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COMPUTED VERSUS OBSERVED INELASTIC SEISMIC 
Low-RisE RC SHEAR WALLS' 

By F. Y. Cheng, 1 Fellow, ASCE, G. E. Mertz, 2 M. S. Sheu, 3 and J. F. Ger, 4 
Associate Member, ASCE 

ABSTRACT: A technique of calculating inelastic deformation of low-rise shear walls 
having height-width ratios of 0.5 and 0.75 without boundary elements is presented 
with consideration of the coupling effect for bending and shear deformations as 
well as the deformation due to base rotation. An interaction surface of moment, 
shear, and curvature or moment, shear, and shear strain is developed. The de- 
flections at crack, yield, and ultimate loadings can be calculated separately from 
bending and shear deformations, which are compared favorably with experimental 
results. The shear deformation is significant for the low-rise walls studied because 
the deformation due to bending deformation is about 40-60% of the total defor- 
mation after the walls have reached 20% of ultimate deformation. The hysteresis 
rules are developed for both bending and shear deformations on the basis of the- 
oretical and experimental studies. Favorable comparisons between the calculated 
and experimental responses were observed for individual walls and a low-rise two- 
story building on a shaking-table test. A computer program was developed for 
structural system analysis subjected to seismic excitations. 

INTRODUCTION 

Early exper imenta l  investigations on low-rise shear  walls a t t empted  to 
determine their s trength to resist blast loadings from atomic weapons.  These 
experimental  investigations of re inforced concrete  (RC)  shear walls were 
performed by Gallet ly  (1952), Benjamin  and Wil l iams (1957). The studies 
focused on the behavior  of low-rise shear walls with boundary  columns 
subjected to static monotonic  loadings.  Anteb i  et al. (1960) exper imental ly  
studied the behavior  of  low-rise shear  walls with boundary  elements  sub- 
jected to dynamic blast loadings,  and p roposed  an analytical me thod  to 
calculate the dynamic strength of  the walls. The  studies by Gal le t ly ,  Ben- 
jamin and Will iams, and Anteb i  led to the  deve lopment  of design cri teria 
for RC shear walls subject  to blast  loadings (Anderson  et al. 1964). 

Cardenas et al. (1980) s tudied walls with a height to width rat io  of 1. In 
this study, boundary  columns were not  included,  and the amount  and dis- 
tribution of re inforcement  were the ma jo r  variables studied. Results  indicate 
that low-rise rectangular  walls can develop shear  stresses on the order  of 
10V~f~' psi. 

Barda et al. (1976) tested low-rise shear  walls with flanged boundary  
elements subject  to both static monotonic  and static cyclic loadings.  The 
static cycling loadings were in tended  to represent  the demands  placed on 
the shear wall during a severe ear thquake.  The behavior  of these walls was 
dominated by shear.  
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Paulay et al. (1982) tested low-rise shear walls subjected to cycling load- 
ings with and without boundary columns and having a height-to-width ratio 
of 0.54. One objective of the study was to determine methods to control 
sliding shear deformation. Paulay et al. (1982) proposed that the wall be 
designed such that the wall's shear capacity is greater than the flexural 
strength, thus forcing the wall to fail in flexure rather than shear. 

Recent work in Japan by Watabe et al. (1989), among others, has focused 
on quantitative evaluation of load-deflection characteristics on heavily rein- 
forced RC low-rise shear walls, normally used in nuclear-power-plant struc- 
tures. The specimens have boundary columns, which are mainly subjected 
to monotonically increasing loading. 

Research on squat RC shear walls in France has been carried out at the 
Centre Experimental de Recherches et d'Etudes du Batiment et des Travous 
Pulic. The primary objective is to determine the stiffness-degrading behavior 
of walls having different reinforcement ratios, varying from almost zero to 
0.5%, in both horizontal and vertical directions. The results show that the 
stiffness is constant until cracking, and it declines severely after cracking. 
The stiffness begins to slowly decrease before the first diagonal shear crack 
appears (Coladant and Foure 1989). 

The French Commissariat a l'Energie Atomique-Centre d'Etudes Nu- 
cleaires has studied the seismic behavior of RC low-rise shear walls (Wang 
et al. 1989). The results indicate that the dynamic behavior of shear walls 
depends strongly on the nonlinearity and the time history of the input force; 
the inelastic spectrum method underestimates the margin given by ductility 
for narrow-band excitation centered on the natural frequency of the wall. 
No experimental work was carried out, and the time-history analyses were 
performed by using the modified Takeda model, which has mainly bending 
deformation. 

In the United States, work on RC low-rise shear wall has been undertaken 
at the Los Alamos National Laboratory (LANL). Dove et al. (1985) and 
Anderson et al. (1984) tested a series of small-scale shear walls and box- 
type structures subjected to both static and earthquake loadings. The pur- 
pose of these tests was to find the stiffness reduction and its effect on the 
natural frequency. They studied walls with height-to-width ratios varying 
from 0.25 to 1 and steel ratios from 0.25 to 0.6%. The tests showed a 75% 
stiffness reduction during a 0.75 g peak acceleration earthquake signal; the 
fundamental natural frequencies were reduced by factors of 2 or more over 
those calculated based on an uncracked cross section strength-of-materials 
approach. 

From this literature review, one may observe that a great deal of research 
has been developed for low-rise shear walls. Most of the work, however, 
had specific goals of determining the ultimate capacity of the walls, stiffness 
reduction, or behavior under cyclic loading. The research results do not 
provide adequate information with which to develop hysteresis rules for 
isolated low-rise walls because: (1) Most of the walls subjected to either 
monotonic or cyclic loading had boundary elements; (2) the shear and bend- 
ing deformations were not separated; and (3) the cyclic loading patterns 
used in the tests did not provide sufficient information with which to develop 
large- and small-amplitude loops for earthquake response studies. Low-rise 
buildings actually constitute a large percentage of total construction. Many 
of these buildings are braced by shear walls without boundary columns. 

Therefore, it is necessary to perform experimental and analytical work 
to derive mathematical models for inelastic analysis. Under a joint research 
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project between the National Cheung Kung University (NCKU) in Taiwan 
and the University of Missouri-Rolla (UMR), Sfieu (1988) at NCKU tested 
a series of isolated low,rise shear walls subjected to various static, mono- 
tonic, cyclic, and earthquake-type loadings. F. Y. Cheng and his associates 
at UMR have incorporated experimental data from NCKU and some from 
LANL to develop hysteresis rules and to investigate inelastic response be- 
havior of individual walls and systems. This paper presents the method for 
calculating shear and bending deformations, and bending and shear hys- 
teresis models considering large- and small-amplitude loops for the analysis 
of general low-rise shear wall structural systems. The analytical technique 
is based on Cheng's (1981) previous work and the results presented here 
are summarized from Cheng and Mertz (1989). 

SELECTION OF SPECIMENS AND LOADING PATTERNS 

The isolated low-rise shear walls tested at NCKU were rectangular in 
cross section. The walls have a width of 100 cm and a thickness of 10 cm, 
as shown in Fig. 1. The height varies from 50 cm to 75 cm, which gives 
height-to-width ratios from 0.50 to 0.75. The horizontal and vertical rein- 
forcements consist of evenly spaced D 10 through D 19 bars, shown in Table 
1 (and see Fig. 2); D10, D13, D16, and D19 are approximately equal to 
bar nos. 3, 4, 5, and 6, respectively. A 30-cm- • 30-cm-cap element is cast 
at the top of the wall, as shown in Fig. 1. Loads are applied at the centerline 
of this element. A 30-cm- • 55-cm-rigid base is cast at the base of the wall. 
This base is bolted to the test bed. Both the cap element and the rigid base 
are heavily reinforced. 

The experimental displacements of the 50-cm-high walls were measured 
with the gages shown in Fig. 1. Gages 2, 3, 4, 5, 6, 7, 16, and 20 were used 
to measure vertical deformations. Gages 8 and 9 were used to measure the 
change in diagonal distance across the width of the wall. Gages 10, 11, 12, 
13, 14, and 15 were used to measure the horizontal deformation of the wall. 
The experimental displacements of the 75-cm walls were measured with 
similar gages. 

Vertical Bar Horizontal B a r @  10 cm j 

Load ~ Cop Element / A "~ , + 3 0 ~ .  

• [-Lr, \ ,--", II [ 
L ~  10 cm f = 

| / J I 12.5 ~oom C , , " ~ , ,  '! ', A..Y2,3o 1,2;.,2 

t -".~ ~,~--~:_+,--~~ 1'2, ~176176 -'I r '~176176 
j __  , ~j~6 ! l ' " : " " !  ', 2o0 I<=.o.,, I / L 

1,.ooo~ +~o,a ,.,' ~ ~'oo-,/ I I ;o 

[ "  I00 om " l  Sect A 

FIG. 1. Typical NCKU Shear Wall 
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TABLE 1. Test Specimens at NCKU 

Wall W x H x T 
(1) (2) 

SWla 100 x 50 x 10 
SW3 100 x 50 x 10 
SW4 100 x 50 x 10 
SW4a 100 x 50 x 10 
SW5 100 x 50 x 10 
SW6 100 x 50 x 10 
SWIO 100 x 50 x 10 
SW11 100 x 50 x 10 

SW12 100 x 50 x 10 

SW13 100 x 50 x 10 
SW14 100 x 50 x 10 
SW15 100 • 75 x 10 

SW16 100 x 75 x 10 
SW19 100 x 75 x 10 
SW20 100 x 75 x 10 

Vertical Horizontal Horizontal 
f"  Bars p Bars p fv H/W loading 
(3) (4) (5) (6) (7) (8) (9) (1 O) 

275 6 D10 0.43 4 D10 0.57 4,930 0.50 cyclic a 
278 6 D10 0.43 4 D10 0.57 4,930 0.50 earthquake b 
270 6 D13 0.77 4 D13 1.03 4,900 050 monotonic c 
272 6 D13 0.77 4 D13 1.03 4,900 0.50 cyclic a 
278 6 D13 0.77 4 D13 1.03 4,900 0.50 cyclic d 
288 6 D13 0.77 4 D13 1.03 4,900 0.50 earthquake b 
275 6 D13 0.76 4 D10 0.57 4,770 0.50 monotonic c 
265 2 D19 0.79 4 D10 0.57 4,770 0.50 cyclic e 

3 D10 
270 2 D16 0.78 4 D10 0.57 4,770 0.50 monotonic c 

3 D13 
330 6 D13 0.76 none 0.00 4,770 0.50 monotonic c 
320 6 D13 0.76 8 D10 1.14 4,770 0.50 monotonic c 
265 2 D19 0.79 6 D10 0.57 4,770 0.75 monotonic c 

3 D10 
270 6 D13 0.76 6 D10 0.57 4,770 0.75 monotonic c 
250 6 D13 0.76 none 0.00 4,770 0.75 monotonic c 
210 6 D13 0.76 6 D10 0.57 4,770 0.75 monotonic ~ 

aOne-s ided cyclic load ing .  

bEar thquake  loading.  
cMonotonic  loading.  

dTwo-sided cyclic load ing .  
CTwo-sided cyclic load ing ,  w i th  each  cycle a t  a l a rge r  load  level  t han  the  p rev ious  cycle. 

Note :  W = wid th ;  H = he igh t ;  T = th ickness ;  p = r e i n f o r c e m e n t  ra t io ; f ' c  = u l t ima te  

concrete  stress;  fy = y ie ld ing  s tee l  s t ress ;  all  un i t s  are  in kg  and  cm. 

( b ) [  . . . . . . . . . . . .  

(c) 

(d) 

FIG. 2. Loading: (a) One-Sided Cyclic; (b) Earthquake; (c) Monotonic; (tO Two- 
Sided Cyclic 

F o u r  d i f f e r e n t  l o a d i n g  p a t t e r n s  w e r e  u s e d .  T h e r e  w e r e  o n e - s i d e d  c y c l i c  

l o a d i n g ,  e a r t h q u a k e  l o a d i n g ,  m o n o t o n i c  l o a d i n g ,  a n d  t w o - s i d e d - c y c l i c  l o a d -  

i n g ,  a s  s h o w n  i n  F i g .  2 .  T h e  a d o p t e d  l o a d i n g  p a t t e r n  f o r  e a c h  w a l l  i s  s h o w n  

in  T a b l e  1. 
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ANALYSIS OF EXPERIMENTAL RESULTS 

Bending and Shear Deformations 
The curvature distributions for walls SWla,  SW3, SW4, SW4a, SW5, and 

SW6 were studied. The curvature can be calculated by taking the difference 
between longitudinal deformations at opposite sides of the wall and dividing 
by the horizontal distance of gages and the vertical length of the gage. For 
example, the curvature dOl is equal to (85 - 82)/(90 x 12.5), where 82 and 
85 are the longitudinal deformations at gages 2 and 5, respectively. Similarly, 
curvatures qb2, ~b3, and qb 4 a r e  equal to (86 - 83)/(90 x 12.5), (87 - 84)/(90 
x 12.5), and (816 - 82o)/(90 x 6.25), respectively. 

The experimentally observed crack pattern on the face of wall SWla is 
shown in Fig. 3(a). This crack pattern corresponds to a point near the wall's 
ultimate load. The load and cycle at which the crack was first observed are 
represented in Fig. 3 by the "load(cycle number),"  in which the load is in 
tons and cycle numbers are in the loading diagram shown in Fig. 3(b). As 
the wall is loaded a flexural crack opens up at the base of the wall, labeled 
"A" in Fig. 3(a); a diagonal shear crack forms, labeled "B;"  and a flexural 
crack also forms in the wall at 12 tons during cycle 6, as shown by curve 
~C. ~, 

Wall SWla has diagonal shear cracks under gage 5. As these cracks form 
they have a vertical component of deformation. The deformation of gage 
5 is used to calculate the curvature d~l, of which the experimentally measured 
values are influenced by shear deformation. Since: (1) The moment and 
shear are strongly coupled; (2) the curvature is influenced by the diagonal 
shear crack; and (3) the curvature is very sensitive to the crack location, 
then an average curvature is used to calculate the bending deformations. 
Thus the average curvature in the 50-cm walls is 

(~)ave = ((~)1 q- 1~2 + (~b3 "]'- (J)4) 
4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (1) 

and the bending deformation (or displacement) is 

D b -  (43"75)2 
+.vo �9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ( 2 )  

The shear deformation is then determined by subtracting the bending de- 
formation from the total deformation 

D, = D , -  Db . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (3) 

where D t = total deformation, which can be calculated as 

813 q- 810 
O , -  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (4) 

It is worthwhile mentioning that if diagonal gages 8 and 9 are used to 
calculate shear deformation, they will misinterpret a portion of the bending 
deformation due to flexural crack and label it as shear deformation. This 
was also recognized by Ma et al. (1976). 

Fig. 4 indicates the ratio of bending deformation to total deformation for 
50-cm-high walls. It shows that after deformation of 20% of the ultimate 
deformation, the bending deformation ranges between 40% and 60% of the 
total deformation for most walls. Wall SW11 has very large shear defor- 
mations before failure and the bending deformation only accounts for 10% 
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( ~ ) ~  SWIA 

. ~ " ~  1;,(tl)-~ lz(11)"--,~ \ / 1  

, --,, L~ . (6)  ' " ~ ~  

(a) 

.< 

0 
,.J 

2 0 -  

15 

10 

. i  S W I A I 13 ,1~~ /( jill/i/i/ IIIIA 

',,,~:A J/!1//.///I11/J////// 
( VVVVVtVVVVV 

0 I 000 2000 3000 

LOAD SIEP NUMBER 

(b) 
FIG. 3. NCKU SWla Wall: (a) Surface Cracks; (b) Loading History 

of the total deformation at failure. This wall is different from other walls 
because it has concentrated steel near the vertical edges. Bending defor- 
mation in the 75-cm walls has a percentage of total deformation that is 
similar to that in the 50-cm walls. 

Note that the transverse reinforcing steel is omitted on walls SW13 and 
SW19 (see Table 1). If the traditional concept that transverse reinforcing 
steel resists shear and longitudinal reinforcing steel only resists bending were 
true, then the shear deformation for two walls should be larger than the 
walls with transverse reinforcing steel. However, the percentages of bending 
deformation in walls SW13 and SW19 are similar to those for the other 
wails. 
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=i 
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0 25 50 T5 100 

Bending + Sheaf Deformation at Load P x 100 
Bending + Shear Deformation at Failure 

FIG. 4. Ratio of Bending Deformation to Total Deformation 

Failure Ducti l i ty and  Excurs ion  Rat io  
The displacement definition of ductility and excursion ratio for six of the 

shear walls is calculated. The ductility is given by 

IOb~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (5a) 
Ixb - Dbr 

[o,o,,[ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (Sb )  I% = D,,. 

where Db~,, and Ds.,, = bending and shear deformations at the ultimate load; 
and Db, and Dsv = bending and shear deformations at yield load. The yield 
load corresponds to an average strain of  % = 0.0024 in the longitudinal 
steel reinforcing bar. The excursion ratio is given by 

eb = ~'. (IXb -- 1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (6a) 

e, = ~ (Ix, - 1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (6b) 

where the summation is carried out for each half-load cycle. The bending 
and shear failure ductilities and failure excursion ratios of walls SWla ,  SW3, 
SW4, SW4a, SW5, and SW6 are calculated; the average bending failure 
ductility is 10.39 and the average shear failure ductility is 11.00. There is 
no significant pattern of failure ductility for any given loading history or 
wall-reinforcement ratio. Thus a ductility of 10 is set as the failure limit for 
both bending and shear ductilities. However ,  the walls with an earthquake 
loading (SW3 and SW6) have excursion ratios that are significantly larger 
than the other walls. 

Ratios of  Horizontal  to Vert ical  E x p a n s i o n  
The average vertical strain of  the 50-cm-high walls is determined by 

~2 "}- ~3 -t- ~4 -~- ~20 "j- ~5 -I- ~6 q- ~7 Jr- ~16 
e~ = 2 x 43.75 . . . . . . . . . . . . . . . . . .  (7) 
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and the average horizontal strain is given by 

eh = 3 x 100 . . . . . . . . . . . . . . . . . . . . . . . .  (8) 

where positive strain indicates expansion. The horizontal strain is plotted 
against the vertical strain in Fig. 5 for walls SWla, SW3, SW4, SW4a, SW5, 
and SW6. The vertical strain is typically 2 to 8 times larger than the horizontal 
strain because the vertical expansion is not restrained except by the weight 
of the wall. The horizontal expansion is restrained by the heavily reinforced 
horizontal elements at the top and bottom of the wall and by the reinforcing 
steel. 

MATHEMATICAL MODELING OF B A C K B O N E  CURVES 

Stress and Strain in Concrete and Steel 
For a given wall configuration there exists a unique relationship between 

moment (M), shear (V), curvature (+), and shear strain (7), expressed as 
M-V-~-~t. Let the bending strain be linear with respect to the width of the 
wall; the strain distribution is then determined by the tensile strain (el) and 
compressive strain (e2) at the edges of the wall. Curvature ~ is the slope of 
the linear strain distribution. Shear strain ~/is assumed to be constant across 
the width of the wall. Because the horizontal expansion of the wall is re- 
strained by the elements at the top and bottom of the wall, the horizontal 
expansion is much less than the vertical expansion (Fig. 5). Thus the trans- 
verse strain is consequently assumed to be zero. The combined bending and 
shear strain of any point in a wall is represented in Fig. 6. 

Since both normal and shear strains act on a concrete element, Mohr's 
circle is used to determine the principal concrete compressive strain epc, the 
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Vertical versus Horizontal Expansion of NCKU Shear Walls 
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FIG. 6. Combined Bending and Shear Strains at Any Point in Shear Walls 
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C 
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Concrete Principal Compressive Stress-Strain Models 

principal concrete tensile strain ep,, and the angle of orientation 13. The 
principal concrete compressive stress (rpc is softened to account for tensile 
strain that exists perpendicular to the principal compressive strain. The 
softening term 1/X in the Vecchio-Collins stress-strain model (Vecchio and 
Collins 1982) controls the amount of softening as given in Fig.. 7, in which 
f'c = ultimate concrete compressive stress; fc = concrete compressive stress; 
e0 = concrete strain a t f ' ;  and e = concrete compressive strain; Hognestad's 
stress-strain model was given for concrete subject to uniaxial compression. 
Since a biaxial state of stress exists in a shear wall, Hognestad's model 
cannot be used without modification (Hsu and Mo 1984). The Vecchio- 
Collins stress-strain model is used for the present study. The concrete tensile 
stress-strain has had several models for it (Gilbert and Warner 1978), such 
as the gradual unloading model, the stepped stress-strain model, and the 
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discontinuous unloading model. Each of these models has at least one dis- 
continuity when concrete cracks. A discontinuous tensile stress-strain model 
will cause the shear and bending backbone curves to be discontinuous; 
whereas the cracking in a shear wall is observed to be a more gradual process. 
Here, the gradual tensile stress-strain model is developed to provide a smooth 
transition between cracked and uncracked concrete. The graded tensile 
model for determining the principal tensile stress (%,) used for the study is 
defined as 

ifTi - 0.25 then 

if 0.25 -< ~q --- 0.50 

if 0.50 -< 

if 0.75 <- 

if 1.00 -< ,q -< 25 

f f 2 5 < ~ 1  then 

and 

%, = E~,, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (9a) 

then %, = f ' r  (0.0631 + 0.7476-q) . . . . . . . . . .  (9b) 

~1 --< 0.75 then %, = f ' r  (0.1907 + 0.4924-q) . . . . . . . . . .  (9c) 

~q <- 1.00 then %, = f ' r  (0.3845 + 0.234%q) . . . . . . . . . .  (9d) 

then %, = f ' r  (0.6443 - 0.0258"q) . . . . . . . . . . . .  (9e) 

~p, = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (9/') 

f ctr 

Ecr : 

and 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (lO~) 

: - ~  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ( 1 0 b )  
~'cr 

where f'cr = concrete tensile crack stress; acr = concrete strain at f'cr; and 
E~ = modulus of elasticity for concrete. This model provides a smooth 
transition between uncracked and cracked concrete in order to generate 
continuous M-V-~b-y relationships. The concrete principal compressive and 
tensile stresses have the same orientation as their respective principal strains. 
Mohr's circle for stresses is used to determine the longitudinal concrete 
stress %~ and shear stress %. The experimentally measured steel stress-strain 
curves for the steel bars in N C K U  walls are used for the present study. 

Interaction Surfaces 
Given a longitudinal strain distribution el and ~2 and a shear strain % 

the axial load, moment ,  and shear are determined by integrating stresses 
numerically over the wall's cross section. Typically, the maximum longi- 
tudinal compressive strain e2 is fixed and the maximum longitudinal tensile 
strain el is varied until the sum of axial loads is approximately zero. Several 
iterations are usually required before a strain distribution is acceptable. 
Repeating these calculations for different combinations of E 2 and y defines 
the moment-shear-curvature (M-V-r interaction surface [Fig. 8(a)] and the 
moment-shear-shear strain (M-V-y) interaction surface [Fig. 8(a)]. 

Backbone Curves for Bending and Shear 
At the base of the shear wall, the longitudinal steel reinforcing bars have 

a very high tensile stress. A slip is then developed in the bars. This defor- 
mation allows the wall to rotate as a rigid body about its base, causing 
additional lateral deformation at the top of the wall (Vallenas et al. 1979; 
Cheng and Mertz 1989). By calculating the base rotation Oh, for each point 
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FIG. 8. Interaction Surfaces: (a) M-V-,b; (b)M-V-',/ 

on the M-V-d~ interaction surface, a n  M-V-qbb,. interaction surface can be 
obtained (Cheng and Mertz 1989). The deformation of a shear wall due to 
base rotation Dbr is given by 

O~r = Obrh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (11) 
where 0br = base rotation; and h = height of the wall. 

Since the average curvature is assumed for the entire wall as shown in 
(1), the corresponding moment  on the wall is constant. Treating the cur- 
vature distribution as a conjugate beam, the bending deformation (including 
base rotation of a low-rise shear wall for a given moment-to-shear ratio) is 
given by 

where 0, = bending rotation of a unit length wall. The shear strain (~) is 
then determined from the M-V-~ interaction surface. Thus the shear de- 
formation (Ds) is given by 

D ,  = 3,h . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (13) 

The bending displacement (Db) , shear displacement (D,), and total dis- 
placement (D, = Db + Ds) versus applied load for walls SW5 and SW6 are 
given in Fig. 9. The loads are applied at a point 65 cm above the base of 
the walls as shown in Fig. 1. Overall, the comparison between the calculated 
and experimental results for these walls is good. However, the calculated 
response typically slightly underestimates the lateral load at failure. 

BENDING AND SHEAR HYSTERESIS MODELS 

The hysteresis models for bending and shear deformations are developed 
based on the experimental data from NCKU shear walls SWla, SW3, SW4a, 
SW5, and SW6. The models are sketched in Figs. 10 and 11, from which 
several rules are briefly summarized as follows. 
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FIG. 9. Calculated and Experimental Monotonic Responses: (a) Bending Dis- 
placements; (b) Shear Displacements; and (c) Total Displacements 

Loading on Backbone Curve 
Backbone curves are defined in terms of applied load P and bending 

deformation Db or shear deformation Ds. These backbone curves are linear 
up to the cracking load Pc, as shown in Figs. 10 and 11. Beyond the cracking 
point, the stiffness gradually decreases as successive reinforcing bars yield. 

Unloading from Backbone Curve 
The experimentally observed unloading curves are nonlinear, with a high 

initial stiffness that decreases with the load level. Semiempirical models are 
used for both the bending and shear unloading curves. Both the bending 
and shear unloading curves are represented by three linear segments. How- 
ever, since different mechanisms influence the bending and shear defor- 
mations, the unloading stiffnesses are different. 

The bending hysteresis model unloads from the maximum past load and 
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displacement (PM, DMb) with a stiffness of Slb for 25% PM (Fig. 10), 
with a stiffness of S2b for 50% PM, and with a stiffness of S3b for the 
remaining 25% PM; Slb, S2b, and S3b are given by 

( Dcb ~ ~ 
Slb = SIb \ ~ 1  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (14a) 

(0.8344Dcb ) 
S2b = SIb \ Dbmax + 0.1656 . . . . . . . . . . . . . . . . . . . . . . . . . . .  (14b) 

( 0.9092Dcb ) 
S3b = SIb \ Dbmax + 0.0908 . . . . . . . . . . . . . . . . . . . . . . . . . . .  (14c) 

where SIb = initial bending precracking stiffness; Dcb = bending cracking 
displacement; and Dbmax = absolute value of the maximum bending dis- 
placement in either direction. 

The shear hysteresis model unloads from the maximum past load and 
displacement (PM, DMs), with a stiffness of  Sls for Pc (Fig. 11), with a 
stiffness of S2s to a load of 50% Pc, and with a stiffness of S3s for the 
remaining load; Sls, S2s, and S3s are given by 

( Dcs "~ ~ 
SIs = 1.4675SIs \D-----s-~xaxmax/ <- Sis . . . . . . . . . . . . . . . . . . . . . . . . .  (15a) 

( Dcs ~ ~ 
S2s = 0.7761Sis \D-D---s-~axmax/ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (15b) 

(1.369 Dcs ) 
S3s = Sis \ ~  + 0.0707 -<Sis  . . . . . . . . . . . . . . . . . . . . . . .  (15c) 

where Sis = initial shear precracking stiffness; Dcs= shear cracking dis- 
placement; and Dsmax = maximum shear displacement in either direction. 

Reloading without Load Reversal 
Both the bending and shear hysteresis models represent reloading with 

a bilinear curve. The stiffness of the first bending curve is 

( Dcb ~ ~ 
SLb = Slb \ ~ 1  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (16) 

which acts over a load range of  33% Pc (Fig. 10). The second segment loads 
to a point common to both the unloading and loading curves, at 95% PM. 
The shear model is similar to the bending model except the stiffness of  the 
first shear curve is Sls, which acts over a load range of  50% Pc (Fig. 11). 
The common point of the shear model is also a t  95% PM. 

Reloading above Common Point 
When the wall is cycled at a constant load level, the displacements tend 

to increase from one load cycle to another. Both models reload above the 
common point, with a transition curve that passes from the common point, 
through (aDMb, PM) or (oLDMs, PM), to the backbone curve (Figs. 10 
and 11). For bending hysteresis model,  a = 1.129 for the first cycle at a 
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given load; and ~x = 1.029 for subsequent cycles at the same load. For the 
shear hysteresis model, a = 1.04 for any cycle. 

Reloading with Load Reversal 
Large stable hysteresis loops were observed in bending test data. Thus, 

the bending hysteresis model reloads toward a fictitious common point, in 
the new loading direction. This common point is also at 95% PM, on a 
fictitious unloading curve. 

The behavior of the shear hysteresis loop upon reloading is dominated 
by pinching. The pinching behavior is represented by three linear segments. 
The first segment has a stiffness of 

( Dc$ ) 1"~ 
SRs : Sis \ ~ ]  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (17) 

and loads to 50% Pc (Fig. 11). The third segment loads from terminal end 
of the first, to a fictitious common point in the new direction. The second 
segment is a transition curve that joints the first and third segments from 
25% Pc to 75% Pc and acts over a load range of 50% Pc. 

Small Amplitude Hysteresis Loops 
When the wall is cycled below the common point, small-amplitude hys- 

teresis loops are formed. These loops have a stable shape. For unloading 
inside a small amplitude loop, both models unload parallel to the unloading 
curves just discussed. For loading inside small-amplitude loops, both the 
bending and shear models load toward last point where unloading began. 
However, the shear hysteresis model maintains pinched loops (Cheng and 
Mertz 1989). 

Comparison between Hysteresis Models and Experimental Results 
NCKU wall SW6 was subjected to a quasi-static earthquake loading. The 

experimental and analytical responses for the bending deformation are 
sketched in Fig. 12; the responses for shear deformation are presented in 
Fig. 13. Comparing the calculated and experimental responses, we note: (1) 
The unloading branches of both the shear and bending hysteresis models 
are well represented; (2) the reloading without load-reversal branches is 
also well represented; (3) the common point of 95% PM is reasonable; (4) 
the increase in displacements between loading cycles is similar; (5) the 
pinching behavior of the shear hysteresis model is reasonable; (6) the small- 
amplitude loops are accurate; and (7) both calculated and experimental 
responses dissipate similar amounts of energy (Cheng and Mertz 1989). 
Similar results for other walls are observed. Overall, these examples illus- 
trate the accuracy of the bending and shear hysteresis models, and their 
applicability to complex loading histories. 

SHEAR WALL ELEMENT STIFFNESS MATRIX 

To study the response behavior of three-dimensional structural systems, 
a shear wall element was developed that utilizes the bending and shear 
hysteresis models. The shear wall element consists of a panel linking four 
joints (Fig. 14). Nonlinear bending and shear deformations in the plane of 
the wall are considered, along with nonlinear axial deformation. The bend- 
ing, shear, and axial deformations are lumped into three nonlinear springs. 
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A rigid body connects the joints at the top of the wall with the springs, 
while a second rigid body connects the joints at the bottom of the wall with 
the springs. 

Let Kb, Ks, and Ka represent, respectively, the bending, shear, and axial 
stiffness of a unit height wall. The bending backbone curve and hysteresis 
model just mentioned can be expressed in terms of moment and unit height 
rotation as 
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M = K b O ,  �9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (18) 

in which M = P x h; and 0, can be obtained from (12). Similarly, the 
shear backbone curve and hysteresis model can be expressed in terms of 
shear and shear strain as 

V = Ks~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (19)  

in which V = P; and ~/can be obtained from (13). The axial hysteresis 
model adopted here was developed by Kabeyasawa et al. (1983) for shear 
walls. The shear wall's stiffness is given by 

[Ke] = [Az][A,][SI]([A2][All) r . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (20) 

where [SI] = spring stiffness matrix 

[sq = K s  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

o Ko 

[A1] = transformation matrix transferring three spring forces to points A 
and B on the edge of upper and lower rigid bodies, as shown in Fig. 14; 
and [A2] = transformation matrix that transfers forces from points A and 
B to the degrees of freedom at four joints. The element has 10 translational 
degrees of freedom. Degrees of freedom 2, 4, 6, and 9 represent axial 
deformation and bending rotations; and degrees of freedom 3, 5, 7, and 10 
represent the out-of-plane geometric stiffness (Cheng 1993). Degrees of 
freedom 1 and 8 are used to represent in-plane shear and bending defor- 
mations. 
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RESPONSE STUDY OF LOW-RISE BOX-TYPE BUILDING 

A two-story auxiliary box structure called LANL 3D-11 was dynamically 
tested on a uniaxial shaking table by Dove et al. (1985) of the Los Alamos 
National Laboratory. The structural model is shown in Fig. 15. The direction 
of motion coincides with the structure's global Y-axis. The structural model 
consists of eight shear wall elements. The mass center and rigidity center 
of the structure coincide. The second floor and roof slabs are assumed to 
be rigid diaphragms. The input ground motion for dynamic analysis is a 
scaled version of the 1940 E1 Centro N-S earthquake (Dove et al. 1985). 
Damping is assumed to be 5%. The dynamic equation is solved by the 
method used previously by Cheng (1981), with time step of At = 0.00001 
sac. 

The calculated and experimental displacements for the roof are compared 
in Fig. 16(a). Overall, the comparison between calculated and experimental 
displacements is good. The calculated period is close to the experimental 
period. Both calculated and experimental results yield a similar frequency 
spectrum, as shown in Fig. 16(b). A strong 83-Hz acceleration signal is 
observed in both spectra, at which the calculated acceleration is close to 
the experimental acceleration. Between 200 and 300 Hz, the calculated 
response is larger than the experimental response. 

T| 

19.6~ 

| 

| 

20.9 

2; 

FIG. 15. 

Y 

LANL Two-Story Box-Type Structure 
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FIG. 16, Comparison of Calculated and Experimental Results: (a) For Roof Dis- 
placement; (b) For Power Spectrum Density 

CONCLUSIONS 

Shear and bending backbone curves and shear and bending hysteresis 
models of low-rise reinforced concrete shear walls without boundary ele- 
ments were presented. The backbone curves and the hysteresis models were 
developed based on coupling behavior of bending and shear, Comparisons 
between the analytical and experimental results of walls with various steel 
ratios and loading types for backbone curves and hysteresis models are good. 
The formulation of the shear wall stiffness element based on hysteresis 
models was derived and used for analysis of three-dimensional structural 
systems. An excellent comparison between the calculated and the experi- 
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mental response on a shaking table test was also observed. The method 
presented can be used for: (1) Separation of shear and bending deformation 
from a total displacement at various loading stages of crack, yield, and 
ultimate; (2) elastic and inelastic analysis of low-rise shear-wall buildings 
subjected to static load and seismic excitations; and (3) evaluation of duc- 
tilities due to shear and bending for design specifications. For the low-rise 
walls studied, the shear deformation becomes more significant after elastic 
loading; the deflection due to bending deformation is about 40 -60% of the 
total after the walls have reached 20% of ultimate deformation. Horizontal 
reinforced bars have little effect on the shear deformation of low-rise walls. 
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APPENDIX II. NOTATION 

The following symbols  are used in this paper: 

[A] = transformation matrix;  
D = displacement;  
Ec = modulus of elasticity for concrete;  
fc = concrete compressive stress; 
f'r = ult imate concrete  compressive stress; 

f'~r = concrete tensile crack stress; 
eb = excursion rat io for bending;  
e, = excursion rat io for shear;  
h = height; 
K = stiffness; 

[SI] = spring stiffness matrix;  
V = shear; 

= shear strain; 
At = time step; 

= deformat ion at gage location;  
e = strain; 
0 = rotat ion;  
p. = ductility; 
~r = stress; and 
q~ = curvature.  
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