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DYNAMIC TIMOSHENKO BEAM-COLUMNS ON 

ELASTIC MEDIA 

By Franklin Y. Cheng,1 Member, ASCE, and Chris P. Pantelides,2 

Associate Member, ASCE 

ABSTRACT: Differential equations, stiffness coefficients, and fixed-end 
forces are formulated for a Timoshenko beam-column on an elastic 
foundation subjected to lateral time-dependent excitations and static 
axial loads. The theoretical formulation includes shear and bending 
deformations as well as rotatory inertia, with emphasis on two ap­
proaches. The two approaches differ in terms of the assumed shear 
component of the static axial load on the cross section. The first 
approach is based on the assumption that the shear component of the 
axial load is calculated from the total slope; in the second approach, the 
shear component of the axial load is calculated only from the bending 
slope. The dynamic stiffness coefficients and fixed-end forces are 
expressed in terms of nondimensional parameters associated with the 
effects of transverse and rotatory inertia, axial force, elastic media, and 
shear and bending deformations. When the individual effect is not 
considered, then the associated parameter can be dropped. The signifi­
cance of the individual parameters on natural frequencies and dynamic 
response of typical beams is then extensively examined. The two 
approaches are also studied by comparing the response behavior and it 
is found that they differ appreciably with increasing axial loads and 
decreasing slenderness ratios. Comparison of the natural frequencies 
shows that the second approach gives higher values than the first. 

INTRODUCTION 

The theoretical analysis of the flexural vibration of beams was generally 
based on the Bernoulli-Euler theory, with consideration of lateral inertia 
forces and bending deformations. Ever since Timoshenko pointed out that 
the effects of cross-sectional dimensions on the frequencies of beams could 
be significant (Timoshenko 1921), a considerable amount of research work 
based on Timoshenko's beam theory has been published. Early research­
ers studied the vibrations of Timoshenko beams with various boundary 
conditions (Aalami and Atzori 1974; Abbas 1984; Anderson 1953; Huang 
1961). Later investigators employed the Timoshenko theory in developing 
numerical techniques for electronic computation, such as consistent mass 
matrices and dynamic stiffness matrices by Archer (1963) and Cheng 
(1970), respectively. Cheng then extended his formulations for the fre­
quency analysis of thin wall member grid systems (Cheng 1969), and for 
the response analysis of continuous beams and frames with various types 
of externally applied forces and foundation movements (Cheng et al. 1970). 

It has been well-recognized that the axial force acting on a member can 
'Curators' Prof, of Civ. Engrg., Univ. of Missouri-Rolla, Rolla, MO 65401. 
2Asst. Prof, formerly Res. Asst., Dept. of Civ. Engrg., Univ. of Missouri-Rolla, 

Rolla, MO 65401. 
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significantly affect the natural frequencies of that member. Djodjo studied 
the combined effects of axial loads and Timoshenko theory on the natural 
frequencies of beams (Djodjo 1969). Howson and Williams investigated the 
combined effect, based on both the analytical and experimental results 
(Howson and Williams 1973). Cheng and his associates further extended 
his dynamic stiffness approach for plane frames, the constituent members 
of which may have axial forces, transverse and rotatory inertia, and 
bending and shear deformations (Cheng et al. 1970; Cheng and Tseng 
1973). He also studied the combined effects on the frequencies and 
responses of space structures based on the finite element approach (Cheng 
1972). 

The effects of elastic media on the flexural vibrations were examined by 
a number of researchers (Date and Tuma 1985; Djodjo 1969; Lunden and 
Akesson 1983; Pestel and Leckie 1963; Pilkey and Chang 1978; Wang and 
Stephens 1977). Cheng employed the Bernoulli-Euler theory and the 
transfer matrix technique (Tuma and Cheng 1983) to derive the dynamic 
stiffness and flexibility matrices for transverse and longitudinal vibrations 
(Cheng 1977). 

The present paper is an extension of Cheng's work of dynamic stiffness 
formulation to include elastic media of Winkler type, axial forces, lateral 
and rotatory inertia, and shear and bending deformations. Furthermore, 
the formulations presented herein consist of two new approaches to how 
the shear component of the axial force is acting on a cross section. In the 
first approach, the shear component of the axial load is assumed to act 
perpendicularly to the tangent line of the total slope, which consists of the 
bending and shear slope. In the second approach, the shear component of 
the axial load is acting perpendicularly to the tangent line of the bending 
slope. The resulting stiffness coefficients and fixed-end forces are general 
and can be applied to large structural systems with the numerical pro­
cedures previously presented by the first writer. In addition, the stiffness 
coefficients and the fixed-end force formulations are distinguished in the 
sense that the complex roots are not treated separately, as solved 
previously in Cheng's work (1970; Cheng and Tseng 1973). These resulting 
formulations are expressed in terms of nondimensional parameters associ­
ated with the effects of lateral and rotatory inertia, axial force, elastic 
media, and shear and bending deformations. When the individual effect is 
not considered, then the associated parameter can be dropped. Numerical 
results are provided to show the significant effects of the individual 
parameters and those of the two approaches on natural frequencies, and 
dynamic response behavior. 

BASIC MOTION EQUATIONS 

Consider the beam element shown in Fig. 1. The total slope dy/dx is a 
combination of the bending slope \\i and the shearing slope p. 

dy 
i=* + ? ••••• (1 ) 

The equilibrium equations for the free-body diagram shown in Fig. 1 yield 

-=pAJ?-W + qy (2) 
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-*x 

dM dy 

FIG. 1. Beam Element 

d2i|i 

dx dx K a/' (3) 

where p = y/g; N = axial force; V = shear; M = bending moment; w = 
lateral load; q = foundation constant; A = cross-sectional area; g = 
acceleration of gravity; 7 = weight per unit volume. From structural 
mechanics the bending moment, M, of a Timoshenko-beam is 

M = 
ail; 

-EIir 
dx 

(4) 

in which E = modulus of elasticity; and / = moment of inertia of cross 
section. 

FIRST APPROACH FORMULATION 

Differential Equations 
The effects of how the shear component of axial force acts on a cross 

section is shown in Figs. 2 and 3. From Fig. 2, the shear component of the 
axial load N, on the cross section is N sin (dy/dx) = N dy/dx . Considering 
shear deformations 

dx \ dx «!»H> 

$ = GAk 

(5) 

(6) 

in which G = modulus of rigidity; and lc = shear factor for cross section. 
By eliminating *\> and y from Eqs. 2-5, the following complete equations 

in y and \\i are obtained 
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FIG. 2. First Approach 

3X 

FIG. 3. Second Approach 

A ?2> 
d? 

EIq\ d2y I EA~ 

p2/A d4y I 

+ -VJ? + qy-$ 
d2w d2w . 

d4y 

d4<\, 
vrr d ^ j . (AM

 q I \ ^ a. ( M
 E I q \ d ^ J ( r ^ 

p2IA d4t|/ 

where 

dW 

(7) 

(8) 
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' - 1 - * ( 9 ) 

The solutions of Eqs. 7 and 8 can be found by assuming 

y= Yeip' (10fl) 

i|i = Ve1"1 (106) 

w= Weipl (10c) 

Z = l (1<W) 

where W = magnitude of forcing function; Y = normal function of y; W = 
normal function of i|»; i = V^T; p = angular frequency; and L = length of 
beam. The functions Y and W are then given by 

Y(£) = C, cosh bat, + C2 sinh bat, + C3 cos bfit, + C4 sin bfit, 

W 
+ 7 ^-7T (11) 

(q - pAp-) 

Wit) = C( sinh bat, + C{ cosh bat, + C-J sin b^ + C\cos b^ (12) 

where 

Depending on the values of r4T2, 4U/b2 and rT, there are three distinct 
cases for a and B. These cases are a and B are complex, a is imaginary and 
B is real, and a and B are real. However, the solutions derived for stiffness 
coefficients and fixed-end forces are valid for all cases, as shown in 
Appendix I. Here, T, U, b2, s2, and r are dimensionless parameters 
defined as 

AL4 

b2 = p~ETpl (14) 

*-JD (15) 

2 E I s=w (,6) 

jN-f) EA 

°'{t-H{±-§ ™ 
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• ^ A 

FIG. 4. Member End Forces and Deformations 

where /• = the variable associated with the rotatory inertia; s = the effect 
of shear deformations; and b = a function of natural frequencies. The 
constants in Eqs. 11 and 12 may be expressed as 

c'^u(^+sl-w]Cl 

d-^tf + s*-
qU 

~§b' 
Cr 

c-7pUe 
2-*+w)c> 

C^UW s* + pC4 

(19) 

(20) 

(21) 

(22) 

Stiffness Coefficients 
The force-deformation relationships of a typical member are shown in 

Fig. 4 for which the boundary conditions are 

-EIcW 

EI dV 

UdY 

(I dY 

Y= -Y, 

Y=Y: 

(23a) 

(236) 

(23c) 

(23d) 

Using Eqs. 11, 12, and 23 we can derive the dynamic stiffness matrix [S]. 
Let the end-displacements {8} be expressed in terms of the constants C, , 
C2 , C3 , C4 , through matrix [R] 
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{8} = [/?]{C} (24) 

then the end-forces {F} can be expressed in terms of the same constants {C} 
through matrix [X] 

{F} = [X]{C} (25) 

From Eq. 24 we obtain 

{C} = [JR]-'{8} (26) 

{F} = [*][/?]- '{8} = [5]{S} (27) 

Mj 

Vi 
V: 

> = 

511 512 513 514" 
511 514 513 

533 534 
SYMM. 533 

-Y, 
Yj 

(28a) 

or in a condensed form 

(M ~5M* 
SW 

SMY 
SVY 

The stiffness coefficients using the first approach are 

EIb{aM + $B')(n'cA' - nc'B') 
511 = 

512 = 

513 = 

514 = 

533 : 

534 : 

\R'\L 

EIb(aA' + $B'){B'n-A'n') 
\R'\L 

EIbB'A'[(\ - cc')(aA' - $B') - nn'(aB' + 0A')] 
\R'\L ~ 

EIbB'A'{c' - c)(aA' + 05') 

\R'\L 

lb${n'cB' + /ic'A'XPA' - aB') 
\R'\L 

lb${nA' + n\B')(0A' - aB') 

\R'\L 

{28b) 

(29a) 

(29b) 

(29c) 

(29d) 

We) 

(29/) 

in which \R'\ = nn'(A'2 - B'2) + 2 ( 1 - cc')A'B' ; A' = b/La (£a2 + s2 -
qL2l$b2)\ B' = b/L$ (£02 

cosh ba, and c' = cos /?0. 
qL2l$b2); n = sinh ba, n' = sin bfi; c = 

Fixed-End Forces 
The fixed-end forces are determined for the following loading cases 

shown in Figs. 5 and 6. Considering the uniform forcing function shown in 
Fig. 5, one may derive the fixed-end forces as 

Moi 
EIbWA'B'[{\ - cc')(aA' - (W) - (aB' + (iA')nn' + (c - c')(aA' + $B')] 

\R'\Ul-pAp2)L 

1530 

(30) 

 J. Struct. Eng., 1988, 114(7): 1524-1550 

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

M
is

so
ur

i U
ni

ve
rs

ity
 o

f 
Sc

ie
nc

e 
an

d 
T

ec
hn

ol
og

y 
on

 0
8/

02
/2

3.
 C

op
yr

ig
ht

 A
SC

E
. F

or
 p

er
so

na
l u

se
 o

nl
y;

 a
ll 

ri
gh

ts
 r

es
er

ve
d.



WeiPt 

FIG. 5. Fixed End Forces, Uniform Forcing Function 

W M a B ' " 0A')[n(l - c')A' + n'(l - c)B'] 
Voi = 

\R'\(q-pAp2)L 

Moj = - Moi 

Voj = - Voi 

For the triangular forcing function shown in Fig. 6 the fixed-end forces may 
also be derived as 

(31) 

(32) 

(33) 

Mn, = : 

Mn 

EIbW(aA' + RB') \[n'A'{\ - c) + nB'(c' - 1)] (c' - c)A'B' 
\R'\L | LUpAp2 (q-pAp2) 

ElbW f (aA' + RB')[n'A'(c - 1) + nB'{\ - c')] 

(34) 

\R'\L LUpAp2 

A'B'[(aA' - RB'){1 - cc') - nn'(aB' + BA')] 
(q - pAp2) (35) 

V„,= 
•$W 

R'\L 

f [^(aA' - RB') + L(B'2 - A'2)]nn' + [t,b{aB' + BA') - 2LB'A']{1 - cc') 
. | LUpAp2 

ib{aB' - RA')(c - c') t,b{RA' - aB')(nA' + n'B')' 
LUpAp2 

<$>W I 1 

(q - pAp2) 

>W ( 1 __J__\ 
L \Up^ (q-pAp2)) ( 3 6 ) 

FIG. 6. Fixed End Forces, Triangular Forcing Function 
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_ - < 1 > W 
~ \R'\L 

[gfc(aA' - pfl') + L(B'2 - A'2)]nn' + \jb(aB' + ftA') - 2LB'A'](l - cc') 

LUpAp2 

C,b{aB' - (3A')(c - c') £6(|3A' - aS')(;;c'A' + t/i '5 ') 

L(/pAp2 

4)W / 1 

(9 - PAP~) 

£ 
L \ UpAp- (q - pAp-

SECOND APPROACH FORMULATION 

(37) 

Differential Equations 
From Fig. 3 the shear component of the axial load N on the cross section 

is M|), which can be expressed as 

v + W=\%-*)4> (38) 

By eliminating i|; and y from Eqs. 2, 3, 4, and 38, the following differential 
equations in y and i|; are obtained 

d4y EIq\ d2y 
/ p i 

£ A \ 34;y 

c() y ax2 ,?/2 

p2/A d4y 

df j + qvy - -
I jpd2W Ed2\\: 

<\> V dr dxl HI) = 0 (39) 

dV ql\ 324< / £-/<7\ 32i|> / EA\ d4i|i 

p2IA d% vdw 

<p dt dx 

in which 

N 
V= 1 + - r 

9 

(40) 

(41) 

The solutions of Eqs. 39 and 40 can be found by using Eqs. lOa-d as 

Y(Q = C, cosh \ a £ + C2 sinh Xa£ + C3 cos \3£ + C4 sin X££ 

W 
(42) 

(q ~ pAp2) 

V(Q = CI sinh Xa£ + C{ cosh Xa£ + C$ sin \p£ + Q cos Xp£ (43) 

where 

a rT + r4r' 
4(7' 
T2" (44) 
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Again, three cases exist for a and B and the solutions derived for stiffness 
coefficients and fixed-end forces are always real quantities. Here T , U' 
and X2 are dimensionless parameters defined as 

Nv - qEI/§ EA 
T' = n—^ + 1 + ^ 7 (45) 

4> VJ A \pp 

, pAL4 . 
X ETP (47) 

where A. = a function of natural frequencies. The constants in Eqs. 42 and 
43 may be expressed as 

f / ' H ^ - H + l l ^ - l l (46) 

X ( 2 . 2 & A 

C'\ = TTZ I a2 + ^ - TTZ I c i (48) 

C^ = — I a2 + sl - irr I C2 (49) W 2 + , ^ 

C* = ^ ( e W + ^ C ' (50) 

X / o 2 _ ,2 . ^ C -Zp( v P 2 -^ + ^J^ (51) 

Stiffness Coefficients 
Based on Figs. 3 and 4, the force-deformation relationships can be 

expressed as 

-EldtV 
£ = 0, Mi = — -^, ¥ = ¥ , (52a) 

EI d9 
T~d% £ = 1, MJ = T-JT, ¥ = ¥, (52/?) 

C = 0, V,- = - ^ - ixf.*, F = - r , (52c) 

5 = 1 , V,- = ^ - t x | > * , F=F,. (52<0 

Using Eqs. 42, 43, and 52 and the procedures described in Eqs. 24-28, the 
dynamic stiffness coefficients are obtained as 

5 1 ! = - ^ ^ (53a) 

e „ EIX(aZ' + ^H')(nH'-n'Z') 
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p 1 , EIXZ'H'[(aZ' - p#')(l - cc') - (*H' + $Z')nn'] 
S n = \RO\L ( 5 3 C ) 

El\Z'H'{aZ' + BH')(c' - c) 
sl4 = -IROTL <53d> 

^ = HiV'-«HW*'+nc'Z>) {53£) 

\<$>{$Z' - aH')(nZ' + n'H') 
S34 = ~—imz (53/) 

in which Z' = X/vLa (a2 + s2 - qL2/ X2cj>); H' = \/vL$ (p2 - s2 + qL2l X2<j>); 
\RO\ = nn' (Z'2 - H'2) + 2 (1 - cc')Z'H' ; n = sinh Xa; c = cosh Xa; c' 
= cos Xp; and ri = sin Xp. 

Fixed-End Forces 
The fixed-end forces are determined for the forcing functions given in 

Figs. 5 and 6. For the uniform forcing function 

EI\WZ'H'[(l - cc')(aZ' - &H') - nn'(aH' + BZ') + (c - c')(aZ' + BH')] 

\RO\(q-pAp2)L M „ , = I D ^ „ „ „,,„2u (54) 

c|>WX(a#' - PZ')[«(1 - c')Z' + «'(1 - c)H'] 
\RO\(q- pAp2)L V,,^1—^ I D A , ^ _ , ; ^ r — (55) 

Moj = -Moi, Voj = - y„,- (56) 

For the triangular forcing function shown in Fig. 6 

EIXW{aZ' + $H') f[«'Z'(l - c) + nH'(c' - l)]v 
Moi \RO\L X LUpAp2 

Z'H'jc' - c 
(q - pAp 7T( (57) 

_ -EIXW \v(aZ' + Pi/')[«(1 - c')H' + n'(c - 1)Z'] 
MoJ ~ \RO\L [ LUpAp2 

( Z'H'W - cc')(*Z' - p// ') - / I /J ' (OH' + pZ')]l + (^V) j (58) 

-4>W 
V'" ~ TRTJIT 

vnn'[HaZ' -BH') + Lv(H'2 - Z'2)] + v(\ - cc')[k(aH' + BZ') - 2LvZ'H'] 

LUpAp2 

vk(c - c')(aH' - BZ') MnZ' + n'H')(BZ' - aH'] 
^ - j ^ 

LUpAp- (q - pAp-) 

<$>W I v2 _ I \ 

' L [UpA? " (q - pAp1)) ( 5 9 ) 
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- < J > W 
v . = — -— 
' " ' \RO\L 

vnn'[k(aZ' - p/T) + Lv(// '2 - Z'2) + v(\ -cc')[\(aH' + 0Z') -ILvZ'H' 

iA(c - c'){aH' - pZ') M'l 'c/ / ' + Mc'Z'XpZ' - ufl '] 
Lt/pA/r (<? - P^P2) 

4>W . __ 
77pA/r (q - pAp2) (60) 

SAMPLE EXAMPLES AND OBSERVATIONS 

Typical System Formulation and Response Analysis 
Since the sign conventions adopted herein are exactly the same as those 

used in Cheng (1970) and Cheng et al. (1970), the basic formulation of 
equilibrium, compatibility, and inertia force matrices depicted in those 
references may be directly used in the present problem. For illustration, 
consider a general rigid frame shown in Fig. 1(a) subjected to dynamic 
forces w{(x)e"", w2(x)e"", and We"" as well as static axial loads /V, and 
N2 • Member DE is also supported by an elastic media q. This structure has 
five degrees of freedom, which are shown in Fig. 1(b) with the nodal 

and displacements signified by XA,{e'p<, X^e'"[, X^e'pt, Xyle
,p', Xy2e 

the nodal forces denoted by P^e '/" i|/2c 
o<P< p p'p< and Pv2e iPi 

Terms Qt , Q2, Q3, and Q4 are inertia forces due to axial rigid-body 
motions U{ , U2, U3, and U4 . The internal moments and shears and their 
associated deformations of each member are numbered in / andy of which 
the positive direction is coincided with the typical sign shown in Fig. 4. 
The system matrix of Fig. 7 may be established as 

x O] Ol 

w 
Vl

oJ-Vl,smr 

I NM \ 

Am[ X SM%\Al 
J= i 

NM \ 

A J £ SV%\ A 

( NM \ 

2 SMYij A] 

rv."\ 

o 

p2AqApA
T 

< - - t - > e«" 

Xv. 

s.X^j 

(61) 

in which NM = 4, number of the constituent members; Am and AY = the 
dynamic equilibrium matrices relating external nodal forces to the internal 
forces of constituent members; Ap = the mass matrix expressing Q's in 
C/'s; and Acl is the transfer matrix to express Q's in global coordinates. 
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w 2 (x )e 1 'P t 3 3 3 |\j 

Mult ip l ied by e i p t 

777777777 
(b) 

f <* 

7777777 

FIG. 7. General Scheme for Typical Frame Analysis: (a) Given Structure; (b) Typical 
Diagram 

Note that the general formulation of Eq. 61 may be applied to various 
types of rigid frames and can be much simplified for a structure without 
sidesway or continuous beams. If the structure shown in Fig. 7 is 
prevented from sidesway, then Eq. 61 may be modified as 
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i 
M'oj + M;, 

Ml: 
0 

w I U 

* l , 

(62) 

As shown in Cheng (1970) and Cheng et al. (1970), for a given loading 
magnitude and forcing frequency, the displacement response can be first 
obtained from Eqs. 61 or 62 and then the internal forces can be calculated 
by using dynamic equilibrium matrices, stiffness coefficients, and the 
external displacements. For eigenvalue problems, the natural frequencies 
can be obtained by evaluating zero determinant of the structural stiffness 
and mass matrix shown in the brackets [ ] of the right hand side of Eqs. 61 
or 62. 

For convenient calculations, the stiffness coefficients and fixed-end 
forces are expressed in terms of physical parameters such as N/NE, qlqe, 
L/R, and b, for which some notations may be modified as 

CC,= 
N 

N 

L2 

N 
WE TTZEA 

L\2 

R 

CC2 = 
qe TT4EA1 

N 2CC ITT 2 (1 + v) 

w 
R, 

(63) 

(64) 

(65) 

,2 = I _ l 

AL2~TI^- • 

EI 2(1 + v) *- *r 

(66) 

(67) 

N-
qEI 

T=-
d> EA IT2 , , 2(1+v) 

' ' ! + — = TTTJ (CC, - C C 2 T T ¥ ) + 1 + —ri,— (68) ?pp2/ T I T ? 4 > - £ & V 

1,4? U Al \pp~ <f>/ t 

A' = L^[^2 + s2-W 

V< 

r.v2(/r-CC2Tr4)- I + 
CCS IT4 

a\Rl VA 

£«2 + .s'2 1 
CC? IT' 

. . . . (69) 

. . . (70) 
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i p t pi'Pt 

^1=11=11^=11=11/,, • 

-10 

-20 

30 

FIG. 8. Natural Frequencies Based on First Approach for Various Slenderness 
Ratios (NINE = 0.6, q = 0): (a) LIR = 10; (b) LIR = 2Q;(c)LIR = 40 

s ' = ZpUe2^2 
1* 

R \A 

& + s2 CC-, 
(71) 

Example 
A simple illustration may be shown from Fig. 8 for which the dynamic 

equilibrium matrix, stiffness coefficients, and system matrix may be 
established as 

[A,„] = [1 0] (12a) 

[SMV] = 
SU S12 
521 S22 (72/7) 

{W-MJe""' = [A„,][SM?][A,/{I>p}e"" = 511 XVie*" (72c) 
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TABLE 1. Frequencies of Fig. 8 

Frequencies 

(1) 

Case 

a 
LIR = 10 

(2) 

b 
LIR = 20 

(3) 

c 
LIR = 40 

(4) 
(a) Hinged-fixed 

/,<; 
b% 
b% 
b\ 
b\ 

*? 

7.32 
20.93 
35.70 

— 
— 
— 

— 
— 
— 

11.02 
34.74 

— 

_ 
— 
— 
— 
— 

12.44 

(b) Fixed-fixed 

K 
b'-? 
b? 

b\b 

b',c 

10.55 
22.20 

— 
— 
— 

— 
— 

36.48 
16.45 

— 

— 
— 
— 
— 

19.41 

Note: q = 0, N = 0.6 NE. 

knowing the forcing frequency, p, and the loading magnitudes of W and w, 
one may calculate Xy from Eq. 72c. When the external loads are not 
applied, one may calculate the natural frequencies by evaluating the zero 
determinant of the righthand side of Eq. 72c, that, in fact, yields the 
stiffness-coefficient variations for different values of frequency parameter, 
b, as shown in Fig. 8. The graphs of AS I1 [AS 11 = SI \/(EI/L)] are plotted 
for three cases of slenderness ratios, LIR = 10, 20, 40, with q = 0. and N 
= 0.6NE, where NE = tr2EI/L2, Euler buckling load associated with these 
three slenderness ratios. Other parameters used are v = 0.25, k = 2/3, p = 
7829 kgnT3 , and E = 212.95 kNirT2. Fig. 8 shows two distinct charac­
teristics: zero and infinite points. The former is associated with natural 
frequencies of the member shown in Fig. 8; the latter, however, is 
corresponding to the natural frequencies of the member with both ends 
fixed. Because the end-rotations are restrained, the end-moments must 
approach to infinity when the natural frequency reaches resonance. The 
frequency parameters corresponding to zero and infinite points are sum­
marized in Table 1. Note that when LIR is reduced, the frequency 
parameter, b, decreases. For bending deformation only without axial 
force, the frequency parameter b is 15.394 and 22.368 of hinged-fixed and 
fixed-fixed conditions, respectively, for all slenderness ratios. Also, note 
that as b -* 0, the static stiffness are obtained as 2.095, 2.840, and 3.061, 
corresponding to LIR = 10, 20, and 40, respectively. 

The effects of axial loads and elastic media on the natural frequencies 
and stiffness coefficients are shown in Fig. 9, the most interesting results 
from which are summarized in Table 2. In Table 2, qe = -n4EI/L4; NE = 
TT2EI/L2 (Euler buckling); and bx and b\ = the frequency parameters 
corresponding to zero points (hinged-fixed) and infinite points (fixed-fixed), 
respectively. It is apparent that the axial force reduces the stiffnesses and 
natural frequencies, whereas the elastic media increases the stiffness and 
natural frequencies. 
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0 10 20 30 40 

b 

FIG. 9. Natural Frequencies Based on First Approach for Various Elastic Media and 
Axial Load Conditions (LIR = 40): (a) NINE = 0.6, q = 0; (b) NINE = 0.6, qlqe = 
0.6; (c) N = 0, q = 0; (d) N = 0, <?V = 0.6. 

The comparison of the natural frequencies obtained by the first and 
second approaches is summarized in Table 3, in which the parameters b, 
with and without primes, correspond to the natural frequencies of fixed-
fixed and hinged-fixed, respectively. It may be observed that the second 
approach yields higher frequencies than the first. Note that the axial load 
TV used in this example is based on the fundamental buckling load of a 
simply supported beam (Euler buckling). Therefore, the influence of TV on 
b is more than on b' for the same mode. 
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TABLE 2. Frequencies of Fig. 9 

Cases 

(1) 
qlqc 
(2) 

Frequencies 

(3) (4) 

Stiffness 
a t * = 0 

(5) 

(«) (V/ffi = 0.6 

0.0 
0.6 

12.45 
14.60 

19.41 
20.81 

3.061 
3.687 

(b) NINE = 0.0 

0.0 
0.6 

14.90 
16.74 

21.11 
22.42 

3.879 
4.416 

TABLE 3. Frequencies Using Two Approaches 

Hinged-fixed 
or fixed-fixed 

(1) 
Frequencies 

(2) 

b\ 
b\ 
b\ 
b\' 
b\' 
Stiffness b = 0 

(a) First approach 

10.46 
22.20 
36.50 
12.95 
23.40 
2.922 

bl 
bl 
bV 
bV 
Stiffness b = 0 

(b) Second approach 

10.95 
24.11 
13.75 
25.67 

3.035 

Note: LIR = 10, NINE = 0.6, qlqe = 0.6. 

Observation of the Frequencies Based on the Two Approaches 
Presented herein is the effect of two approaches on the fundamental and 

higher frequencies of a typical simply supported beam for which the 
boundary conditions are 

7(0) = 0, M(0) = EIW(0) = 0 (73) 

7(1) = 0, M(0) = EW(\) = 0 (74) 

Using the first approach yields the following frequency equation: 

« : - 2 i 3 ' 
1 , 1 T qLrr 

n\-(lr + s1) + 1 + ——-

T -, i -» qL~r 
n\2(02 + .r) + 1 + 2-— - 4 

, , , - , / , , N\ ql2r , -, , 
;rir".v-;_l ?/rir" — r r "I ;— (/rtr.v" + 1) (75) 

where n = mode number. When the shear deformations and rotatory 
inertia effects are ignored 
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PE„ = 71 
1 4 4. EI N \ , qL1 

" A 7T (76) 
Z/pA ir-rr-pAl pA 

For the second approach, the frequency equation may be expressed as 

P2^2i,- / r-rr(r + .r) + v •+ 
c/L'i 

0.1 0.2 0.3 0.4 0.5 0.6 

NE 

FIG. 10. Natural Frequencies Using First and Second Approach: First Approach LIR 
= 20:—•—•—•— ,LIR = 40: —--; Second Approach LIR = 2 0 : A A A , LIR = 40: 
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/ r i r ( r - + .v") + v + 
qL~r 

n_iT-.v-i- /riT- — T - I H (H-TT-.V- + V> > I / / ) 

When the shear deformations and rotatory inertia are neglected, Eq. 77 
becomes identical to Eq. 76. 

Using the numerical data given previously, a plot of Pl/PE and P2/PE 

1.000 

0.996 

0.992 

0.988 

0.984 — 

NE 

FIG. 11. Comparison of First and Second Approach Frequencies: LIR 
I I I , LIR = 40: — o - o -

= 20: 
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versus N/NE is given in Fig. 10, for qlqe - 0, and two slenderness ratios, 
LIR = 40 and LIR = 20. PI, PE and P2 are the natural frequencies of the 
first five modes from Eqs. 75, 76, and 77 respectively. NE is the 
fundamental Euler buckling load. It may be observed that the Timoshenko 
theory has significant effect on a smaller LIR and a higher frequency and 
that the differences between Pl/PE and P2/PE become significant for 
higher modes and for larger axial loads. 

The ratios of PI and P2 are given in Fig. 11 for the first five modes 
associated with qlqe = 0. The figure shows that the first approach yields 
lower frequency than the second; the difference becomes more pro­
nounced for higher axial loads and lower slenderness ratios. 

CONCLUSIONS 

Differential equations, stiffness coefficients, and fixed-end forces have 
been derived for general analysis of structural systems, the constituent 
members of which may have transverse and rotatory inertia, shear and 
bending deformations, axial force, and elastic foundation. The numerical 
procedures of determining natural frequency and dynamic response have 
been illustrated and compared for various typical beams. Two approaches 
were employed for considering the direction of the shear force component 
of the axial load. The first approach is based on the model that the shear 
component is calculated from the total slope due to bending and shear, and 
the second approach assumes that the shear component is calculated only 
from the bending slope. 
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APPENDIX I. COMPLEX SOLUTION 

Three distinct cases can arise from the solution of Eq. 13. Case 1: a and 
p are complex when 

>AT2<jr (78) 

then, from Eq. 13 

;-vW^+'V£-" ™ 
For simplicity, let 

B = r2T (80) 

D= ^-gr~rT (81) 

where b and D are both real and positive quantities. Eq. 79 can be written 
as 
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B + iD 0 "' \/2 V +J 

Expressing Eq. 82 in polar form 

Two cases exist 

arctan V*h 1/2 

30" 
y/2 

(B2 + D2 
cos 2 a r C t a n U 

+ / sin 

and 

Pi= -

2 a , C t a n U 

f 

+ / sin 

Similarly 

1 

(B2 + D ,2\ 1/4 
cos 5 a r c t a n U 

2 arctan I § 

(82) 

(83) 

(84) 

a = —7- (\/B2 + D2 e1 arctan l i r 

and the two cases are 

ao = - / r ( 5 2 + -D2)uisin 

and 

« i : -7=(B2 + D2)'' 
\/2 

\ arctan ( £ 

i arctan ( £ 

+ I COS 
1 ID 
- arctan I -

\ arctan ( £ 

(85) 

(86) 

(87) 

Comparing a0 and 3o , the real part of a0 is equal to the imaginary part of 
Po, and the imaginary part of a0 is equal to the real part of 3o. Similar 
arguments hold true if we compare a, and (3, . 

Simplifying the two cases into one; with symbols F and Q that are real 

(88) 

(89) 

Re (a) = Im (3) = F 

Im (a) = Re (p) = G 

the a and 3 can be written as 

u = F+iQ (90a) 

3 = Q + iF (90b) 

To prove whether the stiffness coefficients and fixed-forces are real, the 
writers investigate a typical stiffness coefficient SI 1 given in Eq. 29A. Let 
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us first study the quantities A ' , B', n, ri , c, and c', which are used in \R'\. 
Then 17?'I and other quantities used in 511 are studied. For 

Let 

ft , ql2 

T = R\, s2--ru = R2, then L <pb 

A' = (F^+Q2){mf2 + Ql) + FR2] + {Ql{F2 + Ql) ~ QR2]i} ( 9 1 ) 

Similarly 

B' = ( f i ^ g i ) {[2«f2 + Q2) - QR2] + [FttF2 + Q2) + FR2]i} (92) 

Comparing Eqs. 91 and 92, we can write 

A' = F, + iQi (93a) 

B' = Qx + iFs (93ft) 

where F, and Qx = real quantities, n and ri may be expressed as 

n = sinh bet = sinh b(F + iQ) = sinh bF cos bQ + i cosh bF sin bQ (94) 

ri = sin ftp = sin b(Q + iF) = sin bQ cos bFi + sin bFi cos bQ (95) 

Using the identities 

cos bFi = cosh bF (96) 

sin bFi = i sinh bF (97) 

Eq. 95 becomes 

ri = sin ftp = sin bQ cosh bF + i sinh ftF cos bQ (98) 

Comparing Eqs. 94 and 98, we have 

n=F2 + iQ2 (99a) 

n' = Q2 + iF2 (99ft) 

where F2 and Q2 = real quantities. Similarly, c and c' can be expressed as 

C = cosh ba = cosh b(F + iQ) = cosh bF cos bQ + i sinh bF sin bQ (100) 

C = cos b$ = cos b(Q + iF) = cos bQ cos bFi - sin bQ sin bFi (101) 

Using Eqs. 96-97 

C = cos bQ cosh bF = i sin bQ sinh ftF (102) > 

Comparing Eqs. 100 and 102 yields I 
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C = F3 + iQi (103a) 

C" = F3 - /gj (103/?) 

where F3 and Q3 — real quantities. 
The expression of \R'\ is 

\R'\ = nw'(A'2 - 5'2) + 2(1 - cc')A'B' (104) 

Using Eqs. 93a-93b, 99a-99b, 103a-103fc, we have 

nn' = (F2 + iQ2)(Q2 + iF2) = i(Q2
2 + F2) = iQ4 ... (105) 

A'2 - B'2 = (F, + ig,)2 - (fii + /F,)2 = 2F] - 2g2 = F4 (106) 

cc' = (F3 + / G s ) ^ - /g3) = (F3)
2 + (g3)2 = F5 (107) 

A'B' = (F, + /GiXGi + »F,) = iQ] + iF] = /g5 (108) 

Using Eqs. 105-108, Eq. 104 becomes 

l*'l = ('64)^4) + 2(1 - F5X/G5) = iQ6 (109) 

where Q4 , Q5, Q6 , F4 , F5 = real and 17?'I is therefore a purely imaginary 
quantity. Recall Eq. 29a of 511. 

(EJb\ (aA' + pB')(«'cA' - HC'TJ') 

•511 = ( T J SiFi <1 1 0> 
Using Eqs. 90a-£ and 93a-b 

aA' + p/i' = (F'+ / 0 ( F , + /£,) + (G + 'fXGi + ' ^ 1) 

aA' + pB' = 2i(GF, + FGJ) = 167 OH) 

Based on Eqs. 93a-b, 99a-b, and I03a-b 

n'cA' - nc'B' = (Q2 + iF2)(F, + iQ3)(Ft + iQx) 

- (F2 + iQ2)(F3 - IG3)(GI +iF,) = F6 (112) 

where F6 and Q7 are real. Substituting Eqs. 109, 111, and 112 in Eq. 110 
yields 

(EIb\ (/67)(F6) 

U / ''26 
Since EI, b, L are real 

F B (g7)(F6) 
511 = — ' (113) 

Hence 511 = a real quantity. Similar results follow for the rest of the 
stiffness coefficients and fixed-end forces. 

Case 2: a is purely imaginary and p is real when 

rAT2>-prmd J r4T2 - -p- < i2T (114) 
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For simplicity let 

B = r2T 

where B and F are both real and positive quantities Eq. 13 can be written 
as 

ryfV>^ (,I5) 

Since from Eq. 114, T < B is true, then 

a = \/2 'VB-T = /A •••'•' ( 1 1 6 ) 

where A = a real and positive quantity, and hence a = a purely imaginary 
quantity. Simplifying 

V = ^VBTT = ® (117) 

where © = a real and positive quantity; and (3 = a real quantity. 
Consequently 

b \ ,i i <1L2] I b \ r , , qLr 

A=Z^[^2^2-^j=-'\lAJ[^A2^2-^j=/A'--(118) 

where A, is real, and A' = a purely imaginary quantity. Similarly, B' can 
also be proved to be a real quantity as 

B' = 0 , (119) 

For n, ri , c, and c', one may write 

n = sinh ba = sinh ibA. = / sin bt\ = /A2 (120) 

n' = sin b$ = ©2 (121) 

c = cosh ba = cosh ibL = cos bA = ®3 (122) 

c' = cos b$ = 0 4 (123) 

where A2, ©2 , ©3 , and ©4 are real quantities. For the quantities in 17?'I, we 
have 

nri = (/A2)(@2) = /A3 (124) 

A ' 2 - B ' 2 = ( /A l)
2-(0,) 2= - A 2 - © 2 = ©5 (125) 

CC' = @3©4 = ©6 (126) 

k'B' = (/A,)(©i) = /A4 (127) 
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The final expression of 17?'I is then 

\R'\ = (/A3)(©5) + 2(1 - ®6)(/A4) = A5/ (128) 

The other quantities in 511 are 

aA' + 073' = (r'A)(/A,) + 0 0 , = - AA, + © 0 , = 0 7 (129) 

n'cA' - nc'B' = (®2®3Ai - A2@40|)/ = A6/ (130) 

Substituting in Eqs. 128-130 into Eq. 29n, 

(EIb\ (07)(A6/) £ / 0 7 A 6 

Hence 511 = a real quantity. Similar results follow for the rest of the 
stiffness coefficients and fixed-end forces. 

Case 3: a and p are real when 

r4T2 > -jpr and r2T< Jr4T2 --g- (132) 

Similar reasoning can be shown to hold true for the second approach 
formulation. 
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APPENDIX III. NOTATION 

The following symbols are used in this paper: 

T, U, b, 

A 
C, C 

E 
G 
I 

I 

k 
L 

LIR 
M 
N 

P\,P2 
PE 

IS] 
ttijl 

r, s, a, p, I, £ 
V 
W 
q 
I 

w 
X 

y 
P 
7 
V 

i|i, i)/ ;, a n d ipy 

= 
= 
= 
= 
= 

= 
= 
= 
= 
= 
= 
= 

= 
= 
= 
= 
= 
= 
= 
= 
= 
= 
= 
= 
= 
= 

cross-sectional area; 
integration constants; 
modulus of elasticity; 
modulus of rigidity; 
moment of inertia of cross section; 

shear factor for cross section; 
length of beam element; 
slenderness ratio; 
internal moments; 
static axial load; 
natural frequency of Timoshenko theory; 
natural frequency of Bernoulli-Euler the­

ory; 
notation for stiffness matrix; notation for stiffness coefficients; 
dimensionless notation; 
internal shears; 
magnitude of forcing function; 
elastic foundation constant; 
time; 
forcing function; 
rectangular coordinate abscissa; 
rectangular coordinate ordinate; 
shearing slope; 
weight per unit volume; 
Poisson's ratio; and 
rotational deformations. 

1550 

 J. Struct. Eng., 1988, 114(7): 1524-1550 

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

M
is

so
ur

i U
ni

ve
rs

ity
 o

f 
Sc

ie
nc

e 
an

d 
T

ec
hn

ol
og

y 
on

 0
8/

02
/2

3.
 C

op
yr

ig
ht

 A
SC

E
. F

or
 p

er
so

na
l u

se
 o

nl
y;

 a
ll 

ri
gh

ts
 r

es
er

ve
d.


	Dynamic Timoshenko Beam-columns On Elastic Media
	Recommended Citation

	/var/tmp/StampPDF/fvqJ59QfaW/tmp.1691416453.pdf.313JK

