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Predicting effective fracture toughness of ZrB2-based ultra-high
temperature ceramics by phase-field modeling

Arezoo Emdadi a, Jeremy Watts a, William G. Fahrenholtz a, Gregory E. Hilmas a, Mohsen Asle Zaeema,b,⁎
a Department of Materials Science and Engineering, Missouri University of Science and Technology, Rolla, MO 65409, USA
b Department of Mechanical Engineering, Colorado School of Mines, Golden, CO 40801, USA

H I G H L I G H T S

• A quantitative phase-field model is
utilized to calculate the effective frac-
ture toughness (EFT) of engineered
microarchitecture ceramics.

• The phase-field model is verified using
the experimental measurement for
ZrB2-C FMs with different vol% of C-
phase

• Studying different microarchitectures
showed an EFT up to ~70% more than
that of pure phase.

• The model can reliably predict EFT en-
abling design of different engineered
microarchitectures.
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The effective fracture toughness (EFT) of ZrB2-C ceramics with different engineered microarchitectures was nu-
merically evaluated by phase-field modeling. To verify themodel, fibrous monoliths (elongated hexagonal ZrB2-
rich cells in a continuous C-richmatrix)with different volume fractions of a C-rich phasewere considered. Archi-
tectures containing 10 and 30 vol% of C-rich phase showed EFT values about 42%more than that of pure ZrB2. In-
creasing the C-rich phase to 50 vol%, dropped toughness significantly, which is in agreement with the
experimental results. Replacing hexagonal cells with cylindrical, triangular, or square cells of the same cross-
sectional area changed the toughening mechanism and EFT. The orientation of the interface between the soft
and hard phases with respect to the crack orientation also affected the energy required for crack propagation,
and in some cases resulted in a higher EFT (even up to 70% of pure ZrB2 fracture toughness) either by suppressing
uniform crack propagation or making crack cranking. Results not only show that the model can predict fracture
toughness but also provide insight to improve toughness by engineering different microarchitectures.

© 2020 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

Ultra-high temperature ceramics (UHTCs), which are typically non-
oxides with melting/decomposition temperatures in excess of 3000 °C,
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have applications in extreme environments because of their high melt-
ing temperature, excellent strength, a relatively good chemical stability
and thermal shock resistance. Examples of UHTCs include borides, ni-
trides and carbides of metals from groups IV and V in the periodic
table [1,2]. Diboride materials especially ZrB2 and HfB2 are of the most
interest because they have the best oxidation resistance [3,4].

The main weaknesses of UHTCs are their brittle fracture behavior
and low damage tolerance, which have limited their applications.
Cook and Gordon [5] were the first to introduce the idea that it is possi-
ble to control crack propagation in a brittle material by considering par-
ticular microstructural features that can change the crack path. Later,
Clegg et al. [6] showed that by separating strong phase layers with
weak interphases, a brittle composite ceramic can fail in a non-brittle
manner by deflecting the crack through different phases. Several at-
tempts have been made to process and characterize mechanical and
thermal properties of different engineered architectures for ZrB2-
based ceramics [2,7–14]. For example, Fig. 1 shows load-displacement
curves for a single phase ZrB2 ceramic and a laminated ZrB2-C compos-
ite; ZrB2 by itself is brittle, and exhibits no visible inelastic work of frac-
ture after reaching the breaking load. On the other hand, the laminate
composite showed non-brittle fracture behavior through crack deflec-
tion in a non-elastic form. Similar studies have beendone on bioinspired
microstructure design of laminates to increase their toughness by pro-
viding preferential paths for propagating cracks [15–19]. Chen et al.
[20] fabricated Al2O3/reduced graphene oxide (rGO) fibrous monolithic
ceramics with bamboo-like structures that had 475% and 1075% higher
fracture toughness and work of fracture than those of the mono-lithic
Al2O3 ceramics. In a different study, TaC-based/graphite fibrous mono-
lithic ceramics were investigated by Shahedifar et al. [21] to study the
fiber core/shell volume ratio andfiber orientation on the fracture tough-
ness and the work of fracture. Experimental efforts for developing ce-
ramics with engineered microarchitectures have laid out the initial
path for improving the fracture toughness of UHTCs; however, these
were mostly based on trial and error experiments. Another example is
the designed microstructure by Parthasarathy et al. [22] for a non-
conventional fiber reinforcement, which is shown in Fig. 2. They
showed that a combination of bone-shaped fibers with a surface com-
pression coating, or multilayer compositions, can be used to optimize
strength and toughness via an engineered microarchitecture in
ceramics.

There are a fewmethods that analytically predict the fracture behav-
ior of microarchitecture ceramics; however, they can be used only for
simple microstructures. Zhang et al. [23] studied fracture of unidirec-
tional nanocomposite structures with parallel staggered platelet
reinforcements, and they analytically calculated four dimensionless pa-
rameters associatedwith platelet distributions to show the effect of vol-
ume fraction, orientation, and the distribution of platelets on the
fracture behavior. In another study, Leguillon et al. [24] used a coupled
stress-energy criterion to analytically predict the initiation and propa-
gation of surface cracks in ceramic laminates of Al2O3/monoclinic ZrO2

and Al2O3/tetragonal ZrO2 under thermo-mechanical loading. Begley
et al. [25] used an analytical micromechanical analysis for composites
comprising elastic platelets (bricks) bonded together with thin elastic
perfectly plastic layers (mortar) under uniaxial loading; they intro-
duced a closed-form solution for the spatial variation of displacements
in the bricks as a function of constituent properties, which can be used
to calculate the effective properties of the composite, like the work of
fracture. Separately, Wang et al. [26] developed a temperature depen-
dent fracture strength model for the laminated ultra-high temperature
ZrB2-BN ceramic composites; this model was based on the Griffith en-
ergy criterion and the concept of energy storage capacity. All these ana-
lytical models were developed for laminate microstructures and cannot
be used for complex microstructures.

Numerical modeling and simulations of the fracture process, vali-
dated by experiments, can be used as powerful tools to predict the failure
mechanism and fracture properties of composite ceramics and design
microstructure-engineered ceramics with superior fracture properties.
Such computational simulations can also reduce the number of trial
and error experiments in the design process of microarchitectured com-
posites. There are some computational studies based on classical contin-
uum mechanics for investigating the fracture of composite materials.
Delamination in composites is a commonly studied problem. In the ma-
jority of cases, delamination is simulated using the cohesive interface
model [27–31]. The crack path needs to be predefined in cohesive inter-
face model. Therefore, to study delamination with this model, the crack
was restricted just to the interfaces. Extended finite element (XFEM) is
another numerical method, based on the Finite Element Method
(FEM), which is especially designed for treating discontinuities without
predefined their path. The main advantage of XFEM related to FEM is
that the finite element mesh does not need to be updated to track the
crack path. However, XFEM has difficulties in nonlinear heterogeneous
systems. Yan and Park [32] used XFEM [33,34] to model near interface
crack growth in a ceramic-metal-ceramic laminate. Although the calcu-
lated crack path was similar to the experiments, the crack growth did

Fig. 1. (a) Crack deflection in a laminate ZrB2-C microstructure under four-point bending test, (b) load-displacement diagram in a brittle ZrB2 ceramic, and the laminate ZrB2-C
microstructure that show a non-brittle form of fracture.

Fig. 2. A schematic designed microstructure for a composite ceramics with enhanced
strength and fracture toughness [22]. The matrix and the bone-shaped fibers were made
of HfN or HfC0.67.
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not deflect into different layers and remained only at the interfaces be-
tween different layers. Also, the fracture toughness of the composite
was not determined.

Recently, the phase-field (PF) method has emerged as a powerful
and unique meso-scale modeling tool for studying crack formation and
propagation in nano and microstructures. Utilizing PF models in simu-
lating crack propagation have some major advantages over the conven-
tional methods like FEM, XFEM, and cohesive zone model. For example,
the crack path is not predefined in a PF model, and the model will be
truly a predictive tool for crack propagation. PF models can be easily im-
plemented in complex cracking situations including crack merging and
branching, even in three-dimensional problems. There are a few PF
models that studied crack propagation inmicrostructure-engineered ce-
ramics. However, all were in dimensionless form [35–38] or they used a
hypothetical set of material properties [39]. For example, Khaderi et al.
[37] used a PF model to explore crack propagation and calculate critical
energy release rate in a layered mineral/organic composites as a func-
tion of elastic modulus mismatch and the thickness of the organic
layer. A modified PF model developed by Emdadi et al. [40] predicted
the crack path quantitatively for composite ceramics; this model was
not applied to study different microstructures, and also the fracture
toughness of composites was not determined. To the best of our knowl-
edge, there is no attempt in using a PF model to evaluate the fracture
toughness of engineered ceramics with real properties of phases.

This study introduces a quantitative computational framework for
evaluating an effective fracture toughness (EFT) for engineered ceramics
that canbe used not only to study crack propagation in ceramic architec-
tures, but also to design and optimize themicroarchitectures and poten-
tially predict the properties of constituent phases that would maximize
the fracture toughness and damage tolerance of composite ceramics.
Thiswork is focused on demonstrating the capability of the PF computa-
tional model in prediction of EFT of composite ceramics, and some ex-
periments are performed to validate the crack path and the trend of
the fracture toughness in the fibrous monolith (FM) microarchitectures

(FMs with elongated hexagonal ZrB2-rich cells in a C-rich matrix) with
different volume fractions of a C-rich phase. After verifying the compu-
tationalmodel, the effect of differentmicroarchitectures (cylindrical, tri-
angular and square cells) on EFT of ZrB2-C composites is investigated.

2. Experimental procedure

Cellular ZrB2-carbon FMs were produced via a thermoplastic
forming method [41]. The raw materials and compositions used for
the ZrB2-carbon FMs are shown in Table 1. To produce the FM's, ZrB2,
B4C, and WC powders were first attrition milled together (Model 01-
HD, Union Process, Akron, OH) for 2 h using acetone and tungsten car-
bide (WC)millingmedia. Aftermilling, the powder was dried via rotary
evaporation (Model Rotavapor R-124, Buchi, Flawil, Germany). The
graphite powder was ball milled for 12 h using acetone andWCmilling
media to break down agglomerates and large flakes of graphite. The
graphite slurry was wet sieved through a 270 mesh sieve to remove
any remaining large agglomerates or flakes. The graphite slurry was
then dried via rotary evaporation. The cell and cell boundary phases
were batched according to Table 1 by blending the powderswith a ther-
moplastic polymer and plasticizer using a heated high shear mixer
(C.W. Brabender, South Hackensack, NJ). The cell phase was pressed
into cylindrical rods and the cell boundary phasewas pressed into semi-
circular shells to be laminated around the cell material. The finished
feedrods were ~22 mm in diameter. The ratio of cell to cell boundary
varied according to the desired composition. The feedrods were then
extruded directly to 300 μmdiameter filament using a screw-driven ex-
truder and a heated spinneret. The batching and extrusion process are
described in more detail elsewhere [8,11,42].

After extrusion, the filament was wound around a cylinder with
each subsequent wrap being tight against the one before. The filaments
were glued together with a spray adhesive. This produced a uniaxially
aligned ribbon of filaments when the wrapped filament was split and
removed from the cylinder. These ribbonswere then cut into rectangles
~45mm×35mmtomatch the size of the hot-pressing die. Layers of the
filament ribbon were loaded into a rectangular graphite die lined with
graphite paper that was coated with boron nitride. Enough layers
were used to produce a sintered billet ~5 mm thick. Once loaded, the
layers were laminated together in the graphite die at 130 °C to form a
solid billet. The entire die was loaded into an atmosphere-controlled
furnace and heated at 5 °C/h to 600 °C under a gas mixture of 90%
argon – 10% hydrogen to remove the organics. Following binder re-
moval, the die was transferred to a resistively heated graphite hot
press (Thermal Technology Inc., Model HP20-3060, Santa Rosa, CA) for
sintering. The ramp rate during heating was 25 °C/min. Vacuum holds
were employed at 1450 °C and 1650 °C to remove oxide species from
the surfaces of powder particles [43]. At 1650 °C, the atmosphere was
changed to argon and a pressure of 32 MPa was applied. The furnace
was then heated to 2000 °C and held until densification ceased.

Table 1
Materials and compositions used to produce ZrB2-Graphite FM composites.

Material Supplier Grade Volume %

Cell ZrB2 H.C. Starck B 54.52
B4C H.C. Starck HD-20 2.73
Tungsten carbide Inframat 74R-0601 2.29
Ethylene ethyl acrylate
(EEA)

Dow Melt
Index 20

38.17

Mineral oil Aldrich Heavy 2.29
Graphite Showa Denko UFG-10 36.41

Cell
boundary

ZrB2 H.C. Starck B 7.85
Polyethylene butyl acrylate
(BPA) (PEBA)

Elf Atochem Lotryl 7
BA 01

47.11

Mineral oil Aldrich Heavy 8.64

Fig. 3. Tested chevron notch specimen displaying crack deflection along the cell boundary phase forcing the crack out of mode-I.
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Densificationwasmonitored by the travel of the pressing ram in the hot
press. The furnace power was then turned off, and the specimen was
allowed to cool.

After hot pressing, the densified billetsweremachined intomechan-
ical test bars. Bars were cut from the billet and ground to a final dimen-
sion of 3 mm × 4 mm × 45 mm using an automated surface grinder
(Chevalier, FSG-3A818, Santa Fe Springs, CA) and diamond abrasives.
These bars were cut such that the cells of the specimen architecture
were aligned with the long axis of the bars (Fig. 3). Grinding to the
final dimension was accomplished using a 400-grit diamond abrasive
wheel. The composites examined for this study consisted of cell to cell
boundary ratios of 95:5, 90:10, 82.5:17.5, 70:30, and 50:50 by volume.
For each composition, 5 barswere tested forflexural and fracture tough-
ness according to ASTM C1161 [44] and ASTM C1421 [45], respectively.

3. Computational model

A recentlymodified PFmodel [40] based on the regularized formula-
tion of Griffith's fracture theory [46] was utilized in this work. In this
model, the entire quasi-static process of crack initiation, propagation
and branching is governed by the minimization of an energy functional
Ek(u,ϕc). This functional is the variational formulation [47,48] of
Griffith's theory where u is the displacement vector, and ϕc is the scalar
crack PF parameter describing a smooth transition between the unbro-
ken (ϕc=1) and broken (ϕc=0) state of thematerial. The energy func-
tional is in the form of Eq. (1) in which the crack is considered to be a
phase with the evolution equation of Eq. (2).

Ekðu;ϕcÞ ¼
Z
Ω

ϕ2
c þ ηk

� �
Fe ε uð Þð ÞdΩ

þ GcA
�
Z
Ω

1−ϕcð Þ2
4k

þ k ∇ϕcj j2
" #

dΩ−
Z
∂Ω

t:uds; ð1Þ

ϕ
�
c ¼ −M

δEkðu;ϕcÞ
δϕc

¼ −M
∂Ekðu;ϕcÞ

∂ϕc
−∇ � ∂Ekðu;ϕcÞ

∂∇ϕc

� �
: ð2Þ

Eq. (3) shows the mechanical equilibrium equations:

divσðu;ϕcÞ ¼ 0; σðu;ϕÞ ¼ ϕ2
c
∂Fe εð Þ
∂ε ¼ ϕ2

cC :
ffiffiffiffiffi
B�p ε� �

: ð3Þ

In the above equations, Fe is the elastic energy density, ε(u) is the
strain tensor, Gc is the critical energy release rate or crack surface energy
in Griffith's theory for admissible crack set Γ ⊂ Ω, t is the external trac-
tion applied on the boundary of ∂Ω, and C is the elastic stiffness tensor. k
is a positive regularization parameter to regulate the fracture zone, and
ηk is a small (related to k) residual stiffness to avoid singularity in the
first part of the energy in Eq. (1) in fully fractured regions of the domain.
M is the mobility of the crack.

A⁎ in Eq. (1) and B⁎ in Eq. (3) are the correction parameters in the
total free energy functional and the mechanical equilibrium equation
which were defined in the modified PF model [40]. These parameters
were defined to consider the effect of material strength on crack nucle-
ation and propagation independent of the regularization parameter,
and also to ensure that the maximum stress in front of the crack tip is
equal to its counterpart predicted by classical linear elastic fracture me-
chanics (CLEFM). It should be noted that A⁎ and B⁎ are only applied in
the diffusive crack area where ϕc b 1, and they are unity in intact re-
gions:

A� ¼ H ϕc−1½ � þ A 1−H ϕc−1½ �ð Þ;

B� ¼ H ϕc−1½ � þ B 1−H ϕc−1½ �ð Þ;
ð4Þ

A ¼ 128
27π 1−υ2ð Þ ln4

plane strain; ð5Þ

A ¼ 128
27π ln4

plane stress; ð6Þ

ffiffiffi
B

p
¼ Ak�

k
; with k� ¼ 27EGc

512σ2
s
: ð7Þ

σs is the material strength, and H[ϕc − 1] is the Heaviside step func-
tion. More information on how these two correction parameters, A and
B, were defined can be found in Ref. [40]. To prevent any formed crack
from healing, irreversibility of the crack PF variable was ensured by in-
troducing a local strain-history field of themaximum strain energy den-
sity [49] by:

F�eðεðuÞ; tÞ ¼ max F�e
s∈½0;t�

ðεðuÞ; sÞ: ð8Þ

To calculate the EFT, the approach of using a moving boundary con-
dition proposed by Hossein et al. [38] was used. In this method, a steady
propagation of amode-I crack opening displacement was applied as the
boundary condition, then the crack was allowed to propagate based on
the free energyminimization (Eq. (1)). For amode-I crack, the displace-
ment field in front of the crack tip is [50]:

u� ¼
ux

uy

8<
:

9=
; ¼ K�

I

4G

ffiffiffiffiffiffi
r
2π

r 4β−3ð Þ cosθ
2
− cos

3θ
2

4β−1ð Þ sinθ
2
− sin

3θ
2

8>><
>>:

9>>=
>>; ð9Þ

where r= ∣r∣ is the magnitude of the vector r, a vector with its origin at
the crack tip that extends to the point of interest in front of the crack, θ is
the angle between the orientation of the crack and r (−180 ° b θ b 180°)
with positive values for counter-clockwise rotation, K�

I is the mode-I
stress intensity factor, β = 2(1 − υ) for plane strain and β = 2
(1 + υ) for plane stress conditions, and G is the shear modulus. The
time-dependent steady crack opening displacement is shown in
Eq. (10), and this displacement is moving with a uniform velocity of v.
An effective elasticmodulus is considered for the heterogeneous system
(Eeff), using the rule of mixtures, Eq. (11).

�u ¼ u�ðx−vt; yÞ on∂Ω; ð10Þ

Eeff ¼ E1A1 þ E2A2: ð11Þ

where Ei is the elastic modulus and Ai is the total surface area of phase i.
The different considered microstructures were kept inside a homoge-
nous elastic system with the elastic modulus of Eeff to ensure that the
J-integral can be used to evaluate EFT for the heterogeneous system
[38]. The energy release rate can be calculated through the path-
independent J-integral [50]:

J ¼
Z
Γ
FedΓ−t:udsð Þ ð12Þ

in which Γ is a closed path around the crack.
The calculated EFT using Eq. (12) was modified according to the

mesh size, h [48], where

Gnum
c ¼ Gc 1þ h=4kð Þ: ð13Þ

All simulations in this study were performed using the measured
properties and the dimensional form of the governing equations for
ZrB2-C ceramics with engineered microarchitectures to be able to com-
pare the results to the available experimental results. Since many other
PF models for crack propagation have utilized unitless or scaled simula-
tions, the non-dimensional forms of the equations for a two-phase het-
erogeneous system is provided in Appendix A. The plane strain
condition was considered, and the coupled equations, including crack
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evolution andmechanical equilibrium equations, were solved in a finite
element framework with linear Lagrangian elements using the mathe-
matics module COMSOL Multiphysics [51]. An adaptive time step was
used to solve nonlinear equations with a maximum time-step size of
0.5 s. All the simulations were performed using a desktop computer
with two Xeon Phi processors (E5-2687W- total of 40 CPU cores) and
128 GB RAM. The material parameters for ZrB2, and C are summarized
in Table 2. It was assumed that h (mesh size) is 0.4k [40], and v =
0.1μm/s.

4. Results and discussions

4.1. Experimental results

The extruded filaments were laid up in a regular array, Fig. 3, and
that regularity translated to the densified microstructure, Fig. 4. The
compressed appearance of the cellular architecture is due to the lamina-
tion and densification processes. The initial consolidation step, lamina-
tion, compressed the architecture to fill in the empty space between
filaments and then the subsequent densification by hot pressing further
compressed the architecture in the same direction. These composites
were produced such that the basic unit cell size of the composite, one
cell plus its surrounding cell boundary, did not change with composi-
tion, only the relative ratio of cell to cell boundary changed.

Fig. 4 provides representative stress-displacement curves obtained
for each composition but does not show all of the curves generated for
each material. Each composition exhibited non-brittle failure to some
degree. The 90:10, 82.5:17.5, and 70:30 compositions exhibited similar
flexural strengths with the 70:30 composition displaying the highest
average strength of ~370MPa. Overall, the composites exhibited similar
behavior to FMs reported in other studies [41,54]. As compared to the

monolithic cellmaterialwithout the cell boundary, FMs typically exhibit
a reduction in strength, but an increase in crack deflection and, there-
fore, an increase in toughness andwork of fracture. Thework of fracture
of these specimenswas calculated based only on the inelastic portion of
the stress-displacement curve; using the area under the curve after the
first indication of crack initiation. The area under the curve results in
units of Joules which can then be divided by twice the cross-sectional
area of the bar (twice the 3 mm × 4 mm cross section) to obtain work
of fracture in units of J/m2 (Fig. 5). In this case, the 90:10 composition
exhibited the highest work of fracture at 5720 J/m2. After initial at-
tempts to measure the fracture toughness (KIC) were unsuccessful, the
work of fracture was selected as the parameter to measure fracture
properties. Measurements were attempted according to ASTM C1421
[45], which describes the chevron notch toughness measurement tech-
nique. Specimens were notched and tested according to the standard.
However, valid tests for KIC require that the crack be driven through
the notch in mode-I. For all of the FMs tested, the crack front deflected

Fig. 4. (a) Flexural stress-deflection curves from four-point bending tests performed according to ASTMC1161 [44], and (b)–(d)micrographs of FMmicroarchitectureswith three different
contents of a C-rich phase (identified on the figures by % of C).

Table 2
Material properties used in the PF simulations.

E (GPa) υ Gc (J/m2) σs (MPa)

ZrB2 [52] 500 0.13 24 350
Pyrolytic C [53] 13 0.22 22 9.6

Fig. 5.Work of fracture and flexural strength of ZrB2-C FMs with different vol% of shell.
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out of plane and followed the cell boundary phase as illustrated in Fig. 3.
This large-scale crack deflection is indicative of improved toughness and
graceful failure, but invalidated the KIC measurements.

4.2. Computational results

The initial stepwas to numerically calculate the critical crack surface
energy for a homogenous ZrB2 rectangular specimen to show how the
value of K�

I affected the calculated critical crack surface energy. Then,
the crack path and EFT were studied in ZrB2-C ceramics with FM archi-
tectures and different C-rich contents. Other cases with different
microarchitectures, but the same phase fractions as FM cases, were
also investigated to determine the effect of microarchitecture on EFT.

4.2.1. Calculated crack surface energy for homogeneous ZrB2
A 1mm×2mm rectangular domain of homogeneous ZrB2 including

an initial crackwith the length of 2mmwas considered. In this example,
the objective was to verify the dependence of the calculated critical
crack surface energy of ZrB2 on the value of K�

I in the applied mode-I
crack opening displacement. The plane-strain condition was assumed
in this example with k = 0.01 × 1 mm [55]. Three different values of
K�
I = 1.7, 2.8, and 5.5MPa

ffiffiffiffiffi
m

p
were considered. Fig. 6 shows the geom-

etry and the propagated crack resulting from amoving boundary condi-
tion for a mode-I crack opening displacement.

The calculated J-integrals versus time for the homogeneous ZrB2

sample were presented in Fig. 7. The value of the J-integral at the begin-
ning of the simulation should be equal to the assumedG�

IC in the applied
displacement. This implies that initiation of a crack in a material with a
surface energy of G�

IC requires the same energy release rate (same J-
integral). However, after the crack initiates, the energy release rate
should be equal to the critical crack surface energy of the material for
crack propagation. For values of K�

I = 1.7, 2.8, and 5.5 MPa
ffiffiffiffiffi
m

p
, the cal-

culated J-integrals at the beginning of the simulation were 7.3, 15, and
58 J/m2, respectively,whichwere very close to the corresponding values
of G�

IC = 6.3, 15.4, and 60 J/m2 (G�
IC = (1− υ2)KI

∗2/E). For these calcula-
tions, ϕc =1meant that the crack has not initiated yet. Since the calcu-
lated J-integrals of 7.3 J/m2 (for K�

I = 1.7MPa) and 15 J/m2 (for K�
I =

2.8MPa) were lower than the critical crack surface energy of ZrB2

(24 J/m2), the crack did not grow. By moving the position of the crack
tip in the applied displacement to the right, the J-integral increased,
and, simultaneously, ϕc decreased from 1 to 0. The crack propagated
steadily until the J-integral reached the ZrB2 critical crack surface energy
(24 J/m2) and ϕc dropped to 0, indicating that the crack had propagated
through the material. It is evident from Fig. 7 that steady-state crack
propagation started earlier under K�

I ¼ 2:8MPa
ffiffiffiffiffi
m

p
than K�

I ¼ 1:7MPaffiffiffiffiffi
m

p
, which is expected to occur experimentally, as larger applied dis-

placements make the crack propagates earlier than a smaller displace-
ment. The calculated J-integral dropped quickly for K�

I = 5.5MPa since
it was initially higher than the Gc of ZrB2, and reached the critical

crack surface energy of ZrB2. The initial value for the J-integral reflects
the considered K�

I in the applied displacement equation, and its value
is equivalent to the critical crack surface energy of the material after
steady-state crack propagation. As a result, the calculated crack surface
energy after steady-state crack propagation is independent of the con-
sidered K�

I in the applied displacement equation. For all of the multi-
phase simulations that follow, it was assumed K�

I ¼ 2:5MPa
ffiffiffiffiffi
m

p
, and

the average of maximum values of the calculated J-integral for the mid-
dle 50% of the length of each specimen was considered to be the EFT
[38]; this will ensure that the boundary conditions haveminimal effects
on the value of EFT.

4.2.2. Effective fracture toughness for ZrB2-C fibrous monoliths
An FM structure consists of a major (80–90 vol%) phase that is

brittle, which constitutes “strong cells”. The cells are surrounded by
a thin continuous “cell boundary” phase (10–20 vol%) of a weaker
material [13]. In this study, it was assumed that the hexagonal
ZrB2-rich cells (80 vol% ZrB2 + 20 vol% C) were covered with a thin
C-rich layer (20 vol% ZrB2 + 80 vol% C). A linear rule of mixtures
was used to calculate the effective elastic modulus and effective
strength of each phase. According to Table 2, the Gc values for C
and ZrB2 are very close, so it was assumed that Gc for the C-rich
phase, and the ZrB2-rich phase were the same as pure C and pure
ZrB2. The dimension of the ZrB2-rich cells and the thickness of the
C-rich layer in a 10 vol% C-rich FM ceramics are shown in Fig. 8.
The FM ceramics are surrounded by a 0.05 mm thick layer of homo-
geneous material with the material properties equal to the effective
material properties of the heterogeneous system using Eq. (11). The
total size of the specimen was 0.7 mm × 2.2 mm. An initial crack was
considered in the homogeneous material. k was assumed to be 1% of
the specimen height.

Fig. 6. Homogeneous ZrB2: (a) size and initial crack geometry, and (b) propagated crack resulting from moving mode-I crack opening displacement boundary condition.

Fig. 7. The calculated J-integral versus time for a homogeneous ZrB2 for differentK
�
I values

in the applied displacement.
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In Fig. 9, the crack path and the calculated J-integral for a FM ceramic
containing 10 vol% of the C-rich phase are presented. The position of the
crack tip is related to its counterpart from the J-integral diagram and is
shown in Fig. 9. The value of the J-integral at the beginning of the simu-
lation was associated with the onset of crack propagation in the C-rich
phase (~15 J/m2) where the value of ϕc is starting to decrease from
one (in intact C-rich phase). As the value of ϕc decreased, the J-
integral value increased until reaching the first peak in the J-integral di-
agram; at the time that ϕc reached the zero value, the J-integral sud-
denly fell to the value that is related to crack propagation in the C-rich
phase (~22 J/m2). This means as soon as crack nucleation occurs, the
crackwill propagate in the C-rich phase until encountering the interface
between the C-rich cell boundary and the ZrB2-rich cell. Then, the J-
integral increases when the crack is deflected at a 60-degree angle
and the crack propagates along the edge of the ZrB2-rich hexagon.
Toughening results from elastic and strength heterogeneities, as well
as the microarchitecture. As soon as the crack tip reaches the corner of
the hexagon, the crack has a straight path towards the C-rich phase par-
allel to the x-direction, and the J-integral value decreases to its value in
the C-rich phase (~22 J/m2). With the assumption of v = 10μm/s, the
applied displacement takes ~210 s to move from x = 0 mm (position
of the initial crack tip) all the way to the right edge of the specimen.
As mentioned before, the average of maximum values of the J-integral
for the middle 50% length of the sample (when time is between ~50 s
and ~160 s) was considered to be the EFT. For the FM ceramics with

10 vol% of the C-rich phase, EFT was ~31.3 J/m2, which is 30% higher
than the value of Gc in the ZrB2-rich phase.

Fig. 10(a) shows the effect of different vol% of the C-rich phase on
EFT in ZrB2-C FM ceramics; for brevity, vol% C is used in the figures.
Increasing the soft C-rich layer content from 10 vol% to 30 vol%
does not have a significant effect on the calculated J-integral or the
resulting EFT. On the other hand, by increasing the C content to
50 vol%, EFT drops to the fracture toughness of the C-rich phase
(~22 J/m2). This behavior is in agreement with the experimental
measurements for the flexure stress-deflection response in four-
point bending tests of ZrB2-C FM ceramics as depicted in Fig. 4. The
drop after the first peak in the stress-deflection plot was related to
the crack initiation. All three microstructures in Fig. 4 showed load
retention after the initial crack, which was an indication of non-
brittle fracture behavior for the ceramics. The onset of the initial
crack in the FM with 50 vol% C occurred at the lowest flexure stress
for the FMs, and therefore it had the lowest non-elastic work of frac-
ture, which represented the lowest fracture toughness. The crack
path for each case is presented in Fig. 10(b)–(e). The cracks in
these microarchitectured ceramics pass solely through the C-rich
phase, which is consistent with the experimental observations
(Fig. 10(f)). As mentioned in Section 4.1, no standard test has been
established to measure the EFT of microarchitectured ceramics be-
cause of the mixed failure modes. The flexural stress-deflection
data from four-point bending tests [44] shows non-brittle behavior
of the ceramics and an increased fracture toughness compared to
pure-ZrB2 based on the presence of inelastic work of fracture. The
numerical results for ZrB2-C FM ceramics confirmed that the model
can predict the increased EFT of the microarchitecture ceramics
with different vol% of the C-rich phase, as was observed experimen-
tally. After verifying the model, the goal in the next section is to de-
termine how different microarchitectures affect the EFT of the ZrB2-C
ceramics.

4.2.3. Effective fracture toughness for different microarchitectured ceramics
The effect of different microarchitectures on EFT was investigated

by replacing hexagonal ZrB2-rich cells with triangular, square, or cy-
lindrical cells with the same surface area. Fig. 11(a) shows that the
dependency of EFT on volume contents of the C-rich phase in
triangle-cell FMs is similar to the hexagonal-cell FM results. After
the crack kinks around the triangular ZrB2 cell, it propagates through
the C-rich shell at the edge of triangles (30° angle) (Fig. 11(b)–(d)).
Crack trapping at the inverse-k points in the microstructure for FMs
containing 10, 15, and 30 vol% of the C-rich phase (for instance, area
A marked by a circle in Fig. 11(c)) results in toughening. Then, the
crack is deflected in a ZrB2 cell and follows an inclined path down
(instead of a straight path along the x-axis through the ZrB2 phase)
until reaching the C-rich phase again. This means that the total en-
ergy was lower when the crack deflected than it propagated straight
through the cell. From Fig. 11(a), EFT in microstructure with 30 vol%
of C-phase is 34 J/m2, which is 41.6% more than Gc in pure ZrB2. In
Fig. 11(e), for the case with 50 vol% of the C-phase, the crack propa-
gates along an almost straight path through the C-rich phase, hence
the heterogeneous system EFT is about the same as that of the pure
C-rich phase, which is ~22 J/m2. The numerical results showed that
having 10 vol% C-rich phase in a triangular-cell ZrB2-C FM ceramic
can increase EFT by about 42% compared to that of pure ZrB2. Further,
increasing the content of the C-rich phase to 30 vol% did not change
EFT. Hence, for triangular cells, the EFT does not depend on the
amount of the weak phase up to 30 vol%.

We also considered a microarchitecture with square ZrB2-rich
cells in a C-rich matrix, and the results are presented in Fig. 12(a)–
(e). Fig. 12(a) shows the calculated J-integral versus time as the
crack propagates through samples containing 10, 30, and 50 vol% of
the C-rich phase, as well as a case with 10 vol% of the C-rich phase,
but where the initial crack was offset from the center of the domain

Fig. 9. (top) Crack propagation in a 10 vol% C-rich FM, and (bottom) the corresponding
calculated J-integral versus time.

Fig. 8. The dimensions of the ZrB2-rich cells and the thickness of the C-rich layer in a 10 vol
% C-rich FM composite ceramic. The FM composite is surrounded by a 0.05 mm
homogeneous material. The total size of the specimen is 0.7 mm × 2.2 mm.
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and was placed in front of a C-rich layer that is aligned between two
ZrB2-rich cells, Fig. 12(e). In this case, the crack propagated in a
nearly straight line through the entire domain without any notice-
able deflection. Nevertheless, the calculated J-integral shows tough-
ening behavior when the crack reaches ZrB2-C interfaces. EFT for the
sample with 10 vol% of the C-rich phase and an offset initial crack
(Fig. 12(e)) was 38.9 J/m2, which is similar to the sample with
10 vol% of the C-rich phase (38.4 J/m2) in Fig. 12(b); the reason is
that for both microarchitectures with 10 vol% of the C-rich phase in

Fig. 12(b) and (e), the crack path was almost straight, and the tough-
ening came from the increased driving force that was needed for the
crack to pass through the vertical interfaces between the hard and
soft phases. Some branching of cracks was seen for the case with
30 vol% of the C-rich phase (Fig. 12(c)). EFT for 30 vol% C-rich
phase was 40.7 J/m2 which was 70% higher than Gc of the ZrB2-rich
phase. Even though the crack path in Fig. 12(d) was entirely in the
C-rich phase as it was in microstructures with 50 vol% of the C-rich
phase for hexagonal and triangular cells, the 90° deflection of the

Fig. 10. (a) Calculated J-integral for different vol% of C-rich phase in FM ceramics; crack path for (b) 10, (c) 15, (d) 30, and (e) 50 vol% C-rich phase. (f)Micrograph of FMmicroarchitecture
with 10 vol% of C-rich phase showing crack path in C-rich phase.

Fig. 11. (a) Calculated J-integral for different vol% of C-rich phase in FM ceramics with triangular cells, crack path for (b) 10, (c) 15, (d) 30, and (e) 50 vol% C-rich phase.
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crack around the ZrB2-rich cells affected the crack driving force and
resulted in an increased EFT of 33.6 J/m2. Having sharp 90° edges in
ZrB2-rich square cells can result in a higher EFT for the ZrB2-C ce-
ramics than having hexagonal or triangular microarchitectures.

Fig. 13(a) shows the calculated J-integral for FMs with circular cells
having different volume fractions of the C-rich phase ranging from 10 to
50 vol%. In Fig. 13(b), the FM with 10 vol% of C-rich phase, the circular
cells are in contact with each other, and the regions between them are
filledwith C-rich phase. Increasing the driving force for crack propagation
is necessary for crack deflection inside circular cells or crack propagation
around ZrB2-rich circular cells. This raised driving force increased the J-
integral as shown in Fig. 13(a). For the FM with 20 vol% of the C-rich
phase (Fig. 13(c)), EFT was 35.5 J/m2 which is similar to the EFT for the
sample with 10 vol% C-rich phase. For the composite with 30 vol% C-
rich phase (Fig. 13(d)), there is still a 90° crack path rotation around

ZrB2 circular cells and resulted in an EFT of 33.5 J/m2. Even the crack
path in the composite with 50 vol% C-rich phase (Fig. 13(e)) was not
completely straight inside the C-rich phase, the heterogeneous system
EFT was about the same as the EFT for pure C-rich phase. The maximum
EFT with a circular-cell microstructure was about 61% of the ZrB2 crack
surface energy for C-rich phase fractions less than 20 vol%.

5. Conclusion

In this paper, we demonstrated the ability of a modified FP model
in evaluating the EFT of composite ceramics, and we applied this
computational framework to determine the EFT of different
engineered microarchitectures of ZrB2-C. In this model, non-
dimensional forms of the equations for a two-phase heterogeneous
system are presented. Many other FP models for crack propagation

Fig. 12. (a) Calculated J-integral for different vol% of C-rich phase in square-cell FM ceramics, and crack paths for (b) 10, (c) 30, and (d) 50 vol% C-rich phase. (e) Crack path for a case with
10 vol% C-rich phase with an offset initial crack.

Fig. 13. (a) Calculated J-integral versus time for different vol% of C-rich phase, and crack path for (b) 10, (c) 20, (d) 30, and (e) 50 vol% C-rich phase in ZrB2-C FM with circular cells.
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have utilized the dimensionless simulations, and the length scale
used to non-dimensionalize the equations ( L0 ¼ ffiffiffiffiffiffiffiffiffiffiffi

Gc=E
p

) can be
used only in homogeneous systems, because in heterogeneous sys-
tems, different phases have different

ffiffiffiffiffiffiffiffiffiffiffi
Gc=E

p
and �k = k/L0 which

can cause serious numerical issues.
To validate the model, a cellular ZrB2-C FMs with different vol% of

C-phase were produced via a thermoplastic forming method. The
specimens were tested to measure the work of fracture as an indica-
tor of the fracture property. Then, EFT was numerically calculated by
applying a moving mode-I crack opening displacement boundary
condition for different percentages of the C-rich phase in ZrB2–C
FM ceramics. Hexagonal-cell FM with 10 and 30 vol% of the C-rich
phase had similar EFT values, and by increasing the C-rich phase
content to 50 vol% significantly the EFT dropped significantly; these
results were consistent with the experimental results for fracture be-
havior. To the best of our knowledge, this is the first time that a PF
model is used in real dimensions and with the actual material prop-
erties to calculate the EFT of ZrB2-C engineered microarchitecture
ceramics.

After verifying the model, the effect of different microarchitectures
on the EFT of ZrB2-C UHTC was studied. Triangular-cell ZrB2-C FMs ce-
ramics behave similar to FMs with the hexagonal cells. EFT was in-
creased to 42% compared to the Gc of pure ZrB2 by having 10–30 vol%
C-rich phase. Increasing the vol% of C-rich phase to 50% eliminated
any crack deflection and resulted in a nearly straight crack path,
dropping the EFT to the Gc of the C-rich phase (~22 J/m2). On the
other hand, FM with square cells with 50 vol% of the C-rich phase had
a much higher EFT than the Gc of the pure C-rich phase (~45% higher),
which was a result of crack deflection around the hard-phase. The EFT
in circular-cell ZrB2-C FM ceramics can be increased up to 70% of Gc in
pure ZrB2 by having 30 vol% C-rich phase. Replacing hexagonal ZrB2-
rich cells with cylindrical, triangular, or square cells with the same
phase fractions showed that the orientation of the interface between
the soft and hard phasewith respect to the crack growth direction affects
the energy required for crack propagation. The relative orientations of
crack and the soft-hard interface can suppress crack propagation or pro-
mote crack deflection, either of which results in a higher value of EFT.

In this study, different ratios of the same hard and soft phases were
considered. Other factors, such as different compositions for the soft
and hard phases that change the properties of each phase and more
complex distributions of phases should be studied in the future to find
potential routes in further improving the EFT of composite ceramics
with engineered microstructures. Reliable predictions of the EFT of
engineered architectures can be used to guide the design of composites
with enhanced damage tolerance.
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Appendix A

For non-dimensional analysis of a two-phase heterogeneous system,
Eq. (1) can bedividedby E0L03 (similar to Ref. [38], butwithdifferent def-
inition for L0),

L0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gc1Gc2

E1E2

s
; ð1AÞ

where, E0 and L0 are base values for Young's modulus and the length
scale, respectively. By using non-dimensional quantities in Eq. (2A),
the non-dimensional forms of Eqs. (2) and (3) would be the same as
the dimensional forms.

�C ¼ C
E0

; �Gc ¼ Gc

E0L0
; �σ s ¼ σ s

E0
; �k ¼ k

L0
; �Ω ¼ 1

L0
Ω; �u ¼ u

L0
: ð2AÞ

It should be emphasized that the length scale introduced in Ref. [38]
(L0 ¼ ffiffiffiffiffiffiffiffiffiffiffi

Gc=E
p

) can be used only in homogeneous systems, as in a hetero-

geneous system,
ffiffiffiffiffiffiffiffiffiffiffi
Gc=E

p
and consequently k ¼ k=L0, will be completely

different for different phases with significantly different material
properties.
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