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Proceedings: Second International Conference on Recent Advances In Geotechnical Earthquake Engineering and Soli Dynamics, 
March 11·15, 1991 , St. Louts, Missouri, Paper No. 8.20 

M-FEM Hybrid Analysis for Topographical Site Response 
aracteristics 

-ifrokazu Takemiya, Professor, Department of Civil Engineering, Okayama University, Okayama, Japan 
·111asakl Ono, Hazama-Guml, ltd., Tokyo, Japan 
(iyotaka Suda, Hazama-Gumi, Ltd., Tokyo, Japan 

SYNOPSIS: This paper concems an amplification of seismic ground motions by a certainly shaped 
surface soil deposits in view of its topographical configuration. Different hybrid meth?ds of. the 
boundary element method (BEM) and the finite element method (FEM) are used for the two-dtmens•onal 
(2-D) analysis. In the analysis, the far field impedance is first evaluated by BEM then it is incorporated 
Into the near field FEM analysis based on the weighted residual method. The steady state responses for 
different types of harmonic incident waves are investigated. Some useful findings are pointed out in 
comparison with the one-dimensional (1-D) results. 

INTRODUCTION 

Observations from past earthquake damages are very indicative 
of the surface soft soil amplification for the seismic waves from 
the rock-like base level. The vertical shear wave propagation or 
the 1-D theory, for instance the computer code SHAKE 
(Shnable et al. . 1972) has been dominantly employed for 
evaluating such surface soil amplification. However, in view of 
the surface/subsurface irregularities such as a canyon or an 
alluvial valley , the 2-D modeling should be made. Such 
analysis started on the antiplane motion for its simplicity; the 
analytic solution by Trifunac (1973), Wong and Trifunac (1974); 
the discrete wave number solution by Aki and Larner (1970), 
and Campillo and Bouchon(1985); the direct boundary element 
method (DBEM) by Wong and Jennings (1975), the indirect 
boundary element method (IDBEM) or source potential method 
by Sanchez-Sesma and Esquivel (1979)· Dravinski (1982)· 
Shinozaki (1988); and the hybrid method between the BEM for 
the far field and the finite element method (FEM) for the near 
field by Toki and Sato (1983). These literatures pointed out the 
significance of the surface I subsurface effect on the wave 
scattering through the frequency domain analysis . The 
investigation for inplane motion was then addressed by DBEM 
by Kobayashi ( 1983). and Abascal and Dominguez (1984); by 
IDBEM by Wong (1982)· Dravlnski and Mossessian (1987)• 
Vogt at el. (1988); and recently by the hybrid method of FEM 
and IDBEM by Mossesslan and Dravinski (1987), Khair, Datta 
and Shah ( 1989). Introducing source potentials to interpret 
scattered wave field. which takes account of the semi-infinity 
condition of a halfplane automatically, is an effective solution 
method but some due care should be taken for the source 
position and its numbers. The author's recent paper (Takemiya 
and Arioka, 1990; Takemiya et al. , 1990) gives information 
about these. 

In the companion paper (Takemiya et al. , 1990), the wave 
scattering analysis due to topographical boundary condition is 
executed for a harmonic steady state. Besides the DBEM, the 
so-called hybrid procedure of the BEM for far field and the FEM 
for near field of irregular surface soil deposits is developed 
based on the weighted residual concept to make use of the 
advantages of the respective method in the modeling. The 
substructure approach is taken in the computation process: first 
the far field impedance function is computed and then 
incorporated for the FEM near field analysis . Different 
formulations are employed; one is the OBEM application along 
the interface between near and far fields, the other is the 
application of the IDBEM which takes certain offset sources as 
intermediate unknown parameters. 

Herein, the point of investigation is addressed to Interpreting 
the effect of 2-D site topography with regard to incident wave 
types and wave length and to clarifying the situation where the 
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1-D analysis can be applied to compute the soil 
amplification. The trapezoidal-shape soil de~;>osits, as. illustr.ated. 
in Fig.1. is considered at some representative non-dtmenstonal 
frequencies as defined by the ratio 11 of the surface width of soil 
deposit 2A to the incident wave length, i.e. 11 .. 2A/').. . !he 
comparative studies are made for the different Green .tun,cnons 
to be used; i.e ., the solutions for concentrated /dtstnbuted 
source forces for a uniform /layered halfplane in addition to the 
Stokes' solution for a full space. For seismic analysis, different 
types of incident lnplane waves such as SV, P and Rayleig~ 
waves are assumed. Special attention has been paid to the so1l 
layering with regard to the aspect ratio BID of soil deposit width 
B to its depth D to see the difference of 2-D response from that 
of 1-D analysis for the frequency range of seismic viewpoint. 
The numerical results for the surface displacement are very 
indicative of the topographical configuration of the soil deposits 
for incident waves under certain situation. 

2A' 
~ I 

- 2Asz.._ 

Seismic waves 
Dimens ionless frequency 
'1 • 2al>..a - kaA/n - (2a/V o.) f 

for a ~ s,p wave 
Fig. 1 Topographical site model 

SUBSTRUCTUE FORMULATION 

Suoernosition of waye fields 
The soil domain to be analyzed is substructured into the surface 
soil deposits and the surrounding far field. The input seismic 
motion is prescribed as an incident wave to be defined at the far 
field (denoted by superscript f). The presence of the surface soil 
deposits with subsurface topography, reflecting the incident 
waves at the interface with the far field, generates scattered 
waves (denoted by the superscript s) in the far fie ld. The near 
field is composed of the transmitted waves and the reflected 
waves from the free surface and the total wave field is defined 
as refracted wave field. See Fig.2 . Thus, the displacement and 
traction representation becomes as 

u=ur+u 5 tetf+t' ( I ).( 2) 



The scattered wave propagation of the far field, presumably 
comprising uniform or uniformly layered soils, is modeled by the 
BEM either by the direct method or by the indirect method with 
source force application. The near field, on the other hand, 
comprising nonhomogeneous soils and normally includes 
structures, is modeled by the FEM. The weighted residual 
technique is used to advantage to formulate the coupling 
between these FEM and BEM domains. 

BEM for exterior domain 
(i) Direct BEM 
Based on the Somigliano equation, we get the following 
boundary integral equation for the scattered wave field in the 
exterior domain. 

cu(x) + J~ G 1(x,y)u•(y)ds(y) = J~ Gu(x,y)t"(y)ds(y) 

(3) 
in which Gu and Gt are the Green functions for displacement 
and traction , and ub and tb are the unknown displacement and 
traction on the interface Sb and c is the so-called free term. The 
discretization of Eq.(3) with the interpolation function, Nu and N1 

f ~t 
u~(y) =N u(Y) iib, tL(y) =N t(Y) tb 

Ub(y) =Nu(y) llb, tb(y) =Nt(Y) lb 
(4),(5),(6),(7) 

can be expressed as 
........._5 "'S 

Hub= G tb (8) 
or in terms of the total wave field 

~ ~r ~ ~r 
H(u -u) =G(t -t ) (9) 

in which G and H are computed elementwise from the integral 
of the product of Gu and Nu, and G 1 and N1, respectively. For 
singular elements, the subelement technique is used for the 
Cauchy principal integration. The diagonal terms of H are 
computed from the static rigid body condition. Care should be 
taken for the infinite domain with inclusion of an elastic domain 
in contrast to the one with a cavity inside. If the 
Stokes solution is used for the kernel function in Eq.(3), 
additional nodes should be placed on the far field surface 
(denoted by subscript f). The latter nodes which makes the free 
field are differentiated from the interface nodes (by subscript b) 
so that 

Condensing out the free field nodes "b" and leaving the 
interface nodes T only yield the traction at the interface S as 

( 11) 
with 

Gb= Gbb-Hfb (H!f}-1Gfb Hb=Hbb-Hbt (Hif)-1Hn, (12),(13) 

If the halfplane Green function is used, no need to place the 
free surface nodes F for the far field, so that 

tb=(Gbb)- 1Hbb iib-kGbb)- 1Hbb ii~ - t~) (14) 

(ii) Indirect BEM (Source force method} 
We assume that the scattered wave field will be reproduced by 
imposing appropriately distributed fictitious force p(x) on a 
surface s· (S' would be located on the interface S but may be 
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Incident Wave 
Ut"' 

z 

Reflected Wave 
U1"' 

Fig.2 Wave scattering by alluvium deposit 

offset by a small distance e; from it from the computationc. 
reason) in the free field. The relevant Green functions to 
displacement Gu(Y ,x) and traction G 1(y ,x) for point I uniform! 
distributed forces are referred to the authors paper !Takemiy 
and Arioka, 1990.a, b) Then. the displacement uP and tractio 
tP at any position y are evaluated as 

u~(y)=Js· Gu(y,x) p(x)ds(x) t~(y)=Js_G1(y,x) p(x) ds(x) 
(15),(16) 

The unknown forcing function p(x) will be determined from th' 
weighted residuals equations as stated below. 

FEM for interior domain 
The FEM formulation starts with the virtual work equation in thl 
concerned domain. 

JvBeTo dv = JvBuT{-pw2)udv + IsBuTp ds (1?) 

in which s =stress, e; =strain, u =displacement, P =density, o( )': 
mean the virtual quantities. After discretization we get thr:: 
governing equation as 

I on orb j I lii\ = 1 o } 
l oci ncb \ubi \ NTtCds (18) 

in which D's defining the dynamic stiffness matrices 

(19) 
with Mn, en and Kn denoting. respectively the mass, dampin!.. 
and stiffness matrices, all of which are derived from the 
standard procedure, and L= imaginary unit. 

Hybrid approach 
The governing equation of the coupled system for the abovE 
BEM and FEM domains is made such that the degrees of 
freedom (DOFs) of the FEM are maintained and the far field 
impedance function derived from the BEM analysis, which is 
compatible with the DOFs of the interface boundary, is 
substituted in the former equation. The weighted residual 
equations for displacement and traction are used for this 
purpose. 

Is wJ(y Xub,BEM - llb,FEM) ds(y) = 0 

Is wf(y Xtb,BEM+ tb,FEM) ds(y) = 0 

(20) 

(21) 
in which wd(y) and w 1(y), defining the independent weight
ing functions, respectively, for displacement and traction. are 
adopted as follows: 

Wd(y) = t~(y) and Wt(y) =ub(y) (22),(23) 



i) For the direct BEM approach, Eq.(20) is automatically 
.atisfied so that Eq.(21) only is claimed. This converts the 
·action into the FEM nodal forces. 

LCtL +t~ ) = pg (24) 

1 which L denotes the transformation matrix of L=f N~N.ds 
·he impedance matrix for the far field is then defined as 

K~b = L o·1H (25) 
-ience, the total governing equation is obtained. 

l 
ii) For the indirect BEM approach, after discretization, Eqs.(20) 
:~.nd (21) result in 

oTp + H(u~ - UbF 0 HTP + P~+P~= 0 
(27),(28) 

The matrices G and H are properly defined when Eqs.(22) and 
(23) are substituted and computed elementwise. Eliminating 
the unknown force intensities P from Eqs.(27) and (28) derives 
the far field impedance Kbb. and the effective input forces Pb1to 
the FEM domain. Hence, the total governing equation results. 

l (29) 

with 

(30) 

NUMERICAL ANALYSIS AND DISCUSSION 

The validation of the present hybrid method is made by 
comparing the results with the available ones for a half-circular 
soil deposit and a canyon for different types of incident 
waves(Dravinski and Mossessian, 1987; Wong, 1982; Takemiya 
and Arioka, 1990). After confirming the accuracy, the parametric 
study is conducted for the trapezoidal shaped layered soil 
deposits on a uniform halfplane base. The dimensions and the 
soil properties are described in Figs.3 and Table 1. The models 
of different aspect ratios BID =1.3 and 2. 7 are investigated. The 
types of the incident waves considered are the P, SV body 
waves of various angle of incidence, and the Rayleigh surface 
wave. The main parameter in focussing our attention to the 
deposit's behavior is the dimensionless frequency T)-2AIAsv
(2AJV

5
)f or T)•2AIAp=(2AJV5 )f in which 2A is the surface width of 

soil deposit, Asv is the S-wave length, Ap is the P-wave length 
for the far field halfplne and f is the frequency concerned. 

For the DBEM the Stokes solution for a full space is adopted so 
that a certain number of additional nodes must be placed on the 
far field surface adjacent to the near field in order to make a free 
surface (see Fig. 3.a).In the IDBEM, the Green function_ of the 
Lamb type solution for a layered halfplane due to a un1!ormly 
distributed source force is effectively employed (Takem1ya, et 
al 1990· Takemiya and Arioka, 1990a, 1990b). These sources 
ar·~ offs~t from the actual boundary by around 1/6 of the wave 
length concerned (see also Fig.3.~). Not~ that the F~M 
modeling is taken to cover a neighbor!ng port!on of the far f1eld 
as a transit area from near field to far f1eld. Th1s treatJ:nen~ works 
for improving the solution accurac~ when. the ~011 sbffnes;; 
changes drastically from near to far fields. Lmear tsoparametnc 

elements are used in discretizing both the BEM and FEM 
domains . 

The 1-D model is first considered to get a general crude insight 
about the behavior the soil deposits and the resulting surface 
resonance curve is depicted in Fig.4. In view of the fundamental 
frequency f 1 , the value of Tl is assumed as from 0.25 through 3 
for the 2-D analysis. The latter results are shown in Figs. 5 
through 7 for the Case 1 in which the surface response of the 
soil deposits is presented in a normalized form by the far field 
surface response (the scale at the left hand side) and by the 
surface response of the horizontally layered soils without 
topographical consideration (the scale at the right hand side). 
Note that the computation accuracy among the methods is quite 
well for frequency range up to T)=3 for SV wave and Rayleigh 
wave incidence and up to Tl=2 for P wave incidence. This may 
be interpreted from the fact that the actual frequency w=21lf for P 
wave is about two times larger than that for SV wave when the 
nondimensional frequency Tl is kept to a constant value. If the 
more deliberate source numbers and their location are taken, 
the better matching between IDBEM and DBEM will be 
expected. However, as far as our attention is focussed to 
extended structures on soft soil deposit, the value of , may be 
confined as , say T)<2. 

From the topographical site analysis for D/H=1 (Figs.5 though 
7), it is clear that the surface response is significantly 
characterized by the type of incident waves and by the angle of 
their incidence. The effect of the dimensionless frequency is 
also remarkable. For vertical SV wave incidence at low 
dimensionless frequency, the response mode with only one 
peak results at the center of soil deposits surface which is about 
two times greater response than the far field surface response, 
while at high dimensionless frequency the response mode with 
multiple peaks appears, giving the greater values at the ends of 
soil deposits surface than the far field surface response. The 
vertical response component is generated significantly as the 
frequency grows, say Tl > 1 at the surface over oblique base. 
The effect of incident angle increases also the response at the 
surface over the oblique base; at Tl=l more than two times 
greater value of the far field response results. The same 
tendency can be observed for P wave incidence with reversing 
the horizontal and vertical components. The Rayleigh wave 
incidence yield different amplification than the oblique SV wave 
incidence, although both have a propagation effect in horizontal 
direction. Therefore, the response for a Rayleigh wave may not 
be replaced by an oblique SV wave incidence. 

In order to see the topographical effect on the behavior of soil 
deposits, the comparison is made between the 2-D and 1-D 
analyses. Figs. 8 and 9 show the vertical response profiles for 
the aspect ratio BID= 1.3, 2. 7, respectively. We note that for the 
soil deposit of small aspect ratio B/D= 1.3, the presence of the 
oblique subsrface leads the more deviated response profiles 
than the 1-D solution except at very low frequency due to the 
wave scattering, while the case for the aspect ratio B/D =2. 7 
gives rise to the almost same response profile with the 1-D 
amplification in the low to intermediate frequency range. We 
may state that for the portion of layer longer than the distance 
B/D >3 the 1-D analysis may valid around the predominant 
surface layer frequency f 1 from the 1-D analysis. And the 
subsufrce topography tends to increase the surface response 
over the flat base in the higher frequency range above f1 while 
decreases it below f1• 
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Figs. 1 0 indicates the effect of the soil deposits depth on the 
surface amplification for the Case 1 with D/H as a parameter. 
Clear difference is observed according to this value. The fact 
that the highest peak is attained by different topography at 
different frequency may be interpreted by the resonance of the 
surface alluvium deposit, and also the drastic change of the 
response mode for D/H = 1.0 from Tl = 0.5 to 1.0. 

CONCLUSION 

The advantage of the hybrid method between BEM and FEM is 
noted for the seismic analysis of topographically certain-shaped 
overlying soil deposits on a halfplane base. Indirect and direct 
BEM approaches give an excellent matching for the surface 
response evaluation in the dimensionless frequency (wave 
length v.s.soil deposit surface width) important for the analysis 
of extended civil engineering structures. From the parametric 
study, the site topographical effect, which is indicated as the 
difference from the far field response and also from the 1-D 
response analysis of the concerned soil deposits, is clarified 
with respect to the incident wave type and its angle of 
incidence and to its dimensionless frequency. 
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Table 1 So i 1 Prooert i es 

Shear velocit Densi tv !Damp inc Poisson rat in 
Alluvium 
Deposit 200 m/s 1.60 t/m3 0.10 0.45 

Far Field 500 m/s 2.00t/rrt 0.02 0.35 
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Fig. 4 Resonance curves from 1-D analysis for Case 1 
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