx) + 1 +cos(y) +x,y < —3,

2.3 . :
—2xy” +2 — msin(rx), otherwise .

Set h = 1/20, T = 1/100. To construct a set of non-smooth observation data
satisfying both the interface conditions and homogeneous boundary conditions, we nu-
merically solve the Stokes-Darcy model with initial function Uy = (¢, ujo, uz)’ and
source term F = (f,, fi, f>)T in the time interval [0, 1]. Then the numerical solution in
the time interval [1/20, 1] is considered as the observation data U, without noise. The
observations U, with noise is produced by adding perturbation with normal distribution
N(O, %) toU;. The L2and L norms, which are defined as ||U||i~2 = (Zivzl T||U”||%)% and

NU||L> = sup<,<y IU"||L=(q), are used to measure the errors.
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For observations without noise, table 5.4 shows the errors between the numerical
solutions and the observation data U 1 as well as the number of iteration steps. For ob-
servations with noise, table 5.5 shows the errors between the numerical solutions and the
observation data U, as well as the number of iteration steps. We can see that the errors
between the numerical solutions and the observations become smaller when y becomes
smaller. Furthermore, the convergence comparison between the conjugate gradient method
and steepest descent method indicates that the conjugate gradient method is preferred for the
moderate y because of its higher convergence rate, and the steepest descent method is a prior
option for a small y due to its better stability. All of these agree well with our expectation
and validate the methods proposed in this Section for solving the data assimilation problem

of Stokes-Darcy model.

Table 5.4. Data assimilation result without noise for the Stokes-Darcy equation. The L2-
and L°°- norm errors between U; and the numerical solution Uj,, NI=Number of Iteration.

The conjugate gradient method The steepest descent method
Y | WWn=Uillgz | lUx=UillL> | NI | [[Uy = Uillz | [lUp = Uille~ | NI
1 0.2441 0.3764 6 0.2441 0.3764 6
% 0.1725 0.2713 9 0.1725 0.2713 63
ﬁ 0.0299 0.0519 18 0.0298 0.0517 432
ﬁ 0.0039 0.0058 49 0.0038 0.0057 713
m \ \ 00 0.0022 0.0043 1135

Table 5.5. Data assimilation result with noise for the Stokes-Darcy equation. The L2 and

L®-norm errors between l72 and the numerical solution Uy, NI=Number of Iteration.

The conjugate gradient method The steepest descent method
Y | NWUn =l | lUn=Uslle~ | NL| Uy = Usllz5 | [lUp = Us|[r~ | NI
1 0.2503 0.3845 6 0.2503 0.3845 6
% 0.1806 0.2812 9 0.1806 0.2812 63
Wlo 0.0432 0.0684 18 0.0431 0.0683 433
Wloo 0.0198 0.0272 52 0.0196 0.0270 716
W%OO \ \ 00 0.0180 0.0230 1139
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5.5.3. Data Assimilation Results using Incremental POD. Besides the classical
gradient methods, we provide the data assimilation results using incremental POD data
compression in this section. We use the same model parameters in Section 5.5.2 to generate
the observations without introducing noise. The time step size and mesh size are given
7 =1/400 and h = 1/20, respectively. The regularization parameter y is 1/10.

Table 5.6 shows that the use of incremental POD saves computer storage around
90%, which effectively solves the memory issues in the gradient descent method from the
data assimilation problem. In Table 5.7, simulation accuracy is not affected by using the
approximated data when relatively small POD truncation is applied. This is might because
the gradient method itself is correcting the information deviation to rule out the sacrifice
from the incremental POD procedure. It might be also due to the total information loss
from incremental POD in our numerical experiment is minimal. More investigations are
deserved for this promising POD behavior in optimizations.

Table 5.6. Memory saved from the incremental POD with relatively large truncation for

the data assimilation of the Stokes-Darcy equation. the Gradient convergence tolerance is
1073, the POD truncation thresholds are all 10719,

Storage Saved During Gradient descent Iterations

Original Data size | Compressed Data size | Storage Saved
1) 1681 x 400 1681 x 21 89%
uj 1681 x 400 1681 x 20 90%
u 1681 x 400 1681 x 20 90%

Table 5.7. Data assimilation comparison between the use and no use of the incremental POD
for the data assimilation of the Stokes-Darcy equation. D?: observations; Dj,: numerical
results without using POD; D}Cl : numerical results using POD truncation thresholds 10719,

Error Comparison to Observations

ID? = Dyl 201220 | 1P° = DS 20209
1) 0.03827 0.03827
ui 0.05158 0.05158
uy 0.04234 0.04234
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6. CONCLUSIONS

Based on the optimal control theory, we proposed the variational data assimilation
method to improve the state prediction of a dynamical system with interface conditions.
In this dissertation, we made contributions for dealing with such problem in multiple
perspectives. First, up to our knowledge, this is one of the pioneer works on data assimilation
for interface problems. Second, based on a weak interpretation of the dynamical system, we
rigorously formulated the data assimilation into an optimization problem, and established
the existence, uniqueness, and stability of the optimal solution. We derived the first order
optimality system by dual method and Lagrange multiplier rule. Third, we present a fully
discrete approximation of the continuous data assimilation with finite element methods, and
demonstrated the optimal finite element convergence rate via employing skillful numerical
techniques. In addition, besides the implementation of classical gradient descent methods,
we develop the time parallel algorithm and proper orthogonal decomposition methods to
optimize the computational resource during the data assimilation procedure.

The promising numerical performances encourage us to further investigate more re-
alistic and complex data assimilation scenarios, such as the consideration for dual-porosity
models, nonlinear governing systems, inhomogeneous Dirichlet boundary condition, inho-
mogeneous interface conditions, and sparse data simulation. Besides, we also keep eyes on
parallel computing and POD methods, especially, the iterative nature of parallel computing
may enable us to imbed the reduced basis method to greatly optimize the computational

efficiency.
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