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SYNOPSIS: ‘Th? paper firstly analyzes the characteristics of various
rity énd dissimilarity ) and the derivation co
applying the artificial boundary in numerical
discussed in the paper,

ter artificial boundaries (simila-
ndltxons‘of the boundaries. The Problems involved in
computation and the solution to the problem are also

THE ARTIFICIAL BOUNDARIES MATHEMATICAL RELATIONS OF ARTIFICIAL BOUNDARY
About thirty years have elapsed since the ap— The derivation of any artificial boundary has
pearance of artificial boundaries. In these to take these two steps: the first is the de—
yYears many artificial boundaries have been pro— composition of wave field, the second is the
posed to simulate wave motion in infinite media approximation of the out—going ( scattering )
by a finite medel. It is therefore necessary to wave field ( wave field that travels from the
summarize the advantage and disadvantage, to inner computatioal region to the outside ). A
find out the similarity and dissimilarity, to traveling wave field can be decomposed into
distinguish the application range and to pre— two parts: one is the input wave field that
dict the future development trend of the var- travels toward Lhc computational region, the
ious artificial boundaries. Based on the above other is the scattering wave field that travels
consideration, the paper tries to take a gene— from the computational region. It is obvious
ral but thorough look at these ones and to find that different decomposition or different ap—
out some useful information for future research. proximation of the wave field will lead to dif
ferent artificial boundary. There are many me—
Artificial bopundaries are the artifacts used thods that can be used to decompose a wave
to meet the need of numerical analysis of dy- field. Generally speaking, scattering wave
namic problems in infinite media. They obvi- field in time domain equals to the total wave
ously bear two basic features as following: one field substracting the input wave field, and
is the nonexistence, the other is that they that in frequency domain can be deduced from
have to satisfy all the continuous conditions the negative or positive value of the wave
at the boundary. In order to be suitable for number. Many approximation methods could be
numerical analysis, artificial boundaries must used to approximate the scattering wave field
also satisfy the following requirements: one such as Taylor expansion, Pade expansion or
is that they have to be conceptually clear, even the interposition approximation. Never-
simple and easy to be applied, another is that theless, we can verify that in the limit of
they should be highly accurate and stable, continuum, the mathematical foundation of all
still another is that they are frequency inde— the artificial boundaries for SH problems may
pendent. Based on these considerations, re— be expressed by a unified equation as following
searchers have proposed many artificial bound—
aries up to the present. The author thinks X ow ow
they can be divided into the following groups: Basic form: > P M Bw = 0 QP
superimposing boundary ( Smith,1974; Cundall, x o
etc.,1978 ), transmitting boundaries ( Liao and High order form: B"w = 0 (2)

Wong, 1984; Tseng,1975; Akao and Hakuno, 1983 ),
viscous boundary ( Akiyoshi,1977; Lysmer and
Kulemeyer, 1969; White, 1977 ), paraxial appro
ximation (Clayton and Engquist, 1977;Keys, 1985),
consistent boundary ( Lysmer and Waas, 1972 ),
infinite element ( Zhao,1987 ) and boundary
element in infinite media. The paper will dis—
cuss their similarity and dissimilarlty in va—
rious aspects in the following sections.

where w is the anti—plane displacement, B a
differentiate operator, p a parameter which
varies with the form of the artificial boundary,
N the order of the boundary. The first term in
eq.(1) expresses the elastic force while the
second one expresses the viscous force. Eg.(1)
demonstrates that the physical base of all
artificial boundaries is that they directly

or indirectly realize the dynamic equilibrium
of the elastic force and viscous force, that is
to say, this treatment indirectly realize the
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continuous condition at

The reason why all the artificial boundary
have the above similarity is that they are the
approximation of the scattering wave field at
the boundary, their objective is to simulate
the infinite media with a boundary of a finite
region. It is because the common objective and
base that enables the same mathematical rela—
tionship to exist among all the artificial
boundaries. This common feature makes us con
clude that an optimum artificial boundary must
utilize the most applicable approximation me-
thod to simulate the scattering wave field un-—-
der the simplest and most accurate decomposi-
tion method. This is the fundamental guide in
deducing any new artificial boundaries.

ERRORS OF ARTIFICIAL BOUNDARY

In addition to the similarity of artificial
boundaries, dissimilarity of them should be
particularly stressed. It is only because tho
dissimilarity can we compare the artificial
boundary, thus we are able to select the most
applicable artificial boundaries. Error of
artificial boundaries is one of the major as-—
pects which should be considered in comparing
artificial boundaries. Let us suppose a unit
harmonic plane wave impinging on the artificial
boundary from the inner compulational region
under certain direction, the relative error of
artificial boundary can be written as

R fu,t tu, | fu, ! ()
et Sl S

ju, | tu, t
where 1, , u, aand u, represent input, 1 ait -
ting and reflected wave field, respectively, R
the relative error. Further analytical results

demonstrate that when the impinging direction
of the wave field approaches to parallel the
artificial boundary the accuracy of the bound -
ary will be greatly declined or even the bound-
ary does not work. Specificly, for a harmonic
wave directly impinging on a boundary (without
multi~reflection ), superimposing boundary does
not produce any error. For transmitting bound-

aries when the ratio of the time increment At
and wave motion period T is less than [/6

( AtsT<1,6, Liao’s boundary can simulate the
impinging wave field under any direction. The
accuracy of the boundary increases with the
declination of At/T. Given the impinging di

rection of the wave field and when At/ T<1/3,
Akao’s boundary is sufficiently accurate,
whereas, when the impinging direction is un-
known, the accuracy of Akao’s boundary charply
declines. Tseng’s boundary doesn’t produce any
error when a harmonic wave directly impianging
on the boundary. For viscous boundary and par-
axial approximation the error is strictly de
pendent on the impinging direction. When im-
pinging direction © 0, which means that the
wave field perpendicularly impinging on the
boundary, R:0, while R:1 when Q =90°, which
implies that
proximation have
teresting to note
error of Liao’s
that of paraxial
der. The error of

viscous houndary and paraxial ap-
lost their effect, It is in-
that when &ot/T<1,/4 , the
boundary is always smaller than
approximation of the same or -
infinite element is generally

the artificial boundary.
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larger than that of the other artificial bound-
aries. For the consistent boundary proposed by
Lysmer and Waas, the error is also significant.

Only when discretization of the boundary sat-
isfies certain condition can it produces good
result. This conclusion contradicts that of the.
common recognition. The reason is that, physi-
cally speaking, the consistent boundary is only
a method which uses a one-dimensional model to
simulate the wave motion in two-dimensional
media ( Wang,1989) . This assumption greatly
weakens the accurateness of the consistent
boundary. If we only consider the error of the
artificial boundaries the author intends to use
transmitting boundary for complicatd wave field.
This is because the transmitting boundaries are
simple and always guarantee accuracy under spe—
cific conditions.

SOME BASIC PROBLEMS OF ARTIFICIAL BOUDARY FOR
IN-PLANE PROBLEMS

Application of artificial boundary for anti-
plane problems in in-plane problems will briny
about several totally different subjects to be
carefully studied. We will concentrate here on
the following problems.

1. Artificial Wave Velocity

In numerical computation discretization of time
and space causes dispersion of wave motion
which lead to the introduction of artificial
wave velocity. This is another numerical prob-
lem whose discussion is beyond the range of
this paper. In this paper we will focus on the
physically conceptual aspects. For an in-plane
problem wave motin is composed of P-wave, S—
wave, Rayleigh wave and other kind of waves,
Therefore, in deducing the formula for trans-
mitting boundaries we have to make the follow-
ing assumption: wave motion is consisted of a
series of plane waves with velosity c, imping
ing on the artificial boundary, thus the arti-
ficial wave velocity c, emerged. The appearance
of ¢, makes another contribution to enlarge
the computational error and destablize the
numerical analysis of infinite problems. Theo-—
retical and computational results demonstrate
that reasonable upper and lower limit of arti-
ficial wave velocity should be ¢, and ¢, 2,
respectively, where ¢, and c, represent P--wave
and S-wave velocity, respectively.

2. Stabilily

Numerical stability has always attracted the
attention of researchers worldwide, no less to m-
ention the stability of artificial boundaries.Ge-
nerally there are two ways to consider the
stability of artificial boundaries. One is the
propagation of error wave. This means that nu-
merical error produced at boundary nodes will

not be enlarged in propagation. The other is

the reflection coefficient ( the ratio of re-
flected wave amplitude and impinging wave am
plitude) of the artificial boundary is always
less than 1. Starting from these two consider-
ations, we can derive the stability condition

for various artificial boundaries. Analytical
results demonstrate that if the wave field can
not be expanded by a series of plane waves all



the artificial boundaries may encounter the

problem of losing stability.

3. Some Consideration in Deriving Artificial
Boundaries for In-Plane Problems

The complexity of wave field in in-plane prob--
lems often compells us to start from the very
basic assumption in deriving the artificial
boundaries, that is, to reconsider the physical
interpretation of the artificial boundaries.
Take the paraxial approximation as an example
Owing to the difficulty in directly deriving
the paraxial approximation from expanding the
dispersion relations of in-plane problems, we
have to reconsider the physical foundation of
the paraxial approximation, namely, the expan--
sion of wave field by a series of plane waves
perpendicularly impinging on the boundary.
Similarly for consistent boundary the problem
of solving the eigenvalue of a second order
equation arises. The appearance of and solution
to these problems provide us with favorable
conditions to understand some fundamental cha-
racteristics(like dispersion, accuracy of simu-
lation) of wave motion and the physical found-
ation of artificial boundaries.

APPLICATION OF ARTIFICIAL BOUNDARIES
PLANE PROBLEMS

IN IN-

The first problem we encounter in application
of artificial boundaries in in-plane problems
is discretization. Discretization brings about
several questions to be answered which do not
exist in continuum. They include dispersion,
cut--off frequency and parasitic oscillation ot
elastic wave motion which are caused by discre—
tization. Their effect on the final result is
systematically discussed by J.B.Liu(1989).
Discretization produces error in computatiuv:
and further results in destability. We should
note that the result by discrete model is valil
only under certain frequency ( that is , the
cut-off frequency). This is important in modi
fying transmitting boundaries in order to get
stable and accurate results, Further results

on these topics may be found in the article by
J.B.Liu(1989).

For the clarity and concreteness of the conc—
lusions made in this article we make the fol-
lowing assumptions: (1) the problem considered
is a source problem with a cavity while the

source is acting directly on the surface of the
cavity; (2) the computational formula for inner
nodes adopts the pattern by an explicit finite

difference—finite element method (further des—

cription of the formula may be found in the
paper by J.B.Liu(1989)); (3) the application
form of the artificial boundary also takes the

form of explicit finite difference in order to
match that for inner nodes. We will concentrate
here on the accuracy and stability in the ap-
plication of artificial boundary.

l. Superimposing Boundary

Compared with free or fixed boundary the super—
imposing boundary increases the accuracy of
computation, but wave field reflected from the
boundary is still obvious, which means that the
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accuracy of the superimposing boundary should
be improved. We think there are two reasons why,
the superimposing boundary is not accurate e
rnough. One is that the superimposing boundary
requires the reflected wave field to be plane
waves, but the real reflected one is cylindri
cal in a short distance from the boundary ac-
cording to Hyghens’ priaciple. The other is
that for a source problem the input wave field
can not be a plane one. The advantage of the
superimposing boundary is that it scarcely
causes destability.

2. Transmitting Boundaries

Generally the accuracy of transmitting bound -
aries is very high. The problem is that they
often lead to destability of the computation.
For a source problem the destability is often
caused by high frequency wave motion in the

iscrete grids., J.B.Liu(1989) has clarified in a
one-dimensional model that the destability is
caused by multi-reflections in the discrete
model, and the multi-reflection results from
small error introduced at the boundary. This is
because transmitting boundaries are highly
sensitive to the change of the input wave field
Presently there are two ways to treat this kind
of destability. The first is the filteration of
high frequency wave motion, that is , the fil-

tering of high
ified equation

frequency wave motion by a mod--
in a discrete model. This modi-
fication bases on two recognitions of wave mo
tion in a discrete model: (1) discrete model
can only simulate wave motion under the cut-off
frequency; (2) destability is often caused by
high frequency wave motion in discrete models.
The modification can be written as (valid for
all the nodes in the: boundary region except

those at the boundary)
U, = r,u, + Cl=-r,)Cu, ., 4u, ., ) 2 4)
where r, is the modification factor with rea-

sonable range 0.5+ 1.0,
subscript of u indicates the node number. The
second way to treat destability may be called

as the modification of inhomogeneous wave field.
This is to restrain the amplification of inho-
mogeneous wave motion at the boundary nodes.

u the displacement,

Modification of the displacement at nodes in
the boundary region except those at the bound-
ary could be put as the following

U, ., = u, ., xr', 5
where L is the boundary node number, r; a modi-—

fying factor with reasonable range 0.5+ 1.0.
Numerical results demonstrat that the above two
treatments have very good effect on stablizing
the computation without any noticable change

of the accuracy.

3. Viscous Boundary and Paraxial Approximation

For viscous boundary when the velocity is ex-

panded by central difference method in time
domain the computational formula is stable and
fairly accurate, other forms of explicitly ex—
panding the velocity cannot result in stable
computation. For paraxial approximation dire—
ctly expanding the approximation equation by
explicit finite difference method cannot lead



to stable computation. This may be due to the
fact that the computational pattern at the
boundary does not match that at inner nodes.
Expanding the approximation by explicit finit:

element method still produces not very accurate

results. This brings about a problem to be
solved: how to implement the paraxial approxi-
mation in the explicit finite element computa-

tion.

4. Infinite

lement

Application of infinite element in time domain
can only consider the decaying factor but lea-
ves out the wave propagation factor, thus the

result is surely not accurate enough. Further

research demonstrates that the infinite element
method is not accurate compared with the other
artificial boundaries, This conclusion is par—
ticularly true in time domain computation (This
is vatlid for dynamic mapping infinite element).

SUMMARY
In the above sections we have discussed in
various aspects the relations, errors, sta-

bility and application of the most widely used
artificial boundaries. From the analysis we
can conclude that the derivation and applica-
tion of any artificial boundary have to under-
go the following steps: (1) decomposition of
wave field ( this step is sometimes directly
realized in the numerical compiutation, the ob-
jective is 1o identify the direction of wave
propagation ); (2) approximation of the out-
going wave field ( this is the artificial
boundary condition ); (3) error analysis of the
approximation; (4) wppli- :tion and stability

analysis of the approximation in in-plane prob--
lems; (5) numerical test of the approxiamtion
and effective method to stablize the computa--

tion. Dissatisfaction of any requirement in the
five steps compells the proposer of artificial
boundary to reconsider the decomposition of
wave field and the approximation of the out-
going wave field thus enables researchers to
propose better and more applicable artificial
boundaries. The author thinks that the artifi-
cial boundaries proposed presently have basi-
cally met the requirement of numerical analysis
in engineering. The main objective at the pre—
sent time is to apply and implement the already
existent method, especially the solution to the
problems related to stability. Whereas, with
the development of science and technology new
artificial boundaries will be proposed. No
matter what form the artificial boundaries
adopt when they appear, they are always to
achieve the same goal: to realize the conti-
nuous conditions at
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