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ABSTRACT

Proper orthogonal decomposition (POD) projection errors and error bounds for POD
reduced order models of partial differential equations have been studied by many. In this
research we obtain new results regarding POD data approximation theory and present a new
difference quotient (DQ) approach for computing the POD modes of the data.

First, we improve on earlier results concerning POD projection errors by extending to
a more general framework that allows for non-orthogonal POD projections and seminorms.
We obtain new exact error formulas and convergence results for POD data approximation
errors, and also prove new pointwise convergence results and error bounds for POD projec-
tions. We consider both the discrete and continuous cases of POD within this generalized
framework. We also apply our results to several example problems, and show how the new
results improve on previous work.

Next, we consider the relationship between POD, difference quotients (DQs), and
pointwise ROM error bounds. It is known that including DQs is necessary in order to prove
optimal pointwise in time error bounds for POD reduced order models of the heat equation.
We introduce a new approach to including DQs in the POD procedure to further investigate
the role DQs play in POD numerical analysis. Instead of computing the POD modes using
all of the snapshot data and DQs, we only use the first snapshot along with all of the DQs
and special POD weights. We show that this approach retains all of the numerical analysis
benefits of the standard POD DQ approach, while using a POD data set that has half the
number of snapshots as the standard POD DQ approach, i.e., the new approach is more

computationally efficient. We illustrate our theoretical results with numerical experiments.
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1. INTRODUCTION

Proper orthogonal decomposition (POD) is a model order reduction technique for
partial differential equations (PDEs) and other mathematical models. With this method,
modes are computed from simulation or experimental data and a Galerkin projection is
used with these modes to reduce the model. Because POD reduced order models often have
very low dimension, they can be used to efficiently simulate computationally demanding
problems. Therefore, POD has been used in many fields of study including fluid dynamics
[2,3,4,5,6,7,8,9, 10] and control theory [11, 12, 13]. For more information about POD
and many known results, see, e.g., [14, 15, 16, 17]. Because of the wide use of POD in many
application areas, it is of great interest to study the approximation errors in POD model
order reduction procedures. Numerical analysis results for POD reduced order models of
PDEs were first obtained by Kunisch and Volkwein [18, 19], and then by many others; see,
e.g., [1,20,21,22,23,24,25,26,27, 28, 29, 30, 31, 32, 33, 34] and the references therein.

In this work we obtain new results regarding POD data approximation theory and
present a new difterence quotient (DQ) approach for computing the POD modes of the data.

Understanding POD data approximation errors is typically important for these nu-
merical analysis works. To see this, let w be the solution of the mathematical model, let w,
be the solution of the POD reduced order model, and let 7, be a projection onto the span of

the first r POD modes. Split the error as

wW—-w,=p,+0,, pr=w-mw, 6,=mw—w,.

Energy estimates can often be used to bound 6, by quantities including various norms of

Pr, the POD data approximation error for that projection.



In [1], exact error formulas and convergence results were proven for norms of p,
involving two Hilbert spaces, where one space is a subset of the other. In that work, Singler
considered the continuous POD setting and proved results for different combinations of
POD spaces, projections, and norms. Shortly after [1], [liescu and Wang [25] provided
analogous error formulas for the discrete POD case, and many of the recent numerical
analysis works mentioned above use results from [1, 25] or extensions of these results to
other scenarios.

As POD is increasingly applied in a variety of situations, it becomes more useful
to have error results that can be easily applied in a wide range of scenarios. Therefore, in
Section 3 we extend POD data approximation results in [1, 25] to a generalized framework
that allows us to treat non-orthogonal POD projections and seminorms. We prove new
error formulas and convergence results for norms of quantities involving p, = w — m,.w with
various POD projections 7. We also prove new pointwise convergence results for different
POD projections. Non-orthogonal POD projections have been used in the numerical analysis
for POD reduced order models [24, 27]; however, the exact POD data approximation error
formulas and convergence results obtained here are new. Exact POD data approximation
errors using various seminorms have been obtained in some cases (see, e.g., [35, Section
3.3], [28, Lemma 3.1]); the general extension and convergence results in this work are new.
Finally, some pointwise convergence results for POD projections were obtained in [1]; we
obtain new error bounds and improved convergence results here.

The POD data approximation error formulas presented here are exact and do not
require the use of POD inverse inequalities. We consider both the discrete and continuous
cases for POD and generalize the setting in [1, 25] to allow a linear mapping between two
Hilbert spaces to act on the data. We require minimal assumptions on the data, the linear

operator, and the Hilbert spaces; the assumptions we do require are naturally satisfied in



many applications and allow us to obtain convergence results even in the fully continuous
case when the data has infinitely many positive POD eigenvalues. Note that most of the
proof strategies in this work are new; some proofs do rely on techniques from [1, 36].

As mentioned above the widespread use of POD in applications has caused many
researchers to study POD ROMs from a numerical analysis perspective. In order for POD to
be beneficial for applications, researchers must understand how the various errors ivolved
behave. To fully understand this for PDEs, three types of error must be considered: spatial
discretization error, time discretization error, and ROM discretization error. The optimality
of these errors is of particular concern. POD numerical analysis papers tend to focus on the
time discretization error and the ROM discretization error since the spatial discretization
error can typically be handled using existing techniques. For more information on these
three types of error and the numerical analysis of POD, see the introduction of the recent
work [37]. In this thesis, we focus only on the POD ROM errors which leads to an improved
understanding of the numerical analysis of POD ROMs, particularly in regards to difference
quotients and pointwise error bounds.

In Section 4 we focus on various approaches to creating POD modes from the data.
Two of the most common existing methods are considered, and we introduce a new method.
The first existing approach is a standard method to compute the POD modes and uses
only the data, and the second existing approach utilizes both the data and the DQs of the
data. Researchers originally started including DQs in the POD calculations to improve the
numerical analysis results for POD reduced order models as in [18]. For other numerical
analysis results for POD ROMs using difference quotients see [19, 38, 39, 40, 41]. Further,
DQs have been used in many reduced order modeling applications including feedback
control for PDEs [42], subdiffusion equations [41], modeling the dynamics of a spiking
neuron [40], and partial-integro-differential equations in financial modeling [43]. For a

variety of additional applications see [31, 44, 45, 46].



Researchers have been curious about the role DQs play in the behavior of the ROM
and whether or not they should be included in the POD computations. In general, results on
this topic were inconclusive. However in 2014, substantial progress was made by Iliescu and
Wang in [38] towards understanding this. In [38] a notion of optimality was introduced and
their results strongly suggested that DQs are needed to achieve optimal pointwise-in-time
convergence rates. Recently in [37], further progress was made. In this work it is shown that
a critical assumption often made when using standard POD without DQs is automatically
guaranteed to be satisfied when DQs are included with the data. The notion of optimality
introduced in [38] is extended, and it is shown that including difference quotients results in
optimal POD projection errors and ROM errors. The second primary goal of the thesis is
to further investigate and understand pointwise error bounds in the POD-ROM setting.

To do this, in Section 4 we introduce a new approach to deriving POD modes from
the data. When using all of the data with all of the DQs, the resulting data set is linearly
dependent, i.e. the data set being used contains redundant information. This also leads to
more costly POD basis computations compared to standard POD without DQs. In order to
improve this situation, we consider the following question: Can we obtain all of the same
numerical analysis benefits of using DQs with POD using a data set without redundancy?
We show that the answer is yes, if we choose the data set and POD weights in a correct
way. For our new approach we use only the first data snapshot and all of the difference
quotients. This new approach to using DQs with POD uses a data set without redundancy in
the following sense: if the original set of M snapshots is linearly independent, then the data
set used in our new DQ approach has dimension M and is also linearly independent. Using
this new collection of data and special POD weights, we are not only able to approximate
the DQs and the one regular snapshot, but all of the other regular snapshot data as well.
With this method we also prove that we retain the numerical analysis benefits that come

with having the DQs in the POD data set.



The material in this dissertation is mostly from the works [47] and [48]. Some small
changes have been made to increase readability and unify information, notation, and results

between the works.



2. BACKGROUND

In this section, we recall some functional analysis background material, the basic
theory for discrete POD and continuous POD as well as results on the optimality of POD.
For details and proofs for the basic discrete and continuous POD theory, see, e.g., [14, 15,

19, 49, 50, 51] and also Section 2.2.3.

2.1. FUNCTIONAL ANALYSIS BACKGROUND

Let V and W be Hilbert spaces with inner products? (-,-)y and (-, -)w and corre-
sponding norms || - ||y and || - ||w. Throughout this work, the scalar field K for all spaces is
either K=RorK =C,

Linear Operators: Let T : V. — W be a linear operator with domain D(T) c V,
range R(T) c W, and null space ker(T) c V. The rank of T is the dimension of R(T).
The operator T is bounded if ||Tv|lw < M||v||y for all v € D(T). Throughout this thesis,
we only consider bounded operators T : V — W that are defined on the whole space, so
D(T) = V. For such a bounded operator T : V — W, the usual operator norm is given
by IT]| = sup{||Tv|lw : v € V,|[v|llv = 1}. We also consider unbounded linear operators
that are not defined everywhere, so that D(T) # V. The operator T is closed if its graph,
G(T)={(v,w):veD(T),w=Tv},isclosedin VX W. If T is bounded (and everywhere
defined), then T is closed. If T is closed and invertible, then 771 is closed.

Adjoint Operators: The Hilbert-adjoint operator T* : W — V satisfies (Tv, w)y =
(v,T*w)y for all v € D(T) and w € D(T*). If T is bounded, then T* exists, is unique,
and 1is also bounded. If T is densely defined, then T* exists, is unique, and is closed; in

addition, if T is closed, then 7™ is densely defined. If 7 : V — W is invertible, then we let

n this thesis, all inner products and sesquilinear forms are linear in the first argument and conjugate
linear in the second argument.



T~ : V — W denote the Hilbert adjoint operator of the inverse 7~' : W — V. We note for
T™ to exist we need T bounded or densely defined, and for 7~ to exist we need T-! bounded
or densely defined. We note these assumptions when necessary.

The following basic result is important in this work.

Lemma 2.1.1. Let V and W be Hilbert spaces. If T : V — W is a bounded linear operator,
then ker(TT*) = ker(T*) and ker(T*T) = ker(T).

Proof. We only prove the first one. Let w € ker(TT*). Then,
TT'w=0= (TT"w,w)y =0= (T'w,T*'w)y =0 = ||T*w||%, =0=Tw=0.

Next, let w € ker(T*). ThenT*w =0 = TT*w = 0. O

Projections: A bounded linear operator I1 : V — V is a projection onto U = R(IT)
if [T> = II. Then we have Iy € U for all v € V and Ty = u for all u € U. Also, II
is an orthogonal projection if u = Iy € U minimizes inf,cy ||v — ul||ly forany v € V. A
nontrivial orthogonal projection II is automatically self-adjoint, i.e., IT* = I1, and satisfies
ITT]| = 1. We consider non-orthogonal projections in this thesis, and therefore we do not
assume a projection is orthogonal or self-adjoint unless explicitly specified. Sometimes,
we assume a family of projections {I1,} is uniformly bounded in operator norm, i.e., there
exists a constant C such that ||I1,|| < C for all r.

The Singular Value Decomposition of a Compact Operator: If 7 : V — Wis a
compact linear operator, with separable Hilbert spaces V and W, then T has a singular value
decomposition (SVD). The positive singular values of 7' are defined to be the square roots of
the positive eigenvalues of the self-adjoint nonnegative compact operators 77* : W — W
and T*T : V — V. Further, the nonzero eigenvalues of these operators are equal, and
we consider zero a singular value of T if either operator has a zero eigenvalue. If the
ordered singular values of T are given by pu1 > pz > --- > 0 (including repetitions), the

orthonormal basis of eigenvectors of 7T is given by {y+} € W, and the orthonormal basis



of eigenvectors of T*T is given by {gr} C V, then the singular value decomposition of T is

the expansion given by

Tg =) m(g gelvibi

k>1

forall g € V. If yy > 0, then

Tgr = uipr and Ty = pi g

Also, the rank r truncated SVD T, : V. — W of T is defined for g € V by

T.g = Zﬂk(g,gk)vlﬂk-

k=1

For more information, see, e.g., [52, Chapters VI-VIII], [53, Section V.2.3], [54, Chapter
30], [55, Sections VL.5-VI.6].

Hilbert-Schmidt Operators: Let 7 : V — W be a linear operator, with separable
Hilbert spaces V and W, and let {g;} be any orthonormal basis for V. Define the Hilbert-

Schmidt norm of T as

1/2
1T lessv.w) = (Z ||Tgk||é) : (2.1)

k>1

If the sum converges we say the operator T is Hilbert-Schmidt. The Hilbert-Schmidt norm
is independent of choice of orthonormal basis, every Hilbert-Schmidt operator is compact,
IT|| < |IT|luscv,wy. T is Hilbert-Schmidt if and only if 7% is Hilbert-Schmidt, and T is
Hilbert-Schmidt if and only if 354 (T,f < oo, where {07} are the singular values (including

repetitions) of T. We also have

2 _ %112 _ 2
ITgsvwy = 1T lasqw.y) = Z‘Tk'
k>1

For more, see, e.g., [52, Chapter VIII], [53, Section V.2.4], [55, Section VL.6].



Bochner Spaces: Let O be an open subset of R4, for some d > 1. For p € [1,00),
let LP(O;V) denote the Bochner space of (equivalence classes of) Lebesgue measurable
functions v : O — V satisfying /0 ||v(t)||€ dt < oo. For p =2, L*(0;V) is a Hilbert space
with inner product

(W0 = [ 0wy dr.

The following theorem, see, e.g., [56, Theorem II1.6.20] and [57, Theorem 4.2.10], allows
us to bring a closed linear operator inside an integral.

Theorem 2.1.2. Suppose T : D(T) c V — W is a closed linear operator. If v : O —
D(T), v e L'Y(O;V), and Tv € L' (O; W), then

/Ov(t)thZ)(T) and T/Ov(t)dt:/OTv(t)dt.

2.2. PROPER ORTHOGONAL DECOMPOSITION

Now we introduce proper orthogonal decomposition for both the discrete and con-
tinuous time cases.

2.2.1. Discrete Case. Let X be a separable Hilbert space. For the discrete case, let
s be a positive integer and assume the POD data is given by {w/ }j.:l c X. LetK =R or

K =C, and define § := Kj. with the weighted inner product given by

N
(u,v)s =vTu = Z yulvi,
j=1
where u,v € S, I' = diag(y1, y2, ..., ¥s), and the values {yj}j.zl are positive weights. Note
these weights commonly arise from integral approximations. Define the POD operator

K:S— Xby
Kf=)vif'w, =150 e (22)
j=1
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Since K has finite dimensional range, it is a compact operator and has a singular
value decomposition. Let {o%, fr, ¢x} € RX S X X be the singular values and orthonormal
singular vectors ordered so that oy > 0 > - -+ > 0. Thus, the singular value decomposition
is given by

Kf=> oi(f. £;)ses. (2.3)

izl

When oy > 0, we have
K fi = oxpr, and  K'gp = 0% fi,
where K* : X — § is the Hilbert adjoint operator given by
K*x = [(x, whx, (x, w)x,. .., (x, w)x]?.

For a positive integer r, define X, = span{gok}zzl. Let Hf( : X — X be the
orthogonal projection onto X,, i.e., for x € X fixed, Hi(x € X, minimizes the approximation
error ||x — x,||x over all choices of x, € X,.. Since {¢;} is an orthonormal set in X, we have

the exact representation
P

M = > (x5, ei)xer. (24)
k=1

The singular vectors {¢x} are called the POD modes of the data {w*} c X. The
POD modes provide the best low rank approximation to the data in the following sense: we

have

D velwh = TWHIE = ) o, (2.5)
k=1

k>r

and no other choice of an orthonormal basis in (2.4) gives a smaller value for the approxi-

mation error.
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Definition 2.2.1. We call the singular values {0t} and singular vectors {¢r} € X of K the
POD singular values and POD modes for the data {w’ }j.:l, respectively. We also call the
eigenvalues {A} of the operator KK* : X — X the POD eigenvalues for the data {w’ };:1.
We let sx denote the number of positive POD singular values (or positive POD eigenvalues)

for the data {wf}j.zl, ie., sy = rank(K).

From Section 2.1, we know Ay, = (T,f whenever A, > 0. Also,wehavesy < 5 < oo, It
is possible for data to have a zero POD singular value, but have all positive POD eigenvalues;
this can happen if s > dim(X).

2.2.2. Continuous Case. Similarly to the discrete case we define the POD operator
K : § — X for the continuous case, where again X is a separable Hilbert space. Let d and
m be positive integers and let O ¢ R be an open set. Then define § := L?(0; K™), where
K =R or K = C. We note that L*(O) is separable (see, e.g., [58, Theorem 2.5-4]), and
therefore so is S. Assume the POD data is given by {wf};?’:1 c L*(0:X).

Remark 2.2.2. In POD applications the set O is frequently a time interval; however,
researchers also take O to be a multidimensional parameter domain as well. Note that
we could also consider multiple open sets, O; ¢ R%, and data w/ € L*(0;;X) for
j=1,...,m. Inthis case, we would define S := L*(O1) X - - - X L*(Oy,). All results in this

thesis hold for this case as well. The previous case is chosen to simplify notation.

Define the POD operator K : § — X by
Kf = Z / FOwi()dt, fes. (2.6)
=170

Since f € S, note that £ = [f', f2,..., ™", where each 7 € L*(0). As in the discrete
case, we know that K is a compact operator and has a singular value decomposition. We
let {o%, fr,vr} € R X S X X denote the singular values and orthonormal singular vectors

ordered so that o1 > o» > --- > 0. The SVD of K is given as in the discrete case (2.3).
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Thus, when o > 0, we have

K fr = orpr, and K gr = o fi,

where K* : X — S is the Hilbert adjoint operator defined by

[K*x] (1) = [(x, W' (1))x, (e, w? (D), -, (2, W™ ()51

We define X, := span{y;}}_, and the orthogonal projection X : X — X (2.4) as

before. The data approximation error is given by

k>r

> /O Ihw! (1) = T0WY (D15 di = 3 o, @.7)
j=1

and the error goes to zero as r — oo. As in the discrete case, no other orthonormal basis in
(2.4) gives a smaller value for the error.

We define the POD singular values, POD modes, POD eigenvalues, and sy =
rank(K) as in Definition 2.2.1 for the discrete case. Again, it is possible for data to have
a zero POD singular value, but have all positive POD eigenvalues; an example where X
is infinite dimensional can be found in [36, Section 3.1, Example 3]. Also, if X is finite
dimensional, then the data always has a zero POD singular value.

Note that while the discrete time case of POD is considered throughout the thesis,
the continuous time case is only considered here and in Chapter 3.

2.2.3. Optimality of POD. Below, we present the discrete and continuous versions
of aresult regarding Hilbert-Schmidt norms and POD. The continuous case result is known
(see, e.e., [59, Section 3.5], [60, Theorem 12.6.1], [61, Lemma 4.4]), although perhaps not
exactly in this precise form. We provide a proofs of both results to be complete, and also
since the results are crucial to this work. These lemmas are used to prove the optimality of

POD below.
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Lemma 2.2.3. For given data {y’ }j.:l C X in the discrete case, the Hilbert-Schmidt norm

of the POD operator K : S — X is given by

N
2 112
1K s sy = D villy7 13-
j=1

Proof. Let {&; }r>1 be an orthonormal basis for X. We have

S
K s s = 1K sy = O 1K €lE = > " ¥l (€6 y)xI?

k=1 k>1 j=1

N N
=3 D EL P = ) vl I
1 j=1

=1 k=1

by Parseval’s inequality. O

Lemma 2.2.4. Let Z be a separable Hilbert space, and let S = L*(O;K™), where O is an
open subset of R%. IfK : S — Z is defined by

Kf= i /O £ (1) dr,
z

for {z/Y" . c L*(0; Z), then K is Hilbert-Schmidt and
j=1

m

2 112
K sz = D 127152000

J=1

Proof. Let {xi}i»>1 € L*(0) and {&,},>1 C Z be orthonormal bases. Therefore, {¥;}i»1 is
also an orthonormal basis for L2(0), and {x;&,}in>1 is an orthonormal basis for L?(O; Z)

(see, e.g., [60, Theorem 12.6.1]).

For & € Z, let [K*€)/ = (&,7/(t))z denote the jth component of K*¢ € S. Working

with the Hilbert adjoint operator K* and using Parseval’s equality gives

1K 5.0 = O IK &3

n>1
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)
Z ||[K é‘n]]”LZ(O)
n>1

. 2
()_(i’ [K*fn]])LZ(O)‘

2

/ G0 (1), 607 di
0

=
v
.

2

D= 1= TV TP
y
[\

~
[
_
=
Y
—

/ (& (O, xi( D)z di
0

|7 xién) 20|

n,i

v
—_

M= 1D

112
L.

~
1l
—

O

To be complete, we present a brief proof of the optimality of POD for low rank data
approximation in both the discrete and continuous cases. Our problem statement and proof
strongly rely on the ideas from [50] and [49].

POD optimality problem: Let X be a separable Hilbert space, and let § = KJ. in the
discrete case or § = LZ(O; K’) in the continuous case, where K = R or K = C. Suppose we
have given data {w/ }5_, € X in the discrete case or {w/ 1L, L*(0; X) in the continuous
case. The POD optimality problem is to find coefficients {ax} C K and basis elements

{sr} € S and {n} C X so that the rth order approximations

r

w{ = Z aksink for j =1,...,s (discrete case),
k=1
. r .
wi(t) = Z ags, (DN for j =1,...,m (continuous case),
k=1

minimize the data approximation error

S
E (w,) = Z yilw! = wilx (discrete case),
=)
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E.(w,) = Z/O lw’ (1) - w{(t)ll%( dt (continuous case).
j=1

Remark 2.2.5. In many papers on POD, the basis elements {ny} C X are required to
be orthonormal, and w{ is also required to equal the orthogonal projection of w’/ onto
span{ni},_,. Therefore, the POD problem above allows more general approximations. The
final result is the same.

Notation: For given data {y/ };:1 C X in the discrete case or {y/ };?1:1 c L*(0;X)
in the continuous case, we let K(y) : § — X denote the POD operator for the data and we
let K*(y) : X — S denote the Hilbert adjoint operator of K(y).

The proof of the next result follows directly from definitions and is omitted.

Lemma 2.2.6. If the data is given by

P P
yl = Z ars,mx  (discrete case), ¥y (1) = Z ars, (Onk,  (continuous case)
k=1 k=1

foreach j with {a;} C K, {s;} C S, and {ni} c X, then the POD operator K(y) : S — X
is given by

P
KO f =) ax(f,50sm. fe€5.
k=1

Now we prove the main optimality result. We rely on the fact that the rank r
truncated SVD of K(y) is the optimal rank r approximation to K(y) in the Hilbert-Schmidt
norm; see, e.g., [62, Section III.7, Theorem 7.1].

Theorem 2.2.7. Let {wf}j.:1 C X in the discrete case or {wf}’;?:l c L*(0:X) in the
continuous case be given data, and let {0y, f;, pi} C RXSXX be the ordered singular values
of K(w) : S — X and the corresponding orthonormal bases of singular vectors. A solution
of the POD problem is given by {w{};zl C X in the discrete case or {w{ ’}’:1 c L*(0;X)

in the continuous case, where

r

r —
J_ Jo ' .
Wr = ; Ok fi Pr = kz; (w7, @k) y 0k (discrete case),
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r

r -
wi(t) = Z or f] (Dex = Z (W (1), k) y i (continuous case).
k=1 k=1

The minimum approximation error is given by

Efﬂm =E,(w") = Z(T,% < o0,

k>r

and E™ — O as r increases.

Proof. We first assume r < sy sothatoy > Ofork =1,...,r.
First, the equivalence of the two expressions for w{ comes from K*(w)¢r = oy fx,

o > 0fork =1,...,r, and the formulas for K*(w). Also, for g € §, Lemma 2.2.6 implies

K(w))g = ) ow(g, fiser = K (w)g.
k=1

Therefore, K(w") = K,(w), where K,(w) : § — X is the rth order truncated SVD of the
POD operator K(w) : § — X.
Next, by the Hilbert-Schmidt norm results Lemma 2.2.4 and Lemma 2.2.3 and since

the POD operator is linear in the data we have

E(w") = 1K (w = w)llfs = 1K (w) = KW)lligs = 1K (w) = K (W)l = Z o

k>r

Also, since ||[K(w)|lgs = Zi>1 (T,f < oo, we have Y., (T,f — 0 as r increases.
Now we show that this is the smallest value possible for the error. Let coefficients
{ar} € K and basis elements {s;} € S and {n} € X be given, and define the rth order

approximation

r P
7l = Z apsine  (discrete case),  z/(f) = Z arsy (g, (continuous case).
k=1 k=1
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By Lemma 2.2.6, K(z") has rank at most . Therefore, we have

E () = |K(w=2)lhs = 1K) = K )llfs = Y 07

k>r

Next, if sy < oo, then the result is true for 7 = sx. Therefore, we have w/ = wva for

all j, and this proves the result for r > sy. O
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3. NEW POD APPROXIMATION THEORY

3.1. ASSUMPTIONS AND NOTATION

In this section, assume X and Y are separable Hilbert spaces, and L : D(L) c X —
Y is a linear operator. We study POD error formulas and POD projections involving the
data {w;} and the data {Lw}.

3.1.1. Discrete Case. Recall from Section 2.2.1 we consider data {w/ }j.:l c X
and the corresponding POD operator K : § — X defined by K f = Zj’:l Y f/w/, where
§ = K{ and K is either R or C. The singular value decomposition of K is given by
Kf = Yis10%(f, fi)spr. The set X, is the span of {¢¢}}_,, and 0¥ : X — X is the
orthogonal projection onto X,.

To consider POD projections involving the data {Lw/}, we make the following

assumption:

Main assumption: For the discrete case, we assume throughout the paper that
(i) {w’ };:1 C D(L), and also (ii) o, > 0 whenever we consider the projection

nx,

Assumption (i) has two important consequences. First, since w/ € D(L) for each j, we
know the range of K is contained in D(L). Second, assumption (i) allows us to consider

the POD operator K¥ : § — Y for the data {Lw/ };:1 C Y defined by
K'f=LKf=> y,flLw, f=1f 2% F1 (3.1)
j=1

Note that KY is the result of applying L to the POD operator K for the data {w’}, ie.,
KY = LK. Since K" has finite rank, it is compact and has a singular value decomposition.
Define sy = rank(K”) to be the number of positive singular values of K¥. Note that

assumption (1) is automatically satisfied if L is bounded.
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For assumption (i1), note that if o > 0, then assumption (i) implies the correspond-

ing singular vector ¢y is in D (L) since
gr =07 Kfi € D(L). (3.2)

Since o > 0, this implies X, ¢ D (L) and I1X maps into D(L).

To guarantee the boundedness of certain POD projections, in some cases of The-
orem 3.2.3 we need to assume the POD modes {¢};_; € D(L) satisfy some additional
regularity properties. These properties can be guaranteed by making additional regularity
assumptions on the data.

First, the condition {¢x }},_, € D(L™")is guaranteed to holdif we assume o7 > 0 and
w/ € D(L™*) foreach j. With this assumption, we know as above that R(K) ¢ D(L™*) and
also ¢ € D(L™") whenever oy > 0. Since o > 0, we can guarantee {¢r},_, € D(L™).

Next, a similar argument using (3.2) shows the condition {Lyr};_, € D(L") is
guaranteed to hold if we assume o, > 0 and Lw’/ € D (L*) for each j.

3.1.2. Continuous Case. The continuous case requires a few more assumptions
than the discrete case. Recall K : § — X, where S := L?>(O; K™) and K is either R or C. In
order to define the POD operator K¥ and ensure {er}io; € D(L), we make the following

assumption:

Main assumption: For the continuous case, we assume throughout the paper

that (i) {Lw’ YL C L*(0;Y),and for all f € S we have K f € D(L) and
LKf = Z / £ Lw! (1)dt,
j=170

and also (ii) o, > 0 whenever we consider the projection ITX.
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As in the discrete case, assumption (i) gives R(K) c D (L) and allows us to define
the (compact) POD operator K¥ = LK for the data {Lw/ };?1:1 c L*(0;Y). As before, we
let sy = rank(KY) be the number of positive singular values of K¥. Also as in the discrete
case, assumptions (i) and (i) imply {¢r}_, € D(L) and X maps into D(L).

Remark 3.1.1. There are three common conditions that guarantee assumption (i) holds.

1. If L : X — Y is bounded, the operator L can be pulled through the integral in the

definition of K and assumption (i) clearly holds.

2. Ifeach w € L*(O; X) takes the form

nj
wi(t) = ) al,glOx,
k=1
where aif are constants in K, gi(r) e L*(0), and x¢j € D(L), then it can be checked
that assumption (i) holds. This condition is similar to the assumption made in the

discrete case.

3.IFL : D(L) ¢ X — Y is closed, wi € D(L) a.e., and Lw/ e L*(0:Y) then

Theorem 2.1.2 implies assumption (i) holds.

Again, for certain cases of Theorem 3.2.3 we need to assume the POD modes
{er}io; © D(L) satisfy some additional regularity properties. As in the discrete case, we
can make additional assumptions on the data to satisty these regularity properties.

We briefly mention conditions on the data similar to Remark 3.1.1, Item 3 that yield
the needed regularity. First, if L™ exists, it is closed. Therefore, {¢x};_, € D(L™") holds
if we assume o, > 0, w/ € D(L™) a.e., and {L‘*wf}’;?:1 e L*(0;Y). Second, if L* exists,
then it is closed. Therefore, {Lyr})_; € D (L") holds if we assume o > 0, Lw/ e D(L")
a.e., and {L*wa};?’:1 e L*(0:; X).

We also note that the condition in Remark 3.1.1, Item 2 can be modified similarly

to the discrete case to yield the required regularity.
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3.2. POD PROPERTIES

Recall the standard POD orthogonal projection, I1¥ : X — X given by (2.4), and

the known POD data approximation error given by

> /O Iw/ (6) =T ()3t = ) 0.
j=1

k>r

One of the goals of this dissertation is to find extensions of this error formula to other
scenarios involving the linear operator L : X — Y and another sequence of projections,
which need not be orthogonal.

Definition 3.2.1. For a positive integer r with o > 0, we define Y, := LX, = span{Ler},_,

and we letTIY 1Y — Y be a projection onto Y,.

Remark 3.2.2. The condition o, > 0 implies X, c D(L), so the definition makes sense. We
assume throughout that o, > 0 whenever we consider 1L, It is important to note that unless
stated otherwise we do not assume the projection I1Y is orthogonal. To obtain convergence
results as r increases, we sometimes need to require {T1' } are uniformly bounded in operator

norm. If {I1Y} are the orthogonal projections onto Y,, then this condition is satisfied.

3.2.1. Non-orthogonal POD Projections. In Section 3.4, we consider pointwise
convergence results for the linear operators L™'TIYL : X — X and LIIXL™' : ¥ — V.
Below, we give conditions that guarantee that these linear operators are bounded, or have
bounded extensions, for r fixed. We note that when these operators are bounded we
have L™'TIYL : X — X is a projection onto X, = span{p}’_; and LOXL':Y - Yisa
projection onto Y, = span{Lga};.zl. Evenif ITY is an orthogonal projection, these projections
are typically non-orthogonal POD projection operators.

In the simplest case, if L and L™! are bounded, then clearly L™'TI'L : X — X and
LTIXL™' : Y — Y are both bounded for each r. In this case, { LITX L'} is uniformly bounded
in operator norm, and {L™'TIYL} is also uniformly bounded when {II'} is uniformly

bounded.
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Below, we consider the case when either L or L™! is unbounded. For each fixed
r, we show L™'IIYL : X — X is bounded when L is bounded, and LIIXL™! : ¥ — Y is
bounded when L~! is bounded. In other cases, we need certain assumptions to be satisfied
to construct bounded extensions of the operators for each r. We do not show that these
non-orthogonal POD projection operators are uniformly bounded in operator norm.

In specific cases, we need certain adjoint operators to exist, so we need the operators
to be densely defined or bounded. For example, for the operator L™ to exist we must
assume that D(L™!) is dense in ¥, or L™! is bounded. These type of assumptions must be
added to the second and fourth parts of the following theorem, in addition to results later in
this section.

Theorem 3.2.3. Assume L is invertible and r > 0 is fixed.
1. If L™V is bounded, then LIIXL™' : Y — Y is bounded.

2. IfFD(L™Y) is dense in Y and {er}ie; € D(L™), the operator LTIXL™' Y - Y can

be extended to a bounded operator on'Y.
3. If L is bounded, then L"'TI'L : X — X is bounded.

4. Assume IV © Y — Y is the orthogonal projection onto span{Lei}t,_ . If L7'is
bounded, D(L) is dense, and {Ler},_; € D(L"), then L7'IIYL : X — X can be

extended to a bounded operator on X.

Remark 3.2.4. In the second and fourth items, we assume the POD modes satisfy the
regularity properties {¢r},_, € D(L™) and {Ler},_, € D(L"), respectively. See
Section 3.1.1 and Section 3.1.2 for conditions on the data in the discrete and continuous

cases that guarantee these properties hold.

Proof. 1. Note

LI LYy = 3 (L7l y, e x Lo (3.3)
k=1
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Since L~! is a bounded operator and ¢; € D(L) for all k, the sum in (3.3) is well

defined for all y € Y. Also, it can be checked that
ILIE L ylly < cllylly. (3.4)

where the constant ¢ := ||L7Y| (25, ||L<,0k||)2,)1/2 depends on r. This shows that the

operator LITX L~" is bounded when L~! is bounded.

. The linear operator LIIXL=! : ¥ — Y is defined by (3.3) for all y € D(L™!). Using

the assumptions, we can rewrite (3.3) for y € D(L7!) as

LOXL™y = ) (v, L ¢i)x Lok (3.5)
k=1

It can be checked that (3.4) holds for all y € D (L") with

,
¢ = Y I gillxl Lexlly-
k=1

Note that (3.5) is well-defined for all y € Y, and therefore yields a bounded linear

extension of LIIXL™!': ¥ - Ytoall of Y.

. Since I17 is a projection onto ¥, = span{L¢}"

L1 e know for y € Y there exists

constants {@;(y)} depending on y such that 'y = Z;zl a;(y)Lg;. Then

D e Ley|| = I ylly < 1T Hylly- (3.6)
j=1 Y
Also,
r 2 r
Dai0Lle| = > @) (Les Lopyar(y) = a ()" A (y),
j=1 Y k=1
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where the star denotes complex conjugate, and

a(y) =1 (y), .o e M]T €K', [Arlij = (Lei, Lg))y.

Since L is invertible and {¢; };:1 is a linearly independent set, we know {L¢; };:1 is
a linearly independent set; therefore, A, is symmetric positive definite, which implies
there exists 8 > O such that a*A,a > ﬁlla/llﬂz{, for all @ € K. Note that 8 may depend

on r. Together, the above implies that

r 2
Blla|lz < a;(MLe;|| < TNl
j=1 Y
So,
la) e < 7210 |y ly. (3.7)

In this case, y = Lx and L is bounded and invertible; thus,
r r
L (Lx) = L7 ) o (L)L = ) aj(Lx)g;
j=1 j=1
where the constants @; now depend on Lx. Since {¢;} C X is orthonormal, we have

2
-1 2
LT Ll =

.
a;(Lx)p;
=1

J

2
= [l (LX)l

X

< gl || L)l

LA 2T 122
< B L AFILI |-

Therefore, for all x € X we have

IL7'TY L]l x < cllx]lx, (3.8)
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where ¢ := g~V2||TIY||||L].

4. We obtain a representation of L™'TIY L as follows. First, note that the sets { Ly} and
{L @i} are biorthogonal, i.e., (Lgr, L™ @)y = 0k j, where y,; is the Kronecker
delta symbol. Recall from the proof of part 3 that [I¥y = 2y @k Ly for some

scalars @y that depend on y. We can calculate the values for a; by noting

.
(ny, L_*‘Pj)y = Z ar(Lok, L ¢y = ;.
P

This yields

r r
My =) (v, L ¢yLer = ) (0 T L ey Lex, (3.9)
k=1 k=1

since ITY is orthogonal and therefore (ITY)* = I1¥.

By assumption, {L¢;} € D(L*) and so (3.9) implies [y € D(L*) forall y € Y.

This gives the following representation for any x € D(L):

L' Lx = Z(x, LTV L™ o) x k. (3.10)
k=1
Also, for all x € D(L), the bound (3.8) holds with ¢ := (S}, LT L~ 1%) .
Equation (3.10) is well-defined for all x € X, and therefore defines a bounded linear
extension of L™'IYL : X — X to all of X.

O

3.2.2. POD Singular Values and POD Eigenvalues. The number of nonzero sin-
gular values (or eigenvalues) of the POD operators plays an important role throughout the
thesis. It is also important to note the difference between singular values and eigenval-
ues. For a POD operator K : § — Z, recall the POD eigenvalues are the eigenvalues of

KK* : Z — Z, the POD singular values are the singular values of K, and s, = rank(K),
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1.e., sz 1s the number of positive POD singular values of K (or positive POD eigenvalues of
KK*). As discussed in Section 2.2, it is possible to have a zero POD singular value but to
have all nonzero POD eigenvalues.

Below, we study various relationships between the POD eigenvalues and POD
singular values for the data {w/} and the data {Lw/}. Recall, K : § — X is the POD
operator for the data {w’/}, and K¥ = LK : S — Y is the POD operator for the data
{Lw/}. Therefore, sx = rank(K) is the number of nonzero POD singular values (or POD
eigenvalues) for the data {w/}, and sy = rank(K?Y) is the number of nonzero POD singular
values (or POD eigenvalues) for the data {Lw/}

First, we give a relationship between the POD eigenvalues and the null space of
the adjoint POD operator. Then we also give some additional information about sy and
sy. There is also a relationship between the number of POD eigenvalues under the linear
mapping L.

Lemma 3.2.5. 1. All of the POD eigenvalues for the data {w’} are nonzero if and only
if ker(K*) = {0}. In this case, X = R(K). In addition, if sx < oo, then X = R(K)

and dim(X) = sx.

2. All of the POD eigenvalues for the data { Lw’} are nonzero if and only ifker((K¥)*) =
{0Y. In this case, Y = R(KY). In addition, if sy < oo, then Y = R(KY) and

dim(Y) = sy.

3. The number of nonzero POD eigenvalues for {Lw’} is less than or equal to the

number of nonzero POD eigenvalues for {w’}. That is, sy < sx.

4. If L is invertible, then sx = sy.
Proof. The first two items are proven similarly. Here we show item 1.

1. Lemma2.1.1 proves the first statement. To see the rest, note that X = ker(K*)® R(K)
and ker(K*) = {0} imply X = R(K). Then if sx = rank(K) = dim(R(K)) is finite,
we have R(K) = R(K) and therefore X = R(K) and dim(X) = sx.



27

3. First, if sy = oo, we are done. Assume sy < co. We know

Kf=) oi(f. £)se).
=1

J

and therefore

K'f=LKf =) oi(f. f)sLg;.
=1

J

Thus, sy = rank(KY) < sx.

4. Because of item 3, we need only show sy < sy. First, if sy = oo, we are done.

Assume sy < oo. Let the singular value decomposition of K¥ be given by

K'f=LKf=> ol (f.fse.
=1

j
Note that 90}7 e D(L™") whenever O']Y > 0, since D(L™") = R(L) and
Y _ YNl p¥ oY _ o Yy—1 Y
@; = (O'j) K fi = (O'j) LKf; .
Then, since L is invertible,
sy
Kf=LT'LKf=L7"'K"f =) ol (f. fsL™' ¢,
j=1
and therefore sy = rank(K) < sy.

O

The following lemma gives further results about the connections between the two
main sets of POD eigenvalues under consideration in this paper, i.e., the POD eigenvalues
for the data {w/} and the data {Lw/}. With extra assumptions, we can use the fact that all
the POD eigenvalues are nonzero for one set of data to obtain the same conclusion for the

other set of data.
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Lemma 3.2.6. 1. If L is bounded, R(L) is dense in Y, and the POD eigenvalues for

{w/} are all nonzero, then the POD eigenvalues for {Lw’} are all nonzero.

2. If L™V is bounded, R(L™") is dense in X, and the POD eigenvalues for {Lw’} are all

nonzero, then the POD eigenvalues for {w'} are all nonzero.

Proof. The proofs of the two items are similar; we only prove the first item.

Since X = ker(K*) @ R(K) and ker(K*) = {0} (Lemma 3.2.5, Item 1), we have
X = R(K). Lete > Oandlet y € Y. Since R(L) is dense in Y, there exists x € X
such that ||y — Lx|ly < &/2. Since X = R(K), for this x there exists f € S such that
llx — Kfllx <e&/(2||L||). This gives

&

&
Iy = LK flly <Ly = Llly + 1 2x = LK flly < 5 +[1Lll 7 < e,

which shows R(KY) =Y and ker((K¥)*) = {0}. Thus, the POD eigenvalues for {Lw/} are

all nonzero by Lemma 3.2.5, Item 2. O

3.3. ERROR FORMULAS

One goal of this thesis is to provide exact formulas for POD data approximation
errors. The two main results of this section can be found in Theorem 3.3.2 and Theo-
rem 3.3.4. The section is split between the discrete case, where we can use a more direct
proof approach, and the continuous case, which requires more care since the data can have
mfinitely many nonzero POD eigenvalues.

The next lemma gives three different Hilbert-Schmidt norm approximation results
involving the POD operator K for the data {w/} and the POD operator K¥ = LK for the data
{Lw7}. The result will be of particular usefulness when discussing the continuous case in
Section 3.3.2, but it applies to the discrete case as well. We also use this result throughout

Section 3.4.
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Lemma 3.3.1. The Hilbert-Schmidt norm errors are given by

ILK ~ LOFK R 55y = O o2l L3, (3.11)
k>r
ILK =T LK 5y = ), oillLox =TI L, (3.12)
k>r
and
IK = L7 LR g 5.y = ), ooller = L7 Lol (3.13)
k>r

In the case sx = oo, the following convergence results hold. For (3.11): The error tends to
zero as r — oo, For (3.12): If {I1Y} is uniformly bounded in operator norm, then the error
goes to zero as r — oo. For (3.13): If L' is bounded and {11V} is uniformly bounded
in operator norm, then the error tends to zero as r — oo. For (3.13): If {L"'TIL} is

uniformly bounded in operator norm, then the error converges to zero as r — oo.

Proof. Let { fr} be an orthonormal basis of § of eigenvectors of K*K and let] = {k : fi ¢
ker(K*K)}. Note that K fi = 0 for all £ ¢ J, since ker(K*K) = ker(K) by Lemma 2.1.1.
Also, K fi = oy for all k € J. Then,

ILK — LI K5 sy) = O LK = LIIXK) fill}
k>1

= > (LK = LIYK) fell;
kel

= " ILowpi — LI owelly
kel

= >, ailiLedly,

k>r, kel

where the last equality holds since [TX¢; = ¢y for k < r and [TX ¢ = 0 for k > r. Also,

> iz = > ILKAlE = ) 1KY AR,

k>r, kel k>r, kel k>r, kel
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which converges to zero as r — oo since K7 is Hilbert-Schmidt. Next,

ILK =T LK [y sy = > II(LK = TIY LK) fill}

k>1
= lLowgr — I Lawgell}
kel
2 2
= > oillLe — T Lells,
k>r, kel

where the last equality holds since Hngok = Ly for k < r. For convergence, note

ILK =T LK |l sy, = Z ILK fi = T LK filly

k>r, kel
Y Y Y 2
= > IK fi - filly
k>r, kel
Y2 Y 2
< D0 =T K £l
k>r, kel

Since || — TI¥|| is uniformly bounded and KY is Hilbert-Schmidt, the error converges to

ZEro asr — o0,

Since LTIV Ly = L™ Loy = ¢y for k < r, for the last equality we have

1K = L LK g 5. = O, llowpr = L7 LowgrlI
kel

= > ofllee - L Ly}
k>r, kel
Assuming L™! is bounded and {I1' } is uniformly bounded, the convergence follows

from

IK = L' LK g s = >, 17T -TDLK fillk
k>r, kel

< D0 LT N - TP UK £l
k>r, kel
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in a similar manner to the previous case. For the second convergence case, we assume

{L~'TIY L} is uniformly bounded in operator norm and we have

IK = L' LR g5 = >, 10 =L L)K fillk
k>r, kel

< >0 M- LR IR £l
k>r, kel

which converges to zero as r — oo.

O

3.3.1. Discrete Case. First we introduce several representations that will be useful
in the proof of Theorem 3.3.2 below. Recall, sy = rank(K) < oo is the number of nonzero
POD singular values (or POD eigenvalues) for the data {w/}. By the known POD error

formula (2.5), we have

SX SX
wl = Hi(XW] = Z (w],gok)X ¢r and Lw’ = Z (w], gok)X Loy.
k=1 k=1

Note that since the sums are finite, {¢r} € D(L), and L is linear we can pull L through
the sums in this section without any additional assumptions. This is one point where the
discrete and continuous cases differ.

Next, from Section 2.2.1 we know for all j < s and k < sx we have

(W', i)y = (i, Wiy = (K*or); = or f,

where fkj denotes the jth component of the singular vector f¥ € K*. This gives

SX - SX J—
W] — Zo-k f]g Ok and LW] = Z Ok flg L()Ok (314)
k=1 k=1
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Also, recall { £/} are orthonormal in S, which yields

)’jf_,fff = (fe, fi)s = O¢k.
j=1

Theorem 3.3.2. The data approximation errors are given by

SX

N
D villw’ - LI/ = > ofllLells,

(3.15)
j=1 k=r+1
and
S ' ' SX
Dyl - Lw/|5 = " ofliLer — T L]l (3.16)
j=1 k=r+1
Also, if L is invertible, then
s ) ) Sx
D yvilwl =L Lw/ | = " ofligr - L7 Lkl (3.17)
j=1

k=r+1

Proof. We only prove (3.16). The proofs of the other two results are similar. First, note we

can apply Y to Lw/ given in (3.14) to get

SX R
Lw/ —TI'w/ = Z O f]g (Lor =TIV Lyy).
k=1

Then

J

N s SX — SX [
Do villLw’ =T Lw/ |5 = >y, (Z or fl (Lox =T Li), Y ouf! (Lpe - Hﬁw))
=1 =1 k=1 t=1 Y

K SX _
- ZVJ Z oroefi ff (L‘Pk — I Lo, Lo — HfLW)Y
j=1 k=1
N

SX N

Z OOy Z viflf! (L‘Pk — 1Y Ly, Loe — HfLW)Y
k= i

X

1

k=1 =1
Y
k

o2 (Lgak 1 Loy, Loy — Hngak)Y



33

sx
=" opllLgx = 1) Lkl
k=1
Note that ITY Le = Ly for k =1, ..., 7 since ITY is a projection onto ¥, = span{Le¢},_,.
Therefore,
sx

N
D viliw! - Lw/ |} = " ofliLer — T Ll
j=1 k=r+1

O

In Corollary 3.4.10, we focus on error bounds for approximating each individual
data snapshot w with various POD projections. Also, another way to prove Theorem 3.3.2
is to use the Hilbert Schmidt norm results in Lemma 3.3.1. The proof we give above requires
less background. However, we do require Lemma 3.3.1 for the continuous case below.

3.3.2. Continuous Case. For the continuous case we must consider the possibility
that the number of nonzero POD eigenvalues is infinite. We approach this case difterently
from the discrete case above. We show each of the data approximation errors we consider
1s equal to one of the Hilbert-Schmidt norm errors from Lemma 3.3.1. Then we use that
result to prove the convergence of the errors to zero in the case of an infinite number of
nonzero POD eigenvalues.

For one case, we need to make an additional assumption on L1

The L' assumption: We assume

1. sy < oo, 0r
2. LT'ILKf =30, Jo LTI Lw! (r)dt for all f € S.

Remark 3.3.3. Note that if sy < oo, then the proof technique in Section 3.3.1 above can
be used for the continuous cases, with some minor modifications to deal with the change in
the space S. The second condition is similar to the main assumption made in Section 3.1.2.
Any of the three common conditions in Remark 3.1.1 that guarantee the main assumption

holds also imply that the second condition in the L' assumption holds.
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Theorem 3.3.4. The data approximation errors are given by

m
DUlLw! = LW/ |, 0 = > oR Ll (3.18)
j=1 k>r
and
" . .
DN =T LW/ I = 3 0l = T Ll (3.19)
j=1 k>r

Also if the L™" assumption holds then

m
Dl = L Lw |2, 0 = > ofller — LTI Loyl (3.20)
j=1 k>r
In the case sx = oo, the following convergence results hold. For Equation (3.18): The
error tends to zero as r — oo. For Equation (3.19): If {T1'} is uniformly bounded in
operator norm, then the error goes to zero as r — oo. For (3.20): If L™ is bounded
and {I1'} is uniformly bounded in operator norm, then the error tends to zero as r — o.
For Equation (3.20): If {L~'TIY L} is uniformly bounded in operator norm, then the error

converges 10 zero as r — oo,

Remark 3.3.5. Note that the conditions for convergence for the case sy = oo are exactly

the conditions given in Lemma 3.3.1.

Proof. We prove (3.18), and the associated convergence result. The proofs of the other
equalities and convergence results are similar. We first show that the data approximation
error has an mtegral representation, and then we use the two Hilbert-Schmidt results for
POD operators to conclude.

By definition, for f € § we have

r

LYK f = > (Kf.p0)x Lok
k=1

:Zr: i /O I w! (Hdt, or | Lok
k=1 1\ j=1
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- ]Z:J/ij(t) ;(Wj(f), or)x Lerdt

= ]il /O (O Lwl(t)dt,

where wi (1) = TTXw/ (1) = $5_ (w7 (1), @) x k. Because of the main assumption, we can

pull the operator L inside the integral to give
(LK — LIIXK) f = / Z FIOLW (1) = Lw! (1)) dt.
0~
j=1

Since Lw/ — Lw{ e L*(0;Y) for each j, by Lemma 2.2.4 we have

m

. 12 2
Z | Lw’ — LHi(W]HLz(Oy) =LK - Lni(K”HS(S,Y)'

J=1

Lemma 3.3.1 proves both (3.18) and the convergence result in the case sy = oo.

Note for (3.20), for f € S the L™ assumption gives

L'VLKf = / Z FIOL Y Lw/ (t)dt, (3.21)
0=
j=1
and then we proceed similarly to establish the result. O

3.4. POINTWISE CONVERGENCE OF POD PROJECTIONS

Recall that {¢;} is an orthonormal basis for X, and therefore |[[TXx — x||x — 0
for all x € X. In this section, we prove various types of pointwise convergence results for
the other POD projections; namely, II from Section 3.2, and LIIXL~! and L~'TIY L from
Section 3.2.1. The majority of this section is not split into the discrete and continuous cases
because the proofs are similar for both, and many of the results hold regardless of case.

We do focus on the discrete case at the end of this section and address some assumptions
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made in the literature about approximations of each individual data snapshot using POD
projections. Pointwise convergence results for these POD projections are easiest to obtain
when L and L~! are both bounded. We primarily focus on the case when either L or L™ is
unbounded.

Range conditions are an important factor in this section. When an element to be
approximated by a POD projection is in the range of K or K¥, we can often get better results.
When certain conditions hold, we know these ranges exactly. Recall from Lemma 3.2.5,
if all the POD eigenvalues for {w/} are nonzero and sy < oo, then we know X = R(K)
and dim(X) = sx. Note that in this case, the Hilbert space X must be finite dimensional.
If all the POD eigenvalues for {w’/} are nonzero and sy = oo (i.e., X must be infinite
dimensional), then Lemma 3.2.5 only gives X = R(K). We do not always obtain the better
convergence results in this case. Similar statements hold for the spaces Y and R(KY). Also,
as in Section 3.3, we sometimes need to consider different proof techniques in the case
Sx = 0.

We begin with a pointwise convergence result for IIY assuming L is bounded. For
another pointwise convergence result for [1Y with different assumptions, see Theorem 3.4.5
below.

Theorem 3.4.1. Assume L is bounded and {11' } is uniformly bounded in operator norm. If
y € R(L), thenTI¥y — y as r increases. In addition, if R(L) is dense in Y, then Iy — y

forallyeY.

Proof. Let y € R(L), so that y = Lx for some x € X. Note that since LITXx € ¥, =

span{Le; }_, and IT} is a projection onto Y,, we have ITY LITXx = LTI x. Then

Iy = ylly < |10 Lx = T LI x|y + |71 LI x = Ll
= |00 Lx — I LT xly + | LT x — Lx|ly

Y X X
< [IT5 Lillx = I x]ly + [|LIHITE x = x|y,
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which converges to zero as r increases since [1Xx — x and {1’} is uniformly bounded in
operator norm. The final result follows directly from the Banach-Steinhaus theorem (i.e.,

the principle of uniform boundedness). O

The next convergence result relies on the boundedness of either L or L™! and certain

range conditions involving L.

Theorem 3.4.2. 1. Foranyy € R(L) = D(L™), if L is bounded, then ||LIIXL™'y —
ylly = Oasr increases. Inaddition, if R(L) is dense inY and { LIIXL™'} is uniformly

bounded, then LITIXL™'y — y forall y € Y.

2. Foranyx € D(L) = R(L™Y), if L™ is bounded and 'y — y forall y € Y as r
increases, then |L™'TIY Lx — x||x — 0 as r increases. In addition, if D(L) is dense

in X and {L'TIY L} is uniformly bounded, then LTI Lx — x for all x € X.

Remark 3.4.3. Note that Theorem 3.4.1 and Theorem 3.4.5 give two cases where the
assumption TI'y — y for all y € Y holds. Also, the uniform boundedness of {LTIXL™'}
and {L~'TIY L} is not currently known, unless L and L~" are both bounded. Note that when
L and L™ are both bounded, Theorem 3.4.1 gives TI'y — y for all y € Y whenever {TIV }
is uniformly bounded; therefore, in this case Theorem 3.4.2 gives LIIXL™'y — vy for all

yeYand L' Lx — x forall x € X.

Proof. We only prove the first result; the proof of the second is similar. Since y € R(L) we

have y = Lx for some x € X. Then

ILOYL™"y = ylly = |ILT x — Lx|ly

X
< [ILIHIE x = x||x

which converges to zero as r increases. The final convergence result again follows from the

principle of uniform boundedness. O
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Next, we consider how range conditions involving K and K¥ affect the convergence
of POD projections. We are able to obtain convergence rates, and at most require either L
or L' to be bounded. We begin with the POD projection II! and then consider LITXL~!
and L™'TIY L. We use the following simple lemma multiple times below.

Lemma 3.4.4. Assume y € R(KY) so thaty = K¥g = LKg for some g € S. If
yn = LKyg = LII}Kg, (3.22)

then yy — vy as N increases.

Proof. As N increases,
lyn = ylly = ILKg = LKnglly < ILK — LIINK |[us(s.plIglls — 0

by Lemma 3.3.1. O

Recall from Lemma 3.2.5 that sy is always less than or equal to sx. Thus if we
assume sy < oo, we know that sy < oo. For the following proofs, we consider whether sy

is finite or infinite.

Theorem 3.4.5. Assume {I1'} is uniformly bounded in operator norm whenever sy = o.
Ify = K¥g for some g € S, then 1Yy — y as r increases and the following error bound

holds:

Iy = ylly < > owl(g, fids| I} Lepx — Ly (3.23)

k>r
Also, if the POD eigenvalues for the data {Lw’} are all nonzero, then II'y — y for all

vey.
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Proof. First consider the case sy < oo, and fix r. Assume y = K¥g = LKg for some g € S.

Thus,

SX SX
My =K' =M LKg = ) ou(g, fi)sT Lgr, and y= ) ow(g, fisLer.
k=1 k=1
(3.24)

Subtracting gives

SX

sx
My-y= Z ok (g, fi)s (Y Loy — Lox) = Z ok (g, fi)s(ITX Lox — Loy,
= ket

since Hngak = Ly for k = 1,...,r. The error bound (3.23) follows directly from this
representation and the triangle inequality. Furthermore, since sy < oo, clearly II'y — y as
r increases for each y € R(KY).
Next, assume the POD eigenvalues for the data {Lw/} are all nonzero. By Item 2 of
Lemma 3.2.5, since sy < sx < oo we have Y = R(KY). This gives [T’y — y forall y € Y.
Now consider the case sy = oo, and fix r. For y = K¥g = LK g with g € § as above,

recall the definition of yy = LH?@K g givenin (3.22). We have

Iy - ylly < Ty - yylly + I yx = yally + llyw = ylly

< (M1 + 1) ly = sl + 1Ty =yl

Note that for the second term, |ITY yy — yn||y. we can obtain representations for I1Y y and

yu similar to that in (3.24) above. Proceeding in the same way gives

N

Iy = ynlly < > 0wl (g, fis| I Leow = Lepxlly.
k=r+1

Since r is fixed and yy — y as N — oo (Lemma 3.4.4), the two inequalities above give

Iy = ylly < > oel(e, fo)sl I L — Lexlly.
k=r+1
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For convergence, we have

1/2 1/2
Iy = ylly < (Z |<g,fk)s|2) (Z ol Lo — Loelly |

k>r k>r

Since { f} is an orthonormal basis for S, we know 3., | (g, fx)s|* goes to zero as r increases
by Parseval’s equality. Furthermore, since {ITY} is uniformly bounded, Lemma 3.3.1 gives
that >, U,flleLgok — Lgaklliz, goes to zero as r increases. This gives 1Yy — y for each
y € R(KY).

Finally, assume the POD eigenvalues for the data {Lw/} are all nonzero. By Item 2
of Lemma 3.2.5, we have R(K?") is dense in Y. Since {1V} is uniformly bounded, the

principle of uniform boundedness gives [I'y — y forall y € Y. m|

For the next two results we need to assume L or L~! is bounded whenever sy = oo.

Theorem 3.4.6. Assume sy < oo, or either L or L™' is bounded. If y = K¥g for some

g €8, then

ly = LOXL Myl < > owl (g, fios] ILgxlly (3.25)

k>r
and the error converges to zero as r increases. Now assume {LHi(L‘l} is uniformly
bounded in operator norm whenever sy = co. If the POD eigenvalues for the data {Lw/}

are all nonzero, then LIXL™'y — y forall y € Y.

Proof. Let y = LKg for some g € §, assume sy < oo, and fix r. As in the proof of

Theorem 3.4.5, it can be shown that

y—LOXL™'y = LKg — LII*Kg

Sx r
= Z ox (g, fr)sLyx — Z ok (g, fr)sLek
=1 =1

SX

= Z o (g, fr)sLyk.
k=r+1



41

The triangle inequality gives the error bound (3.25). The convergence results for the case
sx < oo follow just as in the proof of Theorem 3.4.5.
Now consider the case sy = oo, assume y = LK g for some g € S, and fix r. Then

for yy = LH%Kg as in (3.22), with N > r, we have
ly = LIFL  ylly < lly = ywlly + llyw = LI Ly lly + |1 LI L~ yy — LI L7yl

Lemma 3.4.4 implies that the first term tends to zero as N — oo. For the second term,

proceed as above and use ITXTIY = TIX (since N > r) to show

N
lyw = LI L yylly < ) ol(e. fo)sl Ll
k=r+1

For the third term, first assume L is bounded. In this case,
LI L vy — LOX L ylly < ILITNIL vy = L7 yllx = LIS NITNK g - Kgllx,

which converges to zero as N — oo, since r is fixed. If instead L1 is bounded, then

LTIX L' is bounded by Theorem 3.2.3 and so
LI L™y = LIGEL™ ylly < LIy = Yy,

which converges to zero as N — oo by Lemma 3.4.4, again since r is fixed. Combining the

above results gives

[oe]

ly = LIFL ' ylly < > o |G, fdsl I Lgxlly
k=r+1
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For convergence, we proceed as in the proof of Theorem 3.4.5. We have

1/2 1/2
||y—LHi‘L—1y||Ys(Z|<g,fk>s|2) (Za,%nmn%) :

k>r k>r

We know Y-, (g, fe)s|> goes to zero as r increases by Parseval’s equality. Further-
more, Lemma 3.3.1 gives that 3., (T,flngakll%, goes to zero as r increases. This implies
LTIXL'y — y for each y € R(KY). To show convergence for all y € Y, we again use

Item 2 of Lemma 3.2.5 and the principle of uniform boundedness. O

We omit the proof of the next result, as it is similar to the proof of the previous
result, Theorem 3.4.6. Note that in Theorem 3.4.6 the error converges to zero for a fixed
y € R(KY) without any additional assumptions. In this next result, if sy = o we need
to require additional conditions to guarantee that the error converges to zero for a fixed

x € R(K); these conditions come from Lemma 3.3.1.

Theorem 3.4.7. Assume sy < oo or either L or L™ is bounded. If x = Kg for some g € S,

then

b = L' Lxllx < ) oul(g, fdsl lew = LTI Ll (3.26)

k>r

If sx < oo, the error converges to zero as r increases. If sy = oo, then the error goes to
zero as r increases when either (i) L™" is bounded and {I1'} is uniformly bounded or (ii)
{L~'TIY LY is uniformly bounded. Now assume {L~'TIY L} is uniformly bounded in operator
norm whenever sy = oo. If the POD eigenvalues for the data {w’} are all nonzero, then

L' Lx — x for all x € X.

To be complete, we give an exact error formula and an error bound for approximations
of elements in the range of K using the POD projection I1X. This result gives an error bound

for approximating each individual data snapshot in the discrete case.
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Theorem 3.4.8. If x = Kg for some g € S, then

1/2
lx = Ixllx = (Z il (e, fk)s|2) < oallglls. (3.27)
k>r
Also, in the discrete case, for each { = 1,...,s we have
' =W lx < v, o (3.28)

Remark 3.4.9. The bound (3.28) was obtained in [40, Proposition 3.1] for X = R" and
ve = 1 for all £. Recall the constants {y¢} are the positive weights in the definition of the

POD operator K in the discrete case; see Section 2.2.1.

Proof. Using the SVD of K gives

x—Ifx = Z o (g, fe)spk.

k>r

Since |lx — I¥x||% = (x — O¥x,x — [I¥x)x and {¢,} is an orthonormal basis for X, we
immediately obtain the exact error formula in (3.27). To obtain the error bound in (3.27),
use o < 0,41 forall k > r and also Parseval’s equality.

Next, in the discrete case we have w! = K geforeach{ =1,...,s, where g; = y;leg
and e is the {th standard unit vector for K, i.e., the {th entry of e, is one and all other

entries are zero. The error bound (3.28) follows from ||g¢]|s = ygl/ % and (3.27). O

In Theorem 3.4.8, note that the quantity y;l appears in the error bound (3.28) for
approximating the snapshot w’. However, in applications it is typical that each weight v,
tends to zero as the number s of snapshots increases. Next, we use the above results to
prove various approximation error bounds for each individual snapshot w’ in the discrete
case that do not depend on y;l. Here, the bounds are only valid if r is sufficiently large.

We note that these type of error bounds have been assumed to hold in the literature; Iliescu
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and Wang made this type of assumption in [25, Assumption 3.2] (with y, = s~! for all £)
in their analysis of a POD reduced order model of the Navier-Stokes equations, and many

others have followed their approach.

Corollary 3.4.10. In the discrete case, if r is sufficiently large, then for each { = 1,...,s

we have

|w’ = Xwh% < o2 (3.29a)

Zw! =TI Lw'|3 < Y ofliLer =TI Loxl3, (3.29h)
k>r

Lw! — LITw|3 < 2| Lerl> 3.29

1Zw’ = LW I3 < > o llLexll3, (3.29¢)
k>r

I’ = LT Lw! |} < ) oflier = LTI Lkl (3.29d)
k>r

Proof. We only prove (3.29b); the proofs of the remaining inequalities are similar. As in
the proof of Theorem 3.4.8, we know wt = Kgeforeach{ =1,...,s, where g, = y;leg.
Using the error bound (3.23) in Theorem 3.4.5, the Cauchy-Schwarz inequality on the sum,

and Parseval’s inequality gives

1w’ =T Lw'lI3 < llg” ~ Tgell§ ) ofll i — T Loxll3,
k>r
where I1° : § — § is the orthogonal projection onto S, := span{ Jiti_y Since {fi b1 18
an orthonormal basis for S, we know Hfgg — geforf =1,...,s. Since s is fixed, for all
sufficiently large r we have ||g¢ — I3g/|ls < 1 forall £ = 1,...,s, and this completes the

proof. O
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3.5. EXAMPLES

In this section we present four examples illustrating these new results. Each example
shows how to consider the problem in terms of our new framework. First, we consider a
computational example in Section 3.5.1 to demonstrate the POD data approximation errors.
Then we consider a few additional examples that relate to previous works.

For the examples in Section 3.5.2 and Section 3.5.3, we consider two separable
Hilbert spaces, H and V, where V is a proper subset of H, and V is both continuously
embedded! and dense in H. The linear operator L is a mapping between these two spaces.
We assume we have the data {w/ }’]?1:1 c L*(O;H) N L*(0;V). We present the results for
the continuous case only, but results for the discrete case can also be obtained using the
theory in this work if desired.

3.5.1. Computational Example. Next, we briefly present numerical results for an
example to demonstrate our new results. POD model order reduction is considered for this
example in [29]; here, we focus on the POD data approximation errors. The new results are
discussed in greater detail for other examples in Section 3.5.

Consider a nerve impulse model, the FitzZHugh-Nagumo system in one dimension.

The initial conditions for this model are zero and is given by

ou(t,x) _ u(t,x) 1
or Mo T
ov(t,x)
ot

1
LX) +—fa)+<, 0<x<l,
U U

=bu(t,x) —yv(t,x)+c, O<x<1,

where

Ju) =u(u—0.1)(1 - u),

u=0.015,5=0.5,y =2, and ¢ = 0.05. Further, the boundary conditions are given by

e (t,0) = =500008%¢ > and  u,(r,1) = 0.

1j e., there exists a constant Cy > 0 such that ||v]|g < Cy||v|ly forally € V
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For this example, we take the Hilbert spaces X =Y = L>(0, 1) x L*(0, 1) with the

usual inner product, and define the operator L : X — Y by

U Oyl
L =

y O,V

Note that here L is unbounded and closed, but not invertible. Thus, this operator satisfies
the main assumption made for the continuous case. We let I1Y be the orthogonal projection
onto ¥, = span{Lepy};_,, where {¢;} C X are the POD modes.

To approximate the solution of the PDE we used the interpolated coefficient finite
element method with continuous piecewise linear basis functions from [29], and ode23s
from MATLAB for the time stepping scheme. We approximated the solution using 100
equally spaced finite element nodes on the time interval O = (0, 10). Increasing the number
of finite element nodes gave similar results below.

For the POD computations, the solution values were approximated at each time
step, w(tr), where w = [u, v]T, and a piecewise constant function in time was formed.
The constant on each interval is given by the average of the solution at the current step
and the solution at the next step, i.e., 0.5(w(tx41) + w(tr)). Note that for this problem we
can calculate the POD eigenvalues, POD modes, and the data approximation errors exactly.
Thus, comparisons between the actual approximation errors and the error formulas can be
made.

In Tables 3.1 and 3.2 we present the errors from the relevant projections considered
in Chapter 3 for r = 4 and r = 12. Note that errors for projections involving the inverse
mapping L™! are not included since L is not invertible for this example. In the tables, the
actual error is the integral error measure and the error formula is the sum involving the POD
singular values. The first line in the tables represents computations for the known error

result (2.7). The second and third lines of the tables are computations for the new results



Table 3.1. Error Comparison with r = 4

POD Error Equation || Actual Error | Error Formula | Difference
Equation (2.7) 6.2755 x 107 | 6.2792 x 107 | 3.7584 x 1078
Equation (3.18) || 2.1584 x 107" | 2.1593 x 10~ | 9.1863 x 107>
Equation (3.19) 9.8536 x 1073 | 9.8541 x 1073 | 4.7712 x 10~/

Table 3.2. Error Comparison with r = 12

POD Error Formula | Actual Error | Error Formula Difference
Equation (2.7) 4.1453 x 1078 | 4.1487 x 1078 | 3.3661 x 107!
Equation (3.18) || 2.2536 x 107 | 2.2541 x 107* | 5.2146 x 1078
Equation (3.19) || 1.2664 x 1075 | 1.2668 x 107 | 3.5150 x 10~°
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(3.18)-(3.19). The second line of each table gives the values for

actual error :/ ||Lw(1) —LHf(w(t)llf,dt, error formula = ZO‘%”LQO]C”%,
o

k>r

while the third line of each table shows computational results for

actual error = / | Lw/ — Hfijllf,dt, error formula = Z U,f”chk — HngaH%,.
0

k>r

The differences in the computed values are likely due to round off errors. Note that as r
increases the errors tend toward zero, as expected by the theory.

3.5.2. Examples From [1]. The first two examples are from [1]. Due to the above
assumption on the data, the POD operator K can be viewed as a mapping into H or a
mapping into V. One can obtain the SVDof K : § — Horthe SVDof K : § — V. 1e., one
can choose X = H or X = V. The different choices for X give different POD singular values,

POD singular vectors, POD modes, and POD projections. In [1], the author considered
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both choices for X and four different POD projections between these spaces and gave exact
expressions for the POD data approximation errors in the two different Hilbert space norms.
We relate the notation and results for both the error formulas and pointwise convergence
from the present work to [1]. We obtain better pointwise convergence results in this work.
Also, O was only an interval in [ 1], but now we have O is an open subset of R?. For these
first two examples, ¥, = span{L¢;} and [TV : ¥ — Y is the orthogonal projection onto Y;.
Note this implies {IT' } is uniformly bounded in operator norm.

3.5.2.1. Example 1. For the first example, consider the case where X = H, Y =V,
and L : H — V is defined by Lv = v for all v € D(L) = V. The operator L is
clearly invertible, and L™! : V — H is given by L™'v = v for all v € V. Note that
L~' : V — H is bounded due to the continuous embedding assumption. Also, the inverse
of a bounded operator is closed, so L is closed. Furthermore, the assumption on the data
gives {w/} ¢ L*(0;X) and {Lw’/} < L*(0:;Y). Thus, we know that both the main
assumption and the L™! assumption hold.

Since X = H and each set of singular vectors of the POD operator K : § — H are
an orthonormal basis, we know the POD modes {¢y } are an orthonormal basis for H. Note
that X, = span{pi};_, € H, and Y, = span{Ly};_, = span{p;};_; C V. Furthermore,
the POD modes {¢;} may not be orthogonal in V. Also, the operator K¥ = LK is simply
the POD operator K viewed as a mapping from S to V. We take I1X : X — X to be the
orthogonal projection onto X,, and [TV : ¥ — Y to be the orthogonal projection onto ¥;.

In order to discuss the POD projections we pay special attention to the spaces under
consideration. Since V C H, the projections can be considered as mappings from V to V or
from H to H. The projections considered in this work are related to the projections PZ and

PY in [1, Definition 3.2] as follows:
« I1I¥ : X — X is equal to the orthogonal projection P7 : H — H.

IV : Y — Y is equal to the orthogonal projection PY : V — V.
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« LTIXL7': Y — Y is equal to the operator PZ : V — V.
« L7'IYL : X — X is equal to the operator PY : H — H.

Now that we have the relationships between the projections, we compare the results.
The error formulas presented here in Theorem 3.3.4 are essentially the same as the results
in [1]. Again, the primary difference here is that O is an open subset of R? instead of an

interval. The POD data approximation errors from Theorem 3.3.4 become the following:

Y, [ i@ = PRI 0l = Y ol (3:30)
=170 i>r
> [ i@ = Pl @l = Y ol — Pl (331)
=170 I>r
> [0 = Pl 0l = 3 ol - Pty (332)
j=1 k>r

In this example, all three sums converge to zero as r increases.
A larger improvement from [1] can be seen in the results concerning pointwise

convergence of POD projections. To illustrate, we give the following result.

Proposition 3.5.1. We have

1 IPYy —ylly — Oforall y € R(K), and for y = Kg we have

1PYy = yllv < Y ol (g, £l I1PY er = el

k>r

2. If the POD eigenvalues for {w/} c L*(0;V) are all nonzero, then P¥y — y in both

HandV forally e V.

3. ||1Py —y|ly = Oforall y € R(K), and for y = Kg we have

ly =PIyl < ) 0w l(g, £5)sl lgxllv.

k>r
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4. |PYx —x||lg — Oforall x € R(K), and for x = Kg we have

lx = PYxlln < > e l(g, sl e = PY il

k>r

Note that since Hf is orthogonal, item 1 and item 2 follow from Theorem 3.4.5 and
item 2 of Theorem 3.4.2. Items 3 and 4 can be obtained from Theorem 3.4.6, Theorem 3.4.7,
and the fact that L™! is bounded.

The pointwise convergence results above are more complete and more sharp than
the results in [1, Proposition 5.5]. First, item 2 is shown in [1, Proposition 5.5] under
the assumption that all the POD singular values for {w/} < L?*(O;V) are nonzero; as
discussed in Section 2.2.2 this is a more restrictive assumption than the POD eigenvalues
all being nonzero, as is required above. Next, the convergence result in item 3 is shown in
[1, Proposition 5.5]; however, the error bound in item 3 is new. Also, items 1 and 4 are
completely new.

For item 3, we note that an error bound was given in the proof of [1, Proposition
5.5]. However, that error bound does not converge to zero as fast as the error bound
given in Theorem 3.4.6. Specifically, the error bound in [1] is a constant multiple of

(Xiar 1(g, 55112, However, the error bound in item 3 can be bounded above by

1/2 1/2
Iy = Pyl < (Z |<g,fk>s|2) (Zaﬁ ||<,ok||%) :

k>r k>r

and both terms in parentheses tend to zero as r increases by Parseval’s equality and
Lemma 3.3.1 (see the proof of Theorem 3.4.6). Therefore, the error bound in item 3
is an improvement over the error bound in [1].

Finally, we consider boundedness of the non-orthogonal POD projections P : V —
V and Py : H — H. For each fixed r, it is shown 1n [1, Lemma 3.3] that Pfl V-V

is bounded. Singler did not consider the boundedness of PY : H — Hin [1]. Below, we



51

use Theorem 3.2.3 to show PX : V — V is bounded and also give a condition guaranteeing
Py : H — H has a bounded extension. However, we still do not know if these non-
orthogonal POD projections are uniformly bounded in operator norm.

Define the linear operator A : D(A) ¢ H — H by
(Au,v)g = (u,v)y

forall u € D(A) and v € V (see, e.g., |63, Section I1.2]). We know A is closed. Now we

apply this to our example. Forallx € D(L) =V and y € D(L*) we have

(x,L*y)g = (Lx,y)y = (x,y)v

= (L*y,.X)H = (y’x)V-

Thus, L* = Aand D(L*) = D(A). For PDE solution data we often have {Aw/} c L*(O; H)
for each j; see [63] for examples. In this case, since ¢ = o7 'K f* we can use the Bochner
integral result in Theorem 2.1.2 to show ¢ € D(A) whenever oy > 0.

Therefore, since L' is bounded, item 1 and item 4 of Theorem 3.2.3 give the

following result.

Proposition 3.5.2. Let r be fixed. The operator P : V — V is bounded, and if {Aw/ };?1:1 C

L*(O; H), then the operator PY : H — H can be extended to a bounded operator.

3.5.2.2. Example 2. Next, consider the case where X =V, Y =H,andL:V — H
is defined by by Lv = v for all v € V. Then L™' : H — V is given by L™'v = v for
allv € D(L™!) = V. Note that in this case L is bounded by the continuous embedding
property. Again, the assumption on the data gives {w/} < L*(0;X) and {Lw/} c

L*(0:Y). Therefore, the main assumption and the L~ assumption hold.
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Since X

V, in this example the POD modes {¢;} are an orthonormal basis for

V. We have X, = span{yr}i_, € V,and ¥, = span{Le},_, = span{g;},_, € H. The

POD modes {¢x} may not be orthogonal in H. The operator K¥ = LK is the POD operator
K : S — H. Asin Example 1, [TI¥ : X — X is the orthogonal projection onto X,, and
Y : Y — Y is the orthogonal projection onto ¥;.

The projections in this work are related to the projections Q7 and QY from [1,

Definition 3.2] as follows:

¥ : X — X is equal to the orthogonal projection Q¥ : V — V.

1Y : Y — Y is equal to the orthogonal projection Q7 : H — H.

LTIXL=': Y — Y is equal to the operator Q¥ : H — H.
« L7'IYL : X — X is equal to the operator Q7 : V — V.

As before, the main data approximation error results in Theorem 3.3.4 become

> [ 1w = 0wl e = 3 oy,
=

k>r
m
> [ i@y - @l @l = Y oFller - Ol
=170 >

> [ w00l 0l ar = Y oFllex ~f el
=

k>r

Here the first two sums converge to zero as r increases. However, we cannot show conver-
gence of the last sum. This is because we do not know L~ is bounded or {Q7} is uniformly
bounded as a family of operators mapping V to V. As before, the only improvement here
compared to [1] is that O is not restricted to be an interval.

We also have the following pointwise convergence results.

Proposition 3.5.3. As r increases we have
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1. |0y —y|lg — Oforall y € H, and for y = Kg we have

107y = yllm < > ol (e £)s1 107 o = il

k>r

2. |QVy = y|lg = Oforall y € V, and for y = Kg we have

10y = yllm < > ol sl gl

k>r

3. For x = Kg we have

107" x = xllv < > ol (e, £)slIQ) ei = il

k>r
Ifalso sy < oo or L™ is bounded, then the error goes to zero as r increases.

Since L is bounded, item 1 follows from item 1 of Theorem 3.4.1 and also Theo-
rem 3.4.5. Item 2 can be obtained from Theorem 3.4.6, using L is bounded. Theorem 3.4.7
gives item 3; note that we cannot guarantee convergence of the error without the extra
assumptions since we only know L is bounded.

Again, these results improve on the results in [1, Proposition 5.5]. All of the error
bounds are new. The convergence result in item 2 was not stated in [ 1], but it follows directly
from the continuous embedding and ||QYy — y|ly — O for all y € V. The convergence
result in item 1 was given in [1, Proposition 5.5], however that work made the assumption
that all the POD singular values for {w/} ¢ L?(O;V) are nonzero. Here, we proved the

convergence result in item 1 without that assumption.
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Next, we use the technique from Section 3.5.2.1 to determine the boundedness of
the non-orthogonal POD projections Q% : V — V and QY : H — H. For this example, we
have A = L™ = (L™!)*. Therefore, if {Aw’} < L?(O; H), then we have {¢} ¢ D(L™),
just as in Section 3.5.2.1. Since L is bounded, items 2 and 3 of Theorem 3.2.3 give the

following result.

Proposition 3.5.4. Let r be fixed. The operator Q1 : V — V is bounded, and if {Aw/ };?1:1 C

L*(O; H), then the operator Q¥ : H — H can be extended to a bounded operator on H.

3.5.3. Non-orthogonal Projection Example. For the final example, we consider
a case where IV is not an orthogonal projection. In particular, we take I1V to be a Ritz
projection, as considered in [24, 27]. All of our results for this case are new.

Consider the situation from Example 1 in Section 3.5.2.1: we have X = H, Y =V,
and L : X — Y isdefined by Lv =v forallv € D(L) =Y. Assume we have a continuous
elliptic sesquilinear form2 @ : V x V. — K. Define the projection PY : V — V onto
V, := Y, = span{Lg;} = span{p;} C V as follows: let PYu = u, € V, be the unique
solution of

a(uy,vy) =au,v,) forallv, € V,.

The existence and uniqueness of such a solution is guaranteed by the Lax-Milgram Theorem.
We take [TY = PY.

Note that the main difference between this example and Example 1 is that the
projection PY is not the same. However, for this example it can be checked that the family
of projections, {I1'}, is uniformly bounded. Therefore, the same pointwise convergence
results and error formulas from Section 3.5.2.1 hold for this example with PY : V — V
defined as above. We note that these pointwise convergence results and error formulas are

all new. Bounds on the POD data approximation errors can be found in Lemma 3.4 in [24]

2j.e., there exists constants Cy, ¢, > 0 such that |a(u,v)| < Callullv||v]lv and callull%, < Rea(u, u) for
allu,veV
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and Lemma 2.9 in [27] in the discrete case; however, we have the exact formulas (3.30)-
(3.32) for the POD data approximation errors in the continuous case. Again, analogous

error formulas can be derived for the discrete case using our results.
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4. ANEW APPROACH TO POD WITH DIFFERENCE QUOTIENTS

4.1. REVIEW OF EXISTING METHODS

Before presenting the new approach to proper orthogonal decomposition with dif-
ference quotients, we present current approaches to POD: the standard POD approach and
standard POD with difference quotients approach. We compare our new method to known
results about these established methods throughout the section. For details on the basics of
POD see, e.g., [14, 15, 16, 19, 49, 50, 51].

First we establish some general notation. Let M and N be a positive integers and
recall that X and Y are Hilbert spaces where the space X 1s called the POD space. In this
chapter it is possible for ¥ = X. In the examples in this chapter for these Hilbert spaces
we use the standard function spaces L>(€) and H(l) (Q), where Q is the spatial domain. In
order to consider variable weights that often arise with numerical integration, we recall the

definition from Section 2.2.1 of § := K{YI with the weighted inner product given by

M
(8.h)s = h'Tg = y;elhi
j=1

M
j=1

where g, h € S, I = diag(y1,¥2,...,vum), and the values {y;}7, are positive weights. In
some instances it is beneficial to take the the positive weights to be certain specific values
in order to approximate various time integrals.

For the POD reduced order modeling in this chapter, we consider data sets consisting
of approximate solution data for a time dependent partial differential equation. Throughout,
we consider the time interval [0, 7] with T > 0 a fixed positive constant. The approximate
solution data will be given at times t, = (n — 1)At, forn = 1,..., N, where the time step is

given by At = % Note that while T is fixed, N can vary.
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4.1.1. Standard POD. First we recall the standard POD approach as presented in
Section 2.2.1. We present it here again with slightly difterent notation in order to use it for
the remainder of the work.

Let W = {w/ }?’I: | C X be the POD data for some integer M > 0. We have the same

POD operator as in Equation (2.2) which is

M
Kf=> vifiw, f=1f51% . M (4.1)
j=1
We call this operator the standard POD operator. Further recall that the POD modes
provide the best low rank approximation to the data. Thus we have the following formula
as in Equation (2.5):
M sx
Er= ) yillw ~TEw/I5 = ) A (4.2)
j=1 k=r+1
where {4} are the POD eigenvalues and sy is the number of positive POD singular values.
For certain choices of weights {y;} the error given in Equation (2.5) approximates
a time integral, or a constant multiple of a time integral, as more and more time steps are
used. Using various quadrature rules to determine the appropriate POD weights will lead to
different time integral approximations. Allowing the weights to vary for the standard POD
problem will also allow us to apply known results for this approach to new approaches.
The following lemma provides exact formulas for POD data approximation errors
using other norms and other projections. We use this result later to provide POD data
approximation results for other POD approaches. The proof of Lemma 4.1.1 is very similar

to the proof of Theorem 3.3.2 above so we omit it here. For another similar result and proof

see [37, Lemma 2.2].
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Lemma 4.1.1. Let X, = span{epy}_, and [IX : X — X be the orthogonal projection onto
X,. Let sx be the number of positive POD singular values for K defined in Equation (2.2).

If Y is a Hilbert space with W C Y then

M ' ' SX
D il w5 = " Adlells. (4.3)
j=1 i=r+1

In addition if &, : Y — Y is a bounded linear projection onto X, then,

M SX
D ovilwl —mwl |5 = Y Aillgi - meilly- (4.4)
j=1 i=r+1

The standard POD approach does not have general bounds for pointwise errors, as
shown in [37, Section 3].

4.1.2. POD with Difference Quotients. Another common approach to POD in-
volves the use of difference quotients. Throughout this chapter, we refer to this method as
the standard DQ approach. This approach has been studied by many including [18, 37, 38,
40, 64, 65]. We consider backward Euler for the time stepping scheme and the difference
quotients.

LetU = {u/ }?fz | C X bea given data set. Then the problem is to find an orthonormal

basis minimizing the error

N N-1
EPO _ Z Atllu? —TEE w3 + Z At||ouw — T ou’||% 4.5)
j=1 j=1

where At is the time step and the difference quotients are given by

) uj+1 _uj
= = 4.6
ou A7 (4.6)
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These difference quotients approximate the time derivative of the data in continuous time.
The operator that provides the minimizing basis for the error in Equation (4.5) is Kpg :

S — X defined by

N N-1
Kpof =) Atflul + > AtfNioul. (4.7)
= =

This approach uses a total of M = 2N — 1 data snapshots which is nearly twice as
many as the standard POD approach. Note for this operator we have Kpg f = K f where
wi =u'andy; = Atfori=1,...N,and also wN* = du’ and yy,; = Atfori=1,...,N—1.
The resulting POD data set is {wf}j”il, where M = 2N — 1. Taking {/I?Q}?Izvl‘l to be the
POD eigenvalues and keeping the same notation {¢;} for the POD basis functions, we get
similar results to those for the standard POD operator. When using this new set {w/} as the
POD data set, we not only have a set that is nearly twice as large as the original but it can
also be checked that the new set is linearly dependent. This redundancy is something we

avoid with our new approach introduced in Section 4.2,

Remark 4.1.2. While the weights can be taken to be any set of positive constants, for
simplicity we take them to be the constant At. The results in this chapter can be extended
to variable weights or other choices of constant weights. One popular choice of constant
weight in the literature is M~" as in [37, 38] where M represents the total number of data
snapshots for the standard difference quotient approach to POD. Similarly to the standard
POD case, with certain choices of weights, one can approximate time integrals with various

quadrature rules.

The following result is also similar to Lemma 2.4 in [37]. We provide it here for

completeness.
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Lemma 4.1.3. Let X, = span{e¢y}_, and [IX : X — X be the orthogonal projection onto
X,. Let sx be the number of positive POD singular values for Kpg defined in Equation (4.7).

We have the following error formula:

N-1
Zmnuf ¥l |13 + Zmnauf X ou’ |3 = Z P2, (4.8)
j= j= i=r+l

If Y is a Hilbert space with U C Y then

N-1
Zmnuf X |13 + ) Arllou’ — ¥ ou/ |13 = Z 22903 4.9)
Jj=1 J=1 i=r+1

In addition, if n, © Y — Y is a bounded linear projection onto X, then

ZArnuf ~ x| + Z Mlow =200l = 3 A%l = mlf @10
j=1 j=1 i=r+1
Proof. This result follows from Equation (2.5) and Lemma 4.1.1 by taking {/I?Q}j.’:‘ | as the

POD eigenvalues for the POD operator in Equation (4.7). O

We have the following result about the pointwise error bounds for this POD case. A
similar result with a different set of constant weights can be found in [37, Theorem 3.7]. The
proof of the result below is similar so we omit it here. That theorem was key to obtaining the

optimal pointwise POD ROM error bounds which were a main contribution of that work.

Theorem 4.1.4. Let X, = span{py})_, and X : X — X be the orthogonal projection onto

X;. Let sx be the number of positive POD singular values for Kpg. We have

1max lu/ — HXu]HX <C
<j<

> e

i=r+1

@.11)
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If Y is a Hilbert space with U C Y then

SX
j X 72 DQ 2
max [lu/ = IFul|lf < € Zﬂl" ||<,az~||y). (4.12)
i=r

If . Y — Y is a bounded linear projection onto X, then

SX
] ] D
max ! = muly <€ | A,.Q||<,al~—m<,ol~||%) (4.13)
== i=r+l

where C = 2max{T~!, T}.

In Section 4.2.2 we obtain a similar pointwise POD projection error result for the

new POD approach described below in Section 4.2.

4.2. A NEW APPROACH

Next, we return to the question posed in the introduction: “Can we obtain all of
the same numerical analysis benefits of using DQs with POD using a data set without
redundancy?”" We obtain a positive answer to this question by introducing a new POD
problem and operator. Instead of including all of the POD data snapshots and all of the
difference quotients as in Section 4.1.2, we include the first data snapshot and all of the
difference quotients. Thus for the data U = {u/ }?]: | € X, the new POD problem is to

minimize the error given by

N-1
EPO = ||t —ni‘u1||’§‘(+ZAt||auf — X oul |3 (4.14)

j=1
where the difference quotients are defined by Equation (4.6). Note that the POD error
function in Equation (4.14) does not include the weighted sum of the errors of the regular

snapshots; this contrasts with the POD approaches in Section 4.1, which both include such

error terms, see Equation (2.5) and Equation (4.5). Furthermore, in the POD approaches
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in Section 4.1, we have exact error formulas for these error terms; see Lemma 4.1.1 and
Lemma 4.1.3. In Section 4.2.2, we consider the weighted sum of the errors of the regular
snapshots for this new approach and obtain an approximation error result in Corollary 4.2.5.

Note that with this approach we have a total of N — 1 difference quotients. Together
with the single snapshot, we have a total of N data snapshots for this POD problem. This is
an improvement from the standard DQ approach to POD which has 2N — 1 data snapshots.

The minimum error can be found using the POD operator:

N-1
Kif=flu'+ Z At gu (4.15)
=1

We have K1 f = Kf where w! =u', y1 =1, y;,1 = At, and w*! = gu’ fori=1,... N - 1.
We choose to use the constant time step, Af, as the weight for simplicity throughout. The
results can be extended to include variable weights as well. Recall that for certain choices
of weights one can approximate a time integral and the difference quotients approximate a
time derivative.

Note that in contrast to the data set created for the standard POD approach with
DQs, the data set for this new approach is linearly independent if the original data set is
linearly independent as shown in Lemma 4.2.1.
Lemma 4.2.1. If {u’}Y  is linearly independent then {w'}Y  given by w' = u' and w'*! =

ou' fori =1,...,N —1is linearly independent.

Proof. We show that if

c1w1+czw2+~~~+chN=O

thenc; =0foralli=1,...,N. We have
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then

c2\ 1 (Cz 63) 2 (CN—l CN) N-1, SN N _
- —= + = -— +oeee | — — — +—u" =0.
(Cl )” A A A A" At

Since {u;} is linearly independent we know each of these coefficients must equal 0. Solving

that system of equations leads to the conclusion that ¢; = O foralli=1,...,N. O

It we let {/I?Ql}y: | be the POD eigenvalues for this new POD approach, and let
{#x}i_, be the POD modes for this data, we get the following error formulas given in
Lemma 4.2.2.

Lemma 4.2.2. Let X, = span{¢y}_, and X : X — X be the orthogonal projection onto
X,. Let sx be the number of positive POD singular values for Ky defined in Equation (4.15).

We have the following formula for the data approximation error:

N-1
' = TIXu % + Z Atl|ow’ - TTXou! || = Z APet, (4.16)
j=1 i=r+1

If Y is a Hilbert space with U C Y then

N-1
1
! =T[5+ )" Atllow — T ou |7 = Z 222 eil2 4.17)
j=1 i=r+1

If in addition &, : Y — Y is a bounded linear projection onto X, then,

N-1
' = 7, lI7 + ) Atllow! = mroul|f} = Z AP - megilly. (418)
j=1 i=r+1

Proof. This result follows from Equation (2.5) and Lemma 4.1.1 by taking {/lDQl}jX | as

the POD eigenvalues for the POD operator in Equation (4.15). O

Preliminary computational results and pointwise error estimates for this new POD

approach are discussed in Section 4.2.1 and Section 4.2.2 respectively.
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4.2.1. Preliminary Computations. Before moving to our main results we perform
some preliminary computations to test the new POD approach with difference quotients.

For all computations in this chapter we consider the following test problem.

Test Problem: Consider the one dimensional heat equation

Uy — vty =0, in Q x [0, T]

u(x,0) = " sin(mx)

withv =1,Q = [0, 1], T =1, and zero Dirichlet boundary conditions.

For the data {u/}, we compute the solution using the finite element method with
linear elements, equally spaced nodes, and backward Euler with a constant time step for
the time stepping. The initial condition is taken to be the linear interpolation of the
initial condition with respect to the finite element nodes. For this data and with the POD
space X = LZ(Q), we can calculate the POD modes, POD singular values, and the data
approximation errors exactly which allows for comparison between the errors in the formulas
from Lemma 4.2.2 and the actual approximation errors. In order to compute the singular
value decomposition (SVD) of the POD operator, we use the technique described in [66,
Section 2.2] with a minor modification to account for the POD weights. This procedure
works well and is highly accurate for smaller data sets; for larger data sets one could use an
incremental SVD approach or another related algorithm instead, see e.g. [66, 67, 68, 69, 70]
and the references therein.

First we plot the singular values for both the standard POD and our new POD
approach that includes one data snapshot and all of the difference quotients. For the
standard POD computations we use the data set consisting of only the regular snapshots
{wf}y:1 = {uf}iyz1 and we choose constant weights y; = At for j = 1,..., N. The singular
value plots allow for a quick comparison between the two approaches to POD and are given

in Figure 4.1. For each plot, we show the first 20 POD singular values for 20, 50, 100, and
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(a) Standard POD (b) New DQ POD

Figure 4.1. Plot of singular values of POD operators using different numbers of finite
element nodes

150 finite element nodes when using 100 equally spaced time steps. The POD singular
values decay at a similar rate which indicates that the POD basis for each case has a similar
ability to approximate the data.

Next, we consider the data approximation error results given in Lemma 4.2.2 nu-
merically. For these computations we take 200 equally spaced time steps and 100 equally
spaced finite element nodes and compute the actual errors and the error formulas. Recall
that X = L2(Q) is the POD space and note that here we take either Y =HO(Q) orY =L2(Q).
Also note the projection nr is taken to be the Ritz projection, which we discuss in more
detail in Section 4.3. The results are shown for all formulas of Lemma 4.2.2 in Table 4.1
forr =4, r =6,and r = 8. For example, the second row for each r value in the table gives
the values for

N-1
actual error 1 XWLIH; * Z Atl|ou’ — Hi(@”j”izg’
=1

and

error formula = i f G1ypk
i=r+1
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Table 4.1. Actual Error vs. Error Formulas from Lemma 4.2.2 for New DQ POD

r value | Projection | Norm | Actual Error | Error Formula
4 nx LY (Q) | 9.761e-06 9.761e-06
X HY{(Q) | 6.200e-03 6.200e-03
, L*(Q) | 1.736e-05 1.736e-05
T, H}(Q) | 3.100e-03 3.100e-03
6 X L*(Q) | 5.482¢-09 5.482e-09
X HY{(Q) | 1.036e-05 1.036e-05
T, L*(Q) | 1.133e-08 1.133e-08
T, H{(Q) | 5.159¢-06 5.159¢-06
8 X L*(Q) | 1.557e-12 1.557e-12
nx H{(Q) | 4.772¢-09 4.772e-09
T, L*(Q) | 3.48le-12 3.481e-12
T, H{(Q) | 1.659¢-09 1.659¢-09

with the respective values for r. Round-off errors in the POD computations can cause very
small imaginary parts to occur in the error formulas. Thus we report the absolute value
of the computed error formulas. Note that the difference between the actual errors and the
error formulas is unnoticeable to the given significant digits. These computational results
verify what we show analytically. Similar results are achieved when using X = H(l) (Q).

Computational comparisons between all three of the methods can be found in
Section 4.4.1 where we consider the errors in the reduced order models.

4.2.2. Pointwise Error Bounds. Using the technique from [37, Lemma 3.6] we
establish the following lemma which allows us to directly prove the POD pointwise projec-
tion error bounds for the new DQ POD approach and an approximation error result for the
weighted sum of the errors of the regular snapshots. These results are necessary to prove

the reduced order model error bounds and show their optimality in Section 4.3.
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Lemma 4.2.3. Let T > 0, Z be a normed space, {zf}iyz1 c Z and At =T /(N - 1). Then

N-1
1217+ ) Aruazfn%) (4.19)

")
ma s < C
max, 11 <

1

Zt’ +

where 07 = =L for £ =1,...,N -1, and C = 2max{T, 1}.
At

Proof. Note using z/ = z! + Zé:ll At(z%), we have

2

. . 1/2 1
-1 -1 N-1

127l < 112"l + > Aozl < lIz'| + (Z Ar) (Z At”aqu)
£=1 =1 =1

Then
' j-1 N-1 N-1
1717 < 20111 + 2 (Z Af) (Z Arllazfllz) <20 1P +27 ) Al
=1 =1 =1

since T = Zyz _11 At = (N — 1)At. Take the maximum over all j and the result follows. O

Next, we obtain a pointwise POD projection error result for the new POD DQ

approach that is very similar to Theorem 4.1.4 for the standard POD DQ case.

Theorem 4.2.4. Let X, = span{epy})_, and X : X — X be the orthogonal projection onto

X,. Let sx be the number of positive POD eigenvalues for U = {u/ }?7:1. Then

max ||l — 5w/ |3 < C
ma e’ =1

ZX: /lf.)Ql). (4.20)

i=r+1

If Y is a Hilbert space with U C Y then

1

SX
> A?ansoill%), (4.21)

max ||u’ —Hffujllg, <C
<jsN i=r+1
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and in addition if n, 1 Y — Y is a bounded linear projection onto X, then

SX
i i DQ1
max |lu/ - mul|lf < C [ Y a7 g - megilly (4.22)
I<j<N i=r+1

where C = 2max{T,1}.

Proof. To prove this theorem take z/ = u/ —TIXu/ orz/ =/ —m,u/ withZ=XorZ=Y

in Lemma 4.2.3. For example, if we let 7 =ul - Hf(uj and Z = X, then

N-1

max |/ — X/ |3 < C (|lu’ = 15|} + Z Atl|ou’ = T¥0u’|)} (4.23)
1<j<N =
Applying Lemma 4.2.2 for each of the three cases gives the result. O

Next, we use the above pointwise error bounds to obtain error bounds for the
weighted sum of the errors of the regular snapshots.
Corollary 4.2.5. Let X, = span{yi})_, and X : X — X be the orthogonal projection

onto X,. Let sx be the number of positive POD eigenvalues for U then

N Sx
ZAtnuf —u/|% < C Z APt (4.24)
j=1 i=r+1
If Y is a Hilbert space with U C Y then
N i ) Sx
> At — |3 < Cf > A?angain%). (4.25)
j=1 i=r+1
If in addition n, . Y — Y is a bounded linear projection onto X, then
N i ) Sx
DAt =z} < €| >0 AP g - win%) (4.26)
j=1 i=r+1

where C = 4max{T>,T}.
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Proof. Since

NAt = %[(N - DAt] = [N/(N - D]T < 2T,

we have

N
D At =T |5 <27 max |lu/ - TXu?|f3.
= 1<j<N

Theorem 4.2.4 gives Equation (4.24). The proofs of Equations (4.25) and (4.26) follow in

the same way. O

These results are similar to those for the standard DQ approach while keeping

redundancy out of the data set.

4.3. REDUCED ORDER MODELING

In this section we establish theory to compare the reduced order model solution to
the backward Euler finite element solution for the heat equation using our new POD with
DQs approach. In this section all POD computations are done using the new approach and
all function spaces are assumed to be real. Our analysis and proof techniques strongly rely
on the approach in [37, Section 4]. We provide proofs to make the work self-contained.

Let Q ¢ R? with d > 1 be an open bounded domain with Lipschitz continuous
boundary, and define V = H(l) (). The space V is a Hilbert space with inner product
(g, h) H o= (Vg,Vh) 2. We consider the weak formulation of the heat equation with

homogeneous Dirichlet boundary conditions:

Ou,v)p2 +v(Vu, V)2 = (f,v);2 Yv eV (4.27)
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where (-, 0) = u' is the initial condition, v is a positive constant, and f is a given forcing
function. We project Equation (4.27) onto a standard conforming finite element space

V" < V and apply backward Euler to obtain

n+l _ n
(%,v) (VU™ V) e = (P 0),. Vv e VA (4.28)
LZ

We use the data set {u”}if: L C V" to compute the POD modes {¢ f};:l c V" using
the new DQ approach with respect to the Hilbert space X. Below we take X to be either
X = L*(Q) or X = H)(Q). Let V! = span{g j¥i—1- Next, we develop the POD reduced
order model of the heat equation by substituting u, for the unknown u, using the Galerkin
method, and projecting Equation (4.28) onto the space V* < V" Thus we arrive at the

following BE-POD-ROM:

un+1 —u"
[

L v) +v(Vu™ Vv e = (v Wy, e VI (4.29)
LZ
We split the error, in the standard way, with

en+1 — un+1 _ u;t+l — (un+1 _ ﬂ_run+l) _ (M;H—l _ ﬂ_run+l) — 77”+1 _ ¢;l+1

n+1 n+1

where 7, is a projection onto V. 7 = u"™ - mu™

' is the POD projection error,
and ¢’ = ! — 7" is the discretization error. We subtract Equation (4.29) from

Equation (4.28) and make the error substitution given above to get

77”+1 _ 77”
T,v,) (V™ Ve, Vv e VI
L2

¢;l+1 - (p}: n
(T,v, Lt (V™ Vy)) o =

(4.30)

Remark 4.3.1. The approach taken here is different than the one taken in [37]. In that
work the authors compare the ROM solution u’} to the exact solution of the PDE u(t,). We

can bound the error between the ROM solution and the exact solution using the triangle
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inequality

[l = u(ta)lly < lluy = u®lly + llu” —u(en)lly

where Y is a Hilbert space. The current work focuses on bounding the ROM error term
lu? — u|ly with Y = L*(Q) or Y = H(l) (Q) and leaves the second term to be studied using

well-known finite element theory.

For analysis and computations the initial condition is taken to be the POD projection
of the given initial condition, i.e, u! = IIXu'. Other initial conditions are possible and
have been considered in other works for the standard POD and DQ POD approaches. For
example, in [37], the Ritz projection was used for the initial condition. We now consider
each POD space, L*(Q) and H(l) (Q), separately.

4.3.1. POD Space: L*(Q). In this section, we take X to be the space L*(Q). The

orthogonal projection onto V TIX : L?(Q) — L*(Q), is given b
r r y
Mu =) () 4.31)
i=1

and the set of POD modes {;} are orthogonal in L (). Define 7, to be the Ritz projection
R, which satisfies

(Viw = Rw),Vv,) 2 =0 (4.32)

for all v, € V. Thus, for all w € V" we have

lw—=Rw| g = inf [|w—v,| .
0 Vh 0

I I

Let ngtlz = u"*! — R,u"'. Then Equation (4.30) becomes

n+l _ gn
(u,vr) +v(V¢f+1,Vv,)Lz=
L2

1
ngtz B
At

Mri
Riz ), Vo, e Vi (4.33)
At p
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Using this ROM error equation, we obtain the error bounds given below. Note,
the constant C can change from step to step, but it does not depend on any discretization

parameter. In Section 4.4.3 we investigate the final value of C computationally.

Theorem 4.3.2. The pointwise L* solution error when the L*(Q) POD basis is used for the

BE-POD-ROM is bounded by

k2
max |e*|2, <

i=r+1

Sx
> AP~ Regil, + ||¢i||iz). 434)

Proof. Taking v, = ¢/*! in Equation (4.33) yields

n+1
¢n+l ¢}’l " i 77 _: _77 ; i
( O IV, = | R e (4.35)
L 12

Now, apply Cauchy-Schwartz followed by Young’s inequality with a constant ¢ to get

¢n+1 ¢n ; . 1 ., .
( a0 VIV < Ellon i, + ol L. 4.36)
L
Finally apply a polarization identity, use the fact that C||¢"*!||?, < ||V#"*!||%,, and rearrange
ro g L
to obtain
1 71

(E ~ 6+ ) 197712 = SN0 < 20 437)

Taking § = # and multiplying by 2At we get

" " CAt . .,
1717 = 1671172 < 5110k, N7 (4.38)
2v

Summing fromn = 1 ton = k — 1, using ||e”||i2 < 2(||77”||i2 + ||¢f||i2), and rearranging

once again gives

>~

-1
k2 2 ko2 12
el < C 1AL ) Nongi N7 + IRl + 1161172 ] - (4.39)

n

Il
—_
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Then apply Lemma 4.2.2 and Theorem 4.2.4 with ¥ = L>(Q) and 7, = R, to get

le*117, < ¢ Z AP @i = Regill 2 + 10312, |- (4.40)
i=r+1
Take the maximum over all k to get the result. O

Theorem 4.3.3. The pointwise H(l) solution error when the L*(Q) POD basis is used for

the BE-POD-ROM is bounded by

mI?XHVekHZ <C

i=r+1

SX
DA% (llgi = ResllZ + IV (i = Rep)I12:) + ||¢i||§,01) . (44D

Proof. Taking v, = d¢" in Equation (4.33) gives

¢n+1 ; 1 ngtlz - n%itz
BT o) e (et vogy) | = | ag| (442)
At 2 At
12
Rearranging and using the definition of d¢} yields
77”+1 _ 77” '
v (ver.voer) = (% a¢’:) LA (4.43)
12

Then applying first the Cauchy-Schwartz inequality followed by Young’s inequality with

the constant § we obtain

v (Ve vogy) < (10 106 ) - 109712,
1 1 i n
< (Euanmu; - 6||a¢,||iz) - 1041112,

1 7l n
= _”6771?,12”%2 + (60— 1)”6¢r”i2'
45

Taking the constant 6 = 1 yields

p—

v (Ve vagy) < lom I (4.4)
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Also,
A (vert Voar) =5 (IVa I, + 1960~ Vs~ IVOIIL.) . 45)
roo rL2_2 12 rily2 rity2 - .

Combining Equation (4.44) and Equation (4.45), summing overn =1, ...,k — 1, and using

IVek12, <2 (19742, + IV@E I, ) gives

IVe|;, < C
n=1

k
2 k 2 12
Bt Y 1907 + ey + ||¢,||H01) . (446)

Then apply Lemma 4.2.2 and Theorem 4.2.4 with ¥ = H(l) () and 7, = R, to get

SX SX
kn2 DQ1 2 DQ1 2 12
IVe (7, < €| D 7% e = Regill + Y 479N i = Regills, + ||¢,||H1). (4.47)
i=r+1 i=r+1 0 0
Rearrange and take the maximum over all k to get the result. O

Theorem 4.3.4. The pointwise solution norm error when the L*(Q) POD basis is used for

the BE-POD-ROM is bounded by

SX
1117, + vAr Z le™ 3, < €| D) AP llei = Regilly: + llgi = Regilly ) + ||¢3||i2) :
i=r+1
(4.48)
Proof. Taking ¢"*! in Equation (4.33), yields
n+1
¢n+1 ¢n 1 1 nRJ;tz - nthz 1
" \ =|——>= 9" . 4.49
( At r 12 ” ¢r ”LZ At r - ( )

Now, apply the Cauchy-Schwartz inequality, Young’s inequality, and a polarization identity

to get

s (1002~ N I2.) 4 vIVOI 2. < el + ol I, 450)

46
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Now multiply by 2, apply the Poincaré inequality to the last term, and combine the resulting

like terms:
1 n+l)2 ny2 n+l)2 1 n 2
= (160712, = 1812 ) +2 0= 60 IV 12, < - lomf |12 @451)
At 26
Take § = 5 and multiply by At:
167" Wz = N7 Nz + ATV 7 < ==l 0mp - (452)

Sum from n =1 to k — 1, rearrange, and take a maximum amoung the constants to obtain

k-1 k-1
167117, +vAt > IVeri7. < € Aanan’}wzn;+||¢3||iz). (4.53)
n=1 n=1

Using le"[12, < 2(I"I12, + I#21I%,) and rearranging gives

k-1
k2 112
ek 117, +vae > [le™ I3,
n=1 0
k-1 k-1
2 k 2 12 12
<C|Ar ||an’,é,~tzl|Lz+||nR,~tZ||L2+ArZ||n7Jtz||H5+||¢,||Lz). (4.54)
n=1 n=1

Finally, using Lemma 4.2.2, Theorem 4.2.4, and Corollary 4.2.5 with n, = R, and both
Y =L*(Q) and Y = H}(Q) yield

k-1 SX
k2 112 DQ1 2 2 12
k115 +var 3 eI, < € | Y 429Nl = el +||<,ai—Rr¢i||H5>+||¢,||L2).
n=1 i=r+1

(4.55)
Taking k = N yields the result. O
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4.3.2. POD Space: H(l) (). Alternatively, we can take the POD space X to be

H}(Q). The orthogonal projection onto V', TIX : H}(Q) — H} (&), is given by

r

u =) (we)me (456)
i=1

and the set of POD modes {¢;} are orthogonal in H(l) (€2). Note that

.
¥y = Z(‘Pk, 901')1-15901' =0
P

for k > r since {¢y } are orthogonal in H(l)(Q). Further, since I1¥ is orthogonal we have

(w— Hi(w,vr)x =0 Vv, e V,h
54 _ h
= (w-1II; w,vr)Hé =0 Vv, eV,

= (Viw -TIXw), Vv,)2 =0 Vv, e V"

Similarly to before we take 7, to be the Ritz projection, but in this case the Ritz projection

is the orthogonal projection [1¥, and Equation (4.30) becomes

n+1

n i _77”,'
M,v,) Yy, € VI 4.57)
L2

Pt — g
At

T,v,) o+ y(Vé™ Vv,) 2 =
L

where ’7%12 =™ — Rou™! = ™! —TIXu™*!, As before we can show error bounds for the

L? and H(l) norm errors and the solution norm error.

Theorem 4.3.5. The ROM solution errors when the H(l) () POD basis is used for the

BE-POD-ROM are bounded as follows:

SX
DQ1
max e¥ll7. < €| > 47 il + 1107 | (458)

i=r+1
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SX
1
max Ve |7 < €| 3 472 (lgill + 1) + ||¢i||§,é), (4.59)
i=r+1
and
N-1 Sx
leiI7 +var Yo IVer Iz < € | ) AP A+ llgill7) + ||¢}||iz). (4.60)
n=1 i=r+1

Proof. Proceed as in the proofs of Theorem 4.3.2, Theorem 4.3.3, and Theorem 4.3.4
respectively, but now use ngir; = u —Hf( u and the appropriate choices for Y in Theorem 4.2 .4,

Corollary 4.2.5, and Lemma 4.2.2. O

4.3.3. Optimality. In this section we investigate the optimality of this new approach
to POD with difference quotients. To do so we follow the approach given in [37] but modify
the optimality definitions given there to include the ROM error for the initial condition.
For this portion of the thesis we focus on both of the POD ROM discretization errors and
assume the time and spatial discretization errors are optimal. Thus, we ignore the latter
errors in the equation given below. In this section we consider only the new approach as
the standard difference quotient approach is discussed in [37]. The optimality of each error
depends on both the POD space X and the error norm space Y. To give a precise definition

of pointwise ROM error optimality, assume there exists a constant C > 0 that is independent

of the discretization parameters such that the ROM errors ef = u* —uf fork = 1,...,N
satisty
|2 < ( 1)
1rsmkagvne Iy < ClA, +A, 4.61)
where

* A, is the ROM discretization error, and depends only on r, the POD eigenvalues, and

the POD modes;

+ Al is the ROM discretization error for the initial condition, and depends only on r,

the POD eigenvalues, and the POD modes.
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Let X, c X be the span of the first ¥ POD modes, and assume X, C Y. Let Hf( X -
X be the orthogonal projection onto X, and I1Y : ¥ — Y be the Y—orthogonal projection
onto X,. Further let sy be the number of positive POD eigenvalues. In Definition 4.3.6
we extend the definitions of optimality provided in [37] to include the ROM discretization

error for the initial condition.

Definition 4.3.6. We say the total ROM discretization error, A, + AL, is

» optimal-1 if there exists a constant C such that

SX
A+ A< C Y dillgilly. (4.62)

i=r+1

» optimal-11 if there exists a constant C such that

SX
Ar+ AL SC Y Allg =T i3 (4.63)
i=r+1
The constant C can depend on the solution data and the problem data, but does not depend

on any discretization parameter.

Remark 4.3.7. For a detailed discussion on the optimality types see [37]. Note that, as
shown in [37, Proposition 4.8], optimal-Il is stronger than optimal-I, and the two are
equivalent if X =Y.

First we consider the ROM error from the choice of initial condition by noting
Al = ||¢}||)2, in Lemma 4.3.8 below.
Lemma 4.3.8. Let the initial condition be the POD projection of the given initial condition,

ie. ul =TXu' so that ¢! = u! — Rou' =T0%u' — Ru'. If X = L*(Q) then

Sx Sx
1612, <2 > 42 > Aillgi = Repill (4.64)
i=r+1 i=r+1
and
SX SX
67l <2 ) Alleillzy +2 )7 Aillo = Rl (4.65)

i=r+l i=r+l
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If X = H}(Q), then
ol =0 (4.66)

for either choice of space Y.

Proof. First consider the case X = L*(€). We have

12 1 112
¢ lly = lluy = Reu|ly
X 1 12
=I5 u” — Reu|ly

X, 1 1112 1 112
< 2T ut = w13 + 20’ = R |12,

Using Lemma 4.2.2 with Y = X = L*(Q) and 7, = R, gives Equation (4.64) and with
Y = H(l) (Q) and 7, = R, gives Equation (4.65). Finally if X = H(l) (), then IT¥ = R, and

Equation (4.66) follows by definition of 7. O

This lemma allows us to investigate the total ROM discretization error in the fol-

lowing two theorems with the POD space taken to be L? and H(l) respectively.

Theorem 4.3.9. If the L* POD basis is used, i.e. X = L*(Q), then the following hold:
* The pointwise ROM error in Equation (4.34) with the error normY = L? is optimal-I
if there exists a constant C such that

lei = Rrgill ;2 < C 4.67)

forr +1 <i < sx. Note that in this case optimal-1 is equivalent to optimal-I1.
* The pointwise ROM error in Equation (4.41) with error normY = H(l) is optimal-1.

Remark 4.3.10. In [37, Theorem 4.10 (iv)], when using the L* POD basis with Y = H(l) (Q)
but not considering the initial condition error the ROM error was optimal-11. When including

the initial condition as the POD projection of the given initial condition, we obtain the
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weaker result that the error is optimal-1. Other choices of initial condition will yield different
results. Further, the assumption Equation (4.67) is discussed in greater detail in [37, Section

4.2].

Proof. For the first item

SX
1 2 112
Ar +Ar = Z /11”901 —Rr‘Pi”Lz + ||¢r||L2
i=r+1
SX SX Sx
< D Allgi—Regillz +2[ D7 i+ D Aillei = Regil
i=r+1 i=r+1 i=r+1
SX
<C Z A
i=r+1
SX
2
=C > Alleil;
i=r+1

using Lemma 4.3.8, the assumption in Equation (4.67), Theorem 4.2.4, and the L? orthonor-
mality of the POD basis.

For the second item use the Poincaré inequality to get,

Sx SX
A+ A = Z Aillgi = Rygill3, + Z AillV(gi = Reg)l3, + ||¢i||12qé

i=r+1 i=r+1
SX
2 12
<C ) Allgi = Regillyy + 10717
i=r+1

Lemma 4.3.8 and the orthogonality of the Ritz projection R, : H} — H; then yields

SX SX SX
m+Msc§}ww—&w@+c21mw%sc24mwg

i=r+1 i=r+l i=r+l

Thus the error given in Equation (4.41) is optimal-I. O
Theorem 4.3.11. If the H(l) POD basis is used, i.e. X = H(l), then the following results hold.

o The pointwise ROM error in Equation (4.58) with the error normY = L? is optimal-I.
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* The pointwise ROM error in Equation (4.58) with error normY = L? is also optimal-II
when

leilly < Cllgi =T gilly  forr+1<i < sy.

* The pointwise ROM error in Equation (4.59) with the error normY = H(l) is optimal-1.

Note that in this case optimal-1 is equivalent to optimal-I1.

The proof of this result is similar to that of [37, Theorem 4.10] since from
Lemma 4.3.8 we know ¢! = 0 for both ¥ = L? and ¥ = H(l). We omit the details.
We note that the optimality results for the new POD DQ approach in Theorem 4.3.9 and
Theorem 4.3.11 are very similar to [37, Theorem 4.10] for the standard POD DQ ap-
proach. In fact, the only fundamental difterence in the results here was caused by our
choice of the initial condition and including this in the optimality definition, as discussed

in Remark 4.3.10.

4.4. NUMERICAL RESULTS

We now turn our attention to computational results. In this section we use the same
test problem as in Section 4.2.1 to compute ROM solution errors in order to compare the
new POD approach to the existing standard approaches. We also compute the scaling factors
present in the bounds of the theoretical results from Theorem 4.2.4 and Section 4.3.

4.4.1. ROM Comparisons for the Three POD Approaches. First we find the
ROM errors for the new POD DQ approach at the final time, i.e., the errors at T = 1.
We compute both the L norm error and the H(l) () norm error. For this computation we
use 100 finite element nodes, 100 time steps and 3 different values for r. Note that in
all tables below we report the square of the norms for consistency with previous results.
For comparison we also show the final time errors for the standard POD approach and the
standard DQ POD approach. First we consider the case where the POD space is taken to be

X = L*(Q). The results for the L* and H, errors can be found in Table 4.2 and Table 4.3
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Table 4.2. ROM errors for the L? Norm at the final time

POD Space | r value | Standard POD | Standard DQ POD | New DQ POD
L’ 4 1.639¢-08 1.206e-07 1.141e-07
6 1.257e-10 1.148e-09 1.090e-09
8 9.486e-13 9.144e-12 8.722e-12
H(l) 4 1.851e-08 1.350e-07 1.276e-07
6 1.324e-10 1.218e-09 1.156e-09
8 9.999¢-13 9.778e-12 9.323e-12

Table 4.3. ROM errors for the H(l) Norm at the final time

POD Space | r value | Standard POD | Standard DQ POD | New DQ POD
L’ 4 1.936e-07 1.340e-06 1.269e-06
6 2.615e-09 2.364e-08 2.245e-08
8 2.264e-11 2.123e-10 2.024e-10
H} 4 2.171e-07 1.494¢-06 1.413e-06
6 2.755e-09 2.506e-08 2.379e-08
8 2.396e-11 2.263e-10 2.157e-10

respectively. In Table 4.4, we compute the solution norm squared errors for this reduced
order model using the same computation parameters. This solution norm error at the final

time is given by Equation (4.68):

N-1
e, +Ar > (V™ 3. (4.68)

n=1

We also wish to compare the different POD approaches when we take the POD space
to be H(l) (Q),1e.,X = H(l)(Q). All other parameters of the computation stay the same and
the results can also be found in Table 4.2, Table 4.3, and Table 4.4. For both cases of the
chosen POD space the errors behave similarly in all three approaches but are particularly

close in the two approaches that utilize the difference quotients.
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Table 4.4. ROM solution norm error Equation (4.68)

POD Space | r value | Standard POD | Standard DQ POD | New DQ POD
L? 4 1.172e-07 2.441e-06 2.008¢-06
6 1.472e-11 4.373e-10 3.576e-10
8 7.032e-16 2.227e-14 1.810e-14
H(l) 4 1.135e-07 3.049¢-06 2.525e-06
6 1.467¢e-11 4.861e-10 3.996e-10
8 6.984e-16 2.47%¢-14 2.032¢-14

4.4.2. Pointwise Error Bounds. We want to compute the ratios generated by the
theoretical results in Section 4.2.2. For these results we vary the number of time steps,
while keeping everything else constant. This allows us to verify that the scaling factors are
not dependent on the time step chosen. We performed similar experiments by varying other
parameters and obtained similar results. We use 100 finite element nodes and an r value
of 4. Both X = L*(Q) and X = H(l)(Q) are considered in this section. We use the data
generated by the finite element method as described in Section 4.2.1 and compute the POD
modes and POD singular values.

First, we consider the pointwise error bounds as in Theorem 4.2.4. The tables show
the projection and the norm space Y that is used for each of the computations. Note that for
these we have 7, = R, and either Y = L*(Q) or Y = H(l) (Q). For example, for the second

result in Theorem 4.2.4 with X = L>(Q) and ¥ = H(l) () we have

SX
DQ1
> ||<,az~||%)-

scaling factor = mjax (= Hi(ujﬂxzf) /
i=r+1



84

Table 4.5. Scaling factors for Theorem 4.2.4 as At changes with X = L*(Q)

Projection | Y 1740 | 1/50 | 17100 | 17200 | 1/300
X L*(Q) | 6.0e-02 | 5.4¢-02 | 4.0e-02 | 3.2¢-02 | 2.9¢-02
0¥ | HY(Q) | 5.6e-02 | 4.9¢-02 | 3.3¢-02 | 2.3¢-02 | 1.8¢-02
R, L*(Q) | 5.8¢-02 | 5.2¢-02 | 3.7¢-02 | 2.9¢-02 | 2.5¢-02
R, HL(Q) | 5.5¢-02 | 4.9¢-02 | 3.2¢-02 | 2.1e-02 | 1.6e-02

Table 4.6. Scaling factors for Theorem 4.2.4 as At changes with X = H(l) (Q)

Projection | Y 1740 | 1750 | 17100 | 17200 | 1/300
X L*(Q) | 6.5¢-02 | 5.8¢-02 | 4.2¢-02 | 3.1e-02 | 2.6e-02
0¥ | H(Q) | 6.8¢-02 | 6.2¢-02 | 4.8¢-02 | 4.0e-02 | 3.6¢-02
R, L3(Q) | 6.5¢-02 | 5.9¢-02 | 4.3e-02 | 3.3¢-02 | 2.8¢-02
R, H(Q) | 7.0e-02 | 6.4e-02 | 5.1¢-02 | 4.4¢-02 | 4.1e-02

The results for X = L>(Q) and X = H(l) (Q) are given in Table 4.5 and Table 4.6 respectively.
We present the results with fixed values of r = 4 and 100 finite element nodes and varying
values of At. Theoretically, we showed that the scaling factor should always be less that or
equal to 2 (since T = 1 here). The computational results show that the scaling factor can be
much less than that value.

4.4.3. ROM Error Bounds. Next we consider the reduced order model error
bounds from Section 4.3. Again we use 100 finite element nodes and r = 4 with varying

values of At. First define the following values:

_ k2
erry = max [e" 7.,

2

k
err, = max ||e ,
> = max e,

and

N-1
orry = [|eV|I7, + At Y Ve 17,
n=1
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Table 4.7. Scaling factors as At changes for ROM errors

At | 1740 | 1750 | 17100 | 17200 | 17300
Ci | 5.8¢:02 | 5.1e-02 | 3.7¢-02 | 2.8¢-02 | 2.5¢-02
C> | 1.0e-05 | 1.46-05 | 2.9¢-05 | 4.0e-05 | 4.3¢-05
Cs | 1.9¢-06 | 2.46-06 | 4.1¢-05 | 5.2¢-06 | 5.3¢-06
Cs | 67602 | 6.1-¢02 | 4.7¢-02 | 4.0e-02 | 3.6¢-02
Cs | 6.5¢-02 | 5.8¢-02 | 4.1e-02 | 3.0e-02 | 2.6e-02
Cs | 1.1e-02 | 9.3¢-03 | 5.7¢-03 | 3.8¢-03 | 3.1e-03

For the first set of scaling factors defined in Equation (4.69), Equation (4.70), and Equa-
tion (4.71) below we have X = L*(Q). We also compute the scaling factors for the results
that use X = H(l) (Q) as the POD space. These scaling factors for the X = H(l)(Q) case are
given by Equations (4.72) to (4.74). For these computations we once again vary the time

steps and keep all other parameters constant. The results for both cases of POD basis space

can be found in Table 4.7.
SX
C = em/( > 22% e - Regill3, + ||¢3||iz) (4.69)
i=r+1
SX
Cr = erfz/( > AP (e = ol + 19 (o = Ro) 1) + ||¢3||§,01) (4.70)
i=r+1
SX
C; = eff3/( Z AP (g = Reill7, + 1V (0i = Reg)[172) + ||¢3||iz) 4.71)
i=r+1

SX
Cy = errl/(z A7 gill7, + ||¢i||i2) (4.72)

i=r+1
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SX
Cs=em/| ) A?Q%nsainiz+1>+||¢i||§,01) (4.73)

i=r+1

SX
Co=cerrs/| > A?Q1<1+||<,ai||iz>+||¢3||iz) (4.74)

i=r+1
Note that changing the number of finite element nodes and keeping the number
of time steps constant yields similar results. Theoretically we showed the scaling factors
should remain bounded, and these computational results support that. For the computations
in Section 4.4.2 and Section 4.4.3, we note that for larger values of r some of the projection
errors, ROM errors, and error formulas become extremely small. In such cases some of the

computed scaling factors are very large, but we believe this is caused by round off errors.



87

5. CONCLUSIONS

In this dissertation, we first prove new generalized error formulas for POD data
approximation errors for both the discrete and continuous cases. We also show convergence
of these errors under certain conditions and obtain new pointwise convergence results
for POD projections. We demonstrate the application of our results to several example
problems. We leave the application of these results to the numerical analysis of POD model
order reduction methods for PDEs to be considered elsewhere.

Some open questions remain. When L~! is unbounded, we have to assume uniform
boundedness of the POD projections {L™'TIY L} to show that the error formula in (3.20)
converges to zero as r increases. We do not know if there is a simpler condition that yields
convergence of the approximation error. If L or L™! is unbounded, we also do not know
if the POD projections {LIIXL™'} and {L~'TI¥ L} are uniformly bounded. Both of these
issues have been discussed in the context of Example 2 in Section 3.5.2.2 in [1, 21]. The
second issue has also been discussed in the context of Example 1 in Section 3.5.2.1 in
[30, 39]; in these works, the H' stability of the L> POD projection is of interest.

Then, we introduce a new approach to POD using the difference quotients of the
snapshot data. Specifically, we derive the POD modes from a data set that includes only
the first snapshot and the regular difterence quotients. This data set has approximately
half the number of snapshots as the standard POD with DQ approach; also, this data set
does not include redundant data when the snapshots are linearly independent. For this new
approach to POD with DQs, we prove an approximation result for the weighted sum of
the POD projection errors of the regular snapshots, and we also prove that we retain all
of the numerical analysis benefits of using DQs that were shown in [37] for the standard
POD with DQ approach. Our numerical experiments for a heat equation test problem show
that this new approach produces similar reduced order model errors to other known POD

approaches.
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The latter part of this work focuses on numerical analysis results concerning point-
wise POD projection errors and the optimality of pointwise in time ROM errors for our
new approach to POD with DQs. Further investigation is needed to determine how this new
approach compares to other standard POD methods in practical computations. The size of
the ROM errors is not considered here and more research is needed to compare the size of
the ROM error in this case with those of standard POD and standard DQ POD.

Also, we consider only one PDE and one choice of difference quotient. We focus
on the heat equation and leave the Navier-Stokes equations and other more complicated
PDEs to be considered elsewhere. Additionally, in this work we consider the difference
quotients obtained when using backward Euler for time stepping. Other difterence quotients
are possible and have been used for snapshot collection in [31, 41, 46]. It is possible that
results in this thesis can be extended to these other difference quotients, but we leave that

to be considered elsewhere.
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