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INTRODUCTION

og?ewﬁsgfigi of the equivelent plete to cathode ecir-
cuit’is about as old as the tube itself. The work of
Van der Bijl and Nichols showed that for purposes of cir-
cuit analysis, the plete to cathode circuit could be re-
pleced by a fictitious generator of voltage }4€y , in
series with & resistance whose magnitude is equal to the
reciprocal of the slope of the stetie L,-8p charecteris-
ties. In this concept, where the vacuum tube is replaced
by its equivelent network, one outstending feature is
exemplified, namely the seperation of the alternating
and direct curremt components., The equivalent network is
appliceable to the alternating ceomponents of the currents only.

As long as the frequency remained low the above repre-
sentetion gave results comparable to actuel operetion. How-
ever, as the frequency range was increased, complications
arose. The complications were due to the interelsctrode
capacitance existing between the various elements of the
vecuum tube.

As time progressed, higher end higher frequencies were
desired. This range of frequencies brought about changes in
the equivalent circuit of the vacuum tube that included the
internal lead effect of the tube and the transit time.

These early equivelent eircuits were derived by purely
maethematical means and no thought was given to the electron
streem itself. The first undertaking of the afoblem of

developing a genereally velid system based on electron stream



was made by W. E., Benh am,.,. This work was a great con-
tribution toward the development of the equivalent eir-
cuit of the vacuum tube based on the elcctron stream theory.

Following Benh em's work, meny investigators such es
Llewellyn, Peterson, and Ferris, heve extended the ideas
formuleted by Benh am for the representation of vaecuum
tube circuits. The first oﬁtstanding work comes from
Llewellyn who, by the use of Maxwell's equations, derived
one equivalent circult which can be considered as an
extension of the classical equivalent vacuum tube represen-
tation. The sabove derivation was not complete annggst
pronouncecd defect was the assumption of zero space charge,
end the single velued electron velocity.

A more vigorous attack was made by Llewellyn end Peter-
sen end the result was quite dependable with the only assump-
tion of the single valued electron velocity. In order to
make the complex equivalent e¢ircuit derived by Llewsllyn and
Peterson more suitable for practicel purposes, the four pole
network theorems were applied to the results of Llewellyn
and Peterson's work.

Still, the representation of vacuum tubes by equivelent
four pole networks was not a finel and rigorous solution to
the problem as far as practical use wes concerned. This weas
due to the fact that the evaluation of the four pole para-

meters were real lengthy and tedious.

(T) Benham W . Theory of Internal Action of Thermionie
Systans’at Modérately High Frequencies, Phil., Meg., Vol.ll,
p. 457, Feb. 1931,




A final solution to the problem was the experimental

determination of the four pole parameters which made the

equivalent four pole representation of the vacuum tube of

practical significance.

This thesis weas undertaken with the aim of consoli-

dating the most important work that has been done in the

field of
fcund to
The

the most

equivalent vacuum tube circuits whieh has been
be highly disassociated.
author of this thesis feels that tnis thesis is

complete consolidation of informatiom on equivalent

vacuum tube circuits.



SECTION I

Classical Methods of Equivalent @ircuit Representation

(A) The First Concept of Equivalent Circuit

The art of equivelent network representation has grown
considerable since its inception by Dr. G. A. Campbell in
his paper "Cissoidal Oscillations", which was published in
1911, He proved that any passive network mede up of a finite
number of inveriable elements and have one pair of input
terminels and one pair of output terminsasls is externally
equivalent to a T or (I network. From this modest
beginning the field of applications of'the equivalent ecir-
cuit concept has steadily expanded so that by now the whole
field of linear passive circuit theory has been subjected
to equivalent circuit interpretation.

With the advent of the thermionie vacuum tube amplifier,
linear active network theory had to be considered and almost
immediately the attempt was made to obtain an equivalent
circuit whose performance would depict the linear characteris-
tic of the tube.

Equivealent circuif concepts have played an important part
in electrical engineaing, particularly in communication engineer-
ing. In this paper we Shall be concerned only with linear
ea.c. amplifier operation, where the term linear indicates
that the analytical expressions connecting currents and
voltagés ere linear an¢ involve only the first power of any

instantaneous current or its derivative,



Our first step will be to prove the general equivalent
circuit theory concerning vacuum tubes. As an example we
will consider e generel triode with its grid positively
biased. 49

The instantaneous plate current ib and the instantaneous
grid current i, through a triode are functions of both

instantaneous plate voltage e p @nd grid voltsasge e, as shown

c
below.

ty = p(ee ec) 1

Lc: ¢(eb,ec) 2

The total differential of 1b and ic are

dl;b = ka AEc + ._.b_o" dec 3
€b Jdec

dig=ic de, 4 Qic de, \
geb DEc
The first partial coefficient in equation 3 is called

the incremental or variational plate conductance and is

denoted by the letter kp.

Kp = _i)__t,k,‘) = b whas
J <9e.|, eg=con31’q'nt e °

where rp is the veriational or incrementel plate resistance.

(2) cChaffee, E. L., Bquivalent Circuits for an Blectron Triode
and the Equivalent Input and Output Admittances, Proc. IRE,
Vol. 12, p. 1633, Sept. 1929,

(3) Glasgow, Principal of Radio Engineering, P. 137



The second term is known as the incremental or variationsal

mutual conductance and is denoted by g .
P

ij = (2.’:.!1.) ’ mhos 6
9@_3 €, - consfank

The first pertial coefficient of eguation 4 is intrinsically
a negative quantity under actual conditions and hence the
coefficient will be negative &nd it is defined as the incre-
mental or variationsel inverse mutual conductance and is
denoted by gg.

-9g= (;%E:) mhos -

Ce = Consl'av;f'

Finsally -the second partial coefficient is defined the

incremental grid comnductance and is denoted by the letter Kg.

k = ____9'-‘-4 .)
3 ()e‘_ €p= conskaut

Equations 3 and 4 can now be written

dip

Tﬂl’los 8

kpde.b-l-gf,dec 9

i

die

u

—83C{€51‘k3d€c 10

Suppose eb and ec vary in such a way ib remains con-

stant, Then equation 9 becomes

O = kf,dmp +3Pde‘- 11
The ratio

de, - - 4%L~. 12

dec P

or
13

gp. = - ( Jes
Kp C)ec_ ‘_".,cphs“'av\*'



This last ratio kp is denoted by the letter Yp which
is called the ineremental emplificetion factor.

Then
3p = ke e 14

Similerly we may aessume that ey and e, vary in such =

c

way that ic remains constant. Then by equation 10 we
obtein

KJB <Deb )Lcr- consfant 15
and ¢

Yg = Jee s

(‘).eb L : consfant

also

I3 = S3k .

The tota)l space current is given by
L..s = Lg-l-l.:b | 18
Since i_ is a function of éb and e we may write

The total differential of is is obtained by adding ¢ and 10.

O“éz(kp‘QP)c‘eb*(ij*kj)dec 20

‘‘ow if we define Vﬁ es the negative of the ratio
of the incremental in plate voltage to be incremental in grid

voltage to maintain is constant, i.e,

}As =7 (g‘z’f)gs: consfom{'-

21



We have from equation 20, dis:: o,
fs = <35+k3 @) 22
Kp~99

So long as there is no space charge effect ¥s depends
mostly upon the geometry of the tube and only slightly upon

the space charge.

(B) Equivalent Plate Circuit Theorem

The equivalent plate circuit theorem has been known
since the first epplication of electron tubes but there
was not a rigﬁrous derivation for it. The first reference
to this theorem was made by J. M. Miller in his article
published in the Proc. of IRE, Vol. 6, p. 143, June 1918.

Figure No. 1 shows & triode with impedances z° and Zb
in the grid and plate circuit respectively. The values

of the currents and electromotive forces are defined by

the figure.

ey Ece -
Ftoure No. 1
A Triode Tube
In the Figure No. 2 if there is no varying potential
impressed in the grid circuit the operating point Q is
determined by the steady ecomponents of the grid and plate

potential. If the grid voltage chenges by & small amount dec



the operating point will move to some new pcsition 2 and
ecquation 3 gives the relation between change of plate

current and tne changes of grid end plate potentials.

Lb Ec+dy E
C
/7
A
Ibfdt* ————————— -J\ /
i Y /L ){Q
s
~ : :
i
' 4 eb
Ebfdeb [

Figure No. 2
Plot of the Plate Current Versus Plate Voltage ofaTriode Tube

Since E 1is constant dab = -deb and equation 9
b

di.b = kP<].LFCle¢—des) 23

becomes

letting kp=-%;

Usually eg varies with time so the following differen-

tial equation can be written

rodi, +des = de 25
Fralir -

In deriving the above equation the origin coordinate
was at zero. Since we are interested only in changes of
curfent and potentials we may transfer the origin of coordin-
ates to Q and consider but finite chznges from the point of
Q, the changes being elways so small that rp and Y9 eare
eassentially constent over the path travelled. Thus we may

write equation 24 in the form

rpAig+Ae, =rLPAé° 26



10

since be, = (7,

rPALb 'f'ZbAl:b :j&adec‘ 27

Aib — %_Lp Ae.g -

28

which is the well known classical representation of plate

cirecuit.

(C) Equivealent Grid Circuit Theorem

From equetion 10 and 17 it can be seen that

d( = k (o‘ein o{ﬁ/ ) 29
¢ 3 ﬂ? U/"
Now adding emf's in the grid circuit of Figure No. 1 we
have
Ecc—-e,- ey +e.=0 %0
O|€; = C‘le;’w T deg 31

where €in is en impressed emf from an outside source.
Combining equation 31 and 29 and using r8 as the recipro-

cal of k, we have

€

rﬁolt'.c-:. de;n +o/e; -}A;o/eb 32

as before

V‘aAL'QI-‘ Ae.'~+A£1~)AZAeb 33

AL(. = AC.’N— f/j Aeb 34
rﬁ + Z¢




3l

The grid circuit of a triode cen be represented by a

resistance r an impedance or combination of eircuit

g’

elements annd an impressed emf of e minus a fietitious

voltage of ’J:Aeb . >
The equivelent plate and grid circuit cen be drawn wilh
the aid- of equations 28 end 34.
Assuming there exists lineer relationship between

currents and voltages,we can write equations 28 and 34

as .
‘:F’ = _Y pej, . 35
o+ Zp
Lq = €iv- Hgélp. 36
3 fq + g%.P

and the equivalent circuit is given by Figure No. 3 below.

L9 Lp

b | ; P
Zc rS e zZ b
+ -
eg - Q) Yeey
" €

Figure No. 3
Equivalent Grid and Plate Circuit of a Triode Tube

(D) 4pplication,of Equivalent Circuit toeTriode at Low

reguencieé‘

Before starting with the representation of the equivea-

lent eircuits we have to point out that from now on we are

(4) Peterson, L. C., Bquivalent Circults of Linear Active
Four Pole Terminal Networks, B.S.T.J., Vol. 23, p.593,

Oct. 1948.
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going to use different notations for voltages 3nd currents
then those used in the derivation of the equivalent plate
and equivalent grid theorems. The input grid to cathode
voltage will be denoted by Vl and the output plate to
cathode voltage by Vz. We find it necessary to do this

in order to have our notations (he same O@8 the standard
ones used in the representation of four pole terminsl
networks. In studying the applications of the equivelent
circuit, & grcunded triode, operated at such & low frequency
that all displacement currents ean be disregarded, will be
considered. Let us &also assume that the grid is negatively
biased with repeet to cathode so that the grid current is
ebsent. Applying equation 35 to the circuit in Figure No.l,
we get the figure below.

(& 1 P
_——-ﬁ e -~ — o

+ ‘Fﬁi Z,

Figure No. 4
Equivalent 6ircuit of a Negative Grid Triode at Low Frequencies

IS
In terms of mathematical ansalysis the circuitvdescribed

by the two equations
Y I.- 0

37

By slight rearrengement of equation 37 & network representa-

tion based on current equilibrium may be obtained. For this
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purpose equation 37 is written

I=0
Ig_"’ﬁ; V| —-‘... V,_ 58

B

The corresponding network representation is as shown
in Figure No, 5, where the energyzing source in the plate
circuit consists of a constent current generator of magnitude

pVi  impressed across the output terminels.
7 )

Vi
& “Y"Tl I, P
2 "4
Y
F 1Vi
o K

Figure No. 5
Equivalent Circuit of a Negative Grid Triode at Low Fre-
quencies with a Current Source
Let us now consider that the grid is positive so that
grid eurrent flows. Applying the "Equivalent-grid circuit

theorem" to Figure No. 1, we get Figure No. 6 as shown

below. c I, °
g P
v, V2
K °k

Figure No.
Equivelent 6ircuit of & Positive Grid Triode at Low Freq-
uencies. .

fnalytically . the circuit can be expressed by
Vi= g Vo4 Turg
—uM=Tp+V, 30
J P
or I:=-%' |—£Q-va
9 9 \
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This equation will be very useful in applying the idea
of equivalent networks to four pole network representation
of & vacuum tube. Two observations can be made on the
above representation of vacuum tubes.

1. These networks are not based on any
study of the internal action of the
tube, but rather on the purely formal
mathematicel process of differentiating
the two functional relations which
impress the broad fact that plate and
grid currents are someunspecified
linear continuous functions of the
grid and plate potentials in the neigh-
borhood of the opereting point.

2. The last figure (Figure No. 6) repre-
sents in a sense two separate networks
intersecting with each other by means
of voltage or current generators.

S
(E) UHF Effects in Conventional Vacuum Tubes

Before extending our ideas of vacuum tube equivalent
circuits we shell first study the behavior of vacuum tubes
at UHF As the frequency is raised vacuum tubes get pro-
gressively less effective as emplifier and oscillators.
Mmplifiers at UHF require greater driving power, and the
power output drops off considereble, If the frequency is
raised high enough, the gsin of the amplifier will drop
to unity or less. At the seme time the limitations on the

output chenge. 24t low frequency the output for continuous

operetion is generally

(5) Spengenberg, Vecuum Tubes.



15

limited by plate dissipation. 2s the high frequeney limit
of oscilletion is reached, the grid dissipation commonly
becomes the limiting factor while the plate dissipation
is fer from its limiting velue. 411 the above effects
come about because of a combination of electronie &and

circuitel phenomena associated with the vaecuum tube.

(F)The Decrease of Output at UHF

In general there are three main factors effecting

the output at UHF.

l. Externsel end internel reactesnce effects

2, Circuit and tube loss limitations

3. Electron-transit time limitations

At low frequencies the externel electrical eircuit

and vacuum tube is quite distiget. As the frequency
inereases, this is no longer true and it is found that
part of the resonant circuit exist inside the tube. This
is due to the electrodg leads having a small but finite
1nductagce. As frequency rises into the UHF ranges the
reactance of this inductanee becomes eapprecisable. This
means that the same vqltage doesn't appear across the
external terminals and electrodes. Moreover there is a
decrease inter-electrode capacitance at high frequencies6
and these values calculated for low frequencies do not

hold. The combination of the electrode-lead inductanee and

(6) strutt, M.J.0,, von der Ziel, A., The Causes for the
Increase of the Admittences of Modern High Frequeney
Amplifier Tubes on Short Waves, Proc.IRE, Vol. 28,
No. 8, p. 1011, 1938.



the interelectrode capacity may give rise to resonance

in the UHF region. %Even if resonances do not occur, the
combination of the reactances within the tube may consti-
tute a network that mismatches the equivalent tube genera-
tor and the load.

The power losses associated with a tube all tend to
increase with frequency. Glass and other insulating
supports have losses associated with the molecular move~
ments produced by the electric fields. These losses are
characterized as dielectric hysteresis losses and will
vary as the first power of frequency. In addition there
will be appreciable radiétion from the leads and eleetrodes,
The power radiated from a short length of wire carrying
current increases with the frequency. 411 the above
factors contriﬁute to a genersl reduction in tube effi-
ciency &s frequency is inereased.

In addition to all above effects, eledtron-transit-time
effects can contriﬁute to reduced tube output in many ways.
If the tfansit time of the electrons are appreciable frac-
tions of the UHF cycle, thenJ;iate current will lag the
negative grid voltage and there will be a reduced power
output becausetgiate current and voltage are out of phase.
Associated with increased transit time there is a debunch-
ing of electromns, which has the result thet the plate

current pulses are not @8 sharp &s the pulses libera-

ted from the cathode. In addition there will be an energy.
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interchange between the electriec fields &nd the electron

in flight so that as frequency inecresses the grid input
impedance will have a resistance component which decreases
with frequency even though no electrons strike the grid.
Furthermore, all the tube constants such as the emplification
faetor will become complex71nstead of resl numbers as a result
of a shift in phese and what is generally a reduction in magni-
tude. There is not much that can be done about electron-
transit-time effects except to reise the voltages and reduce

the dimensions of the tube.

(G) Consideration of Displacement Current

The equivalent vacuum tube circuits discussed previously
were satisfactory as long as the frequency was low enough
for all displecement current to be disregarded. With the
operation of e¢ircuits at higher frequenciQSjin the order
of loscps and higher, it becomes necessary to take the
internsl tube capecitances into aceount. This was done
by the superposition of a capacity network on Figure~6 as
shown in Figure 7. It is interesting as well as instruc-
tive to formulate this network transition in analyticel
terms és will be seen later. The transition rests upon
the physical fact that the totel current entering or leav-
ing the electrode is the sum of conyeetion and displace-

ment currents.

(7) Lliewcllyn, F. B., Operation of UHF Vacuum Tubes, B.S.Ll.J.,
Vol. 14, p.632, Oct. 1935,
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Figure No, 7

Equivalent Cireuit of a Triode With Consideration of Dis-
placement Currents
Therefore Figure No. 7 is the superposition of Fig-

ures 6 and 8. As seen in Figure 7 the network for the

displacement currents is passive.

Cgp
L. i .

S SR
ke 1

—

D

: Figure No. 8
Eqivalent Circuit of Displacement Currents

(H) Consideration of Lead Effectss’ 8

At frequencies about loscycles/sec it become necessary
to take into account lead effects usually in the form of
self and mutual inductances. At these high frequencies
marked increeses in the input, output, forward and feed-
beck admittances* occur: in excess of that caused by the

inter-electrode c¢ppacitance. This means that we have to

T5) Spogngenberg, op.cit

(8) Thompson, B. J., Review of UHF Vacuum Tube Problems,
RCA Review, p. 146, Oct. 1938.

*See Section on Four Terminel Networks of this Peper
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modify Figure 7 to teke this into account. Let us investi-
gate how the lead effects are to be considered and their
modification on the equivalent circuit. To start with, it
has to be pointed out that there are two kinds of lead
effects. First effecdis due to the interaction of electron
stream on the electrodes inside the tube, and second, the
usual mutual and self inductances of the lead pins of the
tube. Both of these effects will be investigated in this
paper.

l, Internal Pube Lead Effects

The inductance of a wire increases as the wire dia-

meter is made smaller or as the wire length is increased.

As an example of how large lead reactences can be, consider

the case of 100 mils in diameter and 1 inch in length, as

found in most high frequeney transmitting tubes. This lead

is found to have an inductance ‘of approximately 0.015 miero-
henry. As 500 me¢ this represents a reactance of 47 ohms, which
is feirly high.

Since part of the lead reactances are internal to the
tube, there will be coupling between the input and output
circuits due to grid emnd plate currents flowing through the
common cathode lead inductance. This will have the effect
of introducing feedback into the stage involving the tube
and will cause the grid input impedance to be effected. 1In
general the effeet of the internal tube reactance is to

decrease the impedance presented at the tube input terminals.
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shown in
Consider a triode as“figure No. 9.

Figure No. 9
Triode 8howing the Interelectrode Capacitences and Lead
Inductances

k
end plate leads respectively.

L. and Lp are the inductances of the internal tube cathode

Cgk and cgp are the grid to cathode and grid to plate
interelectrode capacitances respectively.

For simplicity let us teke into account only the effeét of
the cathode lead inductances and the cathode grid capaeity,
and neglect any outside effect. The the voltage Vi differs
from the voltage that appears between the grid and the

cathode by the voltage drop in the cathode lead inductsnce.

Thus: .
V;=V3 +JwLKIP 41

But the plate current will be approximately proportionsal
to the negative of the produet of the grid voltege and the
mutuel conductence of the tube,since at UHF the plate load
impedance will be very small, '

42

I| = -9,,.\/3
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The voltage drop across the grid cathode capacity is:

V3 = I' 4
Meking the substitution into eéquations 41 and 42 we get
‘, "
V, = I,(1+]w4-x9m) 44

J«“ Ckg
Since the second term is very small we may write the input

admittance as:
‘- N - (et T 1 2
YS. = -_v_._ = lwbxj(i ! Lkg“"’l) 45

The first term of the input admittence will be recognized

as the normal capacitive susceptence of the tube. The second
term is a real positive term representing a conductive
component of input admittance and having the value:

C;,,_- “’ZLK CKS S'm 46.

THe input conductance corresponds to & resistance whose
value decreases as the square of the frequeney in parallel
with the input capacitance Ckg for a given driving voltage.
This resistence consumes no power. There is no rezl power
involved. The driving power consumed in this fashion is
simply transmitted to the plate circuit. The equivalent
input resistance encountered here can become very low due -
to this shunting conductance in the grid circuit. A
similer admittenee will be across the grid and plate. So

the equivalent cireuit ineluding also the cathode to plate



capaeitance would be as shown in Figure No. 10.
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Note that in

Figure No. 10 we have the capacitance in series with the

resistence; so it means that we have to convert the parallel
parameters into their series equivalent.
P
=L, ‘
L Pt * :
G —f CPK
R h _l_Csk
N K

Figure No. 10

Ecuivalent Circuit of a Triode Inecluding the Internel Lead

Effects and thq Interelectrode

As it may be realized the 1= ad
considered to be insidg of the tube
electron transit time effect.9

In this case we have a similar

due to electron transit time effect

Capacitances
inductances whieh are

can be added to the

component of conductance

as will be seen later.

The transit time effect varies as the square of the frequenecy.

The equivalent resistances that are

feedback and electron transit time,

measurement will involve the effect of both.

10

line of the W. R. Ferris

be given later.

due to cathode inductance
are in parallel and any

A brief out-

eoint of view on this matter will

2. Consideration of the Pin and Internsal Circuit

Effects of the Tube

With the development of equivalent circuits at higher

(9] Llewelyn, F.B., Equiv-lent Networks of Negative Grid vacuum

Tubes at UHF, B.S.T.J., Vol.l5, p.575, 1936,
(10)Ferris, W. R.,Input Resistenee of Vacuum Tubes at UHF Ampli-

fiers, Proc.IRE, Vol.24,p. 82, Jan. 1936.

() strutt, Vonder ziel, op. eit.
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frequencies the outside lead. effect had to be included in
équivalent circuit. A4s it is obvious these effects sare
entirely outside effects and have to be considered sparately
from the internal tube lead effects. A schematic diagram

of a triode including outside pin and lead effects as well

és stray cepacitences is given below in Figure No. 1l1l.

Ya
VAWV —Q
Yok
Vo
—Q

Figure No. 11
Schematic Diasgram of Triode Including Outside Pin and Leead
Effects as Well as Stray Capacitences

The symbol Y is the admittance Between cathode and ground,
Yo the admittence between enode and cathode, Vg the anode

lead inductance, Y the admittance between eanode and grid

ag

and YS the grid lead induetance.

The various inductive paremeter ean be cecaleulated by
the well known self inductances and mutual inductanceces formu-

las respectively.

L =28 (Eu— .:‘Lﬁ_ _1)»:10-3 henrwes | 47

M = 2.8 (eu.Z_E_ _i)xlo-s hcnr.uas 48

(-5
hﬂsﬂ

Where: 1 is the lead in ceatime ters

d is the diameter of the lead in centimeters
a is the distance between the eorresponding le ads
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After the evaluation of lead effects we can include
elso the interelectrode capacitaences in Figure No. 1l1.
There arises8 enother important point, what are the values
of the interelectrode capacitances?ll As Benham points
out the grid to cathode as well as grid to anode capeci-
tances differ considerable from those at eold stage.

They are given as follows:
Cgk = LL):LQ. 49
3Sh-¢
CPK = ___L;r_gﬂ_.. 50
3p =

where: C, is the cathode grid c°pa°"t°"“-e- in the cold s’“ﬂe

i 1+ Ci
y Ca
C, is the grid anode capacitance in the cold stage

2
After the external lead effect and the stray capacit-

ances between leads are included in Figure No. 11, an equiva-

lent circuit for a positive grid for a positive grid triode

is as shown in Figure No. 12. #nf39 :
— Ia =
I S
Csp .
s Ye

Qi {2 = C‘,ok
’ V‘ap‘ V‘g yV’ -7_
vi T O9x Cgw % T+

SLk . ° K
Figure No. 12
Equivelent Circuit of a Triode With Internal and External- Tube
Effects Taken into Aecount

TI1) Senhem, Tubes end Amplifier Theory, Proc.IRE, Vol.26, p.I105,
1938.
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The symbols with primes indiceate external effects,

(I) Modification of the Above Circuitl®

Modification of the above circuit can be mede by including
the transit time in the internel lead and intereleectrode
capacity effects. Such 2 derivation would be analytically
analogous to the internal tube effects and could be included
in the above circuit. Such e derivation has been carried
ocout by W. R. Ferris. His point of view depends upon maths-
matical manipulations and assumptions and it doesn't consider
any internal electron effects. This method will now be
eanalyzed. Llewellyn's point of view and derivations on
transit time effects in vaecuum tubes is found to be more
reliable and will be discussed later. The most pronounced
effect at high frequencies is the trensit tise effect. This
is evident with the appearance of a conductive ecomponent in
the grid input admittance. That is, a definite emount of power
is required to drive the grid even though it does not inter-
cept any electrons. In addition the mutuel ceconductance and
amplification factor becomes complex and smaller in magnitude,
having & negative phase angle that inereases in magnitude
with frequenecy. The grid current in this ease will be propor-
tional to the product of the mutual conductance, the frequency,

the eleetron transit time and the grid voltage. Mathematically
expressed:

Ly = Kg . fT Vg 51

(10) Ferris, Op.cit.
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Where: K isaproportionality constant
&m isﬂiée grid mutusl conductances
T is”transit time
Vg is grid input voltage
The grid inpﬁt admittance will be defined by:

52

Y=t o kg fT
3

This admittance will have & conductance component and a sus-
ceptance component. If the grid current leads the grid
voltage by 90° the input admittance would be purely imaginary,
corresponding to the susceptance of the cathode grid capaci-
tance. Actually this will be the larger component of the
input admittance. However, the aedmittance will have a con-

ductance component of the form:
(;3 2 73'$dw€9 53

Where @) is the angle by whieh the fundamental component
of the induced grid current fails to lead the grid voltage
by 90°, The angle © itself depends on the product of the

frequency end transit time of the electronm.

.Sl"Yle: Q;k&FT 54

Where: K2 is«a constant
T 1is the transit time

From equations 52, 53, end 54 the input conductance is given

by:

Gy = kgnf ' T" >

to & high degree of approximation.
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Equation 55 shows that the grid input conductance
increases as the square of the frequency for & given set of
opereting conditions. The input resistanece encountered here
is sueh thaet the driving power required for a given excita-
tion ineresses as the square of therreéuency.

The constant of equation 55 can be evaluated to include

12 conductance
the effect of space charge. The specifie form of the grid V
is given by [ _4_32\
Gy = ’l"—eaﬂmF Tow 3+ 44 laevts(De )= 2 e
<_mL! 56
(l?- +35 _T:-E 20 ;,
14 _4:. (1 +_p.)
Where: Tkg is the cathode-grid %ransit time
Tgp is the grid-plate transit time
vn is the electron velocity at the plate
Vg is the mezn electron velocity in the grid plane
&, is the grid mutuel conductance
Jhe

The actual equation of“input conductance is extremely
complicated therefore we will econfine ourselves to the
derivations already mentioned. A more complete analysis can

13
be found in reference 1l3.

Now we may combine theeffect of transit time and internal
lead effects by uéing equations 56 and 45. The equivalent
resistances that are due to cathode inductance feedback and
electron trensit time will be in parellel. The above eqguations

for input admittaness indicate only first order effects.

(I2] North, D. O.,2nalysis of the Effect of Space Cherge on Grid

Impedance ,Proc.IRE, Vol.24,p.108, Jan,.l1l936,
(13) Tube Admittences of Receiving Tubes, Tube Dept.,Radio Qap.

of America, New Jersey, November 1946,
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Depertures from simple theory indicated above are due to
the following:

(1) The input capacity of & tube is nonlinesr with
transconductance. This is a low frequency effeet due to spsace
charge. T his contributes to a nonlinearity between input
conductance and tube trans~conductance.

(2) Partiel resonence between lead inductance and inter-
electrode capsacity may change$:;parent input capeacitence.

(3) There may be a negative input conductance component
due to screen lead inductence in pentodes and tetrodes.

(4) There are eold tube input conductence components
due to lead resistence and dielectric losses that obscure lead
inductance and electron transit time effects, The le ad resis-
tence yields an input conductance component that inereases
as the five-hsaslves power of frequency &@s a8 result of skin
effect. Dielectric loses yleld a component of conductance
that increases linearily with freguency.

Disregerding the departure from the simple theory we can
include in the above derivations the external as well as the
internel effects of the tube end the circuit of Figure No. 12
has to be modified slightly. The only difference between this

m’:ggfvalent circuit and that of Figure No. 12 will be &an
additional admittance component in parsllel with the interneal
lead effects due to trensit time phenomena. One will resadily

edmit thet the equivalent circuit becomes very complicated as the

frequency goes up., Moreover as wes pointed out above, meny
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assumptions have been mede which will be no longer accurate
at still higher frequencies.

As we shall see in the experimental determination of
four pole admittances for the equivalent circuit of the
vecuum tube &ll these methods for evaluation each effeet
separately end then recombining all the effects will be
obsolate for the four pole admittances include' g11

those effects.



SECTION II

Electron Theoriell4

(A) Trensit Time

Before starting the derivations of equivalent cecircuits
based completely on electron stream theory, it is desirable
to review some electron stream effects in vacuum tubes. The
grid in a Class A triode is usually maintained negative.
Theoretically then no grid current would flow. But experi-
mentel results by Irving Langmuir15 shor s that in many types
of high vacuum tubes some electrons posses the ability to
pess to en electrode having more negative potential than
the cathode from which they originate. For eiample, an
experiment on a c¢ylindrical grid was made where the grid was
biesed 30 volts negative with respect to cathode snd the
electron current was observed to flow to this eylinder in
spite of its negative potential. Experiment carried out
shows that the current flow was very pronounced in cylindricsl
grid tubes., ss we are concerned with parallel plsane grid
structures, we will neglect the above phenomena in our discuss-
ion which follows:

Let us now investigate the transit time phenomena on
grid electron flow. As was mentioned above in Class A triode
we may say that no grid ecurrent haes to flow as long as the

grid is maintained negsastive., With a little thought however,

(T4) I'inder, Ernest G., LXcess flectron MNotion in High vecuum
Tubes, Proc.IRE, Vol.26, p.346, 1938,

(15) Langmuir, Irving, Scattering of Electrons in Ionized
Medums, Phys.Rev., Vol.26, p.585, Nov. 1925,
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it can be seen that an electron approaching & negative grid
will induce a current flowing from the negative grid to the
positive cathode through the external grid circuit. The
electron under this condition will supply energy to the
grid circuit as it is decelerated. Likewise an electron
moving away from the negctive grid will induee & current
in the reverse direection, or the electron will take energy
from the grid es it is repelled by the negative grid charge.
However, if & number of electrons are approaching & grid from
one side and simultaneously an equel number of electrons are
going away from the grid on the other side, the induced current
effects cancel and the net energy interchange is zero. At
ordinary audio frequencies and the lower radio frequencies
the time of transit of a single electron between cathode and
anode is usually very short with respect to time of a ceyecle
of grid voltage. Thus for each incrementael change in grid
voltage during & cycle there is practicelly instenteneous read-
Justment of spsce charge eand electron flow. At all times equal
number of electrons are approeaching and leaving the grid and
no alternating current is induced in the grid circuit.

As operation enters the higher frequency regions, the
time of transit of the electron is no longer short with
respect to & cyele of grid voltaege and the grid voltaege msay meke
a chenge of eppreciaeble magnitude while some electrons are
in flight from cathode to snode. As a result electrons may
be leaving the cathode &t =n increased rate owing to & positive

charge of grid voltage, whereon in the grid-anode space, the
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electron. density is lower owing to the preceding more
negative value of the grid voltege. A net induced current
then flows in the grid circuit and it ean be seen that this
current may haveezrbitrary phase relation with respect to
the a.ec. grid voltage sincé its angle of lag depends on
the relstion of time of electron transit to time ofJg;id
voltage cycle. However, in generel the induced current

may have a component in phase with the a.c. grid voltage.
If a component of current is in phese with the grid vol-

tage energy 1s supplied by the grid current to‘the electron
stream. TFlow of an in-phase component of alternating
current in the grid circuit implies & conduction component
in the grid admittance. Such a conductance is independent
of, and in addition to, the normal grid conductance of this
grid.

Since grid voltage sources are usually of high impedsance
the shunting of this high impedance by the transit time
conduction results in lowering of the voltage applied to
the grid and decreased amplification of the higher frequen-
cies. Also since many grid sources are parellel resonsnt
circuits, shunting them with & high conductance reduces the
resonant impedance and broadens the resonant response curve
ther=by giving reduced selectivitye.

Exemple of transit time effect phenomena:8

FPor a better understanding of transit time effect at

higher frequencies it will be helpful to give an example of

(8) Thompson, op.cite.



this effect. A useful and satisfactory viewpoint is to
lines
consider the current flow between two parallel plate

electrodes &s shown in Figure No. 13.

+ o

9r=-q qu=0
e
d

—{ 1|+

'
Figure No. 13
A Charge Between Two Parellel Plates

The electric field between the electrodes is simply %:E

where d is the distence betweensziectrodes. If a small
positive electric charge q is placed between the plates very
close to the positive plete, there will be an incresase in the
charge of the positive plate of amount q and no inerease in
the charge of the negative plate. There will be a force
acting on the charge of megnitude B tending to move it toward
the negetive plate. If the cherge is allowed to move, the
work done on it by the field is equal to yx where x is the
distenece the charge haes moved. The work done on the charge
is supplied from the battery and is equal to the produet of
its voltare V and the change in charge induced on one of
the plates. IT q, represents the charge induced on the nega-

tive plaete we may write:
57

- Vciﬂ = Ec?x
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- Vg, = _\/%5_ -
In bl &= 59

In other words, the charge induced on the negative plate
is proportioneal to the charge in space and to the flmetion
of the total distance between plates which the charge has
covered. Of course, the charge 9p induced on the positive
plate is equel to the difference between the space charge
and the charge induced on the negative plate, since the
totael charge induced on the two plates is always equsal in
magnitude and opposite in sign to the space charge., The
current flowing to the negative plate as & result of the
motion of the cherge q is equal to the rate of change of
the cherge qp. This is simply:

in = CJ ; _r
Rt o - P "

The importent conclusion which we may draw from this simple
anelysis is that in a vacuum tube the current produced by

the passage of an electron does not flow simply at the

instant the electron reaches the electrode, but flows con-
tinuously in ell adjacent electrodes while the eleetron is

in motion. If the electromn moves betweemn parallel platés, the
current flow does not depend on the position of the eleectron

but only on its veloeity. The total current flowing to an
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electrode may be determined by adding up all the minute
currents produced by the individual electrons, or more
enalytically by integrating the currents produced

by inff%gsimal strips of space current.

In a steady state condition, the current flow
determined by such integration is exactly equal to the rate
of arrival of eleetron at the electrodes. When the current
is varying with time, as in the case of an amplifier tube
with an elternating voltege epplied to the grid, the rate
of arrival of electrons at the electrode mav be greater
or less than the sctual current flowing because of the
finite transit time of the electrons. If the current
is momentarily increasing, the rate of arrival of electrons
may be less at any instant then the flow of electroms in
the space between the pareallel plates. These considerations
show that the current flowing to an electrode may be differ-
ent from the rate of arrival of electrons at the electrode.
It is also possible to have a current flowing to an electrode
at which no electrons serrive if the number or velocity of
the electrons epproaching the eleetrode is instantaneously

different from the number or velocity of those receding
from it. _

16
(B) Space Charge

(I¢)Feay, C.E.,Samuel, . L.,5hockley,",, On the Theory of Speace
Charge Between Parallel Plane FElectrodes, BeS.TeJ.,V0l.1l7,
be 49, 1038
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- Figure No. 14
Potential Distribution Between Two Planes of Fositive Fotentisls

For a better understanding of the subseguent articles, a
brief outline of space charge effects will be given.

Consider two planes, a and b, of fixed d. c. potentials,
V, and Vo (V2 is larger than Vl) respectively, separated by
a distance 4. LLet a uni-directional and uriform electron
stream of Jo amp/cmz’be injected into the spaee from the
right plate and at right angles to the plane. If the
injected current ié extremely small the potential distri-
bution does not differ véry much from the free space one,
represented by curve 1 on Figure No. 14. 4As the injected
current is increased slightly the potential curve starts to
sa', as in curve 2, and a further small increase causes a
potential minimum to develop at the electrode of lower po-
tential. Still greater increase in injected current mekes

the potential minimum V, sink end move towards the electrode

of higher potential. This state of affeirs, with e continuously
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decreasing potentisal minimum, continues until a eriticel
velue of injected current causes the potential minimum to
sink abruptly to zero and a virtusel cathodé is formed

(curve 3). This ebrupt change is referred to e&s & Kipp.

(C) Plane-Electrode Space Charge Flow5

The reletions between potentiel, distance, and current
in the plane electrode case cen be obtained from Poisson's
equation, the energy equation, and the relsation between
current, charge and veloeity. Foisson's equation in the
one-dimentional case reduces to:
Qtif = —%2_ 61
dx? €o
Where: V 1s the potential
f is volumetric space charge density
€, 1s the dielectric constaﬁt of free space in mks units

The energy equation has the form:
.li_mu" = Ve 62

Where: m is the mass of the el=sctron

v is the velocity of the eleetron

e is th: charge of an electron
This equation assumes that the electron has sterted from
rest at a point of zero potential. Also the current density

is given by:

:z :.Plr 63

Where: J 1s the conuvection current density
o

(5) Spangenberg, Op.cite
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The three eguations above suffice for s determination of
gll the relations involved in a parallel electrode space
charge flow. 3By substituting of eguations 62 and 63 into
eguation 61, we have:

d*V = L | \/-OQ. - 64
d x* L1 2e

A first integration is achieved by multiplying both

sides of equation 64 by ZJV and integrating:

2 o ,
dV ) = f V" Ca 65
e Eo 2e
SineedV - 0O when V is equal to zero so Cy, is equal to

zeéro. A second integration gives:

3/y L -
EE%L— = %%;glgg.x; + CQ_ 66

where 02 is again zero.

Solving for J and substituting in the values for the con-

stants, we have:

-6 ,3/2
J, = 2.335«10 V amp [unit arca 67

:_l.
17
Equation 67 constitutes the Child-Langmuir space charge

" law and has been verified experimentslly. Solving for the

potential gives equation 68.

V= 5'68%73'19 s

volfts 68

(T7T Teangauir, J., The Effect of Space Charge on Thermbnic
) Gurfents’in ﬁigh Vaecuum Tubes, Phys.Rev., Vol. 2,p.450,

Dec.1913,
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(D) Current Law for FPlane Triodes

It is found experimentally that in triodes the total
current relecased from the emitter is very nesasrly proportionsl
to the three-halves power of the equivalent voltages, \6‘%?' .
We can write, therefore, ’

3/2
J:Jr-t Jja K(v3+'}€") .69
Where: Jp is the plate current density
Jg is the grid current density
in which k is & constant to be determined from experimentsl

data.

(E) Effect of Space Charge upon Transit Time in Diodes5

- The transit time in an electriec field is given by the

integral of the reciproe=sl of velocity with respect to dis-

tance. X2

T=ldv.;. | 70

For the plane-electrode diode the transit time with and with-
out space charge is easily determined. Without space charge
the potzential profile is & straight line so that

W= 2.V 71
Where: Vx is the gg%ential at any point between electrodes

Vp is the plate potential

The velocity at any point, assuming zero initiel velocity,

is then given by:

n, 72
% = _-_z__) Up

\dxp

(5) Spongenberg, op.cite.
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Where: Vx is the velocity at any point between two electrodes
vp is the velocity with which the elesctrons strike
the plate.

therefore the transit time is.

T2 (d /_g_) / - ;13 j

with the results that

T 2 dcp | 74

Yr

When the space charge is present in the plene-electrode diode,
then the potential follows a four-thirds lsw, so that
“4/3
/
\AL =/ \ v% 75

\Cep y;
The velocity at any point is given by

| 76
CJCP‘)

So that the transit time is
T= de® o
= < x ax 77
Yo /0
with the result that
[} ;
T = §195§L~ 78
Ye
This is seen to be of the same fam as for the space charge
free case, the only difference being that the time is 50

percent greater.
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Bsthor SECTION III
Vacuum Tube "When Trensit Time is Taken Into Account

(4) Derivation of Fundamental Equations18

At UHF the inclusion of the interelectrode components,
lead effects and transit time in the equivzlent circuit as
discussed up to this point will still not be correct. A better
epproach to the exact result would be to #nalyze more rigor-
Ibusly the trznsit time effect.lg From the analysis of tr=nsit
time by meny euthor's, Llewéllyn's work seems to check with
the Benham's theoretical work on vaeuum tubes at high fre-
guencies. In his development, Llewsllyn tekes two parsallel
Plenes of infinite extent, one of which is held at & positive
potential V with respect to the others, eand between the two,

electrons sre free to move under the influence of the exist-
curvenf

ing fields.

electron

i
LI
——

Figure No. 15
Current Flow Between Two Parallel Flanes

For the development of the fundementzl relations existing
between the two parallel plancs, & and b, we may have the clessi-

cual equation of the electromegnetic theory which may be set

down as follows:
E ..V 79
Jx

T18) Llewellyn, F.B., Vecuum Tube Electronics, Proc.IRE, Vol.2l,

.1532, Nov. 1953,
(19) grgnweil, A.B., Electron Transit Time Effect in Time Varying

Fields, Proc.IRB, Vol,33,p.752,0ct.1945.
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%%.-_% 50

J=3:zr+&%_%'_ o1

Where: E is the electric intensity

V is the potential

9 is the charge density

J is the totel current density

v is the charge velocity

An electron loceated between two parall=l plates will

be acted upon by a force which determines its acceleration.
The resulting velocity is a function of both the distance x,
from the cathode and the time t . . x is also & function of
t in terms of partial derivatives, The equation expressing

the relation between the force and scceleration cam be

written:
%14,121_42;_ - e E 52
t JIx dt ™
or
_gné.., U'-”-E;,'E 83
x

Substituting equation 80 into equatiqn 81 we get:

J:evdE 4, e)E 84
Jx Jt

J . ydE +DE 85
e Jdx Jt

Differentieting equation with respect to x and t respec-

tively end substituting in 85 and rearranging we get:

e J :<E§% +1ff23)tr 86
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The edvantage of this lest equetion as a starting point

lies in the fact that the total density is not a function

of x.

Now let us sepsrate J into alternating esnd direet current

components as

J= :Z>*:Z * JL o=

87

with corresponding
U’-‘- Uo 'I-'U, *'vz_-l- - a8
VeVhu VieVos oo 50

The guantities with the zero subscript are independent
of time, that is, they are d.c. compoﬁents; those with
subseript 1 are dependent to first order upon time; those
with subscript 2 are dependent to second upon time, and so
forth. We will be concerned only with d.c. and fundamental
components; that is we are going to neglect terms above
fi;st order

The concept of alternating current veloeity componemnt
requires a few words of explenation, 1In the absence of
any alternating current component, electrons leave a ther-
mionie eathode with nearly zero velocity and move eacross

the enode with eontinuously increasing veloeity under the
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well known clessical lews. This velocity constitutes the

direct current velocity component. When smell alternating
current components are introduced there will be a fluctua-
tion of velocity superimposed on direct current value,

and the alternating current component need not be zero at

a virtual cathode or at the plene of a positive grid.

The first two equations of the system are as follows:

uo%<vo%y:)=% .Zo -

CREY C S AR A

In equation 90 the boundary econditions are restricted so
that when x is zero, the velocity and acceleration both are
zero. This restriction means that initial velocities are
neglected, and that complete spece charge is eassumed. Thus
the solution for Vo in eqguation 90 is as follows:

1/5
Where = /< Jo 45 92
m £ (O

The solution of equation 91 is more complicated. Let us
assign a particuler velue to Jl, namely'7ﬁ=A$tht, and

find the corresponding value of v,. To solve for vy, it
is convenient to change the varieble x to a new variable

which will be called the transit engle. This new variable
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is equel to the product of the angular frequency o’ and
the time T which it would teke an eleectron moving with vel-
ocity Yo to reach point x and is equal to

1/3

O-wl = 3__;: x 93

Rewriting equation 86 with the new velocity component intro-

duced we have:
: z
G%-fwﬁg)u,:ﬂﬂwwt 94

where F: e A 95
m £

Equation 94 has the solution

Y, -.--_é_‘ sinwf-r_é_ coswl + E(e-wty +.é‘_ Fi(e_wl)] 96

This equation contains two arbitrary functions of(eﬂwﬁ) which
must be evaluated from the boundary conditions sdected for

v Thus the boundary conditions for the alterneting current

10
component meke their first appearance.
From the form of equation 91 which is linear in vl, it

is evident that v, must be & sinusoidal funetion of time

1
having an angular frequency ) in order to correspond
with the form of Jl. It follows, then, that the most general
form which can be assumed for the steady state functions Fl

and F_ is as follows:

Fn(6-“t):GSi*‘(a—-wQ-f-bcos(e-wt) 97

F;(O-w9= CSin(G_wf) -]-d(os(a-wé) o8



46

4£s pointed out, there is no mathematical necessity for boun-
dary conditions impnosed upon vy to correspond with those which
were imposed upon Voe As on actual cathode consisting of an
electron emitting surfece, it would be appropriate to assume
that the initial velocities are in no way dependent upon the
current. In general we shall have to desl not only with
actual cathodes, but also with virtual cathodes® when the
assumption of zero alternating current velocity and accelera-
tion is unwerranted. The general equations for the alternat-
ing current will therefore apply when the origin is tsken at
the point of direct current potentiel minimum which forms the
virtual cathode.

Since there are two arbitrary funetions in equation 96, two
boundary conditions will be needed. The first boundary condi-
tion is that fhe alternating current velocity is finite at the
origin. For the other, a knowledge of the value of the alternd-
ing current velocity at any point between the two reference
plenes is suffiecient. Thus, if at a particular value of o .
say (5} , We know that vy is equal to MsinuhN“Wt, we then have
enough informetion to celculate its vealue at ell other points
between the two parallel planes. In methemstical form the
boundary conditions may be set forth as follows, when 9=0;,U’, must
be finite, andﬁ-‘e\,v.-.ﬂsind'NC“QL Substituting thess boundary

conditions into equations 96,97, end 98, we have for the

coefficients: ¢ = o, d=-2
Q =.mi(M (X1 1 e\—Ns\‘vu an)-l (os 61 -_3_ ‘av\e. 99
B [ 3
b2 (1-cose)-s'w\6. -.s(g:(Msfh 6, ,Mosa.) 190

¥Jee section on "Electron Effects” of This paper.
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As a final result for evuation 96 we have:
Vv, = (M+J N)(Cos 6, +J' sin&)(tos e, -J'sin(-).)

e [{(COSO. -2-sinf) (2. - et “”9;)}

“ystnB) =(1-2 sinB.) ;i 2 [4_ )
(cosQ,pm ) (1—6_.'5”76) J_67(1 (as@)
The next step is a determination of the potentisl corres-

101

ponding to the v=locities v =2nd vl respectively. Thus
(%)

from equations 79 eand 83, we get:

e DV - D Ju. 10
4% 15;— :f%.d-iraaz 2

and then with the separation of components by equation 88 and

89, we have:

- %/g_ = U, Ju 103
m x e ’

LU 2 (v 104
53k = g g (w)

The solution of equation 103 is:

2 2 4/3
\G =~ VU =-1m. X X 105

2e 2e
whieh is the well known classical reation between the po-
tentiel, the current, and the position between two parallel
planes where comﬁlete space charge exists.
The alternating current component of the potential is

obtained by integration of equation 104 as follows:

- V, = _A:%:_IU, Ix + Y, + ﬁ(l:) 106
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Solving for'v' wWe have

\= -z.é.‘l'li; (M+J N)(cas&, +) sihe.) [(esiw6+cose) +_j(6<o.56 —si'ne)]

2m o [(co'sa. -zt.sane.) _J'(_z‘. - 2 cos0, -,.'ne.)}

e

{(9;«'"6 -l—cose) +-j(0<os@-sih6) s..cm 6-] (94-?' e’ sinQ)] +C
This equation is applicable between eny two fictitious

107

pareallel planes where one plate is located at the origin
where the boundary condition for Wb is satisfied, namely,
that the direet current components of velocity at a point

Xq» correspondins to the transit angle, o, , 1s given

by M + §N. Thus equation 107 gives the fundamental
relation between the alternating current component Jl and

the alternsting current potentisl Vz in an idealized parallel
plate diode.

(B) Application to Triodes with Negatie Grid

In the application of the fundam:ntal relations to
triodes operating yitthgid at a negative potential, the
problem becomes more complicated, beseceause of the different
current paths which exist within the tube. Moreover the
direct current potential distribution is disturbed in a
radical way by the presence of the negative grid. In fact
the negative grid triode in some respscts offers greater

v 18,20,21
theoretical difficulty than does the positive grid triode.

(18] Llewelyn, op.cit.
(20) Ggi11, E. W., 4 Spsce Chaerge Effect, Phil.Meg., vol.49, p.
Tonlcs i istence in a
e Churge &s & Cause Oof Negative Resls
hEaE gg?gié Eﬁésg:: Beariﬁg on Short Wave Generator, Phys.Rev.,Vol.

30, p. 501, Oet. 1929.

839,
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It will be assumed that the eslternsting velocity at
e point xl, located near the ceathode is directly propor-

tional to the alternating grid potential, Vg' so that we

mey write:

J, = (Pﬂt!N).sk\é 108

If the poiht xl is verv near the cathode we may assume e.

to be zero, so that equation 107 may be written as

VF [9:”191-2(0: - )4—) 6+’ 9. As.n#«-&as@]

_‘Mtf//c[age..nqh \9- 1) J(s‘\-ne eme/] o (%

The equation may be written in condensed form with the aid of

VP - Jn(f'*}l)— VS (,‘-}J. Y) 110
where
= -125 (esma»fzcose-z) . 111
oY
X = -_j_!ez:'_". (e‘f-_é_ 93-2.s6n6¢9cm@) 112
- 2] 5-1 113
y el <69m +C0s /

J 2 He. (95059-:in9) 114
e* _
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The significance of equation 110 is apparent when it
is compared with the elassical form of the equation repre-

senting the alternating current plate voltage, namely

VP=Te'”o’)*V3 115

The plate resistance Vo, has now become complex or like-
wise has the amplification factor }4 « Values of the

"internal plate impedance

Z. =r +‘Jx 116

as a function of © are ploted in Figure 16 end 17. (See
page 51 for these figures).

Values of the amplification factor

6= H) ¥ | - 117

are shown in Figures No. 18 and 19. (See page 52 for these
figures).

The cathode to plate capécitance is included in the funda-
mental relations. .4t low frequencies, the equivalent circuit
representétion of equation 110 degenerates into that shown
in Figure No. 20. Note that equation 109 has two real and two

imaginary components, that is one minus and one plus for
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Figure No. 16
Plot of Internal Plate Impedance Versus Frequency
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Figure No. 17
Plot of Total Impedance Versus Freguenecy
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resistance and zlso one minus and one plus for reactance.
So the equivalent cecircuit representation must be = parallel

one with & series resistsasnce in each branch.

P
—0
Cah o
r L
@Uﬂ%
-

Figure No. 20
Equivalent Circuit of Plate Cathode Path of Negative Grid
Triode for Low Values of Transit ZAngle

Strictly speaking the eguivalent circuit corresponding
to equation 110 exists not between the plate and eathode but
between'plate and potential minimum near the cathode whieh is
due to the facts explained in the electronic section of this
peper. Frreectically, the difference is negligible except at
very high frequencies. 3Since the impedance between cecathode
and potentiel minimum is small ccmpared toxgiate impedance, its
effect is merely to add a loss to the system which increases
with frequency, since the plate impedance approaches a cepa-
city as the ffequency approaches infinity. This can be seen
from equeations 111 and 11l2.

The forece due fo the grid acts on the high charge density
region existing near the potentiel minimum. The impedance

between cathode and grid, therefore, consists of two parts in
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series, namely, capuclty between grid and potential minimum
end impedance between potential minimum and cathode, the
latter part of this impedance being common both to plate
and grid current paths.

If we were to connect the grid and cathode terminsls
of such a triode to a capacity bridge and measure the capacity
existing there when the tube was c¢old and when the tube was
heated, we would notice a slight increase in latter case.

Tr.e reason for this increase may be best explained by noting
that in the cold condition the electrostatic force from the
grid is exerted on the cathode itself, wherzas in the hesated
stete, the force acts on the electrons near the potential
minimum, thus resulting in an increased capacity in series
with & resistive component.

Now let us consider the grid-plate path., First of all
let us consider a low frequency case. In this case the
electron stream passes through the spaces betweenvgrid wires,
afterward diverging es the plate is approached. Eiectrostatic
forece from the grid acts not only on the plate but also
on the electrons in the space between. It is evident, then,
that the path, which, when cathode was cold, constituted a
pure capacity chenge into an effective capacity different
from the original in cowbination with & resistive component.
The losses would be expected to increase with frequency Jjust
as they did in the grid-cathode type. The change in grid-
plate impedance is perticularly noticesble when it is
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attempted to edjust balanced or neutralized amplifier cir-
.culits with the filament cold, in which cese the balance
is disturbed when the cathode is hested.

It has been shown that both the cathode-grid path
and the grid-plate path contain resistive componsnts with
corresponding losses which increase with increase of fre-
quency. This loss may be used as a resson why triodes with
negative grids cease to oscillate at the higher frequencies.

The electronics of the vacuum tube which was discussed
in the preceding pages must be recrarded as a starting
point to the more rigorous solution of the problem.

Among the various aessumptions which were made in the
development of the theory, there are two which are of real
importance and make the development far from being correct
at Ultre High Frequencies. These two may be enumerated as
follows:

(1) Current flow in strsight lines

(2) No space charge eifect.-

We may now wonder why the results of this analysis is
not combined in the internal end external lead effect as well
as interelectrode capacitances to form a more accursate
equivalent circuit of the vacuum tube. Of course this could
be done but how accurate would be the overall equivalent
circuit?{wit s answer depends merely on the renge of fre-
quencies, and the more the frequency goes up, the less
aceurate the circuit becomes. ¥e must now look to some

other -approach which will give the overall behavior of
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theelectron stream within the vacuum tube.

This has been carried out by Renham and jointly bv
L. C. Peterson zand Llewelyn. In the next section this new
approach based on the consideration of electron stream
within the vacuum tube must be analyzed. But unfortunately
this approaech disregards transit time effeet at very high
frequencies due to Maxwellion velocity distribution. The
results from this new analysis can be considered as being

lOlo_cycles/sec. The genceral

reasonably correct up to
steps in the new approach are the same &s for the considera-
tion of the transit time except for the addition of space

charge effects, and slightly different boundary conditions.
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SECTICON IV

Electron Stream Theory as 2pplied to Vacuum Tubes

(A) Derivation of a Genersl Impedeance Formulagz

This new analysis of vscuum tube starts with the work
1
of W. E. Benham who considers a specisel cease comprising
two parellel plene electrodes, a-b, one of whieh is an

emitter and the other a collector.

current Flow

zlectron Flow

Figure No. 15
Parallel Plane Electrodes

The conditions at the emitter are restricted by the
essumption that the electrons are emitted with zero initiel
veloecity end acceleration. The planes ere of infinite emxtent.
Plane & is held at a positive potential V with respect to
plane b, Between the two planes electrons are free to move
under the influence of the existing field. The next step
cénsists of sepasration of alterneting end direct current
components, not only of current and potential but also of

electron velocity charge density and electric intensity. The

T2%7] Llewellyn, r.B. and Peterson, L.C.,vacuum Tube Networks,Proc.
IRE, vol.32.p.199, 1944.
(1) Beham, op.cit.
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analysis starts with one of the Maxwell equation giving the
total current density in the space betwesn the two perellel

plates.
¥ fU+£,§;_E.Z.. 81
L

The equaticn of motion of an electron is obtained by

the equation

F =+ Kmg 118

Where: k equals 1077

F equals eE

eE: kma ’ 119

lgcoulombs.

Where e is the electron chearge equal to 1.59x10°
In this equation the effect of a megnetic field is disregarded¥,
This is thoroughly Jjustified until electron velocities epproesch
that of light or the spacing between the two parellel pleanes
becomes comparable witl the wave length of the alternating
field considered. The first fundamental equation used in

this development is:

V'é%.:: j; 120

¥*The force would De given Dy FseE+evxH 1T the magnetic rield
is considered c
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w-ich for the parallel planes now considered, becomes

Eé&? ::? | 80

By substituting of this equation intoc equation 31 there results

J & i DE U'-i-’)F- 121

\, ’

As E is a function both of t and of x, we can write:

F. - JE dx +D.El 122
t x d€ ‘

I\ O

Comparison of the right hand side of this equation with the

equetion for current density given above shows that as soon

as the veloeity v is identified with d_;__c_ we cen write the
d

current density in the form

J = edE. - 125
dt

where the totel derivative indicates that we must imagine
ourselves to be fixed to @& certein electron and riding &long
with it in order to observe the variation in field intensity es

time progresses. When E is replaced by the ecceleration, es in

equation 119 the current density may be written in the form

ed _ da 124
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in which the remarks made above in connection with E now apply
to acceleration a.

The total current density J is not a function of x but
it is only a function Qf t. This comes about because of the
plane shape and parallel disposition of the electrodes as
mentioned in the preceding section, and that the current
always flows in closed path; that is, its divergénce is zero.
In order to integrate the equation, it will be found conven-

ient to assume that

in which JO is a constant; all other J's are functions of

time. Their exact definitions will develop in the course of
Fhe

the analysis, but at’present they ma;, Dbe considered s alter-

nating current components of the current density. We may

write also:

..ﬁ.l = K +?”I[é/

Kme
",
Where ;p(é} is the sum of J,4 Jp+Jg ....and is the third

derivative ~ith respect to time of some time function

126

while k is the constant componént, JO. Witk this under-
standing equations 124 and 125 can be written as:

de - K+o"l¢ . 127
o - krp"lE)

Integrating with respect to time gives

a = k(t- £.) f?"(‘)-flﬂo/ + Q. 4%/‘«/ 128
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Where a_,‘-i-d(l:a) 1s the acceleration; when t = tgs, that is,
et the a-plene, and a, 1s the independent of tgy S0 that 1t is
constant,

Another integration gives

k(b)) p(t) (k)= (t-to) p*(ta)
(tfor ot )g(tn) rin (i

Where Ua+V(&)is the velocity; where t='tm and v 1i8 indepen-
a

129

dent of t @

A third integration gives

2af K(b0) (8- p(b) - (£ g ()3 (e-) 5o
() o (L) Pl (-t v (o) (6]

Where: x equels O
t equals t,4

In proceeding from this point onward, en important
limitetion must be kept in mind. In ecuetion 81 from whieh
129 is derived, the velocity v is = single velue function of
X and t. Therefore in equation 129 initial conditions must
never be assigned which cause any of the electrons to overteke
one another at some point between the two plenes considered,
for that would imply electrons mcocving with different velocities
ecross the same plane, so ss to violate the single wvalued

velocity condition. The regquired ccndisions must be satisfied

as J. Mu].lerzz5 points out whew:

9, (o) . 131
wx < |

(23] Muller,Jd., Untersuchungen Uber Eleektronemstromnngen‘Hodﬁrroq.
Tech.U. Elektroqkustik.,?b1.41 May 1938.
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because their electrons emitted at a certain time cannot
overtaske those previously emitted. By maeking the substi-
t"tQ - T‘l'g

tution:

Where t is the trimnsit time if all fluctuating components
were absent, and J‘ is the veriationel transit time effect,

and rearranging terms we get the expression:

0=1 KE&T"J-e—STJ"-:-gsJ+cp(6)-++(9.+ r(t)s-.- 132

where k is the constant eurrent denéity component. This eqjua-
tion may be arranged in the form of a power series in J‘ .
. It cannot at the present time be solved for Ji » but it has
the advantage over equation 130 in thet the variationsl time

é’ is not involved in the funections +,q>andrso thet func-
tions of ,pandy can be determined and then equation 131 can
be solved for J .

Let $'¢, andy . ach be split up into series as follows
zf+z+%4-

AN
=V, 4V +Vo + ...

As it is evident from the integration process, ¢, ¢y,
are integretion const-nts which are functions of time, of.
acceleration,velocity, and space. These are then substi-
tuted into equation 132 and the resultant equation may be
expressed as an infinite set of sepérate eguations such that,
in genersl, the sum of the subscripts of each term of the nth
equation is equal to n. For example, the first equation includes
all linear terms which have the subscript 1, but nc other
terms;'the second equation includes 2all 1iﬁear terms having the

subseript 2 and also all quadratic terms having the subseript
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1l; the third equeation inecludes ell linear terms having the
subseript 3, cubiec terms with subscript 1 and also products
Oof quedratic terms with subsecript l.Og:*r;near terms with
subscript 1 as well as products of linear terms with subsecript
Z2,and linear terms with subseript 1.

The first of these equations may be solved for é: H
the second for J; 3 @and the third for J; y @nd so on.

Let us express:

Q:Qo“‘Q.’szi--- 134

end evaluate each term by using equation 128. Also let us

express:

U= U.fU.'l'Uz_ + .- ! 135

and eveluate each term by means of equaetion 129, We then
have the acceleretion and velocity in terms of transit time t,
and the initiel veloeity and acceleration. In circuit work,
the potential difference between the two parallel planes, a
and b, say 1s more often required than the electron accelera-

tion. This mey be found from the definition of the potentiel

difference, nemely:

"o
Vo-Va = ( Edx 136

Q
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in which t remains constant during the integration. If all
é&.c. compogents were zerc and t minus ta equsals T, where T
is the transit time of =1l a.c. components were zero, then

we would express eqguation 129 by

&:_!6_ KT.’.‘-JZ._Q“ TL-&U,‘T 137

Differentiating we get:

dx.-.{_leKTﬂa,Ta«-U@jo(T: vd T 138

With the aid of this equation and equation 119 the potential

difference is given by

Wo-Wa = j

(]

) - 2
o

where W is used as an abbreviation for e V .
KT
In the seame way as the acceleration and velocity are
divided into components, the potentiel differcnce may be
split up into (W, - Wb)o, (Wg - Wb)l, (W, - wb)z’ etec.

These components are defined as

6AL—LVQ)O iy }fj;aZQ«J-T—
(W.-Wa).= LTLUN‘T 140

(M_h/.)z= ]Tazu,o/—r
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(B) Space Charge Factor Concept

Before the general equation for direct and alternating
current are introduced it is necessary to introduce the sp=zce
chearge factor. In actuel vacuum tubes there are usually
many electrons present between the various planes of the
tube at any given‘electron. The space cherge factor Z
is a measure of the effectiveness of that modification. In
the treatment by C. E. Fay, A. L. Samuel and W. Shockley,16
the solution of the fundamental eguation for space charge
problems are obteined in terms of paremeters which are
difficult to apply directly; therefore, it is easier to
write the solutions in terms of direct eurrent transit time
as a parameter. Such & procedure ellows the degree of speace
charge to be specified by defining a space charge factor,
whieh we shell c¢call f . Z' is zero when
there is no space charge, as more and more eleetrons are
injeeted through the a-plane and move across the b-plane,
the density of space chargé increases &end Z' increeses
likewise. However, it is & well known fact that the
emount of electron current which may be injected through
the e-plene and that will thereafter move across the b-plene
is not unlimited, but has an upper velue beyond which it is
impossible to force more electrons into the space without
having some of them turn around end move backwards toward

the a-plene with a conseguent reduction in the number crossing

the b-plene.*
ESee page <6.
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The onset of this phenomena occurs very suddenly for e
critical value of thé injeeted current which we shall cell
The When that value of injected current is exceeded the
performance of the vecuum tube changes character very
rapidly. Our present analysis is confined strictly to
current values less then (or at most equal to) the
limiting velue of Im. The space charge factor is defined
in such a way that it varies from a velue of zero for no
space charge to a value of unity for complets space chearge,
~the latter condition beiﬁg thet for which the injected
current has its iimiting value Im._ The relation between

the ectuel current Ip , the limiting current I, end this

spaece charge factor ; may be written:

Lo/Tum =(_%-);{1-'{/3/z 141

A graph of this function is shown in Figure No. 22.
(See Page 87 for Figure No. 21)

(c) D. C. Equations

Using the first expression of eguation 140 and sub-
stituting its values for ao and vo, integrating, and intro-
ducing the space charge factor ; , we obtein the

following eyuation for the steady case.
;’: j'<1":51)
—
x = (1 —gg)(uuvb)lz'_

0J I'D-"-' (qu»u‘,)Z;T"
Where v is the velocity et plane &
a

v, is the veloeity of plane b
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T is the time it takes for an eleectron to traverse the
distence between a and b.

¥, is the vzlue which T would approach when ; approaches
Z6ro.

That is To is the trzsnsit time when there are no electrons
present between the two planes besides the one under observa-
tion.

The formula for computing Im may be obtained from equa-
tion 141 by setting Z’ equal to unity and eliminating

T between equetions 141 and 142.

3

?

0e J= [_2_ (vo.H/b_) ] 143
mé 3 x2

In more convenient form the velocities va and vb may be

replaced by potentieals.

o = 228 (o),

106

which is a somewhat extended form of Child's eguation whieh
applies only to the case where the a-plane coincides with a
thermionie cathode, the potential Wa then becoming zero.

Using the second expression of ecuation 140 end sub-
stituting the values of a) and v, ¥e can have the alternating
current equations in terms of space charge factor again with
the result that the different terms in the equations appear
in sueh a form that their rel:tive magnitudes may be directly

the
compered. There are many possible choices for space
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charge factor. From actual tube operation it can be shown
that reasonable good results can be obtained if a space
charge factor is made equal to 1.0 for a region containing
an emitting cathode or virtual cathode. Moreover, between
any two grids of & vacuum tube, the value of Z is
often extremely small and alternating current terms contain-
ing it as a factor may then be disregarded with little
resulting error.

The elternating electronic equations are:

Wb—wo= Aj‘*'Bqa*'CU‘q,

9, = DJ + Ei"' + Fug

Uo= GT +Hg. + Kua | 145

The coefficients A through K are expressable in terms
of direct current quantities already defined togetherwith
the frequenecy of the alternating current considered.
qb is the conduction current of plame bj vb is the alternating
electron velocity in centimeters per second; . is the con-

duetion current density
A symbol C] will be used to represent the transit

engle which is defined by the relations ©=wT and /5=J o.
The coefficient of equation 145 are given in Teble I, II and III.
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TABLE NC. 1

Vq'ue.s oF a”‘erno"urq c.urre.nl' COrr F‘JT 2T S
A = _é_(U+UbI_ [;_(1 )]
B- _;__- 7/-3; [U“(P-PO)_Ub P. ;(ya_fz/b P:’

— Z;’(qubub)__—{?_z_

Us [
[vb - ;’[ua *Ub)j e"ﬁ

C
D:2¢(varw)_ P
E
£

G
3
H= -2 _7; (U!U:’ub)@- ;/%f



Complete Space Charge {=1

A: %(UJ%)

TABLE NO, II

2

K P
D Z(UQULZ#;);DZ
E- - e‘ﬁ

Yo
F = _%__%_I_q (u.,;;:b) ﬂe-ﬁ
G" %-L:a (ZF—/BQ)
H:O ' |
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As it is seen from the above equation, the expressions
for the electron~ stream beﬁavior are complex and lengthy.
To ettempt to have a second order solution will make the
result even more complex. In our case the first order
solution will give sappreciably good results at moderately
high freguencies. A-second order solution is given in
reference No. 1. The notetions in equation 145 are slightly
different from those given in "Electron Inertia Effects" by
Llewellyn 24 Llewellyn in his development neglects space
charge effect and hes it coefficients written in terms of
velocities and transit time.

For a more complete treatment of the derivations of

equation 145, see references 1, 19 and 24.

(D) Application to Diodes

As a first example of the epplicetion of the above
development let us consider the case where no eleetrons are

present between the a;plane end the b-plane of Figure No. 15.

Qa b
Figure No. 15
Basic Picture of Electron Ansalysis

‘ idge
(24) LTewellyn eBe eetron Intertia ect, Cambr
University Press, New York, N.Y., 1933
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So the injected current Qg becomes zero end as the

space charge is zero, consecguently the first equation of 145

becomes

Wb.- WQ - AI 146

From the above equation it can be seen that A is the
impedance per unit area of the two parallel planes. From

Table No. II for zero space charge, the formula for A is:

A - L (u“ub)(_";‘:j)(_/ls_) 147

However, from the second equation 142

X = (Ja '+Ub) e 148
o 2
Substituting this into the above expression for (o'} and
remember that ﬁ:jwt we have:
A= 2= 149
T

Now equation 149 is precisely the equation for the
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impedance between two parallel plane conductors in vacuum

and may be written:

A= L | C = & 150
JwC. x
Which shows, that the capecitance per unit area between

parellel planes is .%? farads.

As & second exemple let us investigate the characteristics
of the general diode impedance with compléte spaece charge
condition. The equations needed are the expression for A
taken from Teble No. II and the expression for direet current
potential (Wb—ld/a.), and the third equation of 142.

Thus we have for complete space charge

z=A,. = J€<u“+u5) (_;_g_) [1-4- _GESS_]
'q(fw—m +fl:/:),== _LZ..(UO_W,‘)

T*
3

151

G%T)Ib = (U@+Lu g%i

-3
1 equals '07.1% = 1.77«xt0

Where:

By compining the above three equations we have:

’ 2
c 2 (W [ We ), _2_.,._12..5_] 152
2 3 ([ (uL) [p =
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'}
The coefficient z(ﬂ‘é-]‘:*'“"/b)n in this expression is of
’ (o]

special interest. When the a-plene is a thermionic ecathode,

Vg may be tzken &s zero, corresponding to zero elsctron

velocity of emission. Therefore the coefficient is merely

21&&; o This is the expression for the inverse

Sl;;: of the static characteristic of a diode tube operat-
charge

ing with complete space“and hence may be represented by the

symbol Vo , the zero freguency value of the diode

resistance. In9more general case of Equation 151 where

the electron velcecities at the a-plane are not necessarily

zero, but where the coefficient has the generalized form

2
21W22+-'W£l,, we may still denot it by r, , because for

3Ip
the low freguencies the bracketed fector in equation 152

reduces to unity as may be provéd'by using the series

expression for S given in Table IV and allowing P to

approach zero.

In general, then, for a diode with complete space charge

we have
Z = r;,[E_ + 125 153
ﬁ ﬁ‘-ﬁ

The graph of Figure No. 22 shows the diode resistance I

and reactance x as a function of frequency in terms

of the trznsit angle © given by (3= 9=J'w'T
(For Figure No. 22, sec FPage 77)
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(BE) applicetion to Gener.l Tubes and t! i
o ] 1€ S &
Tt T Representation of

3
|
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]
| T ol Tz |
Cathode o a-screch :.-plofe
! I I3 =Ig':13 '

9
Figure No. 23
General Diasgram of a Multielement Vacuum Tube

In the above figure is shown & planar tetrode. Between

the cathode and grid, there exists conditions amalogous to

those shown in Fig. No. 15, when the proper values for bound-
ary conditions at a and b are selected. fgain, between the
control grid and screen, snother perellel plasne diode may

be envisioned with different boundary conditions and different
values of space charge factor from these existing in the first
region. A similar diode is located betwe=n the screen snd the

plate.

The grid wires themselves disturb the simple uniform
relations of a parallel plane diode arrangement. We imagine
the fictitious planes seperating comnsecutive diodes to bve
located near the grid wires but not quite including them. Fow-
ever, the finsl plane for the region (1) in Fig. No. 2Z and
the initial plane for region (2) &re both taken to be so close
together that their potentiels, both alternsting and direct and
alternating are the same. This potentiel is called the effec-
tive pbtential of the grid. Its value is determined in such a
way, that currents and potential existing in the consecutive
diodes ere identical with those which occur if the grid
were removed and substituting by a solid metallic plate
having on its two surfaces these requisite boundary condi-

tions, that is of conduction current
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and electron velocity entering the one surfece and leaving
the other. The grid wires themselves esre at different
potentiel from this effective potential of the grid plane
and the grid current is the difference between the total
current flowing out of the left hand surfesce of the fictit-
lous plane and that flowing into its right hend surface,

illustrated by the difference between I and Iz. In

1°?
order to provide for the difference in potential between

the grid wires and the grid plane, it is obviously necessary

to establish the proper impedances and current sources to

be connected between the grid wires and the fictiticus soliad
solid plane at the effective potential of the grid.

No attention is to be confined to the main electron
stream which originates at plane o of Figure No. 4. In
region (2) between plenes o and 1, therefore, the simple
diode equations epply direectly and the impedance is given
by 2.

Por the region (2) the conditions are not quite so
simple, because the electrons do not cross plane (1) and
enter region (2) in a smooth continuous stream, but on the
contrery they enter in groups or bunches moving at variabkle
velocities having been acted on by the voltage between O end 1.
However, equation 31 provides the means of eealculeting the
initial conduction eurrent and velocity of electrons injected
into region (2) because the electrons enter region (2) with
the same velocity with which they leave rezion (1) end the

conduction ecurrent entering region (2) must slso be the same as
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that leaving region (1) whenever the grid at (1) is at a
negative potential so that no electrons strike it and are
thus prevented from moving intb region (2), when this is not
the case (that is, when the grid is positive) and therefore
the wires collect some of the approaching electrons or when
the transit time makes itself felt at higher frequencies.

The conwvection current per square centimeter injected
into region (2) is less then that leaving region (1). The
fraction =3 may be used to represent this decrease in
conduction current so that, if q is the corvection current
leaving region (1) then o« q is the conweetion current
entering region (2). The fraction 7J—o¢ is the diffsren-
tial cepture fraction of the grid.

Dencting eonditions at the right hand boundary of

region (1) by the subseript (1), we have then, from equation

145:
W, -0 3\A/: Al ; q3='1213¢-51q9 - U= 06,T,

where the remaining terms in equation 145 has disappeared
because of the initial conditions specified for region (X} »

Moreover, when plene O is a thermionie cathode with complete

spece charge E1 is zero because V is zero. When there 1is

no space charge qg is zero, so that Ey x qo term above may be

dropped in either case. It will be found convenient in later

work to express these relatioms in terms of W, in whieh case
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they become

I-.=Wl : .=_W_L_Q.L ; v, = W_-G,.
y i e vl A

Denoting conditions of the right hand end of region (2) by

the subscript 2, we have for Tregion (2) from equation 145

wz'M-‘- Asz“' Bz.o(. q“ + Cz_ 7)
q“ = D._I,_ + E,_O(,(i, + FU‘
154

Q.:‘G-..I',_ + H.ex, q., + K.v,

From equation 153 the q. and v1 may be eliminated giving

1
T,. (w‘-u/.)

r - L \ ’ P ,.—
1,: (M‘ 1- R LAL(D.C‘. E. +o Flj‘ D‘-'\D‘dta"’l"z) 153

AA;(saum G)

theid G« o (e Dict P +6,80)- 6 (it Bus c‘j

For region 3, a similar procedure is followed eand the results

may be summerized b~ writing

I-. = Mgu
L - (W,_-M)g,,, - Wiy 156

I, = (WS‘Wb)ﬁn - (Wz‘h/‘/jzz = Way:a
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where the admittances are given by:

= : 1 1
l. — e
JEAT Jaan A, 937 R

Y= 2L (o,«.sﬁ G. c,_)
Yas a;\—l_;_ﬁ\ (Dz.°‘z. Bs+ Gzcs)

tf3 157

s o [{« B, (Dt B, 6.F2) 4 G (e, Hat 6, k)
- {q383DI(D,q,Bz +G.CL)+C36’2(D,°(, Bz-pG,C,_)gw

The formulation of equation 156 immediately suggests that

any region, say the third, cen be represented es shown in

Figure No. 24. Hers In is flowing in and out of the region.

(Wg —wl ) 5?—3
N\ o
—J VAN L.
Ty
Iy \w Wil T

Y33

O‘ VAN __'I‘.
W, 3| 3

Figure No. 24
Equivalent Circuit of the Third Region
The admittances Yz has two constant current sources con-
nnected across it, one for each preceding region in Figure VNo.
2%. One current source impresses the current Ib through the
admittence Ygs, which is equal to (Wg5 - Wl)yss, while the other
current source impresses through it a currentﬁyls. The sum

of the currents entering the
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ncde at W3 thus gives Iz eguals Ia minus Ib minus Ic which
is in accord with ecuation 156 end demonstrates the correctness
of the equivalent disgram of No. 24.

The equivelent diagram of the entire electron streeam of

Figure No. 23 is then shown in Figure No. 25.

chn-

AN
AAAA Vv
Y YV 2- A4 4 3

Yu l Yaa

Figure No. 25
Equivalent Network of Electron Stream of Figure No., 23

o9

The constant current generatorSplay a rcle an&ogous to
that of constant volta-e fu-generators with which the
older conventionsl vacuum tube network represents the
control of the plete current by means of the grid voltage.
In Figure No. 25 the controls on the various region are in
therms of impressed currents rcther than impressed voltages and ie
curents in turn are expressed in terms of voltages on the
grid wires themselves. As soon as a relation betwe:=n grid
voltage and the voltage on the equivelent grid plene is found,

then the admittances yjgs and 313, etc. may be multiplied by
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the corresponding factor to give the transadmittance from the
control grid to any other electrode. At low frequencies these
transadmittances should degenerate intoc our usual transconduc-
tances.

(E) Eveluetion of Admittances

The admittances yll’ ylz, yzz, y25’ end Vyp may be
evaluated in terms of theparameters of the electron stream. Let
us aésume thet the tube between cathode and grid operates
with complete space charge and the plane O represents a ther-
mioniec cathode in Figure No.23, In succeeding regions a
very good approximetion will be obteined 1f we assume that
the space charge is negligtble. Therefore from Table I it
is seen that ¢, 4@ and F are zero in all regions except the
first. Moreover in region 1 where we have a complete space
charge, H is zero and both B and E are small enough to be
neglected becsause Ve’ the electron veloecity at the cathode,
is only & small fraction of an equivalent volt. The result

is that equstion 156 tekes the form
3u = 4 Yar = - 3;3=—L-

A, Az

\

Yo = « D By
AA, 158

%2_5= 0

| “|°‘; D;ELB__‘
Yia —__A‘A—:”J
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The coefficient y22 and y35 are the reciprocals of the
& values with no space charge and are shown by equation
151 to be equel to Juwt where C is the free-space
cepecitance between the solid planes coinciding with the
grids in qﬁestion.
The coefficient yll is given by equation 151. The
transedmittances Y12 and V13 in equation 159 are even more

interesting. The fact thet the factor 7%. appeers in
]

both, shows that they are proportional to JE as given

by equation 153. Now, the reciprocel of o is

%%;L%. for region 1 and may be conveniently written e$s
9o . In this form we recognize (-9.) eas the low

frecuency transconductance of the tube referred to the
effective potentiel of the grid.
Expression for transadmittances are obteined.

by substituting  -from Table II into equation 158,giving

Y= o, &P (2/p:3) [v. P,-3.Q. -ULEZ] 159
J ﬁ.‘-A. (virva) ( /3 )
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and

Yia= oot (2P e'@&_ﬂ&j [u._(%-ﬁ&.a)_usﬁ] 160

B> A (u,_+u3)

where: X2 is the grid cepture factor of plene 2
P's and 's are given in Teble IV
The most significant thing to notice in equation 160 is

that the transit time through region 2 appears only in
-169, -
the form eV e ﬁ." This means that the sole effect of that

region upon regions following is to delay tr=nsmission to

them.
It is useful to keep in mind the limiting velues at

| very low and very high frequencies whieh are approached by the

factors grouped within the several sets of parenthesis in

equations1l59 and 160. These limiting valuesore given in Table V.

TAELE V

2P 2 [V‘h-l ( n- [3-.0\1 =Y, P]
ﬁ.z'A\ @‘n‘ Un Vs

B=0] g (-1)
Bace| - g7 % (Y ’9“)

Un-y =+ Un
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In between these limiting forms, the behavior of 2".//3,%(,
is expecielly imports=nt. Its phase veries widely but its
meagnitude remains within about 30 per cent of the low fre-
quenecy magnitude &y - Figure 26 shows the phase and megni-
tude of this factor in terms of the low frequency magnitude go.
The low as well as the high frequepey asymptotes of the phase
are indicated by the dotted lines.

(For Figure No. 26, see Page 88)
The genersal admittences of equation 159 and 160 cen be

written as

Ya= -4 9 "J(-‘Le* 6, r_ﬂ*rz;g;) 161

2.+ [M' 2 zm+3f—
6% Le@m‘ r—),r‘

o1 0 (Wor+3lWo,
I ‘ WD. +* ‘WD:_

l
—/-\

A
2-
Yia s~ °‘°‘=9 ["J(-LLG. 4 ":_— r_r_— Gz)mz

Y wh 4217/_ ! ;t Vp,
_L—e +_u_ee, \f‘? ’__o__;o,a +‘1Q Vivor + o3

: 2
26,74
+j# 9,6;-+2 a .]
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For the case where the transit angle in all regions
except the last is very large compared to untty, we have

the following forms of egquations 159 and 160.

3'13 g, Q‘Jgn ["J [P m-i- Zm] 163
> W+ VW

5.a=3oo(.°<,e--J(e'*e‘)E\-j 6 Yws+2MWh | 16s

When we remove the restriction that the transit angle ig the
grid-plate region is small, namely; that the transit angle across
all regions, including the input shall be large, then the trens-
admittances for the triode and tetrode become from equations

160 and 161:
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) 3
3.L=o<.c3°e_J 22 —rWz£J = TR
'A'Jei(m-r fE)
_J(G.-J-@.. -0
5‘3: 0(.0(190 e ) VWL - rw:!e J= 166

%J%(YV,,JW,)

e at eny place between two planes ecen be determined by

the formulas *

‘I3 _
@ = 9500x _ _. 12¢ (_é_.) rodians - 167

AW a4 VT

Where: x is the distsnce between the two planes
og 1is the free-space wave length in centimeters of an
elternating current of angular frequeney o

or Q,Q; can be given more speecifically by the formulas

O . 2uC1 168

9o

. Wi 169

R (e

(4) Llewellyn end Petersom, op cit.



91

Where cl is cold ceapacitance between anode and equivalent
grid plane; xz is grid anode distance in centimeters &and

7
- 10e
n-10% .

In general the first grid is negative with respect to
cathode, therefore, x, is one. = in most practicel
cases is teken as 0.7- 0.8 % |

We therefore know every term in equation 165 end 166 and

we can evaluate Yiz as well as Y,3,Yu and Y22 . .

(G) Extension to the Grid Wires of the Vacuum Tubes

The sanelysis so far would epply to actual tubes if the
_y’s of the individual grids were infinitely largec. This is
not the case, the existihg reletions betwecn the potentisls of
the eguivalent grid planes end those of the grid wires must be
considered. Equation 144 furnishes the basis for analysis.
The velocities of the clcetrons entering the differentical
region around the grid wires must be the same as those which
pass through the grid. Also if the conductiem. current which
passes through the grid is 'ogq then that moving toward
the grid 1s @—;d)Q . For this region between grid plane
and grid wires, the trensit angle is extremely short and it
is accordingly eppropriate to use equation 144 as =2 formula
for calculation with the transit angle allowed to approach

ZEero. The result for any grid is therefore an equation of

the form of equation 156. Thus for the control grid or first

grid, the second equation of 156 gives the required form.

(2} Llewellyn and Peterson, op.cit.
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Tg= (V4-%)yy - Voy.g 170

Where y8 is an admittance between the equivslent grid plane
and the grid wires and ylg is a transadmittance between
region 1 and the region between the equivalent plane and the
grid wires. The importent thing is thset, as part of the
connecting network between the ecuivslent grid plasne end the
grid itseli, there exists an admittance which comes out to be
@ simple ceapacitence if there is no space charge.

The electron streem causes a current to be impressed
upon any region which it enters, and when the streem pesses
the screen, the conductton- current splits into a fraction

o, whieh proeeds into the screen grid plate region and
impresses on it & eurrent whieh conforms to the characteristics
of thet regiom, = ° The remaining factor (9-ag)moves towards
the grid and impresses on the secreen grid a current which
conforms to the characteristics of the region between the
equivalént plcne of thé screen grid and the sereen grid wires.

For the next grid or screen, we will have to follow the form

of the third equation of eqguation 156 giving:

T, = (Vs'- Vz-)‘js -(14- V/szs - \/,3,5 | 171
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When the sereen is negative, no electrons can hit it and

consequently the factor &, is unity. Undexr this condition

ylg in equatiog 170 and yls in equation 171 are zero and the
control grid is connected to the electron stream through &

simple cepsacitance. From the results of this we can repre-

sent Figure No. 23 by

e Plective 3""‘{ F’lomi- epfe{,f‘fve. Screen srld leﬂ"
' IV:S.‘ Y Viy,s
o Ju ]
Cathode. Yaa o Amnede. plane.
O A AAAN AW -0
p\Anc y, 2\‘{ 3
yls y’a
g ; é s
v r\. v
‘9 » ‘s
9 d wire sereen grid wire.

Figure No. 27
Electron Stream Equivealent Circuit of a Terode

For a triode whose grid is negatively biased the circuit becomes

as shown in Figure No. 28.
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> G

Figure No. 28
Electron Stream Equivelent Circuit of a Negative Grid Triode

It cen be shown that {ﬁt 4 cen be eapproximated .by the

generel form for the amplification fector j‘ . At

this point we will depart from the representation of tube
equivalen%xygy pure electron stream theory and try to apply
them to four pole networks. The preceeding method is useful
from physiczl sts-nd point df view. Usueally consideration

of electron stream theory for the representationzequivalent
circuit causes some confusion, Moreover, it must be remembered

that the important limitation of Llewellyn &and Peterson's

TZT Llcwellyn end Peterson, op.cite
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theory is the assumption of a single vzlued electron velocity4
for all eleetrons crossing any plene parallel to the cathode
surface; that is, electrons never pass each other in their
transition from cathode to anode. This assumption leads to

the d.c. potential and current being related by Child's Law.

It negleets important properties of the potentisl minimum that
usueally exist in front of a ecathode whieh e jeets eleetrons with
& Mexwellion velocity distribution. Only when the distance from
cathode to the potential minimum is very émall compared to
cathode &anode spacing in the two parellel planes (diodes) will
Lllewllyn's or any other solution based on sihglé value el=ctron
velocity, gives reasonebly correct answers. A very interesting
paper by Kleymer25 gives table for evaluation of the potentiel
minimum distance.

Another very importent point whichhas not been investigated
by eny author is thet of electrdns traveling in crossed magnetie
and electric fields produced by multi-valued electron velocity
and secondary emission. It can be shown that te clectrons
traveling in crossed electrical and magrnetic fielcs follow
cycloidsl paths*. These may have loops or curves or may be

straight, depending upon the initial velocity. In this case

end Petersomn, op,cit.
%3%)L§§§;ﬁ;¥?J.A,, Extensién gf Lapgmuir'sTables for a Plane
Diode with a Maxwellion Velocity Distribution, Phillips
Res. Rep.,Vol. 1, p. 81, January 1936.
(*) sSee Appendix IIT.
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even the consideration of double stream electron velocity
won't be effective. Robertson claimg that consideration
of Maxwellion velocity distribution would solve the
problem of322uivalent circuit. But how to apply Maxwell's
velce ity distribution theory to the electron stream is
another problem. It is evident from the discussion in
Appendix III that every erossing of electron streams with
each other changes the intensity of field. As Maxwellion
velocity distribution aésumes that electrons are scattered
in x, y and z direetion it would be difficult to give or
calculate any vealue for the field intensity between two
electrodes. It can readily be seen that the eveluation
of the eircuit parameters for the electron stream equivslent
eircuit will become quite complex end even impossible.
Nevertheless, in order to indicate the complexity and
lengthiness of the eleetron stream equivalent circuit pare-

meters even at moderselely high frequeneies, we will apply

them to a negative grid triode.

(*)] See Zppendix TITTY

26) Brillouin, Influence of Space Charge on the Buneching of
(s Electron éeams, Phys.Review, vol. 70, p. 187, 1946.



97

SECTION V
Four Terminal Networks in Ceneral

(2) Definition

Any network of circuit elements, no matter how complex,
as long as it has linear circuit elements, two input and two
ouput terminals,and contains no energy sources, can be regarded
as a linear, passive four terminal or a passive four pole net-
work. The simplest type of four terminal networks are the T and

T y which are often used in circuit theory work.

If the network contains sources, the network is con-
sidered to be an active four terminal network.

At this point a distinction will be pointed out between
two types of active networks given below.

(1) Sources in the system are functions of input or

output voltages.

(2) Sources in the system are not functions of input
~or output voltages.

The first type of active network can be handled as a
passive one, thet is, the circuit parcmeters ccn be determined
from simple current to voltage ratios as will be explained
later.

When the network conteins sources which ere ind¢pendent
of input or output voltages the analysis becomes guite complex.

Ih such & case the four pole paresmeters cennot be determined

For further informa-

tion on this type of ansalysis, see referenc 27,

from simple current to voltage ratios.

[27) E.N.T. Elektrische Nachrichten Technik, 1929,
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(B) Fundemental Relations:

For the simplest passive circuit shows in the figure below,

tH
&<
:

‘PH

AAA

NNV
=<

, Figure No. 29
General Four Pole Equivealent Circuit

the nodal equation of the system are as follows:

I.:KY.+(V.-V;)‘(3

172(a)

Iz-;.V,.Yw(\/,-V,L) Y, 172(b)
These equations can be rewritten in the form:

= V.(Y.+Y3)_V,_Y, 173

T, -V, (YZ«-Y,) + VY 174
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Let

Vele B Yoo
—(Ya."’ Y3)= ﬁzz \\\_f’f«j

Thersfore e uat.ons 173 end 174 become: s

I|= ﬁuvc"'ﬁn.vg 175

I:.. = ﬁzz V:. ‘-'-ﬁm. V| V 176

The last two equations are the general equations of =
four pole network. The admittances {3.‘,/3-:.,[3:2 are called
four pole admittances. If the circuit was not bilateral
the admittences (9.3319 both equations would not be equsl.
It will be shown later that the vacuum tubes are not bi-
lateral but by adding and subtracting the current source
in the genersl four pole vacuum tube equivelent circuit
and rearranging the genersl four pole equations we
cen represent the four pole vecuum tube equivalent circuit

as a bilaster one.

A circuit satisfying equatio: 175 and 176 is shown

below: T - Ba Ta

- 7 e
VA AAY

Butfia fasfBia)

v,

[ B

Figure No. 30
Generel Four Pole Network

79638
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| Now let us investigate the physical meaning of the
admittances P.“[a’.z,ﬂzz . If the terminals of Figure No.

30 are shorted, it can be seen from equation 175 that

T, BV,

end °r F“z'IVf"

Similarily if the input terminals are shorted, the output

admittances is given by

paz. =—Iv:'

and the feedback admittance becomes:

=L
P =

The admittances @“,-ﬁzz are cealled the four pole driving
point admittences and. Pn. the four poletransfer admittance.
If the ‘3,5 were not equal in both cases, that is L. were
not equal to %:- , then we would have- (32 ;é:—ﬁz.n 5B ;nd.ﬁz_.,arc then
called transfer and feedback admittences respectively.
Before applying these admittances to the vacuum tube
equivalent circuits, the reasons for the adoption of the four
pole network to vacuum tubes will be discussed.
The basic ansaslysis involving the four pole admittances
for a particular vacuum tube has to be performed only once.

Thaet is, if we have once the plot of impedance versus frequency
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and phaese versus frequency we can apply them to the vacuum

tube in consideration under any operating condition and under
any load.

Also by using four pole equivalent circuits we have a
much simplier circuit with a minimum number of parameters.
It means thut we have an equivelent ecircuit having simple
relationships to quantities which can be measured directly.
This last point will be clearer when we take up the evalua-

tion of four pole parameters by the use of the results obtain-

ed from experimental measurements.
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SECTION VI
Application of Four Pole Terminal
Admittances to Vacuum Tubes

(2) Applicetion to Vacuum Tubes Opereted at Low Freguencies

As already pointed out in the section on four pole
terminal networks in general, a system c¢an be handled as
passive as long &s the internel sources are functions of
input or output sources. Ih Llewellyn's end Peterson's
equivalent circuit for vacuum tubes4, the current sources
established due to the passage of electron stream through
various grid elements are functions of input voltages, there-

the
fore usual methods for“transformation cf that circuilt to

four pole networks are vealid.

Let us now represent even the simplest vacuum tube

o
circuits as four terminal networks. Take for example the

eguivelent circuit of Figure No. 6 and the equsation 29. Re-

writing equation 29:

I.:.L..V. —,%}-VL 177
I :—_;:L. V| —_:_.; 2 | 17

They ere of the genercl form of four pole network

representation:

Iu = Fu V» +ﬁ|2 Va. 179

{Z) Llewellyn and Peterson, op.cite.



103

Toege - 180

wheres

f
[3247"".‘.p Fzz‘~ '-T_';—

It is seen that even at low frequencies the general idea
of four terminal networks is epplicable. It is to be pointed

out that the equivalent circuit is not bilateral, so care must

be taken in using end o

(B) Extension to Higher Frequencies

Let us extend our point of view on four pole networks to

higher frequencies. Let us take the circuit of Figure No. 6

and resolve it into its conduction parts and displacement

currents. We then have the same equations for the conduction

part as we had in eqguations 177 and 178. For the displace-

.

ment current portion we have (See Figure No. 7):

II-‘-Jw(CaK-tCSP) V. -JUCSPVL 181

T ey (CpmeCap)



104

There: ﬁ,,'- Jw(ch-f CSP)

ﬂll' —chsp
_p22=-Jh)(<3k+CEP)

.Taking It as the thotel current, i.e., displacement plus

conauction, we have:

T [ CoxsC ]V,_[ Canly
- '5”“( gk + 5:0) = 4y Corfl 103

LT" [;;L-+chcér V’ [j tJaJ(CPkH&CQFt]», 184

Equations 183 and 184 can be represented by the general

four pole equatiocn.

:E\=/&|M +/&2VL
J:;= FLJV(+/£n.V;

{3‘1____‘_ +yw(Cge+Cgp)
f3rar == [—%ﬁ— +J“’C‘3PJ
fare- s +)<Cop
ﬂ,_z,-z_[#" +J'w(C,,mC3,,)]

Where:
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From the above exbression we see that the vacuum tube is not
bilaterel, that is (5.:_ is not equal to Ma, , but we
can make the ecuivalent four pole representation bilatersl
by simple mathematical manipulations. Starting with the

femiliar four pole equations we have squation 188%:

Ia = [3“ V: -l'@.zvz

I = P:_.\A +p22_ V). 185

As elready pointed out the various perameters are:
« is the input admittance with output shorted
_.@‘315 the output admittence with the input shorted
—(n1s the feedback admittance with input shorted
= ﬁg. is the transfer admittence withoutput 'shorted
To make the system bilatersel, add and subtract in
the second equation of equation 175.

Therefore:

I, = f3.,V, "'PIZ.VZ.
Iz.:/szlvn"'/szzvz.*ﬁm Vc—/gn,K 186

Rearranging as:

I, = /34:V4 "'ﬁn.u.
I; =-/3:3Va'|' 22V3,+(/312*ﬂ2yv‘

187
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The last two eqguations of the system can be represented as a

bilaterel network with a éurrent source at the output (See

figure below).

l (Bmﬁz.)V.

T "‘plz I;
V.
p“"’ﬁﬂ. - (ﬁu-ﬁ- *
A"/

. Figure No. 31
Representation of the Bilateral Equivelent Vacuum Tube Circuit

Let us apply the system to a positive grid triode with
various capacitances included. We already pointed out the
various four pole parameters.

They ere:
Pu‘:—:;; '!'JN(CSK* Csp)
pa- ~[g- i o1
Bai= e +jwlgp

(333 = —-[-d'-; -I-J.w(CpK*Cgp)J
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2pplying to Figure No. 31 we have:

Cop B (%3‘ +,$;)V.

o . 2

f‘ e -o
v, 432‘ Va

i 3

CaK—r ¢ J,:s- (’1-145) J"; 'Eg == Cpn
v
v

- -0

Figure No. 32
Equivalent Cireuit of Positive Grid Triode At Moderately
Low Frequencies

Compariﬁg this fepresentation with the one shown in
Figure No. 6, we see that while in Figure No. 6 the source
and source free constituents are intermingled, this is
not the case in Figure No. 32. On the contrary, a clear
demarcation 1s presented between such constituents. In
regard to the general network of Figure No. 31 it may be
noted that the network is composed of two parts. One obeys
the reciprocal law and is represented by a L ne twork
and consequentlyy;pecified by three elements. The other 1is
ean impressed current controlled Ey the input potential

merely

vz.wdhmfom heve & four terminel network with input and output

voltage applied to it.
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It should be noted also that the network representation
holds for all frequencies. The effect of frequency will be
that the admittances in the network change with frcquency and
in changing they will, for example, reflect effects due to
parasitic elements and elcctron transit time.

It is obvious of course that the equivalent four pole
network can be represented also as T-type and also the impressed
source can be applied to the input. But the above representa-
tion is the most convenient one.

(C)‘ﬁpplication of the Electron Stream XEquivalent Circuit to
Four Pole Networks

We will now apply to Llewelyn's and FPeterson's equivealent
cirecuit derived by using electron stream theory the four

terminel admittences ideas. With a given set of available
terminals the first step in obtaining the network consists of
calculating the four pole parameters with respect to these
terminals. It will be assumed that the lead effects can be
disregarded so that the available terminals actually coincide

with anode, grid, and cathode. This set of available ter-

minals brings us to the electron strecm.

Now let us teke the circuit in Figure No. 28. It will

be recelled that we assumed theat the grid was negatively

biesed; so by this assumption we eliminate one current source
across yg, It should be emphasized also that the derivetions
are for pluhar rather then cylindricel structures. Another
restriction on the derivetions was thet the electron stream

Iés of single valued veloecity. The second restriction is not
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as. serious as there is a tendeney toward plenar structures in

high frequency tube design so as to produce &s uniform a stream

as possible.

Redrewing the equivclent cireuit shown in Figure No.28 we

have for a negative grid triode:

VIg‘,_ v‘ﬂlﬂ.

K oo VAAANVVAAAN AAAAAN WY —0 P

L)
6

Figure No. 33 '
Electron Stream Equivalsnt Cirecuit of a Triode With Negative Grid

Redrawing Figure 33 in a somewhat different form we have:

Vtynz. Vly,,_

35 v, | Y2z -

AAAAA

&
..D

.,.:;;N
H

K o— e K

Figure No. 34
L Different Representation of Figure No. 33
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rransforming current source to voltage source, we have:

Vlgn.
3 Ya2
[} 22
G o vvvgw?ﬁ:. Yl v - 2
~ % TR -
V,
L 9 vV,
o [ w— -0 o
Figure No.
Trunsformation of Current Source to Voltage Source of Fig.No. 34

Writing the loocp equations of the last eircuit, we have:

V=L _ L
Yu Yia

Vz:.;I_i- —L -l-__’gu_vl

Y22 Yz, Y2z

I = (VS'—V')‘jts

188

189

190



= e l:

l i .
s - - |
n 5'3 Ju Yzz_ Y22 *B_u

where

Y

T
YIZ i _'ju
whe = wls
an Yu

Rearranging and substituting 190 and 1yl we get

VoI Lo
Yll Yl?.

V anS;L = —_I.‘- -G-..I__’-
= Y22 Yz, Y22

Using the determinants for the solution we have:

.
J:‘z e Vé Yi2
D |(%-Viuz) L
’ jz.z Yzz
where ! !
D %: R
= .
_Y: Yz2

Solution of the ebove determinants yields

I, - jzzr[‘{?ﬁ""'vgﬂzz-\éyzz +V93|z]
Yu+Yay +Yiz+ MYz g

where

ﬁu = 3&2-'}‘ (Hu ‘Haz-’i{l&'l
Yu +Yaz+ Ja *PYaz

111

191

192

193

194
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e

P‘z = _g.&.l%_— 195
Yu+Yazt+Yiz+Hy22
Likewise:
\
v Vs
I, -
L) ‘

N, (4-des

T.. % (%-Yys)- &
2=

 Yazw 1¢6
D
We can write Vl in terms of V‘2 and 12 by using the relation-
ship:
V,-V, - My = I 197
Yaa Jaz
which gives .
V, = M 198
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Substituting the last equ-tion into equation 196 and solving

for Iz we heve

T, = V. Yaz (5"*.98)- Ve (33..97-1 + Ye ‘-IN-)
Ju+Yaa +ys+’3:z ’

‘J
(8]
%)

where
@22 — 331! !u-l-:g , - a2 "+ 2
3u#j 22433 +:j|z .‘ju +..‘7‘?-+5""+}‘522 200
and

Bay = Tty (Y22 +Yia) oot
Jutyzz 442 +Ya g

After the evsluation of the four pole parameters the circuit

in Figure No. 31 can be represented as:

Y Vi
D
I
o > ﬁzz :E:' O
D
V. \Jnfg.g Yu Vg
9 D =5
y
L 4 -
e O

Figure No. 36
Representation of Eleetron Stream Equivalent Cimreuit by Four
Pole Terminel Network »
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Sinee the above circuit is derived from parameters upon
which no restrictions are made, either frequeney or space
charge)the network itself is not restricted. In passive
Systems one is accustomed to the use of only the three basic
elements of resistence, inductance, and capacitence. TFor
the network now ﬁnder consideration other quantities also
need to be included. However under normal operation there
is usually complete space charge in the grid plate re-ion.
Under such circumstances the a&mittance Yaz, is a =
simple oapacitance and the amplification factor }4 is
& rezl number. The admittancesyn,yz,on the other hand
do not ellow simple eircuit interpretation to be made,
except in the range of moderately low frequencies when
electron transit time is teken into account only to first
order of épprbximgtion. It is believed that, in general,
these admittences should be considered complete by themselves

a® new admittance eléments.4

4
(D) Triode Networks at Moderately High Freguencies

The entire cumbersome derivation starting from the basie
principals of electronics and ending up ﬁith four polenet-
works would be limited to vacuum tubes in which apprecisble
interactidn between input and output terminals is present.
From a practical stcond point this means that their usefulness
would be mainly found in connection with triodes. Let us
eanalyse a triode at moderately high frequencies. The opera-

ting conditions are assumed to be the usual ones with complete

Space charge in the cathode grid region and negligible spzce
(4) Llewellyn and FPeterson, op, cit. _
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charge in the grid-plate region. 21so it will be assumed
that the grid 1s32 negative d.c. potential with respeet to
the cathode.

By teaking Llewellyn's derivations for impedances and
meking various assumptions, Peterson comes out with the

value given below. 4As a detailed computation is lengthy

only the final results will be given.

The circuit will be represented by:
jL (ﬂczfﬁu V,
T c” I.
_W_
J
Ve < L MI Vz.
N F¢ 2y 4 -

-

Flgure No. 37
Representation of Electron Stream Equivalent Circuit by
Four Terminal Networks at Moderately High Frequencies

The results are:

B =1 () u_‘j'c;c‘) 202
5 % ['h—('+%. Ry l&J_(Lhi F)

(;CLZ F
por [l FH e S )
Ca v L_G
y lop Qs
Pl Fgzy) '*-}-<"'3‘i"’)]

- _3J- I-'_!_'.e, (-3 itp )-‘_'eﬂaos
‘glz"(g’-l s l+_'_ I+J£-%F) J3° ( ll)« ‘4}1‘_0‘_%‘?}) Ja
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Whel"g::
0, = 2wl
9o
e‘_ - 0)2 Xa.

W, is e.wEva.feﬂ o d-c srial poleu“al

M is anocde ol pol‘(u“al

F- 1:22 6 m+2m/:_,_5_(@h" VW 3 IWe
a ']

76 g .luz W, +rag
F= l+ O Twi +20ws .

2 6 Vu, + N
R. Yw +21a:

kl.-rm;

Representing the various circuit elements as shown in Figure
No. 37, we have:

et F .
R T (sas]

NAGET
2s may be seen the network comes out to be of resistance

gapacitance type. It may be noted that, in some braﬁches,
negative conductance eppears. However, as seen from the
external tube terminals, théy are overcomevby corresponding
positive elements.

The reader will admit that even at moderately high fre-
quencies the circuit paremeters become complex. It must be
remembered that these deriveations are based on the following

assumptions.
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(1) Flanar structure of tubes
(2) Full space charge between cathode grid and negli-
' gible space charge between grid plate
(3) Very smell distance between virtuel cathode end
cethode structure
(4) No secondary emission from any structure
(5) Single electron veloecity
(6) No magnetic field effeect on moving electrons
(7) zero velocity of electrons emitted from cathode
(8) No self inductance of the tube elements within the tube

F .
is evident the elec¢tron stream theory doesn't apply

L
AS v
to outside effects and this would be another drawback of the
general consideration. Under these circumstsences one -
would look for an easier end more accurate method for the
_ thepefore ,
evaluation of circuit paremeters and N, in the next part we

are going to introduce methqdés for the meeasurement of four

pole parameters.
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SECTION VII
28
Admittance Measurement of Vacuum Tubes

(A) Comparisonof Llewellyn's Impedance Formulas With Experimental
Results

Before going into the explanation of admittance measure-
ments it will be helpful to repeet the most effecgv;estrictions
put in . Llewellyn's and Peterson's work concerning the
electron stream anehysis in the vacuum tube.

If only a relatively few electrons are availeble at the
cathode, the potentisl distribution between electrodes will

be approximately equel to the space charge free distribution

indicated by curve a.
-] b
Anods

Vm .

Figure No. 38
Potentiel Distributions in a Diode

(28] Robertson, S.D., B.S.T.Jd., vol. 28, p.o4d7, Oct. 1949.
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If an ample supply of electrons is provided by the
cathode with zero initisl veloeity, then the space charge is
complete in accordance with Childt's law, and the potential
distribution follows curve b. If, on the other hand, the cathode
is capeble of supplying an emple supply of electrons, the elec-
trons being emitted with a Maxwellian initial velocity distribu-
tion, the potentizl distribution will be represented by curve c.
The cases shown by curves a and b cean be treated by Llewellyn
analysis.

Let us consider curve ¢ in greeter deteil. The fact that
electrons are emitted with a Maxwellian velocity as in Child's
law or complete space charge case, means that more electrons
are introduced in the space between the electrodes than can flow
in the anode in accordance with Child's law.

The surplus electrons depress the potential near to the
cathode at a value below that of the cathode as vé in the Figure
No. 38. Electrons which have sufficient energy to cross this

barrier return to the cathode.

It is observed that in the space hbetween potential minimum
end the anode the electrons trevel with an unidirectional
veloéity but not with a single velocity. With clcse spacings
end higher frequencies the distance between the cathode and the

potential minimum may be an appreciable part of the, total cathode

enode spacing, so that electrons
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returning to the cathode may eabsorb a substantial emount of
power from the high freguency field.

With wide spscings and at low frecuencies the asdmittances
obtained with distribution of the ¢ type may be approxima-
ted by the results obteined by analysis of distribution of the
b-type, But with tubes of eclose spacings the theoreticel
analysis of Llewellyn doesn't hold eny more as it waes proven

in the Bell Lsbor:tories for the 1553 vl:r:todez8 o

(28) Robertson, op. cite.
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28
(B) Measurements for Diodes

) In the measurement of the diode admittances, as in
évery kind of vacuum tube measurement, the problem is to
learn how to relate admittances measured with a stending
wave detector located in the wave guide supplv line to the
nequivalent two terminal admittance loceted at the csthode
anode space of the diode itself. In other words we have
to know the transformation ratio between the admittences
of the cathode anode space of the diode and the admittence
of the wave guide measured at the terminals of the wave

guide.

Let us take the circuit shown in Figure No. 39:
~ dy}-

L ' :n---dx-_-.,:
i
'

|
R %o

| ? ‘
\ Oﬂ"pu F
B.

Figure No. 39
Equivalent Circuit of a Diode Mesasuring Equipment

i

&

" The circuit mav either be a transmission line or a
wave guide having @ characteristic impedance Zoy.connected
throuzh an ideal trsnsformer to an output line having a

charecteristic impedance Zoxe The output line having a

(28) Robertson, op.cit.
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connection to the transformer is at point x . The diode
o

whose edmittance is to be measured is place?! betwecn XO

points. First let us short the output line et a point

X

If we inject power intoc the input line then a stend-

ing weve will be established on the line which will have a
minimum point ssy at Y . If we move the short cireuit

a distence Ax on tge right hend transmission line, then
the standing wave on the left hend transmission line will

move & certain distance Ay . We can assume the pert to the
right of the point Yo @s @ total impedance connected at

point XO. Then the shift of the minimum point on the

trensmission line at the input will be & function of the

the .
connected lcad atYX points. We can express the relationships
o
as:
A cot 24y . _P_.CU/' 274x _ o B, 208
2y ol Fx dx ¢

It is not necessary thst the two lines be identic&l. For
example one might be a coexial and the othereiave guide.

? is the traensformation ratio of the ideal transformer
eand B 1is the effective leakage susceptance of the tube and
trans;ormer referred to the terminals at Xb.v

If we plotf%k,as a function of&ﬁef on cot-cot coprdin-

ste paper, @ streight line 1s obtzined whose slope m is:

m = ?%2— 07

(28] Robertson, op,cite.
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and whose ordinate intercept 7 is:

Z = -7>f3°42Hy Dg

Suppose now the transmission line to the right hand is remowed
and the diode gap is connected at the transformer terminsls

Xo. Let ng denote the impedance sezn at the terminals Y0
referred to the point Xo and Yn the unknown diode admittence.

Y, is then given by the following relation:

Y;‘:'T%;}n [}23-*j2Zj) 209

After the determination of YO point, it remeins to
measure the slope m and the intercept Z on the cot-cot curve.
Of course the characteristic impedance is already known as
we used it in the drawing of the cot-cot curve.

If no loses were associated with the transformer or the
parts of the diode external to the actual cathode-anode region,
such as the metal vacuum envelop, the above measurements would
give complete information regsrding the tube. On the other
hand there are certain losses associated with the trensformer

end tube. The equivalent series resistance is given by the

relation:

l? = ﬂtzzﬂ_l | 2£0 
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which cen be written =s:

R; Zo,m

f 211

where ? is the stending wave ratio and m the slope of
cot-cot curve.

(C) Results of the Measurements

Electron stream measurements were made by S. D. Robert-
son at a frequency of 4060 megaeycles_mith a number of
diodes over a wide range of anode and heater volteges. 1In
meking these measurcments the radio frecuency power was kept at a
relatively low level (0.2 milliwett) in order that the
measured}admittagbes would be independent of the radio
frequency voltage. In computing the admittance of the elec-
tron stream, it was necessary to allow for the circuit and
tube losses previously discussed. The equivalent series
resistance R of the diode oircuif was determined by biasing
the tube negetively to the point where a further increase
in bias feiled to produce a perceptible echange in the wave
guide standing wave ratio. Under such condition the
electrons experienced & large fetarding field et the cathode
end did not emerg:> an epprecieble distance into the cathode -
anode region. Any resistance measured at fthis time was due
to the series loss and was not prodﬁced clectronically.

We shall choose a diode with 2 very high €y and eompare

the axperimental results with Llewellyn's derivetions. The
ven

L "
curves fcrlzcxﬁlversus nigh frequency edmittence areVin Figure
A %73 Tow frequency conduction

No. 40 (For Figure No. 40, see page 125).
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Figure No. 40
Flot of Experimental and Theoretical
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The curves give a very good comperison between single
valued electron veloeity and Maxwellion velocity distri-
bution as found in experimentel results. Several diodes
heve been measure and the results can be combined as follovvs:4

The mierowzve conductance of a diode is greater than
the low frequency v:lue. The ratio -%: appeears to
inerease as the spacing decreases. This increase will
probably contiriue until the portion of the potential mini-
mum approaches the anode plane. The susceptance decreases
with the increasing current and eppears to level off at
high eurrent densities. For a given current density,
the ratio .%; does not appear to vary appreciably eas
the cathode tempersture is changed.

4An attempt hes been made by L, C. Peterson to study
the availeble diodes at 10,000 megacyecles. It is found thet
the vslue of R was so high at this frequency and that veria-
tions in the tube conductance werzs so smell in comparison
with R that accurate results could not be obtained.

(D) Four Pole Admittances of & Triode
5

Recslling the equivalent four pole representation of

Vifi

a triode we heve: =B l I,
o & ‘ e
v o+ -(Bafir) | v
° -

Figure No. 41

de
Four Pole Representation of a Negative Grid Trio
ewellyn and Peterson, Ope.Clit.
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Where: *ﬁu is the input admittznce with output shorted
*f%zis the output admittence with input shorted
,ﬂuis the feedback admittence with input shorted
+Puis the trensadmittence with ouput shorted

In order to measure the four pole perameters, the triode
is mounted in & coeaxial circuit of the type shown in Figure
No. 42.

(For Figure No. 42, see pagé 128)

The grid-anode output circuit of the tube is connected
directly with the coaxial output line. T e input circuit
requires a more careful désign. Due to the size of the
base of the tube it is necessary to taper the input coaxial
as shown. In the early stages of this work, difficulty
was experienced with higher order modes in the large dia-
meter section of the input coaxial. It is believed that
these modes were generated by the aetion of the parsallel
wire grid which lacked the radial symretry required in
coaxiel trensmission. This diffdculty weas overcome by
constricting the outer diameter of the coaxiel line in the
immediate vicinity of the grid tube, thus inhibiting
generation of the higher order mode.

Before measurcments cen be made, it is necessary to
calibrate the input and output and output circuit. As one
might expeet, the value of the cot-cot slope of the output
cirecuit must be close to unity (see section on diode measure-

ment). Experimentally it is found %o be 0.9 for the

coaxial eircuit-of the type shown in Figure No. 42, In the
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Figure No. 42 _
Schematic Diaegram of a Coaxiel Circuit and Its Associeted
Instruments for the Measurements of the Triode Admittances
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circult the slope might be greater than one , therefore
it is necessary to introduce a transformer in the coaxial
input ciréuit to permit tuning.

In order to measure [5u , the output coaxial line
is short eircuited at a point an integral number of half
wave lengths from the grid anode terminsl of the tube. The
admittance meésured in the input line could then be used
in computing p”. . To measure [3a22 , the procedure
is reversed, that is, the tnput line is shorted and the

corresponding admittance is measured in the output line.

(E) Procedure in the Measurement of /6:; and [z

The transfer admittances are measured by the eciicuit
shown in Figure No. 43. This method is based upon the
principal of homodyne detection. Hybrid eoils, which are
the basic tool in these measurements, are fully explained
in the appendix.

(For Figure No. 43, see Page 129)

Radio frecuency power from the oscillator is applied to
the H-plane brench of & hybrid ?9 junction where it divides
and emerges in ecual portions from the two lateral branches.
The portion of the signal applied to the calibrated variable
phase shifter at the top of the figure becomes the homodyne
The remaining portion is applied to a belanced

carrier.
erystal modulator <0 through & second varisble phase shifter

which need not be calibrated. This veriasble phase shifter

er that the phase of &an modulated power
B T Teuits for Kicrowaves, Eroe.IRE,

Te o Ao
Vol. 35, No. 11, pp.1294-1306, Nov. 1947.
(20) Hund, Frequeney Moduletionm, p.159.
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Figure No. 43
Schematic Diegrem of a System for Fhase Angle and
Transfer Impedence Measurements '
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reflected due to uan imperfect balence in the modulsator
could be shifted in quadrature with the homodyne carrier and
therefore not produce an sudible signal in the detector.

The portion of the power which enters the modulator is
modulated by a signal derived from an audio frequency oscilla-
tor. The surpressed carrier,)double side band signal,
leaves the modulator and is applied to the input of device
for sampling the signals.

The homodyne carrier emerging from the caelibrasted phase
shifter is attznuated to a level of about one milliwatt =nd
is applied to the erystal detector. The output of the
deteetor is connected to qQqn s&audio frecuency amplifier
terminated by a pair of headphones or an output meter. .in
attenuator may be placed between the amplifier and the de-
tector as an 2id in measuring the megnitude of the transfer
impedeance

The procedure for adjusting the apparatus and measur-
ing phase is as follows:

With both sampling probes disconnected from the detector
the variable phase shifter between the oscillator and modu-
lator is sdjusted until the output of the deteetor is zero.
This bzlances out the effect ef any signel reflected by the
modulator. The input probe is then connected to the de-
gector and the calibrated phase shifter is adjusted until
the signal disappears in the «udio output. When this occurs,

the homodyne carrier is in cuagrature with the signal side-
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bands, and the resultant signel applied to the detector is
ecuivalent to a phase moduleted wave having a low modulation
index, and consecuently is not demodulated by a deteetor
of the type used here.

The input probe is then disconnected from the detector
eand is replaced by the output probe. The phase shifter is
again adjusted for a null in the audio output. The differ-
ence in phase between the two adjustments of the phase shifter
is equal to the phase shift between the input and output of
the device.

In measuring transfer impedances it is desirable to know
the ratio of the magnitudes of the output and input voltagé
as well as their phase differences. The ecquipment desecribed
cen be used for measuring amplitudes of V{vand Vzuby ad just-
ing the phase shifter for a maximum signal in the audio
output in each cease. Maximum signel levels can then be
compared with the aid of an audio frequency attenuator and
output meter connected as shown in Figure No. 43.

The measuring procedure deseribed above has been tested
experimentally at 4000 m.c. with very satisfectory results.
It is possible to messure'phase differences with en accuracy
of better than half a degree with this type of equipment.

From the measurements discussed in the preceeding section

the four pole parameters céan be evalusted by using equations

202, 203, 204, and 205. Figure No. 44 zives the ecuivealent
’

cireuit of a triode and associated measuring ecuipment.
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Figure No. 44
Eguivealent Circuit of a Triode and its Associ:-ted
Me=zsuring Equipment
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The various symbols used in Figure No. 44 and obtained
from measurement discussed in preceding section are:

‘{l is the admittenee me=ssured et 1l-1 with 2«2

shorted.

Y, is the admittance measured at 2-2 with 1-1 shorted

113
V{is r;d me=sured without output line terminated
/A

1

in Zo

In ezlibrating the circuit we will use the following
parameters vhich were fully explained in the section for diode

measuremcnts.

Zl is the ordinste intercept of input cot-cot curve

72 is the ordimate intercept of output cot-cot curve
m, is the slope of input cot-cot curve

m.g is the slope of output eot-cot curve



134

Bol - "'_Z-‘—-
Zo'ma

&:. = "‘___Zi_.
Zalma.

Zo is the characteristiec imped=nce of input and output
coaxiel, R which represents the losses in the circuit is
me&asured by shorting the output line and measuring the
admittance of the input line with & large negative bies on

the tube. Therefore:
R: ZOITI’!. Rg(Y\) ) 312

Where the Zo' represents the characteristie impedsnce of the
coaxizl line used in calibreting the input eireuit and
corresponds to Zox in equation 206.

Fortunately the series resistanee in the output eircuit
came out to be very small in the experiments carried out with
the system of Figure No. 44 and een be neglected.

The computations of the four pole perameters by usigg

the values obtained by measurement are as follows:

Ft‘,’-'- —Y'——- ﬂ:.z = Ve a3

= Y‘ v +_JZ?"'_ | - 214
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In order to compute /3;:

ecquations are used.

<
n-
2

+

N

|

\/, = == 4+ Vz@az
/ﬁ., Vil

H

V,_.-. _J'-P_"_ —+ w#ﬁz/ = A +V:l[§1:‘

™
FF
=[5

22

ﬂzz.

It follows that:

v‘/gz: =-: vl 'ﬁz: ‘
/324 ;ﬂzjf%_l

Referring to Figure 44 we may write:

V.: V.‘,_ (I.l-l- Vs pu.l) Rs
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215

the following four pole

216

218

PBaz

219

220

221
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Combining equations 212 and 217 we have

V'I = ‘ 222
\/‘ 1'-' ﬁu‘R§

and 15'21 can be evaluated by maeking use of the rel:tion

-+ ﬁé&‘. 223
ﬂzz.' /Bzz

Dividing equation 223 by Vv, and reserranging terms we have:

/

Zl:‘&; 1‘11’] 224
s e [

. o

7
where -T:. can be expressed by:

Va
ILI - ‘ — -—‘—'——- 225
Vz Zo"m;Zo Zo T
/
Where Z,= | 5 \3 - can be expressed in .terms of
S
m and m_ by using the relations
rz; ’ 1 2
V' - Y Lms . 228
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v‘- - Zelm&
V,” Z 227

!
Solving equations 226 ang 227 for .!l_. and remembering that
" 2

Ve

vll (—ﬁ
’V:"ﬂ' o ' 228

If equations 228 and 235 are substituted in equation 224, one

finds

’ / |
; 2 m 1 L ORI £ il )
‘Pz' %- ‘ ‘ﬂ'l.z Z;I'rn;ﬂu’] g2

By using equations 220 and 222, ,q ©2n then be written as?

/
2= flaza fma [ o4 !
(3 6‘_(- Lgal Zo"'ﬂ‘ ﬁ::z]( 1’- (1] 'R] 220

(F) Discussion of Results

In Bell Laboreatoriecs experiments were ce¢arried out on
several 1553 triodes. The equivalent circuilt of a 1553

H.F. triode at 4060 m.e¢. come out to be as shown in Figure

No. 45.
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Figure No. 45
Equivalent Cireuit of a Triode Based on Experimental Results

There are a number of interesting things about Figure
No. 45, as with the diode, by, for e large negative bias
approaches the "cold" value computed from the capadtance.
However, as anode current is dfawn, bll drops repidly to a
much lower v-lue as was suggested by Behham 31. The con-
duction g,, beheves somewhat like g for the diode.

bzz is equal to the vaelue computed from the grid anode
czpacitance and is not appreciably influenced by the electron
strecm. gop Was Very low with a magnitude of slightly less
than lOOQﬁmhsat a maximum anode current. The transadmittcnce

ﬁz. is worth considering when the bieas is several volts

negative, /3;, has a value of about 9000 micromhos. This

T3I) Benham, Tube and Impllifier, rheory, Troc. KN, Vvol.26,p.L105,
1938.
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is bout 50 times as high as one would expect from a consideration
of the electrostatiec capacitance between the cathode =nd anode
of the tube.

This effect has been discussed in greater detail in the
subsequent pages. Ais the tube starts to draw plate current,

rises and reaches & maximum value of about 40,000
mieromhos. It is also observed that the high frequeney
admittance: is only slightly lower than &n (transconductance
at lower frequency). This is in agreement with theories by

‘Llewellyn. The agreement appears reasonable when one re-
members that in the.theoretical eanalysis, the magnitude of
the ratio is relativel& independent of the trensit
time in the input space.

It wes also found that witq high negative bias the
feedback admittance ﬂlz is substantially equal to ,921 but
as the current density increased, ﬁiz decreased.

Figure No. 45 shows the variations of the phase of the
transadmittance Fgl for a 1553 triode and also the theoreticel
curve of the Llewellyn analysis for purposes of compearison.

(For Figure No. 46, see Page 139)

The behavior of b11 for a triode is not as expected.
It is thought that as the grid voltage is veried, SOG:Ei;L
the input space changed from a condition of zero space “to
one of maximum space charg, byj; would vary from its initial
cold value to a v&alue approaching 60 per cent of the cold
Experimentelly it is found out to drop mueh lower.

value.

than ‘0;( .
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This effect has not been explained from the theoreticsal
point of view. It is probable that the variation in b11
is a space charge effect. A clue to this effect might be
discovered by making measurements on struetures with
different cathode grid spaecings.

Experiments carried out to determine the effect of
plate voltage on the input admittance of the triode of
Figure No. 44 showed that the input admittance did not
vary greater with plete volt=zge changed from 250 volts
to 40 volts. The experiment carried out in this case suggest
that for a given geometry, the value of b is ﬁrimarily a

11
. funetion of the total current density in the input eircuit.

52
(G) Substitution Method for the Measurement of Admittances

In this method unknown admittance is connected across
a paraliel resonant eircuit, the capascitance of whiech is
ad justed until the eircuit is in resonznce with the frequeney
of the driving oseillator. The resonance reading is indicated
by a vacuum tube voltmeter. A resistance is then substitu-
ted for the unknown admittance. The resistance is adjusted
end the erpacitance simultaneously varied to obtain resonsznce
until the same reading is obt:ined on the vacuum tube voltmeter
as before. The unknown admittance is then given by the wvalue
of the substituted resistance, the frecueney, and the change

in eapaecitance required to re-establish resonance. The
er,J .3 sSolzberg, B., eagurement O am enece a "

Vol.III, No. 4,p.486, Apr. 1939.
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substitution res;stance in the actusl setup cqnsists of a
fixed resistor conneeted across a low-loss transmission line
which constitutes the inductemce of the parallel resonance
circuit. The transmission line is short cifouited at one
end and attached to a vafiable capecitor at the other, or
sending end. The fixed resistor is arranged so that it can be
‘readily connected across the line at any point. When the
fixed resistor is connected aeross the line at its short
circuited end, the admittance of the line at its sending
end terminals 1s equal to that obtained in its unloaded
state,i.e., with the fixed resistor removed. On the other
hand, when the fixed resistor is connected across the
line at its open end, the sending end admittance is equal
to fhe sum of the admittancesof the resistor and the sending
end admittsnceé of the line in its unloaded state. When the
fixed resistor is connected across the line at some inter-
mediate poinf, the value of the sending end admittsnee lies
between these two limiting end values, The trensmission line
may thus be regarded as an auto-transformer which Steps down
the admittance of the fixed resistor. The effective admittance
is a funetion of the resistahge,reaotance, and position of the
‘resistor on the line and the paraemeters of the line. To
determine the cuantitative relationship betwesn these fectors
we proceed =s follows:

Consider a trensmission line short eircuited ag its

distent end, and bridged by an admittance Y et a point x eenti-

meters from the distznt end.. The line length is B centimeter.
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Figure No, 47
A Short Circuited Transmission Line

The admittance at x of the portion line to the left of

the bridging admittance is:

Y" = Yo CO*“\Xx | ,231

where Yo is the characteristiec edmittance of the line
¥ is the propagetion constant of the line
The vector sum of this admittance and the bridging ad-

mittance must be regarded as representing a receiving end

admittence for the rest of the line, extending from x to |

The value of this receiving end admitteance 1s:

Yr = Y-o-;YocoH'xJ/x 232
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The sending end admittance at @,

Yo Yo YraYodanhy (€) |
ﬁ Yr- av\lwr (ﬁ x} 288

Substituting ecuation 233 into 238 and leaving only tanh

terms we have:

Yo Y"’Gv\k x + Yo E ""I"““ y:: ‘f'a-nh! ({. ):)
Yion ‘\Yx + 4‘@»‘%{( e—x) + Yo E-m«h{xqf .I,,_th((_xﬂ

When the bridging admittance is removed,

the sending end ad-
mittance is simply:

Ys; YoCo'-‘lye

235

With the unknown Y, conneeted across the seniing end of the
line, the bridging admittance removed, and the tuning capa-
citance adjusted to obtain resonance, the total admittence at

the sending end terminals of the line is:

YSf Yu +J'°¢:35+3u 236
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Since resonance requires that the total susceptance be zero,
i.e., (b, plus by plus b,) equal 0. 1In the above: equation,

therefore:

Ya e@uals g, plus jbsoud isthe sending end admittance of the
line when the bridging admittance is removed. Yu equals
g, Plus jbuondis the unknown admittance. b equals suscep-
tance of the tuning caspacitance required for resonance,
when the unknown is connected.

Now when the unknown admittance 15 removed and the
bridging admittance is moved along the line until the same
‘reading is obtained at resonance, as before, the total

admittance &t the sending end terminals of the line is:
238

Ys'-o:j bo= 95+ 9u

Resonsnce now requires that:

bc/‘" b.s’= o 239
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The new guantities are: _
Ys,tas'ﬂbsl is the sending end admittance of the line
when the bridging admittance is connected.
bgl is the susceptance of the tuning cspaci-
tance required for resonance when the unknown admitt9nce
is removed. |
Equations 237 and 235 gives us an expression for the

unknown admittance in termns of the total substitution admit-

tances:

Yo « (Ys’_Ys) +J( bc_(-bc): AY, + Ala,_ | 240

The components of the unknown admittances are acegordingly:

3u= 35'_95 =Aa, 241

bu= (bs-bs)#(bc-bg = Abs+Dbe 242

If the bridging admittance is merely a conductance, the

first term of the right hand member of equation 242 vaenishes,

snd we have:

b, = Ab 243
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This cuantity is given directly by the change in tuning
capacitance required to re-establish resonance, and by the
operating fregquencye. .

The quanfity AYs in equation 240 is the “ne we are
looking for. It may be resolved by subtracting 235 from 232,
thus:

AYs = Ys-Ys= Y'l-u\h x + Vo [l-&"'onl\yx‘,'auhy(‘e )] 244
Ylanﬁfx. %anhdz(f )1 Y.Ehuh(z l-*lour(f.

By means of a straight forward manipulation, this can be

written as:

2
AYs- Y (sml\ ; 245
Simh L+ _Y_) Sinhpx Sin h -x
: JL ( Sl‘nhxf_ l Y( )
Now, in eguation 24§,AY;, Y,Yc and are in genersl,

complex quantities of the form(Ass.‘J Ay?(ﬂflé‘)

respeetively: We motice, however, that if:

\‘nkyf_ Sthﬂ{.

e gz () =

and

then e.ustion 244 c&n be written as:

As- X (3 ﬂe) | 248
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If in addition, sinf3l = AL , then & further aimpli-

fication results:

AYs. Y(_{_)" 24y

In the case of compvarison of two resistors, ll and Rz,
whieh are located at two intermediate points on the line,

xy and Xg 5 such that the deflection of the vacuum tube is the
same, each reslilstor can be considered the equivalent of the
Qame admittance AYS at the sending end.

"Hence from equation 245, we get:

- 2
Ys= : _i""',/s“- = A [Sin ﬂ-"z 248
R SV“IQZ R- sh1/3£
. e

and in the case of a short line:

_’l_\’_._:(x.)z | : | 250

or
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(H) Measurement of Input and Output idmittance of Vacuum.Tube
By Subs ution Me

The input impedance of a vacuum tube can be measured by

connecting the grid of the tube by means of a short lead to

the high potential end of the line through a by-pass capaci-
tor. The other desired bias voltages are applied to the tube
electrodes and the vacuum tube voltmeter is read (See Figure No.
47). The grid conneetion is then opened, or the tube biased

to cut-off as desired. Resonance is re-estsblished by the
terminal ceapccitor, and a standard.resistanoe isrplaced on thé
line at a point which gives the s:me deflection of the wvacuum
tube voltmeter. The voltage e=librations of the line then
gives the resistive part of the impedanee of the tubes, as
described above, and the change in the‘terminal capacitor'
gives the capacitive component. Difficulties are found in
obtzining resistors having negligible reactenee at frequencies
of thé order of 108 dyoles per esecond or higher. Wire-wound
resistors are not usable at suech frequenciés. The most satis-
factory types ere the metalized-glass or ceramic rod resistors
of relatively small physicsl size,‘having low-inductance termi-
nals and very little distributed capaeitance. A further d4iffi-
culty arises from the fact thaet such resistors are obtainable
only in discréet values of resistance. It would not be
practicable to obtsin the very large number of resistors

needed to mateh the resistance of any electron tube circuit.
Hience it 1s necessary to utilize a transformzstion property

of the‘admittance measuring equipment 1n:order to mateh any
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arbitrary admittance with one of the available standard
resistors.
A more practical method is the susceptance veriation

method, whieh will be explained in the next paragraph,

v 33
(I) Susceptance Variation Method

This method is a form of the well known resetznce
variation widely used for the measurement of two terminal
sdmittances. It is adopted to the termination of the
transfer admittances, as well as to the driving point ad-
mittances. Figure No. 48 gives a semi-schematic diagram

of the test equipment.

P — 0 © Y“.

Figure No. 48
Semi-Schem=tie Diagram for Susceptance Varistion Method

(83) Proc.IRE, Vol. 38, p.945, Aug. 1950.
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In this figure, T is fhe active or passive transducer
to be measured and Yl and 22 are calibrated variable admitt-
ance elements, which may be of various fo;ms, such as coils,
and capéeitors, of ad justable length lines. 3Signal measur-

ing devices V ere placed across the input and output

1 amd ¥y
terminals of the system, these may be simply crystzal or
diode voltmeters or heterodyne receivers.

Variable admittances Y§1 and Y,, are used for coupling
the input or output circuits to the signal oscillators. The

sequence of measurements . is as follows:

1. Measurement of {Gu
a, Short circuit the output terminals 2-2. This
may be done either by 'detuning. Y, suffi-
ciently or by placing a suitable by-pass
capacitpr directly aeross terminals 2-2.
b. Excite the input cirecuit by coupling the

signal osceillator loosely through Yc and Y

; 1

c. Adjust Yi for resonance &s indicated by a

maximum reading of Vi. In order to insure

that the coupling to the oscillator is suffi-
ciently small, reduce the coupling until
further reduction does not change the setting
of Y for resonance. Record the calibrated
values of G, and B1 for this setting, where

1
B, is the input susceptance and G, 1s the input

conductance.

d, Vary Yl on either side of resonance until the

voltage V, is reduced by a factor . .

1 z
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Record the calibrated values of this total varia-

tion of Yy between half power points at Z\Ga and
A B, . In order to insure that the oscillator

and detector are not loading the eircuit, reduce

the coupling until further reduction does not change

‘the susceptance variation AB, . The short

circult input susceptance is then given by the

relation:

B, =- B 251

and the short c¢ircuit igput conductance by the relation:

(:’,, = Agi[(l-'znvz'rq] + G, 262

AG
AB

In most systems the inequeality

where %) is given by

2
’)2= (———AG' << | 253
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holds; thus we may write equation 246 as;

ﬁ"’ é‘2.8"" [h"]"?\z] - G, 254

or even further by the relation:

ﬁll= -425‘- —Gl 255

if m is negligible,

8.Measurement of the Magnitude Flz

@, With the input termination still set at the value

be

recuired for resonsnce obtained in step ¢ above,
excite the output eirecuit through Ycz'
Record the voltmeter reading Vi and Vz. The magni-
tude of the feedback admittance is then given by
the relation:
Va2
e 48 [(1:22) "

and if

2

172'; 2368' )<<1 257

Equation 251 mey be simplified as:
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/F"'I‘ \\2/ 4—2&'[1’"1 "\2] 258

or

1P¢’= AZ.Bl - \</7. 25¢

3. Measurement of 22

The‘ﬁhrt circuit output admittanee may be measured by
following the procedure outlined for the input coefficient,
the signel being coupled through Yc2' If the subseripts are
interchenged, all of the asbove formulas econcerning F&l may be
used to relate Paz to the measured data.

4. Meesurement of ﬁ 1
The magnitude of the transfer admittence may be measured

by foliowing the procedure outlined previously for the measure-

ment of the magnitude of /sra . If the subscripts 1 and
2 are interchanged all of the formulsas concerning 1612 may
be used to relate faz. to the measured data.

For further details on higher freQuency impedance measure-

ments see the artiecles given in references, 32, 33, and 34.

(32) Miller, Solzberg, op,cit.
(3%) Nergaerd, L.S., Survey of UHF Measurements, RCA, Rev.,p.1l56,

July 1938.
(34) Chipmean, R.A. A Resonance Curve Method for the Absolute Mea-
ment of Impedance at Frequencies of the Order of 300 m.e.,

Journal of Applied Physies, vol.l0, p. 27, 1939. '
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CONCLUSIONS

The vacuum tube equivalent circuit found its first
application shortly after the first appearance of the vacuum
tube in 1918, From this time on it wnderwent various develop-
ments and in the year 1949, it obtained its fineal and most
practical form. o

It would be of interest to go briefly through every stage
of development of the vacuum tube equivalent éircuit and point
out the various advantages and disadvantages. The most
simplést equivalent circuit, ﬁamely, the one used at low
rrequencies, was derived by assuming that i_ was a funetion of

P ;
e and ep. As long as the signal applied to the tube was of

siall magnitude and low frequenecy, this équivalent circuit gave
reasonable results. ‘But as ‘the frequencies increased, the
results obtained from this équivalent circdit deviated an
emount depending upon the range of the frequency used. The
reason for this deviaeation was that in eddition to convection
current there was a displacement curreﬁt between tube elee-
trodes whiech had to be taken into account at higher frequencies.
fherefore, & displecement current equivalent circuit was added
to the simple claséical vacuum tube eqﬁivalent circuit. As
long as the fraguencies used stayed in the renge of a few m.c.,
the equivalent circuit gave satisfactory results. But as the

frequencies further inereased, the equivalent ¢circuit ceased

to be satisfactory again end this was thought to be due to
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vacuum tube lead effects. This consideration was an improvement in
the vacuum tube equiv:lent circuit but still the results were
not ogrrect. The addition of transit time effect in the equiva-
lent circuit'brought us closer to the correct equivalent circuit,
but this producedi@%&@ a complicated eircuit and was found to be
of little practical value. | The mathematicel evaluation of each
perameter would be very tedious and lengthy. Besides this, the
equivalent eircuit was not absolutely correct, as it was & com-
bination of severel effects being considefed sepa:ately and then
added together,.
| The development of the equivaleht circuit through the use of

the eleetron stream theory brought esbout an entirely new spproach
in this field of equivalent vacuum tube eircuits. From physiceal
point of view it was an interesting problem but from the point of
practieal usefulness, it was discouraging, a@s the results were
lengthy and complex. Besides this, the results werec not abso-
lutely correct for the following assumptions were made.

(1) Single velocity electron streem

(2) No secondary emission from any structure

(3) Zero velocity of elsetrons emitted from cathode

(4) No self inductance of the tube leads within the tube

The effects of the above assumptions were not pronounced

at low frequencies, and the electron stream equivalent circuit

gave correct results. But even in this case the equivsaslent

61rcu1t was far from being of amny prectical use.
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An improvement in the representation of the equivalent
eircuit was the applicetion of the four pole terminal networks
to electron stream equivalent cirecuit. This had the adventage
of redueing the circuit elements to a minimum number. Still,
the four pole parameters had to be determined from the expressions
derived by the use of the slectron stream theory.

The four pole equivalent circuit brought ®out a new idea
in the'evaluation of the four pole impedances, namely, the
experimental determination of the four pole parameters. In this
case the correctness of the results depends upon the accuracy
of the instruments used and the technique of measurements.

Experiments carried out by S. D. Robertson give reasonable
comparison with the theoretical results of Llewellyn and Peter-

son. Theoretical results were found to differ considerably
from the experimental results especially at high frequencies.
This is claimed to be due to Maxwellianmn's eleetron velocity
distribution,

At the present time the appliecation of four pole vacuum
tube equivalent circuit is rather restricted. This is due
to the lack of messuremsnts cearried out for the plot of
impedance and phase versus frequency for various types of
tubes. But its wide and extensive use is expected in the

coming years even at low frequenecies.
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APPENDIX NO. 1

(4) Hybrid Circuits for I\tlic'n't:nva\res‘?'9

The hybrid coil has been used in telebhone practice for
@ long time in order to secure preferential isolation of
eircuits. The word "hybrid"™ has been selected to deseribe the
equipment that performs at high frequeney the seme function as
@ hybrid coil. In the high frequency equipment physicel simi-
larity with the conventionsal hybrid eoil is found.

A hybrid device is represented schematically in Figure

No. 49:
D
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B
Figure No. 49
A Hybrid Deviece

thﬁ @ source of alternating electromotive foree is con-
nected across the terminaels A, no signal appear at the termi-
nals C, but dPransmission takes place freely between A and B
and between A and D, with the input power thus divided between
loads placed at B and D. If the generator is trensferred
from A to €, no voltege appears at A, from reciprocity eonsi-

derations, and again the input power is divided in some fashion
between loads B and D. It is generally desirable thet the ter-
minals B and D be balaneed with respect to each other, so that

a generator applied at either of these points delivers power

T29) Tyrrell, op.cit.
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only to loads at 4 and €. In most cases, the eirecuit is so
proportioned as to bring about equal power division‘between

the driven loads. Usu&ally the loads or generators, which

are connected to these lines, terminate each erm in its char-
acteristiec impedanee. If matching is notobtained at the termi-
nals, reflection from the loads will temnd to upset the balance

of the load distribution.

(B) Hybrid yunetions

In addition to hybria coila:‘?'9 there are hybrid junetions
which are those used in Figure No. 49 for high frequency impe-
dence measurements. One form of such a junetion is shown in

Figure No. 50 as a cross seetion of the eleetric field Plane.

' , ,.ullo.l orm

=3 HI/ \\lll—*“*

Figure No. 50
Spreading of a Wave Front into a Compount Junction
from the Series Arm

In the electric field plane wave guide junction the side
erm is effectively connected in series with the main guide. We
will meke this point elearer in the subsequent pages. When
pbwer is sent toward the juqctioh from the series, two sets of

waves are set up in the main guide, treveling in opposite di-

rections away from the junetions. 4These two sets of waves are

T29] Tyrrell, op,cit.
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180 degrees out of phase with respeet to each other, that is,
their polarities are reversed. .Ir the two ends of the meain
guide are terminated in characteristie impedence, the power
will divide equally between the two loads, and no power will
appear in the coaxial line, as the voltage induced in the
coaxiel line cancel each other.*

In order to meke clear the meaning of series arm connec-

tion, let us consider Figure No. 51 shown below:
A |B '

A Figure No. 51
T-Junection in a Wave Guide in the E Plane

?1gura No. 51 show a T-=junetion with solid lines represent-
ing electric intensity in successive positions of the same wave
front for waves arriving from the left, and with broken lines for
waves from the right, in the mein guide. If the waves are in
phase at AA' and BB' the side arm receives two waves whieh are
180° out of phase. If the smplitudes of the incoming waves are
equal, the waves in the side arm cancel completely, end this
branch receives no power. Sueh sets of waves of equal ampli-
tude traveling in opposite directions create pure standing
waves in the main guide with & voltage maximum at the Jjunetion.

In such a case no electriec field appears in the side arm

¥This will not be true 1f the coaxial is large enough to suppord
freely the first higher order trensmission mode.
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connection. Conversély, the side arm of an eleetriec Plane
T Junction receives maximum power when & pure standing wave exists
in the main guide with a voltage minimum (eurrent maximum) at the
Junetion. This is the behavior exhibited by a load whieh has a
series connection to a transmission line. From the point of
~view of phase relationships, therefore, the side arm of the
electric field plane T may be regarded as connected in series
with the main guide.

The same junction as in Figure No. 50 is shown in Figure
No. 52, but here the power is introduced from the parallel arm,
i.e., from the eoaxiel line. When power is sent from the
parallel arm the two arms of the main guide receive equal
intensities of power in phase an@ no net voltages eppear across

¢
the series branch.¥

T

e s
L e

Figure No. 52
Spreading of a Wave Front Into a Compound Junetion from the
Perallel Arm

In order to maeke clear the meaning of parallel arm connec-
tion, consider Figure No. 53. In magnetie plane wave guide
junction or parallel arm connection the electrie intensity is

perpendicular to the plane of_Figure No. 33. 1Imn Figure No. 53,

. h to
® This will not be true 1f the series arm 18 large enoug
su;;ort freely the TM, (ecoaxial line) transmission mode.
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there the electric field intemnsities are in phase at both
ends of the wave gulde. Iflwaves of equal amplitude are sent
toward the Jjunction from the left and right so as to be in
phasebat'the Junction, the side arm recéivas two sets of waves
in phase and therefore maximum power. From the point of view
of phasevrelationships, then, the side arm magnetic plane T

is econnected in parallel across the main guide.

@ QQ 'GGD' o |
| ® © @ o |
® ®
:0.0 ©p00 @QQ XL
L@ ©0 e QO
l |

Figure No. 53
A T Junction in the Wave Guide in the H Plane .

A elearer view of the compound junction where the parallel
connection is established by means of magnetic plane wave guide

junection, instead of coaxial line, is given in Figure No. 54.

S\

Figure No. 54
compuund T Junction of a Wave Guide
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APPENDIX NO. 2

(A) Discussion of Single Stream and Double Stream Electron
Velcae ity Theory

One of the guestions which arises in Seetiom III and IV
of this thesis concerns with the nature of electron trajec-
tories. When trajectories do'not eross, the motion retains
the "single velocity stream" behavior, &as was assumed, where
et each point in space only one velocity veetor is found for
the moving eleetrons. Crossing of trajectories causes "bunch-
ing™, and a change to "double velocity stream" motion, where
two different electrén velocities are obtained at some points
in spsace. |

To prove that the double velocity stream ceuses a change
in electrie rield at the point of crossing, we shell start with
single streem electron vélocity; assuming a plane structure,
where ell guantities (field, space charge) depend only upon X
'and t but not upon y or z. We éhall glso define the totsal
current density (conwection plus,displacement) by Jx.

From Maxwell's equations we havs:

V-J-___%Ls_._-_-c' | 260

'Hence Jx is a function of t pnly, but not of xj Jy is elso

equal to:

) =-pv -6 (%%)x 261
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Where: ? is the charge density
U=

is the velocity of the electron,

2

From Poisson's relation we have

€o (%E.) ={ 262

Fron equations 256 and 257 we can show theat:

dE
dﬁ dt Jz éo

- '3:__': +dx JE .. T 263
This is the point where the "single velocity stream”™ assump-

tion is introduced implicity through the assumption of single

direction of current flow. In a double stream motion, the

space chargeAdensity ? would split into two parts, Q1 ’

moving with %/‘_3_?. and 53,_ moving with ﬁ:._ . ‘Henece ,

dk
equation 256 should consequently be modified and equation 298

wuld not be ecorrect.

Let E(Q be the field on the cathode. An electron
leaving the cathode at time to reaches a certain distance

x(to, t) at time t and the electric field acting upon &t at

eny time t is:

t
E(Q,9 = Eﬂ@7)4:};.f§f; dt. 264
= Eft.)+ *Twdt
to
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The integration of the second term yields @, the space charge
density. Therefore, integrating equation 259, we have:

£ [E(é., 9- E,(éé) = @ - | 265

The physical content of this formula is explained in Figure
No. 55 which shows the plot of the electron trajectories versus

x and t for two different electrons emitted from the cathode.
r

E(t.4)
X~ e e e e e em o X("o;‘)
xI
o A ol
: ’
C¢M;252;Figure No. 55 t

Plot of Eleectron Trajectories Versus x end t
At time t, the totel cherge density between the platesat any
point x,is equal to Q and expressed by equation 266.
Next we note that, betweén‘time to and t, there has been
an inerease of the surfece charge density equal to Q on the

cathode and can be expressed by:

6o [E(e)- Eo(‘_JJ - q s

Therefore the total charge density is given by:

9+ 4 3 éZﬂ}a’b

- lo 287
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In the above equations we see that we can express charge
density in terms of electriec field.
Next let us see what happens to an electric field if a
crossing of the trajectories tske place. Figure No. 58 gives

@ physical picture of the condition that exists when electrons

cross each other.

o

Cahode plame. Figure No. 56 .
Plot of Electron Trajectories Versus % and x When
Two Electrons Cross
We can see from the above figure that electron erossing
brings about a ehange of charge Q in front of the trajectory
due to the chenge in electric field AE in the neighbor-
hood of the point x. It decrecses the field E(‘..é)by an

emount %AQ and is given by:

¥ é
E(tt) = Eu(t) - | Judt - L AQ. 2€8

The amount of charge AQ which is due to intercrossing
can be evaluated and hence the field conwection required for

Lleﬁllyn's work can be obtained. From the above explanation
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we can conclude that whenever there is intercrossing of electron
stréams there is a change of electrie field 1ntensi£y.

A full discussion of the evaluation of field corrections
are given in reference relative to Kleyner. This discussion
has been ecarried out for aparallel plane diode, for a diode
wherein electrons are injected with a given veloeity and also
for several other types of tubes. But agein there are some
restrictions to these derivations. Two of them are:

(1) Electron trajectories should not intercross

prior to the instant of time when the motion
is investigated.

(2) The flow of electrons from the ecathode must
be unintérupted. Suppose thet the current
is negative at a certzain time near the cath-
cde and if at this time new electrons are
emitted from the cathode then overloping of
electron streams will oecur. This will

' interupt the ususl flow of electrons near
the cathode.

Very little error is introdueed when these restric-
tions are neglected end the derivetions, in the‘26th
reference, can be considered as improvement on Llewellyn's

and Peterson's work on electron stream theory.
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APPENDIX NO. 3

(4) Maxwellian Veloeity Distribution®

The heat energy that a body of gas contains exists
in the kinetic energy of motion of the gas molecules; ‘As
the temperature is inereased, the héat energy inecreases sand
the_velocity of the molecules inereases. The moleecules
. will have velocitiesbin al diractions eand with all magni-
tudes but most of them will have veloeities grouped around
a most probable veloeity. Maxwell has Shown from application
of the theory of probability that the distribution of velo-
cities of molecuies in a gas is given by:

. ':_ -;‘

= fe we 265
I = i
Where x is the ratio of veloeity to the most probable velocity

eand y is the eorresponding probability thet a molecule will

have a velocity x.
The most probzble veloeity inereases with the square root

of the absolute temperature.

= ’ n : 270
Up = 12, 900 N

Where T is the absolute temperature and M is the molecular

wight of the gas.
(3] Spangenberg, op.cit,
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