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ABSTRACT

In networked control systems (NCS), wherein a communication network is used
to close the feedback loop, the transmission of feedback signals and execution of the
controller is currently carried out at periodic sampling instants. Thus, this scheme
requires a significant computational power and network bandwidth. In contrast, the
event-based aperiodic sampling and control, which is introduced recently, appears to
relieve the computational burden and high network resource utilization. Therefore, in this
dissertation, a suite of novel event sampled adaptive regulation schemes in both discrete
and continuous time domain for uncertain linear and nonlinear systems are designed.

Event sampled Q-learning and adaptive/neuro dynamic programming (ADP)
schemes without value and policy iterations are utilized for the linear and nonlinear
systems, respectively, in both the time domains. Neural networks (NN) are employed as
approximators for nonlinear systems and, hence, the universal approximation property of
NN in the event-sampled framework is introduced. The tuning of the parameters and the
NN weights are carried out in an aperiodic manner at the event sampled instants leading
to a further saving in computation when compared to traditional NN based control.

The adaptive regulator when applied on a linear NCS with time-varying network
delays and packet losses shows a 30% and 56% reduction in computation and network
bandwidth usage, respectively. In case of nonlinear NCS with event sampled ADP based
regulator, a reduction of 27% and 66% is observed when compared to periodic sampled
schemes. The sampling and transmission instants are determined through adaptive event
sampling conditions derived using Lyapunov technique by viewing the closed-loop event

sampled linear and nonlinear systems as switched and/or impulsive dynamical systems.
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SECTION
1.INTRODUCTION

The advent of embedded processors spurred research on digital implementation of
the controllers. Traditionally, the sampled data [1] and discrete-time control [2] frame
works are used for this purpose because of the well-developed theory. In the sample data
system approach [1], a continuous-time plant is controlled by a discrete time controller
whereas in a discrete time control [2] the system itself operates under discrete-time mode.
In both the schemes, a periodic, fixed sampling time, decided a priori, is used for
sampling the feedback signals and controller execution. This fixed sampling time is, in
general, governed by the well-known Nyquist sampling criterion by considering the worst
case scenario. The wide spread application of this sampling scheme is due to the ease of
analysis with the numerous available techniques in the literature.

On the other hand, this periodic sampling leads to ineffective resource utilization
[3] with higher control cost for dynamic systems having limited computational capability.
The problem aggravates in the case of systems with shared digital communication
network in the feedback loop, referred to as networked control systems (NCS) [4]-[7],
due to limited bandwidth. The periodic sampling and transmission further escalates the
problem with network congestion leading to longer network induced delays. Furthermore,
this periodic sampling and transmission of feedback data and controller execution is
redundant in situations when there is no significant change in overall system performance
and the system is operating with desired output.

As an alternative, to alleviate the burden of needless computational load and

network congestion, various sampling schemes [8]-[12] were proposed. In the recent



times, performance based sampling schemes are developed to reduce the computational
cost and formally referred to as “event-triggered control” [13]-[25]. This sampling
scheme decides the transmission and controller execution instants when there is a
significant change in the system state or output errors that can either jeopardize the
stability or deteriorate the desired performance. This requires an additional hardware
device, referred to as trigger mechanism, to evaluate the event-triggering condition which
orchestrates the sampling instants or simply events. Since, the objective of this sampling
is controller execution, not for signal reconstruction, this is equally applicable for both
continuous [14]-[23] and discrete time systems [24]-[26] to either regulate the system
state vector to zero [14]-[17] or track a desired trajectory [18]. A general layout of a

discrete time event-triggered system is shown on Figure 1.1.

X | Trigger
"| Mechanism

‘)(kr k
“: | EventSampled | % 20l Y |

Controller

Plant

» ZOH

A 4

bl

e

Figure 1.1 Block diagram of the discrete time event sampled control system.

In the case of a continuous-time system, the sensor measures the system state or
output vectors continuously and the trigger mechanism determine the sampling instants
by evaluating the event-triggering condition [14]-[18]. The event-triggering condition is
usually a function of the state error, referred to as event-triggering error, and a suitably

designed state dependent threshold [14]. The feedback signals are transmitted and control



is executed when the event-triggering error exceeds the threshold. Lyapunov stability
technique or its extensions are used as the work horse to design the event-triggering
condition that ensures the stability and desired performance of the system.

In the discrete-time case [24]-[26], the sensor measures the system state or output
and the trigger mechanism evaluates the event-triggering condition at every periodic
sampling instant and a decision is made whether to transmit or not. The feedback data are
transmitted and controller is executed only at the violation of the event-triggering
condition. In both continuous and discrete time cases, the event-triggering instants or
simply the events turn out to be aperiodic in nature and, hence, save computational load
and bandwidth usage. These inherent advantages of event-triggered control is proven to
be more beneficial in large scale systems such a decentralized systems [28]-[31], multi
agent systems [32]-[33], and cyber-physical systems [34] to name a few.

A similar approach called self-triggered control [35]-[36] is also developed for
systems where the extra hardware for the trigger mechanism is hard to implement. This
software based scheme, which is a special case of the event-triggered control, predicts the
sampling instants by using the previously sampled data and the dynamics of the system.
Hence, a continuous evaluation of the event-triggering condition is not necessary. The
analysis of the self-triggered [35]-[36] system is similar to that of the event-triggered
control and is outside the scope of this dissertation. Next, a detailed overview of the
event-triggered control schemes available in the literature is presented and the motivation

behind this research is discussed.



1.1 OVERVIEW OF THE EVENT-TRIGGERED CONTROL

The study of aperiodic sampling for sampled data control dates back to the late
fifties and early sixties [8]-[12] and was first studied in [8] for quantized systems to share
the communication channel without increasing its bandwidth. Moreover, a state based
adaptive sampling method for sampled data servo mechanism is proposed in [9] where
the adaptive sampling rate is controlled by the absolute value of the first derivative of the
error signal. Lately, this aperiodic state dependent sampling is studied under various
names, such as, multi rate sampling [10], interrupt driven triggering [11], level triggered
sampling [12]. Recently, this scheme is studied under a formal name of event-triggered
sampling [14]-[41], [43]-[44] and various theoretical [3], [14] and experimental [13], [16]
results emphasizing its inherent advantages, in computation and communication saving,
are available in the literature.

In the last few years, theoretical results started to appear in the literature for both
deterministic [14]-[35] and stochastic [38] event-triggered control and thereafter various
controller designs are introduced. A majority of the theoretical results on event-triggered
control both for linear and nonlinear systems are available for deterministic systems [14]-
[35]. In general, the emulation-based approach [14]-[15], [18], [30] is used for the event-
triggered system design. Emulation based design in the sense that the continuous
controller is presumed to be stabilizing and an event-triggering condition is developed to
implement the controller such that the stability and certain level of performance are
maintained. In the earlier works [14]-[15] the system was assumed to be input to state
stable (ISS) [49] with respect to the measurement error, and event-triggering conditions

are designed to reduce computation and guarantee asymptotic stability. A non-zero



positive lower bound on the inter-event times is also guaranteed to avoid accumulation
point and Zeno behavior. On the other hand, the stringent ISS assumption is relaxed by
assuming the asymptotic stability of the continuous system by the authors in [18], [20].
The event-triggered control approach is also extended to accommodate other design
considerations, such as, output feedback design [20], [23], [39], decentralized designs
[28]-[31], and trajectory tracking control [18].

The event-triggered control approach is further extended to the discrete-time case
[24]-[26] where the sensor senses the system state periodically in a time triggered
approach and the transmission of the feedback signals and controller execution are done
at the event-triggering instants. A major advantage of the discrete time event-triggered
control is that the minimum inter-event time is always guaranteed and is the periodic
sampling interval of the discrete time system [26]. Similar to the event-triggered control
in a discrete time domain, a periodic event-triggered control approach for continuous-
time systems is presented in [7]. The triggering condition is evaluated periodically with a
fixed sampling interval and the transmission decision is made at the violation of the
condition. This design frame work enforces a positive lower bound on the minimum
inter-event times. The stability analysis is carried out using three different modelling
techniques used for hybrid systems such as impulsive system, piecewise linear systems,
and perturbed linear systems. In all the above design approaches the system state or
output and the control input are held between two consecutive events by a zero order hold
(ZOH) for the implementation purpose.

In a second event-triggered approach [17], [24], [44], a model of the system is

used to reconstruct the system state vector and, subsequently, used for designing the



control input. As the control input is based on the model states, no feedback transmission
is required unless there is a significant change in the system performance due to external
disturbance or internal parameter variation. In the area of model-based event-triggered
control design, the authors in [17] used an input generator as a model to predict the
system state and compute the control. Further, the authors in [44] consider the nominal
dynamics of the system with uncertainty, usually of smaller magnitude and bounded, to
form a model. The asymptotic stability was guaranteed by designing the event-triggering
condition. A discrete-time model based approach is also presented in [24] for systems
subjected to disturbance. Two modelling approaches (perturbed linear and piecewise
linear system) are used to analyze the stability and global exponential stability with

certain |, gain is guaranteed via linear matrix inequalities (LMI) based conditions. It is

observed that the model-based approach reduces the number of events or transmissions
more effectively when compared to the ZOH based approach, but, with a higher
computational load due to induction of the model.

The ETC scheme is also extended to NCS with inherent network constraints [30]-
[31], [34], [37], [40]-[41] such as constant or time varying delays, packet losses and
quantization errors. In these design approaches, the event-triggering condition is tailored
[30]-[31] to handle the maximum allowable delays, packet losses [30] and quantization
error for both state and control input [37] so as to ensure stability. From optimal control
point of view in the event-triggered context, a few results are available in the literature
[21], [40]-[42]. Optimal event-triggered control for stochastic continuous time NCS is
presented in [41]. The problem is formulated as an optimal stopping problem and an

analytical solution is provided. The optimal control in an constrained networked



environment is studied in [42]. Further, the authors in [40] extended the work to event-
triggered control frame work and characterized the certainty equivalence controller to be
optimal in a linear quadratic Gaussian (LQG) frame work. The optimal control input and
the optimal event-triggering instants are designed using the separation principle.

Despite these results from the literature on event-triggered control, all these
schemes consider either the complete knowledge of the system dynamics [14]- [24], [26]-
[39] or system with a smaller uncertainty [25], [44] with known nominal dynamics. In
contrast, an L1 adaptive control scheme with known nominal dynamics is proposed in
[43] where an adaptive law is used to estimate the uncertainty. Therefore, a
comprehensive theory for the adaptive event-triggered control of a complete uncertain
system is yet to be developed. Moreover, the optimal solution of the event-based control
[21], [40] requires the system dynamics and backward in time solution of the Riccati
equation making it difficult to implement. Thus, a forward in time and online solution to
the optimal control problem in an event-triggered context is still an open problem.

In general, adaptive dynamic programming (ADP) [51], [59] and Q-learning [45],
[50], [57] based schemes are used for a forward-in-time solution to the optimal control
problems. The ADP was proposed by the authors in [51], [53], [59]-[60] and later became
popular with various other names such as approximate dynamic programming (ADP)
[60] and neuro-dynamic programming (NDP) [53]. These schemes in general use online
approximator based parameterization and value and/or policy iterations [55], [60] to solve
the Bellman or Hamilton-Jacobi-Bellman (HJB) equation to obtain the optimal control.

The policy iteration based techniques require a large number of iterations to

maintain the stability [54]. Therefore, online implementation of these iterative schemes



are computational intensive and not practically viable. In contrast, [54], [61] proposed a
time-based scheme to solve the ADP based optimal control in an on-line manner for
discrete-time nonlinear systems. The time histories of the cost-to-go errors were used for
the approximation of value function. A similar time-based technique is presented in [45]
for linear networked control systems (NCS) in a stochastic framework by using Q-
learning. In both the approaches, learning of the value function [54] or the Q-function
[61] and controller executions were carried out periodically at every sampling instant.
However, as mentioned earlier, the periodic sampled controller schemes will lead to
higher cost for systems with limited computational and communication bandwidth
resources. Therefore, an event sampled ADP and Q-learning scheme is needed for
effective control of systems with sparse resources.

Motivated by the above facts, in this dissertation, a suite of novel event sampled
adaptive control designs for uncertain linear and nonlinear systems is presented. The
adaptive event sampled design is extended to event sampled optimal adaptive control
schemes using ADP and Q-learning techniques with limited feedback information for
systems with completely unknown dynamics. Adaptive and neural network based
learning methods with intermittently available information are used to learn the unknown
parameters/dynamics and a forward in time solution is presented. Lyapunov stability
analysis is used to guarantee stability of the closed-loop event sampled systems. Next, the

organization of the thesis is presented.

1.2 ORGANIZATION OF THE DISSERTATION

In this dissertation, event sampled adaptive regulation schemes of uncertain linear

and nonlinear systems are developed. The proposed designs use event sampled



transmission of feedback data, parameter/NN weight update schemes, and controller
execution to effectively utilize the available resources, such as communication network
bandwidth and computational capability. The event sampling or transmission instants are
determined using adaptive conditions designed by using Lyapunov stability theory. The
dissertation consists of five papers and each paper portrays a sequential development of
the research work as outlined in Figure 1.2. The first three papers present the event
sampled stable and optimal adaptive regulator designs for discrete time systems both for
linear and nonlinear systems with applications to NCS. The last two papers extended the
event sampled paradigm to continuous time domain where event sampled stable and near
optimal regulators for nonlinear continuous-time systems are designed.

The first paper presents a novel event sampled optimal adaptive state and output
feedback control scheme for uncertain linear discrete-time systems. The infinite horizon
optimal control for both the state and output feedback is solved by using the event
sampled Q-learning and adaptive dynamic programming technique. The designs do not
require the knowledge of system dynamics and compute the event sampled optimal
control input in a forward in time and online manner without using any value/policy
iterations. Further, the Q-function parameters are updated only at the event sampling
instants with intermittently available state and control input vector. The asymptotic
convergence of the system state vector and the parameter estimation error is proven by
using Lyapunov analysis by designing novel adaptive event sampling condition for both
the schemes. This adaptive event sampling condition guarantees the accuracy of the
parameter convergence with reduced computation. The event sampled Q-learning scheme

is applied to NCS represented as continuous time linear system with inherent time-
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varying network induced delays and random packet losses. The randomness of the delays
and packet losses leads to a stochastic time-varying discrete time system. Therefore,
event driven Q-learning developed Paper | is analyzed in a stochastic frame work and
asymptotic stability in the mean is guaranteed with reduced computation and
communication. The results are placed in Appendix A.

On the other hand, in the second paper, a nonlinear discrete-time system in
Brunovsky canonical form is considered where the dynamics are considered unknown.
First, the universal approximation property of neural network (NN) is revisited in an
event sampled context. The event sampled approximation is subsequently used to design
an adaptive state estimator (SE) to approximate the system dynamics and estimate the
state vector. The SE dynamics and state vector are utilized to obtain the control input,
during any two event sampled instants. In this case the event sampling condition turns
out to be a function of system state and NN weight estimates to facilitate approximation.
Further, the event sampling condition uses a dead-zone operator to prevent the
unnecessary triggering of events due to NN reconstruction error once the system state and
the NN weights converge to the ultimate bound.

In the third paper, a more general class of nonlinear discrete-time affine system is
considered and a novel technique to solve the finite horizon optimal control in an event
sampled paradigm is proposed. This proposed approach uses event sampled NN-based
identifier in conjunction with actor-critic NNs to solve the Hamilton-Jacobi-Bellman
(HJB) equation online. Similar to other papers, the event sampling condition is made
adaptive to ensure approximation accuracy and the ultimate boundedness (UB) of the

closed-loop system. This event sampled ADP scheme in an infinite horizon frame work
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is applied to nonlinear NCS with network induced time varying delays and packet losses.

Since the NCS leads to stochastic time varying system, as discussed earlier, stochastic

analysis is carried out for the actor critic frame work used in Paper Ill. Ultimate

boundedness in the mean of the closed-loop event sampled NCS with potential saving in

communication and computation is shown. The detailed stochastic design and results are

included in Appendix B.

Event Sampled Adaptive Regulation

Paper I: Avimanyu Sahoo and S. Jagannathan,\
“Adaptive Regulation of Uncertain Linear Systems
using Q-Learning with Aperiodic Parameter
Tuning,” under review with Automatica. )

Paper Il: Avimanyu Sahoo, Hao Xu, and S.\

Jagannathan, “Adaptive Neural Network-based

Discrete Time Event-Triggered Control of Single-Input Single-
Systems Output Nonlinear Discrete Time Systems,” revised
and resubmitted to IEEE Transactions on Neural

Networks and Learning Systems )

Control of Nonlinear Discrete-time Systems using
Neuro Dynamic Programming,” conditionally
accepted in IEEE Transactions on Neural Networks
and Learning Systems.

Paper Ill: Avimanyu Sahoo, Hao Xu and S.
Jagannathan, “Near Optimal Event-Triggered

Triggered State Feedback Control of Nonlinear
Continuous-Time Systems,” will appear in |EEE

Transactions on Neural Networks and Learning
Continuous time Systems.
System

Paper 1V: Avimanyu Sahoo, Hao Xu, and S.
Jagannathan, “Neural Network-Based Event-

Paper V: Avimanyu Sahoo and S. Jagannathan,
“Approximate Optimal Control Affine of Nonlinear
Continuous Time Systems using Event Sampled
Neuro Dynamic Programming,” to be submitted to
IEEE Transactions on Neural Networks and

Learning Systems.

Figure 1.2. Organization of the dissertation.
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In the last two papers, the event sampled designs of nonlinear continuous time
dynamical systems are presented. A multi-input multi-output (MIMO) nonlinear affine
system is considered in the fourth paper. An event sampled stabilizing control is
developed using approximate feedback linearization. A linearly parameterized neural
network is used to approximate the control input with event sampled feedback
information. The event sampling condition is derived using the estimated neural network
weights. The neural network weighs are updated as a jump at the event sampled instants
and held during flow period. Therefore, the continuous time event sampled system is
modeled as a nonlinear impulsive dynamical system to analyze the stability. The ultimate
boundedness of the closed-loop system parameters are shown using extension of
Lyapunov direct approach for impulsive dynamical systems. A positive lower bound on
the inter-sample times is also guaranteed to avoid accumulation point.

In the final paper, the stabilizing controller design is extended to optimal control
design by minimizing an infinite horizon cost function. Continuous time event sampled
adaptive dynamic programming is developed to solve the optimal control problem with
aperiodic sampled state and control input vectors. The value function, which is the
solution of the Hamilton-Jacobi-Bellman equation, is approximated using neural
networks and the weights are updated as a jump at the event sampled instants. A novel
identifier is also designed with event sampled approximation of the neural network. The
closed-loop stability is analyzed and ultimate boundedness is guaranteed by modelling
the closed-loop system as in impulsive dynamical system. A formula for the minimum

inter-sample time is derived to guarantee existence of the positive lower bound on the
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inter-sample times to avoid Zeno behavior or accumulation point. The contributions of

the dissertation are highlighted next.

1.3 CONTRIBUTIONS OF THE DISSERTATION

Traditional event-triggered control [13]-[44] as discussed in Section 1.1 are
developed with the complete knowledge of the system dynamics [13]-[24], [26]-[42] or
system with small bounded uncertainty [25], [44]. This made the problem rather simpler
when compared to complete uncertain systems which are more pervasive in practical
applications. Hence, event-based adaptive control schemes, where the controller adapts
the changes in the system parameters in an online manner, will be of more practical
importance. Therefore, the goal of this dissertation is to develop event-sampled
regulation schemes for systems with completely uncertain system dynamics and at the
same time retain the advantages of this approach in computation and communication
saving. The contributions in this dissertation are summarized as follows.

The first contribution is the development of an event sampled optimal adaptive
state feedback scheme for uncertain linear discrete time systems. However, the system
state vector many not always be available for measurement and, hence, there is a need for
the output feedback design. Therefore, an observer based optimal output feedback design
is also provided. Traditional optimal control design needs a backward in time solution of
Riccati equation [40], [48] or a forward in time iterative approach using policy and value
iteration [51], [60] to solve the optimal control problem with periodic sampling scheme.
In contrast, an event sampled Q-learning approach is developed with uncertain system
dynamics for both state and output feedback. Parameter tuning is carried out at the event

sampling instants only leading to an aperiodic update scheme to save computation when
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compared to traditional adaptive control [56], [58]. The traditional event-triggering
conditions developed for known system dynamics [13]-[40] are not suitable due to the
adaptive nature of the proposed system. With this effect, novel adaptive event sampling
conditions which not only guarantee the asymptotic convergence of system state but also
the parameter estimation error to zero are designed. Asymptotic stability of the closed-
loop system is demonstrated by using Lyapunov direct method. Further, application of
this event sampled Q-learning scheme for NCS with network induced time varying delays
and random packet losses is presented. A stochastic analysis of the event sampled Q-
learning approach is presented to design the optimal control policy for NCS.

The main contribution of the second paper is the development of a neural network
(NN) based event sampled adaptive regulation scheme for an uncertain nonlinear
discrete-time system. The universal approximation property of the NN is revisited and an
event sampled NN-based approximation is provided. In contrast with the model-based
approach for system with known dynamics [24]-[25], an event sampled NN-based
adaptive model design is presented. Further, aperiodic weight update scheme for the NN
weights at the event sampling instants is proposed to save computation when compared to
the traditional neural network based control. Moreover, the adaptive event sampling
condition is designed to ensure the uniform ultimate boundedness of the closed-loop
system.

The contributions of the third paper include the design of a finite horizon event
sampled optimal control scheme for a more general class uncertain nonlinear discrete
time system in affine form. Since the traditional time driven ADP schemes are

computational intensive, an event sampled ADP design is provided. A novel neural
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network based identifier is designed with event sampled availability of the feedback data
to identify the system dynamics. The event sampled actor-critic frame work with time
varying activation function to learn the finite horizon time varying value function is
presented. Similar to the other papers, novel NN weight update schemes which tune the
NN weights only at event sampling instants, to save computation, is proposed. The
ultimate boundedness of the closed-loop system is demonstrated by using the Lyapunov
technique and an adaptive event sampling condition. The application of this design
approach for NCS is included in the appendix which leads to a stochastic event sampled
ADP scheme. Finally, the ultimate boundedness for the event sampled system and
ultimate boundedness in the mean of NCS is proved using Lyapunov stability analysis.

The contributions of the fourth paper include the design of an event sampled
feedback linearized controller for continuous time nonlinear systems. The event sampled
approximation in a continuous time domain is developed to approximate the control input
using a linearly parameterized neural network. Non periodic update of the neural network
weights as a jump at the event sampling instant is proposed. A nonlinear impulsive
dynamical modelling of the event sampled system is presented. The adaptive event
sampling condition is designed using the estimated neural network weights to decide the
jump and flow periods. Ultimate boundedness of the system is also proved using
extension of Lyapunov technique for impulsive dynamical systems.

The contributions of the last chapter include the design of an event sampled
continuous-time adaptive dynamic programming based optimal controller. A novel event
sampled identifier design is presented. The online approximation of the value function

using event sampled HJB equation error is demonstrated. The impulsive modelling of the
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event sampled near optimal system is included to analyze the system during the sampled
instants and inter-sample times. The determination of the sampling condition in an
optimal control frame work is proposed which guarantees accuracy of approximation.
Finally, the ultimate boundedness of closed-loop parameters using the extension of

Lyapunov technique, for impulsive dynamical system, is also included.
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PAPER

I. ADAPTIVE REGULATION OF UNCERTAIN LINEAR SYSTEMS USING Q-
LEARNING WITH APERIODIC PARAMETER TUNING

Avimanyu Sahoo and S. Jagannathan
Abstract — This paper presents a novel Q-learning based optimal adaptive state and
output feedback control of uncertain linear discrete-time systems with aperiodic event-
based feedback information. Both dynamic programming (DP) and Q-learning
techniques with event sampled system and observer state vectors are used to design and
learn the optimal control input sequence. The event-based time history of the temporal
difference error in Bellman equation is utilized to find the solution to the Bellman
equation in DP without using traditional policy and/or value iterations. The event
sampled instants are determined via a trigger condition which is analytically derived by
using Lyapunov stability criterion. The Q-function parameters are tuned only at the event
sampled instants thereby leading to non-periodic parameter tuning. It is further shown
that the closed-loop parameters converge asymptotically provided persistency of
excitation condition on the control input is ensured. Simulation results are included to
validate both the analytical designs. The net result is the development of event-driven

dynamic programming via Q-learning for linear systems.

Keywords — Q-learning, event sampled adaptive dynamic programming, adaptive
observer, aperiodic sampling, and optimal control.
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1. INTRODUCTION

Optimal control (Lewis & Syrmos, 1995) is a key area of research among the
control researchers in the past several decades. Adaptive dynamic programming (ADP)
(Barto, Sutton, & Anderson, 1983, Watkins, 1989) drew more attention because of the
forward-in-time solution to the optimal control problems. The ADP was proposed by
Werbos (1992), Barto, Sutton, and Anderson (1983), Watkins (1989), Bertsekas and
Tsitsiklis (1996), and later became popular with various other names such as approximate
dynamic programming (ADP) (Werbos, 1992) and neuro-dynamic programming (NDP)
(Bertsekas & Tsitsiklis, 1996). These schemes in general use online approximator based
parameterization and value and/or policy iterations to solve the Bellman or Hamilton-
Jacobi-Bellman (HJB) equation to obtain the optimal control in a forward-in-time manner
(Wang, Jin, Liu, & Wei, 2011).

Among the ADP based Q-learning schemes, Bradtke, Ydestie, and Barto (1994)
proposed policy iteration based adaptive Q-learning approach by using the system
dynamics. In Hagen and Krose (1998), two approximation techniques were proposed to
compute the optimal policy. The first used a model to identify the system dynamics and
compute the Riccati solution, whereas, the second scheme used Q-learning with least
square update. Later, the Q-learning scheme is extended by Tamimi, Lewis, and Murad
(2007) to the zero-sum-game formulation by using model-free policy iteration.

The policy iteration based techniques require a large number of iterations to
maintain the stability (Dierks & Jagannathan, 2012). Therefore, online implementation of
these iterative schemes are computational intensive and not practically viable. In contrast,

Dierks and Jagannathan (2012) proposed a time-based scheme to solve the ADP based
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optimal control in an on-line manner. The time histories of the cost-to-go errors were
used for the approximation of value function. A similar time-based technique has been
used by Xu, Jagannathan, and Lewis (2012) for networked control systems (NCS) in a
stochastic framework by using Q-learning. In both the approaches, learning of the value
function (Dierks & Jagannathan, 2012) or the Q-function (Xu, Jagannathan, & Lewis,
2012) and controller executions were carried out periodically at every sampling instant.
However, the periodic sampled controller schemes will lead to higher cost for systems
with limited computational and communication bandwidth resources.

Recently, it was demonstrated that the state or event-based sampling and
controller execution are advantageous over periodic time-driven sampling counterpart in
terms of computational cost (Tabuada, 2007; Wang & Lemmon, 2011). Control design by
using event-based sampling is referred to as event-triggered control (ETC) (Donkers &
Heemels, 2012; Tabuada, 2007; Wang & Lemmon, 2011). The aperiodic event-based
sampling instants are determined by using a triggering condition while maintaining
stability and performance. This event-triggering condition uses the state or output
information (Donkers & Heemels, 2012; Tabuada, 2007; Wang & Lemmon, 2011) given
the system dynamics.

The traditional optimal control (Lewis & Syrmos, 1995) in the context of limited
communication and event-based sampling is studied by Imer and Basar (2006), Cogill
(2009), Molin and Hirche (2013) and others. A backward-in-time solution of the Riccati
equation with separation principle is being used. To the best knowledge of authors, this is
the first time a forward-in-time and online optimal control scheme using ADP and Q-

learning technique with event sampled state information for uncertain linear systems is
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presented. In a traditional discrete time system framework, the term sampling represents
the periodic time instants with a fixed sampling interval. By contrast, in this paper, the
term event sampled instant refers to the aperiodic time instants when the feedback signals
are made available to the controller and the parameters are tuned by using a triggering
condition.

Event-based sampling requires the development of event-driven dynamic
programming (DP) and a redesign of the controller with temporal difference (TD) or
Bellman error. Therefore, in the first part of this paper, a novel Q-learning based optimal
state feedback control scheme, for uncertain linear discrete-time systems, with event-
based sampling, is introduced. However, since the state vector is unavailable for
measurement in many applications, an output feedback optimal design using an adaptive
observer is also presented next. A Q-function estimator (QFE) is used to learn the optimal
action dependent value or Q-function on-line for both state and output feedback cases at
event sampled instants.

The time-histories of the Bellman errors from Bellman equation are used to tune
the QFE parameters at the event sampled instants and, hence, the parameters are tuned in
an aperiodic manner. The control input is, subsequently, updated from the QFE
parameters at event sampled instants. This aperiodic tuning saves the computations when
compared to traditional adaptive Q-learning. Above all, the adaptive triggering conditions
to determine the event sampled instants are derived analytically. These conditions ensure
the convergence of parameters by creating a sufficient number of event sampled instants
during the initial adaptation while keeping the computation small. Finally, the stability of

the event sampled closed-loop system was demonstrated by using the Lyapunov method
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(Wang & Lemmon, 2011). A preliminary version of the work in a finite horizon optimal
control frame work is published as Sahoo and Jagannathan (2014). Here optimization of
the event sampled instants is not considered.

Thus, the primary contributions of this paper include: 1) the development of optimal
adaptive state and output regulation schemes for uncertain linear systems with event-
based sampling, 2) the design of tuning scheme for online estimation of QFE parameters,
for both state and output feedback, 3) the development of adaptive triggering conditions,
and 4) the demonstration of closed-loop stability in the presence of uncertain dynamics
and aperiodic sampling. The next section presents a brief background on the traditional

Q-learning for both state and output feedback.
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2.BACKGROUND

After a brief Q-learning background, the optimal control problem statement with

event based sampling is introduced.

21 STATEFEEDBACK DESIGN
Consider the linear time-invariant (LTI) discrete-time system given as
Xe., = A +Bu,, y’ =Cx/, (1)
where x? € Q, cR", YY €Q, R, and u, e, c R" represent the system state, the

output and the control input vectors, respectively. The system matrices, Ae R™" and

B e R™™, are considered unknown. The output matrix C € R™" is known. The system
(1) satisfies the following assumption.

Assumption 2.1. The system (1) is considered controllable and observable with the
control coefficient matrix satisfying | B[ < B, , where B, >0 is a known constant.

Further, the order of the system is known.

Consider the value function for (1) given by
V=2 r(xfup), @)
where r(x",uk):xkpT Px’ +u; Ru, is a positive definite cost-to-go function at the time

instant k. The matrices P eR™ and R eR™™are, respectively, positive semi-definite

and definite matrices to penalize the system state x” and the control input u, . The initial
control input U, is assumed to be admissible to keep the value function (2) finite.

Traditionally the sequence of control inputs, U, , which minimizes the value function (2)
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can be obtained by solving the algebraic Riccati equation (ARE) (Lewis & Syrmos,
1995).

The solution to the ARE, for computing the optimal control input, is not feasible
when the system dynamics A and B are not known. Adaptive Q-learning based techniques
(Tamimi, Lewis, & Murad, 2007; Xu, Jagannathan, & Lewis, 2012) on the other hand are
employed to generate optimal control input sequence without using system dynamics.

Define the action dependent value or the Q-function (Bradtke, Ydestie, & Barto,

1994; Tamimi, Lewis, & Murad, 2007; Xu, Jagannathan, & Lewis, 2012) as
Q' (x,u)=r(,u)+Vi, =[x uwGx! uwT, 3)

T T XX Xu
where G={P+ASA A'SB }_{G G

BTSA R+B'SB| }Wlth V,,, being the optimal value

G W
function from time instant k+1 onwards. The optimal control input using the Q-function
(3) is written as u, =—K x? where K" =(R+B"SB)™"B'SA=(G")"G"™. Therefore, the
optimal control input sequence can be computed online in a forward-in-time manner by

estimating the Q-function (3). The Q-function (3) in parametric form is given by

Q'(x,u) =2 Gz} =0"¢,, (4)
where 2’ =[x? U T eR' with |=m+n, &P =2° ®2 is a quadratic polynomial or
regression vector, ® denotes the Kronecker product, and ® € Qg c R is the Q-function
parameter vector formed by vectorization of the parameter matrix G with I, =I(1+1)/2,
as given in Xu, Jagannathan, and Lewis (2012).

The estimate of the Q-function (4), Q(xp,uk), by the QFE with periodically

sampled state vector is expressed as
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QA(ka’uk) = kaTéka = élé:kp , (5)

A l, . . .
where ©, € R” is the estimate of Q-function parameter vector ® referred to as QFE

A A
XX Xu
k k

A

parameters and G, =| .
& G

}represents the estimation of G . The Q-function is

equal to the optimal value function V,” when the control input is optimal. Thus, we have
V, = rrg:n Q" (x?,u,) . By Bellman’s principle of optimality, the optimal value function
satisfies

0=V, -V, +r(x’,u)=r(x’,u)+O A&, (6)

where A& =&° —&P . Since the estimated Q-function (5) does not satisfy (6), the
temporal difference (TD) error or the Bellman error is given by

e} =r(X{,U)+ QAL (7)

Instead of using iteration based techniques (Tamimi, Lewis, & Murad, 2007), it

has been shown by Xu, Jagannathan and Lewis, (2012) that an optimal control input can

be obtained by tuning QFE parameter (:)k with the time history of the Bellman error in an

forward-in-time and online manner. Next, the optimal control using output feedback is

introduced.

2.2 OUTPUT FEEDBACK DESIGN
The wvalue function for (1) using the output can be redefined as

Vk=ZT:kry(yf,uj) where ry(yj",uj):yj"TPyyf+u]TRuj is the cost-to-go and
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PY e R™*™ is a positive definite matrix to penalize system output. The value function
can be rewritten by using the output equation in (1) as

V=2 XP CTPYCX] +ujRu; =" x! Px] +ujRu, , (8)
where P=C"PYC. From (8), the state feedback Q-learning based design can be utilized

to the output feedback case by reconstructing the system state vector. An adaptive
observer similar to the one from Zhao, Xu, and Jagannathan (2014) can be used to
reconstruct the system state and is given next.

Consider the following adaptive observer dynamics

Xea = AX +Bu +L (v - V), ¥ =Cx, ©)

nxn

where x; e R" and y, e R™ represent the observer state and the output vectors, & eR

and B, € R™™ denote the estimated observer system matrices and L, € R™™ is the

estimated observer gain matrix. The observer matrices are estimated using a parametric

form given by

X1 =W b (10)
where ¥/, =[AK I§k I:k]T eR™ is the estimated observer parameter matrix,
& :[xﬁT u, ekyT " eR% is the regression vector, e =y —y° is the observer output
error, and g =n-+m+ p,. The estimated observer parameter matrix 7, is tuned at every

sampling instant k € N so that the state estimation error given by e; = x" —x; converges

to zero.
The event sampled system and observer state vector require a redesign of the

optimal controller as discussed next.
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3.PROBLEM STATEMENT

In this section, the event sampled optimal control problem is formulated. The
estimation and stability issues with event sampled state vector and parameter tuning are

addressed for both state and output feedback design.

3.1 STATE FEEDBACK DESIGN

The structure of an event-based Q-learning scheme is illustrated in Figure 1. Here,
the system state vector x” and the control input u, are sent to the controller and the
plant, respectively, only at the event sampling instants (when the switches are in closed
position).

Let the subsequence ki, i=1,2,---, of k e N represent the event sampling instants
with k, =0 being the initial sampling instant. The system state vector xp i=12,--- sent

to the controller, is held by a zero order hold (ZOH) until the next sampling instant and it

is expressed as

Trigger
P ZOH P 0 = ax? +Bu, ] 58" ™ Mechanism

C
Controller [« QFE Xy 200 h—
u =KX p opa |
Uy

.

QFE Tuning
> Mechanism

Figure 1. Q-learning based optimal feedback regulator with aperiodic update.
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x!, k=ki,
X, = (11)

X0, ko <k<k,,
where x; is the last held state at the ZOH. The error between the current system state

vector, x., and the last held system state vector, X, , at the ZOH is referred to as event
sampling error and it is given by

ef =xP—x;, k <k<k, i=12. (12)

i+17

The event sampled instants are decided by comparing the event sampling error
with a state dependent threshold (to be computed later) (Donkers & Heemels, 2012;
Tabuada, 2007) referred to as triggering condition. The triggering condition is evaluated
at every periodic time instant k at the trigger mechanism and a decision is made whether
or not to release the system state vector. The system state vector is released at the
violation of the condition. Upon receiving the system states at the ZOH, the last held state
is reset to the current measured value as in (11) and the event sampling error (12) is reset
to zero for the next event.

Our objective is to design an optimal controller by minimizing (2) with event
sampled state vector. The event sampled optimal control input sequence for the cost
function (2) when used with a Q-function can be written as

U, =—K. x5\ =—(G")'G*(xf +&"), k, <k <Kk ,. (13)

This optimal control input (13) is governed by e"" and the estimation of G using event

sampled state vector. The Q-learning approach in Section 2 cannot be utilized directly to

estimate the QFE parameter (:)k or ék with event sampled state vector due the following

reasons.
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For the Q-function parametric form given in (4), the Q-function estimate by

using the event sampled state vector (11), in contrast with (5), is given by

QM%) =2 Gz =6[&, k <k<k (14)

i+l !
where 28 =[x¢  ulT and & =z° ®z° being the event sampled regression vector. The
Bellman error with event sampled state can be represented as
% c AT c
e =r(x, u)+0,A8 k <k<k,,, (15)

where r(x;,u,) = XET Px +U; Ru, and A& = &°, —£&°. The Bellman error (15) in terms of
the periodic system state is rewritten as

& =r(x0,u)+O AL +E,(x,ef,0,), (16)
where Z(x",eF,0,) =r((x" —ef"),u, ) —r(x",u ) +O} (AL —AEP) . By comparing the

event sampled Bellman error (16) with the periodic sampled one from (7), the error (16)

includes an additional error ES(Xp,ekET,(:)k). This additional error consists of errors in
cost-to-go, (r((x? —e:"),u.)—r(x?,u,))and the regression vector, OF (AE —AEP) which

are driven by e;" . Hence, the accuracy of the estimation of QFE parameters depends

upon the threshold for the event sampling error in the triggering condition. A smaller
threshold value will limit the event sampling error and will ensure a better accuracy. On
the other hand, this will lead to more events and in turn higher computation. Therefore, a

trade-off has to be reached via a suitable triggering condition design.
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3.2 OUTPUT FEEDBACK DESIGN

In this case the observer states are sent to the controller at the event sampled

instants. The event sampled observer state can be defined as

Xe, k=k,
X = a7
XZ , ki<k<k

i+11

where x.© is last held observer state at the ZOH. The observer based event sampling
error can be redefined as

e =x2 —x2°, k <k <k,. (18)

Now to estimate the Q-function the event sampled observer state vector is used.

The QFE by using (17) can be written as

Q(XE'C’Uk) = ZE'CTékZE'c = él ki <k<k, (19)

where z,° = [ij'CT u, ]' is the event sampled observer based regression vector.
Similar to the state feedback case, the Bellman error using event sampled observer state
vector (17) is given by

e =r(x°%,u,) + Ol AL, k <k <k (20)

i+11
T
where r(x’“,u,) =X Px.° +u, Ru, and A& = &5 - &0°.

This event sampled Bellman error can be expressed in terms of the periodic

system state as
oV _ p AT p, = P AX AET A
e =r(x,u)+0AE +Z (X ,6.8 ,0,), (21)
where Z,(x",e",e5,0,) =r((x’ —& - ),u ) —r(x*,u,) + O] (AL —ALP). Similar to

the state feedback case, the event sampled Bellman error is a function of observer event
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sampling error " and state estimation e. Therefore, for the observer based design

both a suitable triggering condition and update law to tune the observer parameters are
needed.

Further, due to the availability of the system and observer state vectors at the event
sampling instants alone, the QFE parameters must be tuned at these aperiodic instants. The
frequency of the parameter tuning is a function of the event sampling error and, hence, the
triggering condition. From the above discussion, unlike the traditional event-triggered
control (Tabuada, 2007), the design of the triggering condition should not only ensure the
stability with a reduction in computation but also facilitate the estimation of QFE
parameters with event sampled system and observer states. This makes the design
involved especially the triggering condition and proof of stability. Next, the above

mentioned issues are mitigated by using a novel design framework.
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4. EVENT SAMPLED STATE FEEDBACK DESIGN
41 PROPOSED SOLUTION

In this paper, we propose an adaptive threshold for the triggering condition by
using the estimated QFE parameters and system state vector given in (29). This
orchestrates the estimation process along with reduction in computation and discussed in
details in Remark 4.5. The Q-function parameters are estimated locally at the trigger
mechanism by a mirror QFE to evaluate the adaptive triggering condition. This saves
transmissions of Q-function estimated parameters from the QFE at the controller to the
trigger mechanism in case of an NCS. The mirror and the actual QFE operate in
synchronism and initialized with same initial conditions. Note that, the addition of a
mirror QFE increases the computational load. But, the overall computation is reduced due
to aperiodic execution of the control input and QFE parameter tuning law both at mirror

and controller. The time histories of the event sampled Bellman error is used in the

tuning law. Further, as we wil see the previous state Xk‘i’ _, In addition to the current state

xk’? is required for QFE parameter tuning, we propose to send both the states together to

the controller at the event sampled instants. More discussion is given in Remark 4.1.

4.2 CONTROLLER DESIGN AND APERIODIC LEARNING OF Q-FUNCTION
Recall the event sampled QFE given in (14). The estimated control gain matrix

now can be obtained from the QFE estimated parameter vector (:)k or ék in (14). In

terms of the estimated parameters, the control input is given by
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u, =—Kx¢, k <k<k,,, (22)
where K, = (G™)™G™ is the estimated control gain.

The QFE parameter vector (:)k is tuned by using the history of the Bellman error

(15) that is available at the event sampling instants. By using this, the auxiliary Bellman
error at the event sampling instants k =Kk; is expressed as

2 =P +0[Z7, k=k, (23)

where TIf =[r(xf,u.) r(x ,u, ) - r(x} u, 1e® and 2P =[A& AL -

Afk‘i’flfj]eiﬁ'g”' for K=k, with 0< j<i. The auxiliary Bellman error (23) uses the

current estimated QFE parameter vector @k to evaluate the error. This makes the learning
faster. The number of previous value j depends upon past experience and a value j <l

is found suitable during simulation studies. A larger time history may lead to a faster

convergence whereas it leads to higher computation.

Next update law for the QFE estimated parameter vector (:)k, tuned only at the

event sampling instants, is given by

S Wk_lzkp_lE\(il , k=k,
@k — B HI +ka_T1Wk_1ka—1H | 24

0, k., <k<k,

W, Wi 28 Ze Wy k=k

where wo=4 lr+zPw, z2| : (25)
W, ., ki, <k<k
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with W, =81 , g >0 a large positive value and | is the identity matrix of appropriate

dimension. Because of the aperiodic execution of (24), it saves computation when
compared to the traditional adaptive Q-learning techniques (Xu, Jagannathan, & Lewis,

2012).

Remark 4.1. The QFE parameter tuning law (24) requires the state vectors Xk'f and x;,
for the computation of Z”, at k=k; . Thus, both the state vectors are sent to the
controller together at the event sampling instants as proposed.

Defining the QFE parameter estimation error @k :®—®k, the error dynamics

using (24) , can be represented as

Oy = {ék +WZEE [ zPwzg ] K=k, (26)

0,, k <k<k,,.
Remark 4.2. The QFE parameter estimation error ©, will converge to zero if the
augmented matrix Z satisfies the persistency of excitation (PE) condition (Green, &

Moore, 1986). This can be achieved by ensuring the the regression vector & satisfies PE
condition. The definition of the PE condition is presented next for completeness.

Definition 4.3. (Goodwin & Sin, 1984) A vector ¢(X, ) is said to be persistently exciting

over an interval if there exist positive constants 6 , ¢, &, and k; >1 such that

al < Z::‘k: o(X )@ (x.) <al ,where | is the identity matrix of appropriate dimension.
A PE like condition for the regression vector &£” can be achieved by adding an

exploration noise to the control input u, during the estimation process (Xu, Jagannathan,

& Lewis, 2012).
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The Bellman error €] at the sampling instants in terms of ©, can be computed
by subtracting  (6) from (15) with x;=x" for k=k . It is given by
e/ =—O]AEP, k =k,. Thus, the auxiliary Bellman error (23) at the event sampling
instant becomes

= =-0,Z), k=Kk. (27)

This expression will be used for proving the asymptotic convergence of the QFE

parameter estimation error presented next.

Lemma 4.4. Consider both the QFE (14) and the tuning law (24) and (25) with an initial
admissible control policy u, e R™. Let the Assumption 2.1 holds and the QFE parameter
vector @0 be initialized to be non-zero in a compact set Q. Under the assumption that
the regression vector & satisfies PE condition, there exists a constant 8 >0 such that
the QFE parameter estimation error ®, converges to zero asymptotically when the event

sampling instants k, — oo or, alternatively, k — oo .

Proof. Refer to Appendix.

4.3 TRIGGER CONDITION AND CONVERGENCE

The system dynamics (1) and the estimated control input (22) can be used to

represent the closed-loop system dynamics as
xP, = AxP —BK X! +BK &5, k<k<k.,,. (28)
To ensure the closed-loop stability of the system and reduction in computation

along with estimation of the QFE parameters, the following criterion given by
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JoT < o™ Il (29)

is selected as the trigger condition where o|x?| is the adaptive threshold,

ot = [F(-34)/38%, K| being the threshold coefficient, with 0<I'<1, and
0<u<1/3. To ensure ||K, | in the threshold coefficient non zero while evaluating the

triggering condition, the previous non-zero value for is used when the estimated

K,

control gain becomes zero. The event sampled instants are decided at the violation of the

condition (29).
Remark 4.5. The threshold coefficient o™ uses the estimated control gain matrix K,

computed from the QFE parameter estimate vector (:)k . Thus, the trigger condition (29) is

adaptive in nature and is implicitly driven by the QFE parameter error ©, . This

facilitates the learning of the Q-function parameters by generating required event
sampled instants. Once the QFE parameters converge to their target values the threshold

coefficient becomes constant which is same as the traditional event-trigger condition

(Tabuada, 2007). This further implies that for different initial values of @0 in (24) and

W, in (25), the threshold will be adjusted accordingly to generate required number of

events during the initial adaption phase.
The following lemma is necessary before the main results can be claimed.

Lemma 4.6. Consider the controllable linear discrete-time system given by (1). Then
there exists an optimal control input sequence, u,, such that the closed-loop dynamics

are expressed as
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*|12 2
[ Ao+ Bug][ < [ (30)
where 0 < x <1 is a constant.
Proof. Consider the Lyapunov function L(x”)=x? x”. The first difference along the

system dynamics (1) is expressed as  AL(x}) <||Ax? + Bu; ’ —||xkp||2 <—(1-w)|x?P ||2 .

Since, the system is controllable and the optimal control input u; is stabilizing

(Lewis & Syrmos, 1995), the first difference AL(Xk)SO. This implies the parameter u

should satisfy 0< 1 <1. [

A
— L During sampling instants
------- L, During inter-sample times

---------
e

ccccccdeq

'
P
-
.....

cccccccccfcnq

Y

Figure 2. Evolution of the Lyapunov function at event sampling instants and inter-event
times.

Next, the asymptotic stability of the closed-loop system is shown by evaluating a
single Lyapunov function L; both during the event sampling instants and the inter-event
times as shown in Figure 2. It is shown that, the Lyapunov function is not decreasing

monotonically during both the cases. This is also not necessary to prove stability of event

sampled systems as discussed by Wang and Lemmon (2011). The Lyapunov function
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may increase during the inter-event times. We only need to show the existence of a

piecewise continuous function h(k)e R", such that
h(k)= L. forall k e Nandlimh(k)=0. (31)
Theorem 4.7. Consider the closed-loop system (28), QFE (14), QFE parameter

estimation error dynamics (26) along with the control input (22). Let the Assumption 2.1

holds, U, €€, be an initial admissible control policy and the regression vector &

satisfies PE condition. Suppose the last held state vector, x;, and the QFE parameter

A

vector, ©, are updated by using (11), (24) and (25), respectively, at the violation of the
triggering condition (29). Then, there exists a constant >0 such that the closed-loop

system state vector x; for all x? € Q. and the QFE parameter estimation error ©, for all
non-zero C:)o €, converge to zero asymptotically with event sampling instants k. — oo

or, alternatively, time instants k — oo. Further, the estimated Q-function Q(x;,u,) —

Q" (x/,u,) and estimated control input U, — U, as k — oo

Proof. Refer to the Appendix.

The flowchart shown in Figure 3 illustrates the implementation of the scheme.

Since, the initial event sampling instant is considered at k, , the initial system state and the

state held by the ZOH are initialized with same value. The Q-function parameters both at
the trigger mechanism and controller are also initialized with the same value. The system
is operated with the initial control input. Then, the triggering condition is evaluated and
the decision for releasing the system state is made if the event sampling error is greater

than or equal to the threshold. The QFE both at the trigger mechanism and the controller
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gets updated. Next, the control input is updated and sent to the plant and the time is
incremented. If the event sampling error is below threshold the QFE and control input are
not updated and time is incremented for next iteration. In the next section, the state

feedback design is extended to an output feedback case using an adaptive observer.

Initialize
) A
XO ' ®0' uO

Plant
X|f+1:AX£+Buk' ykp ZO(kp

No heck Trigger
No update Condition
{, =K ETC
ke [Nl
Update control
X A A
o k=Ee
R |
2 -
4+ X Ug) = 0, &
- *
r QFE Tuning
6 =0 + V%—lzkp—la\f—l k:WFFWk,lZE;JZk"QWK,;
o 22w 22| ez 2z
k1" k1K1

Figure 3. Implementation of event sampled Q-learning using state feedback.
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5.EVENT SAMPLED OUTPUT FEEDBACK DESIGN

The placement of the observer, either at the plant or at the controller, plays a
crucial role in the event sampled systems. An event sampled observer along with QFE at
the controller will lead to a large number of event sampled instants for the observer state
estimation error to converge to zero. From the computation and optimal performance

point of view, we propose an adaptive observer at the sensor node. Since, the observer is

connected to the sensor, it has access to the system output, y", at every time instant

k e N. Therefore, the observer parameters are tuned at every time instant k unlike the
aperiodic tuning in case of QFE. This further helps in faster convergence of the estimated

observer state to the system state vector as mentioned in Section 3.

5.1 OBSERVER DESIGN AND PARAMTER CONVERGENCE

Consider the adaptive observer dynamics (9). The observer state estimation error

dynamics by using (1) and (9) can be written as

e, = (A-LC)el +ii 4, (32)
where v?k:[A E~3k I:k]T eR™ is the observer parameter estimation error with
V=W -V, , A:A—Aﬂ , I.5>k:B—EA3k and Lk:L—I:k. The parameter matrix
w=[A B L] €Q, cR*™ is the ideal observer parameters where L is the ideal

observer gain matrix. The observability of the system in Assumption 2.1 guarantees the
existence of an ideal observer gain matrix L such that the matrix A—LC is Schur.

Further, it IS assumed that  the observer gain L satisfies

0<l, <min{\/1/2, \/a,/‘jq?,;n /@at gz, +)}¥<1 where |, =|A-LC|, ¢, =0 (X"C) |
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Omin(*) is the minimum singular value, X e®R™" is a constant matrix, and

0<g

m

in Suﬂﬁu/(“ﬁ@)ﬁl ensured by the PE condition of the observer regression

vector. Selection of these parameters ensures a faster convergence of the observer state
error.

The observer output error dynamics from (32) is given by
e/, =C(A-LC)e; +Cy, 4. (33)
A tuning law to tune the observer parameters at every sampling instant is selected as
Viw =V + (B8l X [ A+ 4l 4), (34)
where 0:; >0 is the learning gain, and X e R™" is a constant matrix to match the
dimension and selected such that HXTCHsl. The observer parameter estimation error
dynamics can be computed from (34) as
Via =V~ (@880 X [A+ ). (35)
Lemma 5.1. Consider the adaptive observer (9) in a parametric form (10) and let the

Assumption 2.1 holds. Assume the initial observer parameters 7, are initialized in a

compact set Q. Suppose the observer parameters are updated by the tuning law (34).
Then, the observer state estimation error e; and the parameter estimation error i,

converge asymptotically to zero provided the regression vector @, satisfies PE condition

and the learning gain satisfies 0 < &% <Min{C,,, /2, Cpn /2004 [l i 1P}

Proof. Refer to the Appendix.
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5.2 CONTROLLER DESIGN AND CLOSED-LOOP STABILITY

Similar to the state feedback case, the QFE parameters are tuned at the event

sampled instants. Therefore, the observer based Bellman error (20) at event sampled

instants with x°=x{ can be defined as e’ = r(xﬁ,uk)+©1A§k°, k =k, where

]
r(x;,u)=x Px+u Ru and A& =&, —£&° . The augmented Bellman error can be

defined as
=0V =112 +0, 27, k=k (36)
=k kT %4k i

where TTy =[r(x;,u,) r(x ,u.) - r(xﬁi?l?j,ukiflfj] and Z; =[A&) AL -+ A& ]

i—1-j
for k =k, with 0< j<i.
A tuning law to tune the observer based QFE parameter estimates at the event

sampling instants is selected as

)1 k:ki’

o :{éu a2 =Y iz ze, @37

O, k,<k<k.
where ¢ is the learning gain. The QFE parameter estimation error dynamics by using

(37) with a forwarded time step can be represented as

) K=k (38)

5 _{ A= 1427z
k+1
0,, k <k<k,,.

The observer based Bellman error (e2" ) by using (36) and (6) at the event

sampled instants k =k. is expressed in terms of the parameter estimation error @k as
=—OIAEL +OT (AL —AEP)+ F(x0)— f(xp) for  k=k,  where f(xli’):xﬁT Px, and

f(x))= kaT Px!. The observer based augmented Bellman error (36) can be rewritten as
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2V =022 +0O" (2 -ZP)+F° —-F’, k=k, (39)

0 _TyO Dy? O Py0 ... O 0 P_IyP PyP P PyP ... P p
where F? =[x, Px; x; Px X, kam] and F° =[x Px x? Px X, PX ].

kifjfl
The estimated control input (22) with the event-based observer state vector and

the Q-function estimated parameters can be written as
U =KX =~(GM) Gx¢%, k <k<k.,. (40)
The closed-loop dynamics of the observer based system by using system dynamics (1)
and control input (40), become
x?, =(A-BK )X +BK, e’ +BK e, k<k<k,,. (41)
Consider the observer event sampling error (18). The triggering condition by
using the observer state is selected as

0,ETC
Jec="] <o

Xl (42)

where ¢2F™ =\/FET (1—4y)/4Br§aX * is the threshold coefficient, 0<TIg <1 and

K,

u<1/4. Similar to the state feedback case, to ensure the estimated control gain HKkH IS
nonzero the previous nonzero value is used to evaluate the threshold coefficient when the
estimated gain HKkH becomes zero. The event sampled instants are decided by the

violation of the condition (42).
Theorem 5.2. Consider the uncertain LTI discrete-time system (1), the adaptive observer

(9), and the observer based controller (40) represented as a closed-loop system (41). Let

the Assumption 2.1 holds and the regression vectors ¢, and & satisfy the PE condition.

Supposeu, € €2, is the initial admissible control policy and the design parameters satisfy
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O<ay <13 and 0<a) <min{c ;. /2, C /2(1+||¢K||2)}. Let the state vector x2°, the

min min

QFE parameter vector (:)k are updated, respectively, by (17) and (37) at the violation of
the triggering condition (42). Then, the closed-loop system state vector x” and the
observer state estimation error e, the QFE parameter estimation error ©, , and the

observer parameter estimation error 7, converge to zero asymptotically for all x? e,

(:)0 €Qy, and y, €Q, with event sampled instants k; — oo or, k —oco. Further, the

estimated Q-function Q(X?,u,) = Q (X", u’) and estimated control input u, —>u’ as

K — oo,
Proof. Refer to the Appendix.

In case of a discrete time system, the minimum inter-event time for both the state
and the output feedback case is trivial and equal to the periodic sampling interval.

The event sampled Q-learning scheme designed in the previous section can be
applied to the NCS in the presence of the networked induced time varying delays and
random packet losses. The introduction of random parameters due to the communication
network requires a stochastic analysis frame work for the event sampled Q-learning
scheme. A complete design procedure along with simulation results are provided in the
Appendix A of the dissertation. It was observed that the proposed event sampled
stochastic Q-learning scheme shown a 30% reduction in computation and 56% reduction

in network bandwidth usage.
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6. SIMULATION RESULTS

The proposed optimal adaptive schemes are evaluated in this section by a
numerical example. The benchmark example of the batch reactor is used here for

simulation. The discrete-time version of the batch reactor with a sampling interval of

T, =0.01sec is given by

P _ p p_ p
Xk+1 - AXk + Buk’ yk _CXk !

1.0142 -0.0018 0.0651 -0.0546 4.7798x10° -0.0010

-0.0057 0.9582 -0.0001 0.0067 0.0556 1.5316x10°
where A= , B=

0.0103 0.0417 0.9363 0.0563 0.0125 -0.0304

0.0004 0.0417 0.0129 0.9797 0.0125 —-0.0002
4c 1 01 -1
an = .

010 O

6.1 STATE FEEDBACK DESIGN

The state feedback design was evaluated first. A quadratic cost function was
chosen as in (2) with the penalty matrices P=1,, and R=1,, where | denotes the
identity matrix. The initial system states were selected as X, :[0.1 -0.1 03 —O.5]T.

=21

The initial parameter vector @, € %" was chosen at random from a uniform distribution

in the interval [0, 1]. The design parameters were #=2x10°, 4 =0.3, and I'=0.1. The

PE condition was satisfied by adding a zero mean Gaussian noise with the control input.
The simulation was conducted for 10 sec with a fixed sampling interval of 0.01 sec or

1000 sampling instants.
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The event sampled optimal controller’s performance is illustrated in Figure 4. The
convergence of the system state and the threshold to zero are depicted in Figure 4 (a) and
(b), respectively. The triggering condition is shown in Figure 4(b) evolved during the
inter-event times and resets to zero at the event sampling instants. The cumulative
number of event sampled instants plotted in Figure 4 (c) was found to be 108 out of 1000
sampling instants. This implies the mirror and controller QFE were updated only 108
times. Thus, the computation was reduced when compared to the traditional Q-learning
based systems. Table 1 shows the comparison of computational load in terms of the
additions and multiplications and a saving of 72% of the computation observed in the

event sampled system when compared to its periodic counterpart.

1 -
8 Xl X2 X3 X4
§ 0
)
-1
0 2 4 a 6 8 10
5 0.4 @ :
o Threshold (f' x|} error(ef)
n 0.2 bt
g
= AZBZIZL
F 0
. 0 2 4 () 6 8 10
8,200 : :
2 { Number of Triggering
Z 100 e
___'__,_._.—0—'—'
g _
3 0
© o 2 4 6 8 10

Time (sec) (¢)

Figure 4. State feedback controller design: (a) convergence of state vector, (b) evolution
of threshold and the event sampling error, (c) the total number of event sampled instants.

The control input is plotted in the Figure 5 (a). Figure 5 (b) shows the convergence

of Bellman error to zero implies the Bellman equation is satisfied and the optimality is
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achieved with aperiodic tuning of the QFE parameters. The convergence of the QFE

parameter estimation error to zero is shown in Figure 5 (c).

- U ===== U,

0 ;——\:-‘-‘-—.:“

QFE error Control input
H

0
0 2 4 () 6 8 10
_ 200
5 ~—~— | —— |le-tilde]|
—_ 0 N
(]
®
200
0 2 4 6 8 10

Time (sec)(c)

Figure 5. Optimal control input, (b) Bellman error, and (c) QFE parameter estimation
error.

Table 1. Comparison of computational load between traditional periodic sampled and
event sampled system

System Tra_diti_onal Evgnt-_based non-
periodic sampled | periodic sampled
Samping instants 1000 108
QFE 13 13
Number of additions | Controller 3 3
and Multiplications "Update law(controller and
at every sampling trigger mechanism both) 65 65x2
Instant Trig. Con (periodic
: 0 7
execution)
Total number of Computation 81000 22768

6.2 OUTPUT FEEDBACK DESIGN
The output feedback design was evaluated by selecting the following simulation

parameters. The adaptive gains for the observer were ., =0.01, #=0.2, and T'2; =0.1.
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The observer parameters were initialized at random from the uniform distribution in the
interval [0,0.5]. The initial observer states were given as x{ =[.02, —.02,.03, —0.1]" .

The remaining parameters for the state feedback were used here as well.

1 F
wn | { X1 X2 X3 x4
g
g OV“‘
(,) |
1 > 4 6 8 10
5 05 : (@ ;
2 : Threshold (cck"ErCchk’”) error(ekEr)
4 |
c
F oo
. 0 2 4 b 6 8 10
2200 (b) r c
i { Number of triggering
= 100 E—
f
§ o |
0 2 4 6 8 10

Time(sec) (c)

Figure 6. Output feedback controller design: (a) convergence of system states, (b)
evolution of both the triggering condition threshold and the observer event sampling
error, (c) the cumulative number of event sampled instants.

The observer-based output feedback controller performance is illustrated in
Figures 6 and 7. The system states and the threshold are converged to zero as shown in
Figure 6 (a) and (b). It was observed that the number of cumulative event sampled
instants was increased to 115, as shown in Figure 6 (c), when compared to the state
feedback case. This is due the additional uncertainty introduced by adaptive observer.
The convergence of the observer based Bellman error and state estimation error are

shown in Figure 7 (b) and (c).
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Figure 7. Evolution of (a) Optimal control input, (b) Bellman error, and (c)
convergence of observer state error.
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7.CONCLUSIONS

In this paper, two optimal control techniques with event sampled state and input
vector for an uncertain linear discrete time system were presented. Both the state and the
output feedback designs were able to regulate the system state vector without needing the
system dynamics. The triggering conditions ensured sufficient number of events in both
the cases for estimation of the QFE parameters. The aperiodic tuning guaranteed the
convergence of the QFE parameter estimation errors as proved by the Lyapunov
technique. The simulation results for both cases validated the analytical results by
revealing the convergence of the closed-loop parameters and the reduction in
computation. It was observed that the cumulative number of aperiodic sampled instants
was dependent on the initial QFE parameters. In addition, the output feedback design

triggered a more number of events than did the state feedback case.
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APPENDIX
Proof of Lemma 4.4. The proof is carried out by considering both the cases of triggering
condition, i.e., at the event sampled instants (k =k; ) and inter-event times (k; <k <k;,,),

because of the aperiodic tuning of the QFE parameters. A single Lyapunov function is
used to evaluate both the cases and the asymptotic stability is shown by combining at the
end.

Consider the Lyapunov function candidate given as
Lo, =OW, 'O, . (A1)
where W, is a positive definite matrix as defined in (25).
Case |I: At the event sampled instants ( k =k;)
In this case, the QFE parameters are tuned by using (24) and (25) for the case
k =k;. The QFE parameter estimation error dynamics (26) with the augmented Bellman

error (27) , can be written as

N Wzrz” ).
B O o el S o _
®k+1 { HI + kaTWkap HJG)k (A 2)

Again, Eqg. (25) can be expressed as

W WZZE (A3)
k+1" Yk T T ) '
[1+z7w,z/|
Substituting (A.3) in (A.2), the QFE parameter estimation error dynamics become
®k+l :Wk+1Wk_1®k . (A4)

Consider the Lyapunov function (A.1). The first difference AL@yk along (A.4) can

be expressed as
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ALy, =OLWIW, W0, —BW, 'O, = (O, -6,)'W, "6,

Substituting (A.2) in the above equation one can arrive at

T T
_ _ W, Z2Z¢ 5 A 15
v I

_ 61207} 6, | (A5)
I1+z7'w,z?|

The regression vector Z;” satisfies the PE condition as discussed in Remark 4.2.

Therefore, it holds that 0<Z <M

in < - <1. The first difference in (A.5) by
l1+z7w,z/|

using the above observation is upper bounded as

ALy, <-Z,

min

&, <o. (A6)

This implies, the positive definite Lyapunov function Lé,k IS a non-increasing function

ie, L <L.

®,k; +1 Ok "
Case I1: During the inter-event times (k; <k <k, )

In this case, the QFE parameters are not tuned and held at their previous values.

Consider the same Lyapunov function in (A.1). The first difference along (25) and (26)

for k. <k <k, is given by
ALy, =6 W0, ,, ~OW, 'O, =0, k <k<k,,. (A7)

By Lyapunov theorem (Jagannathan, 2006), the QFE parameter estimation error

0, remains constant during the inter-event times. Now by combining both the cases for
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the interval k <k <k;,,, we will show that the QFE parameter estimation error converge
to zero asymptotically.
From Case |, the first difference (A.6) at the event sampled instants k =k. can be

expressed as

~ ~ ~ ~ ~ 2 ~ 2
AL@,ki = ®-|k-, +1vvki7+1-1(9ki a7 ®-I|<-iwk;l®ki 2 j’min (\Nkrﬁl-l) ‘G)ki Al T ﬂ'max (\A/k;l) HG)ki H ' (A8)

By using matrix inversion Lemma (A-BD'C)"=A"+ A'B(D-CA'B)'CA
(Goodwin, & Sin, 1984), the inverse of (25) for k =k; can be expressed as

W =W+ AZP( +Z) W, ZP (1 -2 W, Z0) Az

o
where (|1 +ZW, Z? ||| -ZP'W, Z;)is positive definite matrix. Therefore, it holds that
in W) > A W) > 200 W) and Ay W) = A, WET) > 4, (W, ™) . By using the
above relations, (A.8) satisfies

WO, [ (A9)

AL@),ki 2 ﬁ“min (\Nkril) - ﬂ'max (\Nk;l) H(:)ki Hz = /1““” (\Noil) Héki 1

‘Gki +1

Now, comparing (A.6) with(A.9), it holds that

ﬂ'min (Woil) Hc:)ki +1 2 - /Imax (\Noil) H(:)ki HZ S _Z_nzwin (:)ki Hz ' (AlO)

From (25), W, = Bl implies A, (W, *) = 4., W, *) = B. Then, (A.10) becomes

6. <a-@z/p)]6.| - (A1)

Recalling Case I, (:)k remains constant during the inter-event time and from (26),

we have (:)ki = (:)kifﬁl, k., <k <k;. Therefore, (A.11) can be rewritten as

2

H®ki +1

<(0-Z2 7)o
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Solving the difference inequality with initial value H(:)ko H :H(:)OH =B, and by comparison

lemma (Chatterjee & Liberzon, 2006)

2 i1p2
<a"B;,=B

6. (A12)

@,ki +1?

where o =1—(Z2,, /) and B, .1 is a piecewise constant function and remains constant

for i™ inter-event time. Since, O<a<1 , By, ., is converging sequence, i.e.,

<B =1,2,---and By, , =0 as i —>oo . Therefore, ®, — 0 withi —>ooor

B@,ki+1+l 0,k +1" !

k, — 0. Since k; is a subsequence of k , the QFE parameter estimation error ®, — 0 as
k—>o. [
Proof of Theorem 4.7. To show the asymptotic stability of the closed-loop system we

will evaluate a Lyapunov function for both cases of the triggering condition and will
show that (31) holds. Consider the Lyapunov function candidate

L, = AL, AL, (A.13)
where L, =x"x? and Ly, =OW,'®, with A =x/2Bl |, and A,=27 where

0< <1 and |y is a positive constants .

Case 1. At the sampled instants (k =k;)

We will evaluate each term in the Lyapunov function candidate (A.13)

individually and combine them to compute the overall first difference, for simplicity.
At the event sampled instants with " =0, the closed loop system dynamics (28)
can be expressed as

X" = AP —BK X, k=k. (A.14)
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Consider the first term in (A.13). The first difference, AL, = X XP L —xP X,

along the system dynamics (A.14) with the relation Kk =K' - Kk and Cauchy-Schwartz
(C-S) inequality , can be expressed as
AL, <2xP (A—BK")"(A—BK")XP +2x" (BK,)" (BK X! —x x.

With simple mathematical operations using Lemma 4.6 and norm, one can arrive at
2 ~ 2
AL, <—(1-2u)|xP| +2BE, KX - (A.15)
Next, considering the second term, Ly, in (A.13), the first difference is same as

in (A.5) of Lemma 4.4.

At the final step, combining the individual first differences (A.5) and (A.14), the

overall first difference AL, =AAL,  +A,ALy, becomes
AL, <-(1-2u)|x? | + 2B, R 6127276, /|1 + 27w,z

Since the initial control input is admissible, K, is a function of ®, and Z” is a

function of x?, by Lipschitz continuity K, x?| <1, 6222776, /[1 + 22w z¢ |notds

where |, >0 is a positive constant. With the above facts and recalling the definition A,

and A, in (A.13), the overall first difference can be written as

ALy <—(1-2u)A, kap Hz —nZ}

min

6, <o, (A.16)

where 0<z <1, O<u<12 and Z_ is defined in (A.5). By Lyapunov theorem

(Jagannathan, 2006), the Lyapunov function is a non-increasing function, i.e., L , <L .
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Case 2. During the inter-event times (k. <k <k ,)
Consider the same Lyapunov function (A.13) as in Case 1. The system dynamics
during the inter-event times become
xP = AX? —BK,x" + BK.e" | k <k <k ,. (A.17)
The first difference of the first term, with system dynamics (A.17), Lemma 4.6 and C-S

inequality can be expressed as

AL, <—(1-3u)|x | +382%, [Roxe +382, [R.[ eS|

Recalling the triggering condition (29) one can reach at

AL, , <—(1-T)(1-3u) || +382%, 1, [6izpz7"6,|

max’ @ Hl n kaTWkapH ' (A18)

Moving on for the second term, the first difference along (26) for k; <k <k,

remains same as in (A.7). Combing the individual first differences (A.7) and (A.18), the

overall first difference AL, =AAL, +A,AL;, is expressed as
AL, <—(1-T)(1-3u) A, |x H2 +3A,B2,15[6,[ - (A.19)

From (A.12) in Lemma 4.4, ®, remains constant for k <k <k, . Thus,

|6, HZ :H(:)ki+1 < By, for k <k <k,,. Substituting the inequality in (A.19), the first
difference

AL, <—(1-T)(1-3u) A, % +B5, .. (A.20)
where B%,ki+1:3AlBrf1axléB©,ki+1' From (A.20), the first difference of the Lyapunov

function AL; <0, as long as



58

xP K+l

[X2]> /B /(1-T) (1-3u) A, = B
By Lyapunov theorem (Jagannathan, 2006), the system state, x’ and QFE
parameter error @k are bounded. Further, system state x” converges to the ball of radius

BS, .., inafinite time and ©, remains constant.

The bound for the Lyapunov function (A.13) for k, <k <k, can obtained by
using the bounds for x? and ®, computed in (A.20) and (A.12), respectively . It is
given by

B, = A,(B°

) +A,(B,, ) for k <k<k,,. (A.21)

xP ki +1 0,k +1
It follows that the Lyapunov function L; for k; <k <k;,, converges to the bound B,_, in
a finite time and stay within B, .

Now, from Case | and Case I, we will show the existence of a function h(k)

such that (31) holds to prove the asymptotic convergence of x? and ©, . With this

effect, define a piecewise continuous function

h(k)=max{L;,B_,}, keN. (A.22)
It is clear that h(k)>L; forallkeN. From Lemma 4.4, By, , — 0 with event
sampled instants k; — co. Using this relation and (A.20) in Case Il , we have B: = —0

0,k +1

and, hence, B, ~—0 as k. — oo . Therefore, it follows form (A.21) that the bound

B, =0 ask; —>oo. Since, the Lyapunov function Lj ,, <L} for k =k, and i — B,
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k,<k<k,, L, >0 as k —o. Consequently, the upper bound functions h(k) —0
as k; — 0. Since k; is a subsequence of k € N, by extension h(k) >0 as k > .

Finally, the convergence of Q(ka JU) —Q (xP,u’) can be seen by considering

< H@kHH‘fkp H +L,

Q* —QH = H®§kp _ékfkC = H(:)k(szkp + (:)k (fkp _gkc)
O [le<l@ulge ]+ Lo

A

O,

el

where L. is a positive constant. Since, x!—0 and 0, >0 as k > , imply

Q(xP,u,) = Q" (x",ur) . Similarly, to show u, — u;, consider the difference

Jui —u =[x - Ryx¢ <Co @[

:H KX
with C, >0 is a constant. Since &, -0 as k — oo, implies u; —u, | —>0 as k >0 or
u,—u, as k —>oo. "
Proof of Lemma 5.1. Consider the Lyapunov function candidate given by,

Lok = A5l + Lk (A.23)
where L, =¢e; and Ly, =tr{, ¥, } . The positive constant A, =a’ ¢, where
0<g. quﬁkﬁH/(lw/ﬂqﬁk) <1 is ensured by the PE condition of the regression vector as

discussed in Remark 4.2.

Consider the first term, L, , =ekXTekX, of the Lyapunov function (A.23). The first

difference, AL, =el.e},,—e e, along the state estimation error dynamics (32)
becomes

AL, =((A-LC)E +i71 4 ) ((A-LC)el +i71 ¢y ) —€] €.
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After simple mathematical manipulation with C-S inequality and norm, the first

difference can be written as

AL, <=2 e + 2l v (A.24)

&

where |, =|A—LC| and 1-2I > 0by selecting 0<1, < M
Considering the second term, L), =tr{y7, v, }, the first difference along the
dynamics of the observer parameter estimation error (35) becomes
AL =tr {7 — e el X [+ B ) (7 — (e el X) /(W g g )| —tr (v, ).
After simple mathematical operations using the output error dynamics (33), C-S
inequality and the fact||¢k||2/(1+||¢k ||2) <1, the first difference is upper bounded as
ALy, < ~Conttt (0 G U+ B 4} + 20t { T B0, /(L 44

+2a; tr {(X"C(A-LC)e;) (X"C(A-LC)e})' }
+agtr {((A-LC)e})((A-LC)g) C X}

<332 (Com =20 | + @02 @+2a2) e (A.25)

Eq. (A.25) is reached by using the definition ¢,

min

from (A.23).

The overall first difference AL}, = A,AL, +AL,,, from (A.24), (A.25) becomes

2

ALY < =A@ 27) 6]+ 28 [ [~ i (Crio — 200 [ + 15 0+ 20
Substituting A; from (A.23), the overall first difference
0 x||? ~ 12
ALy, <@, |e| —a, |7 - (A.26)

where @, =(1-21," - (5 /e d5,)) and @, = agdl, (Con — 20 — 202 g |") for brevity.

Note that, @, >0 and @, > 0by the choice of a,; and |, defined earlier.
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The overall first difference (A.26) of the Lyapunov function (A.23) is less than

zero, i.e., ALy, <0. Therefore, by Lyapunov theorem (Jagannathan, 2006), e; — 0 and

v, >0as k> . ]
Proof of Theorem 5.2. Similar to the state feedback case, we will consider both the cases
for the triggering condition to show that (31) holds by defining an upper bound function.
Case 1. At the event sampled instants (k =k;)

Consider the Lyapunov function candidate given by

L =L +Zalok T Zarkiy, +Zoolozk + 26,15, 1 (A.27)

6171k

where L%, =x x?, Lg =0;0,, L, =(0.6,) Ly, =(,)* and L, is given in

©1k 02k
(A.23). The constant coefficients are defined as

Xy = 2(6Brf1axKl\2/l + 2@, )/ASZUl’

Ty = 4Br1213x|®0 /ZU3 "
%, = (6B, + 26,0, (2-a,)) [20,A] @, (1-,),
%4, =8Brals, [@,(2-@)

max' @,

502

where @, >0 and @, >0 as defined in (A26) and @,=a’(1-3a)Z’, and
@, = ag (2+308)(L2 +O},L2).
Considering the first term, L‘;p‘k, of the Lyapunov function (A.27), the first
difference along the system dynamics (41) for k =k; can be expressed as
AL, =[(A—BK, )%} +BK, e T [(A-BK, )X +BK ] x x!.

After simple mathematical manipulation using C-S inequality, Lemma 4.6 and norm, the

first difference leads to
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X
k

AL, <—(1- 3y\hﬂ\+33 H@\\+6Bz KZ [e

max" @,

(A.28)

< |14

+3B2 |2HokH+3Bmax e

max' @

70
where X

<l |&1zeze 6, /|1 + 2 z¢

and Ky =K’ — K¢ with |K"| =K,
Next, the second term, L%'k, of the Lyapunov function, the first difference is

same as in (A.26) of Lemma 5.1.

Now, consider the third term, L3, =0,0, . The first difference along the

dynamics (38) for k =k. , augmented Bellman error (39) and C-S inequality, leads to

AL, < e 1-3a )TTZ 2,6 e )®T(z;mz+k2<o;;—zw@
k k

(FS-F)F-F)
l1+zgz¢

+ag(2+3ay)

Observing that 0<Z

/HHZETZE <1, which is ensured by using PE

condition, HZE —kaH <L, HekXH and H R’ - kaH <L HekXH by Lipschitz continuity, the upper
bound on the first difference can be represented as

OLk —

ALY, <=0 (1-305)Z50 O, + a2+ 3a)(L2 + O, L2) e

(A.29)

=[O, + e

where @, =al(1-3a)Z°% and @, = a®(2+3a)(L2 + @2 %) for brevity. Note @, >0

and @, >0 by selecting the learning gain 0< ¢ <1/3.

Considering the fifth term, L(é,zyk , the first difference using (A.26) can be

expressed as
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AL%z,k = (Loo,k+1)2 - (LOO,k)2 = AI-Ooz,k + ZAL%,k L%,k

4 4 (A.30)
<2A%m,(1-a,)|el]| —2,(1-,) || .

where (1-a@,) >0 and (1-a,) >0 by definition.
Finally, the first difference of the last term, L%Z’k :((:)I(:)k)2 using the first

difference (A.29), becomes

AL <—(w3(2—w3)/2)H(:)kH4+(w42(2—w3)/2w3) e, 4, (A.31)

By k =

where 2—a@, >0 since 0 <y <1/3.

At the final step, the overall first difference ALy =AL), +XALy, +2ZqAL

01,k

+Z AL, +Z®2AL°~ from (A.28), (A.26), (A.29), (A.30), (A.31), and recalling the

@,k

definition of X ,,2,,,Z¢,, and X, , becomes

ALﬁ < _(1_3/1)”)(1? HZ _(6anwaxKr2v1 +Z®1ZU4)HEI:H2 _Zolwz ”lﬁk ”2

Bl [6,] (682, +25,8, (2~ @) /2a, el (A.32)

max ®o

2% ,@,(1-a,) || - Biul:

max“e,

of

From (A.32), the first difference of the Lyapunov function AL, <0. Therefore,
by Lyapunov theorem (Jagannathan, 2006), the Lyapunov function is a non-increasing
functionie, L , <Ly ..

Case 2. During the inter-event times (k; <k <k ,,)
Consider the Lyapunov function L, same as in Case 1. The first difference of the

first term, along the system dynamics (41) can be written as
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= ((A-BK,)x +BK,e" + BK e )" ((A-BK, )’

:
+BK, e + BK 62" ) - xP x?

—(1-4p)|x [ +4|BR x|

X 5 1121 Zo0.ET II2
& e[ (A3))
Recalling the triggering condition (42) one can reach at
AL, <—(-2%)A-4u)|xP| +4B2 | +4B2 12 |G
xP k ET H k” @ \ ‘ 0, k (A34)
+2(4B2, K2 +T2, |

Moreover, the first difference AL}, remains same as (A.26) in Lemma 5.1.

Moving on, the first differences ALy, and ALY, along the observer QFE parameter

estimation error dynamics (38) for k; <k <k;,, are given by

AL, =6,0,,-6;6,=0and AL}, =0.

02,k

(A.35)

Finally, the first difference of L}, , is same as in (A.30). At the final step, the overall

first difference AL =AL,, +Z,ALG, +ZAL | +2 AL, +2,ALG |, Using (A.26),

(A.30), (A.34), (A.35), and definitions of =, and %, , becomes

4

AL <—(1-27% ) (1-4p)| [ B2, el ~Zua, ||1/7k i

25 @, (1@, )|’ —(4B2, K +T2 (1-4u))[e

36)

x
k

+B°

©,k+1’

where B? =4B% I

O,kj+1 maXO

c)

ki +1

420282 +T° (1-4)I2 |6

4, 0<TIg, <1/2 , and

ki +1

0< u<1/4 . Since, (:)ki+1=(:)k =(:)ki for k <k <k, from (A.35), the expression for

By .. IN (A.36) uses @M- Therefore, B, | is a piecewise constant function. Therefore,

0 . . .
B, o1 IS a piecewise constant function.
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From (A.36), the Lyapunov first difference AL <0 as long as,

‘Xk H>\j8®k+l/(1 ZF?ET)(]' 4,[1) Bxp2k+l or

{\/ B/ (4B + T (1-40)), 4fBE, L /B | =BE,, , or

||Wk||>max{\/B®k+1/Zolw2’\/ ®k+1/2202w2 1 wZ)} u/2ki+l'
A common bound for x! , € , and y, can be selected as

By} .. = Max{B’ B, 1} From (A.36), by Lyapunov theorem, x/, €, ¥, ,

xP2,k+1’ BeXZ,kiH’
and O, are bounded during the inter-event time. Further, x?, €, and y, will converge
to the bound Bo“f'kﬁlin finite time and ©, remains constant. It follows that, the Lyapunov

function LY — B, , k <k <k, and stay within the bound where

Lk’
= (B k+1) +201(Bo ki +1) +z®l(®k +1) +202(B k+l) +Z@2(®k +l)
The bound B’, is computed from (A.27) using the upper bound for x”, e, ¥, and 6,.

L’k

Now, defining the upper bound function
h, (k) =max(Ls, BS,),
it is clear that h, (k) >L; for all ke N. Further, ALy <0, k =k; implies L; , <L, and,
hence, the QFE parameter estimation error (:)ki+1<@ki and, from (A.35) in Case II,
~k.+1 =0, :(:)km .k <k <k, . This implies ©, <®, . Therefore, éki —0 as event

sampled instants k; — o since (:)ki —0. It follows that, B, —0 as k; > .
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Therefore, L) — 0 as k; »> oo or alternatively, k — oo . This implies h, (k) >0

as k — oo .Finally, using the above results, it is routine to check, Q, —>Q; and u, > u,

as k = oo. m
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Il. ADAPTIVE NEURAL NETWORK BASED EVENT-TRIGGERED
CONTROL OF SINGLE-INPUT SINGLE-OUTPUT NONLINEAR DISCRETE
TIME SYSTEMS

Avimanyu Sahoo, Hao Xu and S. Jagannathan

Abstract — This paper presents a novel adaptive neural network (NN) control of single-
input and single-output (SISO) uncertain nonlinear discrete time systems under event
sampled NN inputs. In this control scheme, the feedback signals are transmitted and the
NN weights are tuned in an aperiodic manner at the event sampled instants. After
reviewing the NN approximation property with event sampled inputs, an adaptive state
estimator (SE), consisting of linearly parameterized NNs, is utilized to approximate the
unknown system dynamics in an event sampled context. The SE is viewed as a model and
its approximated dynamics and the state vector, during any two events, are utilized for
the event-triggered controller design. An adaptive event-triggering condition is derived
by using both the estimated NN weights and a dead-zone operator to determine the event
sampling instants. This condition both facilitates the NN approximation and reduces the
transmission of feedback signals. The ultimate boundedness (UB) of both the NN weight
estimation error and system state vector is demonstrated via Lyapunov approach. As
expected, during an initial online learning phase, events are observed more frequently.
Over time with the convergence of the NN weights, the inter-event times increase thereby
lowering the number of triggered events. These claims are illustrated via simulation
results.

Index Terms - Adaptive control, event-triggered control, function approximation, neural
network control.
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1. INTRODUCTION

Traditional periodic transmission of feedback control signals in a closed-loop
networked environment requires a higher network bandwidth. Event-triggered control
(ETC) [1]-[16], on the other hand, is emerged recently as an alternate method to reduce
the network communication and controller execution. In ETC, the aperiodic sampling of
system state vector is proven to be advantageous computationally over periodic sampled
control schemes [1].

The ETC technique allows the system errors to increase to a predefined threshold
before transmitting the feedback signals. The threshold is designed to both avoid
instability and meet a certain desired performance. Therefore, the transmissions of the
feedback signals and control input are reduced while achieving a desired control
performance. These transmission instants are usually referred to as event sampled instants
or simply event-triggered instants [2]. The condition under which a decision is made to
transmit the feedback and control signals is known as event-triggering condition [2]. The
event-triggering condition is normally a function of the system state error which is
referred to as event-trigger error [2]-[13] along with a state dependent threshold.

In an earlier work [2] on ETC, the authors assumed input-to-state stability (ISS) of
the system with respect to the event-trigger error for designing an event-triggering
condition. It was shown that the event-based controller ensured the asymptotic stability of
the system with reduced computation. Later, various other ETC schemes [1], [4]-[16] are
developed for both linear and nonlinear systems. A majority of these ETC schemes are
implemented by using a zero-order-hold (ZOH) [2]-[5] in order to maintain both the last

transmitted state vector and control input until the next transmission.
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An alternate to the ZOH scheme is the model-based scheme [7]-[9], [11], [14]-[15]
where the state vector from a model is used to generate the control input within any two
event-triggered instants. The model-based approach is shown to reduce network traffic
more than a ZOH-based scheme at the expense of additional computation due to the
model. However, in all the ETC effort [2]-[11], the system dynamics are considered
available a priori while a small bounded uncertainty can be tolerated [8]. In contrast, in
our preliminary work [14]-[15], adaptive model-based schemes both for uncertain linear
systems and partially unknown nonlinear systems, respectively, were introduced.

From the stability point of view and to account for the aperiodic transmissions of
the feedback signals, several closed-loop modelling techniques are also presented. A
representative list includes the piece-wise linear system model [11], the perturbed system
model [8], the hybrid and impulsive [11] dynamical system models. All these modelling
approaches utilized the Lyapunov method or its extension for the stability analysis and to
design the event-triggering condition.

In this paper, an adaptive model-based ETC scheme for a nonlinear discrete-time
system in Brunovsky canonical form is presented. Both the internal dynamics and the
control coefficient function are considered unknown. By using the approximation property
of neural networks (NN) [20], in an event sampled context, an adaptive state estimator
(SE) is designed. The adaptive SE serves as a model of the system and both approximates
the system dynamics and estimates the state vector. The approximated system dynamics
and the estimated state vector are subsequently utilized for generating the control input,

during any two event sampled instants.
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A novel event-triggering condition is derived using the Lyapunov method of
stability. The threshold in the event-triggering condition is designed as a function of both
the NN weight estimates and the system state vector. Thus, the threshold becomes
adaptive unlike the traditional threshold conditions [2]-[7] which are functions of system
state vector alone. This modified adaptive event-triggering condition not only ensures the
function approximation by using a non-periodic weight update law but also the stability.
The event-triggering condition further uses a dead-zone operator to prevent the
unnecessary triggering of events, due to the NN reconstruction error, once the system state
IS inside the ultimate bound.

The contributions of this paper include: a) the event sampled NN approximation
with model state vector, b) the development of a novel model-based adaptive NN ETC
scheme, c) an aperiodic tuned NN-based state estimator (SE) or model, and, d) an adaptive
event-triggering condition to ensure the stability and convergence of NN weight estimates.

The completely uncertain system dynamics make the event-triggering condition
design different from the traditional one [2]-[8] including partially unknown dynamics in
[15] The stability of the event-triggered closed-loop system is proven by using the idea of
switched systems as discussed in [10], [17]. The Lyapunov function is allowed to increase
during the inter-event times but bounded. It is shown that the bound for the Lyapunov
function during inter-event times converge to the ultimate value with events occurring.
This enables the proposed NN-based adaptive event-triggered scheme to ensure stability in
the presence of significant level of dynamic uncertainty. It also reduces the network
traffic with fewer numbers of triggered events when compared to a traditional discrete-

time system.
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The remaining part of the paper is organized as follows. Section 2 revisits the
event-based approximation and formulates the problem for the ETC of uncertain
dynamical systems. Section 3 details the design procedure for the NN-based adaptive
ETC. The stability is claimed in Section 4. Before concluding in Section 5, the simulation
results are presented in Section 6. The Appendix details the proofs for the lemmas and

theorems.



72

2.BACKGROUND

This section presents a brief background on the traditional ETC and formulates

the problem for adaptive ETC.

2.1 BACKGROUND ON ETC

Consider a controllable nonlinear uncertain discrete-time system in Brunovsky

canonical form given by

Xk = X0
Xpsor = Xo o0
: (1)
o = FOG)+ (XU,
Yo = X
where X =[x, X, - X,]' €R", u eR, and y, e R denote the state vector, the

input and the output of the system. The internal dynamics and the control coefficient
function, f:R" >R and g:R" —> N, respectively, are unknown nonlinear smooth
functions. The system is considered to be feedback linearizable [21] in the sense that
there exists a diffeomorphism to transform the system into a linear form.
The system (1) can be written in simplified form as
X, = Ax, +Bf (x,)+Bg(x)u,, (2)

T

e R™" and B:[O o - 1] eR".

0
0
where A=| .
: 1
0

The system dynamics (2) can be rewritten in a compact form as

X = AXk + BIE(Xk)Uk ) (3)
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where F(x)=[f(x) g(x)]eR** and T =[1 u] R are the augmented system

dynamics and input vector, respectively. These augmented forms are utilized in the
model development and controller design. To design a controller by using feedback

linearization, the following assumption is required.

Assumption 1[18]: The nonlinear function g(x,) is lower bounded, i.e.,

0<0,, S‘g(xk )‘ where g, is a known positive constant and || denotes the absolute

value.
For the system (1), under complete knowledge of system dynamics, a feedback

linearizable controller of the following form
Udk :(—f(Xk)-i-Vk)/g(Xk), (4)
yields an asymptotically stable closed-loop system. The closed-loop dynamics can be

written as

X, = AX, (5)
where U, is the ideal control input. The stabilizing control input is given by v, = KX,
where K :[Kl K, - Kn] is the control gain vector. The control gain vector K € ‘R"

can be designed to ensure A is Schur via suitable pole placement design. The closed-

0 1 0
. . o o0 .

loop system matrix can be written as A = A+BK = . . ! e R™" . For the
K, K K

oK, K
class of systems given by (1), any nonlinear controller can also be utilized which renders

asymptotic stability of the system. The ideal controller (4) needs time-based periodic



74

sampled system state x, for implementation along with f(x ) and g(x ). In contrast,
our main objective in this paper is to implement the controller (4) in the event sampled
context without the knowledge of the system dynamics.

In the case of traditional ETC, the system state vector x_is transmitted to the
controller only at the event sampled instants. Define a subsequence {k }°, of the discrete
sequence of time instants k e N, referred to as event sampled instants. The events are
triggered at k,, V i eN with the first event occurring at the time instant k, =0. The

system state vector, X, , is transmitted through the communication network and held by a

ZOH till the next transmission at k;,,. The last held state, x, for k <k <k, atthe ZOH
IS piecewise constant and used for the controller implementation.
The event sampled instants are determined at the trigger mechanism by evaluating

the event-trigger error against the threshold value. The deviation between x, and the last
transmitted state X, is usually referred to as the event-trigger error, €. . This is

represented as

ET

& =% -—X%, k<k<k,,ieN. (6)

Though event-triggering condition is evaluated periodically at all k € N, the state vector
is transmitted to the controller only at the event sampled instants determined by the
violation of the event-triggering condition.

Now, to implement the controller (4), the unknown system dynamics, f(x ) and

g(x,), must be approximated by using event sampled system state vector, X, . Therefore,



75

the universal approximation property of the NN is revisited for event-based sampling in

the next subsection.

2.2 PROBLEM FORMULATION

The problem of ETC is formulated in this subsection by addressing event sampled
NN approximation and transmission of state vector.

2.2.1 Event Sampled Neural Network Approximation. According to the
universal approximation property [20] of the NN, a nonlinear smooth function h(x ) € R"
can be approximated in compact set for allx, € Q < R". A linearly parameterized NN
[20] with two hidden layers can be used for the purpose. The two layer NN can consists
of a layer of randomly assigned constant weights, V, , in the input layer and tunable
weight matrix, W, , in the output layer. It has been proven that by randomly selecting the
input layer weights, the activation function forms a stochastic basis [20]. Thus, the NN
approximation property holds [20] for all inputs x,_ belong to a compact set Q < R".
The function h(x ) € R" with the linearly parametrized NN can be represented as

h(x) =W, v, (V,X) +,(X,), (7)
where W, € R"™" is the NN target weight matrix. The randomly assigned input weight
matrix is denoted byV, e R*! and w, (+) e R' is the activation function vector. The NN
reconstruction error, the number of hidden layer neurons, and the number of inputs are
denoted by ¢, (x ) e®R", |, and a, respectively. So far in the literature, the universal NN

approximation property considers the availability of x, at all-time instants k .
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In the case of an ETC, the approximation of the function at event sampled instants

h(x,) can be expressed as [16]

h(x,) =W, (V) X, ) +&,(X,), (8)
where v, (V. X, )€ R' is the activation function with event sampled state vector, X, . The
reconstruction error at event sampled instants is given by ¢ (x, ) €%R". Note that, the

approximations (7) and (8) become equal if the events are triggered at all-time instants.

Since the events are occurring in an aperiodic manner, the function h(x,) for k, <k <k,
can be expressed as
h(x) =Wy, (V,/x ) +&. (X & ), k <k<k,, ieN, 9)
where ¢, .(X. &) is the event sampled reconstruction error computed next.
Consider the periodic approximation of the function h(x ) as in (7) . By adding

and subtracting w, (V.| X, ) and definition (6), it can be rewritten as
h(Xk) :WhT‘//h (\/hTXk) +Wth//h (VhT X ) _WhTWh (VhT X )+ &, (Xk)

:WhTV/h (VhT X ) +WhT (l//h (\/hT (in + ekET ) — Vi (VhT X ))

(10)
+&,(%, +&.), k <k<k,, VieN

10

Comparing (9) and (10) the event sampled NN reconstruction error is given by
& (X &) =5, (% +e ) +W] (l//h(\/hT(in +ekET))—1//h(\/thki)). The event sampled
NN reconstruction error, &, (X, ,e."), is a function of the traditional NN reconstruction

error &,(X.) =&,(X, +e.') as in (7) and an additional error due to event sampled input,

ie, W' (l//h(VhT(in+ekET))—'//h(VhTin))- This additional error is a function of event
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sampled state vector, X, and the event-trigger error e." . Therefore, to approximate a

function with a desired level of accuracy in an ETC context, the event-trigger error, €',

must be kept small. This can be achieved by designing a suitable event-triggering
condition. Higher is the number of event sampled instants, better will be the NN
approximation. However, this will increase the number of transmissions leading to

higher network bandwidth usage.

The NN estimation of the function ﬁ(xk)for ki <k<k,,,VieN can be written

i+1 7
as

ﬁ(Xk) :\/\A/thl//h (\/hT Xk)

! ; (11)
=W, (V%) W (, O (%, +€57) =, VX)),

where V\A/h’kefR'X” is the NN weight estimate. The second term

V\A/hTk (v, (X, &) —w,(V, x,)) is an additional error in estimation and a function of

event-trigger error.
It is important to mention here that the event-based aperiodic transmission
precludes the traditional periodic NN weight update [20]. The NN weights must be tuned

in an aperiodic manner only at the event sampled instants, k =k with the latest

measuring state vector. This, further, requires a suitable event-triggering condition.

From the above discussion, the accuracy of NN approximation, the reduction in
transmissions, and the system stability depend upon the event-triggering condition. Thus,
a trade-off must be reached through a careful design of the event-triggering condition. As
a solution, the threshold of the event-triggering condition is made adaptive in contrast

with the fixed threshold utilized in traditional ETC design with known dynamics [2]-[5].
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An alternate to this ZOH based technique is the model-based approach and discussed
next.
2.2.2 Model-base ETC. The structure of a model-based event-triggered control

(MBETC) scheme [7]-[9], [11] is illustrated in Figure 1.

Plant |sensor}—p| Trieeer

Mechanism

€ tetwork 3

Uy

>>
=

Controller [4— Model

Figure 1. Structure of the traditional MBETC system.

Traditionally, a system model (known a priori) generates the state vector between
the event sampled instants. The model state vector is subsequently used by the controller
to update the control input periodically in contrast with a ZOH ETC. The event sampled
instants are determined by the deviation of the model state from the measured system state
vector due to model uncertainty or disturbance. The measured system state vector is
transmitted at the event sampled instants to reinitialize the model state vector.

The event-trigger error for a MBETC scheme can be redefined as the difference
between the measured system state and the model state vector. It is given by

e =X —X,k <k<k,, VieN, (12)

where X, €R" is the model state vector. The reinitialized model state vector at the trigger

instants can be represented as
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2 =x, k=k, VieN, (13)

and then it evolves with model dynamics during the inter-event times for k; <k <k, .

Since the system dynamics in (1) are uncertain, the traditional model-based ETC
framework cannot be directly used. This requires an adaptive NN scheme to construct the
model or SE. Further, the model dynamics must also be approximated in the MBETC
context similar to the ZOH based case as discussed before. The detailed design procedure

is presented next.



80

3.MODEL BASED ADAPTIVE ETC DESIGN

The adaptive MBETC scheme for an uncertain nonlinear discrete-time system is
proposed in this section. We assume a communication network between the sensor and
controller but without packet losses and delays. This assumption is consistent with the

ETC literature [9], [11] for the purpose of controller design.

- o Trigger
T Plant »| Sensor | Mechanism
k Xk
Network
A ” {f:)
Xy
_l Controller é—\d.ap te : "
stfmator |t
k
- Uy ‘
g
=t Update law |
“T

Figure 2. Structure of the adaptive METC system.

The structure of the traditional MBETC, shown in Figure 1, is modified for an
adaptive MBETC and shown in Figure 2. A NN-based adaptive model or SE is included
not only to estimate the state vector but also to approximate the unknown system
dynamics. An adaptive event-triggering condition is also proposed using the SE’s
estimated NN weights and the system state. Therefore, a mirror SE at the trigger
mechanism is used to evaluate the event-triggering condition. This mirror SE estimates
the NN weights locally at the trigger mechanism to avoid the transmission of the NN
weight estimates through the communication network. The mirror SE operates in

synchronism with the SE at the controller. At the violation of the triggering condition at

k =k, the system state x, and X, _,, are transmitted together. The received state vectors
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are used to update the NN weights at trigger instants in an aperiodic manner. Then, the

event-trigger error, €;, in (12) is reset to zero for the next cycle of triggering. The

detailed design procedure for the NN-based adaptive MBETC scheme is presented next.

3.1 ADAPTIVE ESTIMATOR AND CONTROLLER DESIGN
The dynamics of the adaptive SE can be expressed as

%, =A% +Bf (R)+B(R)y,, k <k<k,, VieN, (14)

i+l

A

where % =[%, %X, - X, ,J' €R" represents the estimated state vector. The

functions f(f(k)eiR and §(X)eR represent the approximation of the nonlinear

functions f(x)e®R and g(x )eNR , respectively. The system state vector, x, , is

k ?

available intermittently only at k =k . Thus, the approximation of the nonlinear functions

are express as f (X,) and §(X ) with the estimated state vector, X, . Further, as proposed,

the SE sate vector is reinitialized as in (13).
The dynamics of the SE in (14), in an augmented form as in (3), for both inter-event

times and trigger instants using (13), can be represented as

A% +BF(R)T, k <k<k

— N i+17 (15)
Ax +BF(x )T, k=k,

k+1

where F(%)=[f(%) §()]and F(x)=[f(x) d(x)].
Consider the augmented system dynamics (3). The nonlinear function, F(x,), can
be approximated in the event-triggered context, similar to (8) and (9), using the SE state

%, as input to the NN. Hence, F(x ) can be expressed as
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F(x)=WT'®(X)+E, (X&), k<k<k,, VieN, (16)
where W =W, W]T e%R*“ is the unknown target NN weight matrix with W, e %'

and W, eR' represents the target weights for f(x) and g(x,) . The event-based

(Df fT )/Zk) 0I><l

activation function matrix is denoted by @(Kk):{ Y

} e R*™ where

V, e R** and \A e R are randomly assigned constant weights at the input layers, and

@, (+) and ¢, () represent the NN activation functions for f andg, respectively. The

input matrices can be selected as V, =V, =V . Then, X =V'& =V/X =V'X,.

The event-based reconstruction error using SE state vector is denoted by
E(X,6)=ER +e)+tW (®V (X +€))-DPV'X)) where =X +€)=2(x,)
=[e,(x) &,(x)]eR** is the traditional reconstruction error in augmented form. The
reconstruction errors ¢,(x,) and & (x,) are the errors for the function f and g,
respectively. The additional error term, as in the case of ZOH based approximation in (9),
is given by W' (V' (X, +€))—-DV'K)) .

The actual NN estimation of the function, Ié(xk), with SE state, X , can be

written similar to (11) for k; <k <k, as
F (%) =W ®(X) =W o) +W, (V' (% +€))-DPV'R,)), (17)
where W, =W, W]’ e®™ represents the estimated NN weight vector and

qu (\/Txk) 0|><l

d(X )= is the augmented activation function with X =V'x, .
( k) |: o|><l gog(\/TXk)} g “
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Remark 1: The error term ®(V' (X +€))—®(V'X ), both in (16) and (17), is the result
of the model state X, as input to the activation function during k <k <k, instead of
system state X, . In the case of a traditional NN based model [20], where the system state
is used periodically, this error is not present. Since the activation functions are smooth
functions, this error can be represented in terms of event-trigger error, €; by using the

Lipschitz continuity as given next.

Assumption 2 [20]: The target weight vector W, the NN activation function ®(-) and

the reconstruction error E() are bounded above satisfying |W|<W,,, [|®()|<®,., and

<E,x Wherew_, ®

max !

and Z__ are positive constants.

max !

[=¢)

Assumption 3: The NN activation function ®(X,)is Lipschitz continuous on a compact
set for all x €Q_ . Then, there exists a constant L >0 such that | D(X)-D(X) |

<L|IX —ik I< L, Il || are satisfied where L, =L||V || is a constant.

The SE dynamics (15) by NN approximation can be expressed as

i+1? (18)

Xk +1

A% +BW O(X )T, k <k<k
Ax +BW O(x )T, k=k.
The event-based control input with the estimated SE state vector, X , and the SE

dynamics (15), can be represented as

. _{(-f (R)+KR)/G(%). k <k <k, (19)

(-f (x)+Kx)/8(x), k=Kk.
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The control law using the approximated dynamics from (18) is given by

{( W0, (%) + KR Mo, (X)), k <k <k, 20

( Wf Ps (Xk) + ka)/wgtk¢g (Yk), k= ki.

To ensure the control law (20) is well-defined, i.e., Wng ?, (X) =0 at all-time instants k

the estimate §(X, ) is defined as

§(%,)= { 10, (%), W g, (X) 2 gm.n. 21)
W

.9, (X.,), otherwise
The augmented function approximation error can be written from (16) and (17) as
F(x)=F(x)-F(x) =W O%)+E(x), k <k <k, (22)

where F=[f §] with f()=f()—f() and §(-)=g(-)—§(-) are the function
approximation errors for f and g, respectively. The NN weight estimation error is

denoted as W =W -W, .

3.2 EVENT TRIGGER ERROR DYNAMICS AND APERIODIC UPDATE LAW

The dynamics of the event-trigger error (12) using (3) and (15) for k <k <k,

can be can be written as

& =x = Ax_+BFE(x )0, — A% —BF(%)0,

Kl k+l
= Ae; +BE(x )T, +B(F(x)-F(R )T, , k <k <k .. (23)

Recalling the event-based function approximation (17) and the augmented

function approximation error (22), equation (23) can be expressed as

e = Ae + BW O(X)T, +BWT(®(X) D(X, ))u +BE(x, )T,
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(24)

= Ae; +BW/ (X, )T, + BZ,T, + BWkTé(Yk X )Uk ko<k<k,,,
where O(X %) =®(X)-D(X,) and =, =Z(x ) for brevity. Similarly, the event-trigger
error dynamics at the trigger instants using (3) and (18) become

e, = BW®(x )T, + BE,0,, k=k

k+1 (i (25)
To ensure the convergence of the NN weight estimation error, W, , the NN weight
update law in an event-triggered context is selected as

) ) 7/k05(1)(2«1)kalekST B \/
W =W .+ — = ——xW,_, k,<k<k, (26)
k k-1 1—|—||(D(Xk_1)||2 ||uk_1||2 k-1 1

where « >0 is the learning rate and x> 0 is sigma modification term similar to that in

traditional adaptive control [19]. The indicator function, y, , is defined as

0, eventisnottriggered, k , <k <k,
Ve = (27)

1, eventistriggered, k=K.
The indicator function enables the NN weights to be updated once an event is
triggered, i.e., , =1. The event-trigger error €, is first used to update the NN weights in
(26) and then reset to zero for the next trigger. As the trigger instants are aperiodic in

nature, the NN weights are updated in a non-periodic manner, as proposed. This saves

the computation when compared to the traditional NN based control approaches [20].

The update law (26) needs both X, , and X, at the trigger instant k; for updating

the NN weights and to reset the model state. As proposed, both the current and previous
state vectors are transmitted as a single packet at the trigger instants.
The NN weight estimation error dynamics using (26) and forwarding one time step

ahead, can be derived as
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~ ~ 7/kad)(xk)ukekilB ~
=W — +KW,kiSk<ki+. 28
- ‘ 1+ ||CI)(7k)||2 ||Uk ||2 “ ' (28)

The convergence of the NN weight estimation V\7k requires the vector ®(X )T, in

(28) satisfy the persistency of the excitation condition (PE) which is a well-known fact in
traditional adaptive and NN based control [19]-[20], [23]-[24]. For completeness the

definition of the PE condition is given below.

Definition 1[22]: (Persistency of excitation) A vector ¢(x) e R" is said to be persistently

exciting over an interval if there exist positive constants 5, ¢ , d and k, 21, such that
k+8

cl < Zkk d(x )¢ (x)<dl, (29)

where | is the identity matrix of appropriate dimension.

Remark 2: A PE like condition for ®(X )T, can be achieved by adding an exploration

noise to the control input [25]. This keeps the control input and, in turn, the system states

away from zero. Further, the activation function also satisfies PE and
0<®,, <|®(x)|<P,, holds.

Lemma 1: Consider the adaptive SE (18) and the control law (20). Suppose the

Assumptions 1 and 2 hold, the NN weights be initialized in a compact set and tuned by

using (26), and the vector ®(X )T, satisfies the PE condition. Let k, be the initial trigger
instant, k, be p" trigger instant for an integer p and N >k is an integer representing
the time instant. Then, the NN weight estimation error W, is bounded for all time and
will converge to the ultimate bound when k; >k or, alternatively, for all time instants

k >k, +N provided the learning gains satisfy 0 <« <1/4 and0< x <1/4.
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Proof: Refer to Appendix.
Note that the ultimate bound can be made arbitrarily small by selecting the proper
design parameters and number of neurons as discussed in Remark 5. Next, the main

results are claimed.
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4. EVENT-TRIGGERING CONDITION AND STABILITY

In this section, the ultimate boundedness (UB) [20] of the closed-loop ETC
system state vector and NN weight estimation error is presented by designing a suitable

adaptive event-triggering condition.

41 CLOSED-LOOP SYSTEM DYNAMICS

The closed-loop dynamics of the ETC system can be derived by using (2) and

(19). Consider the inter-event times, i.e., k <k <k, vieN. The closed-loop dynamics

i+1?

can be written as

X,.. = A, +Bf (x,)+(Bg(x)(f &)+ K%)/G(%,)
= Ax, +BKe: +BF (x )T, +B(F (%)~ F (X ).

By using the NN estimation (17) , (18) and the function approximation error (22),

the closed-loop dynamics become

X, = Ax +BKe: +BW d(x )T, + BZ,0, + BW O(X X )0, k <k<k.. (30)

k+1
Similarly, at the trigger instants, k =k, vieN, the closed-loop dynamics using
(2), (3), (19) and (20) can be written as
X, = AX +BW d(x )T +BZ,T,. (31)

The closed-loop dynamics of the SE can be derived by using (14) and (19) as

(32)

k+1

AR, ki<k<k,,
CAXx, k=k.

The flowchart in Figure 3 shows the implementation of the adaptive MBETC

scheme designed in Section 4.
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¢ Uy =(_V\7;r,k¢f (Yk)+KXk)/W;k¢g(Yk)
No SE state update *
R = AR+ BE (XU, Reinitialize the SE

Reps = AX, + BF (%, )Ty

L
>

\ 4
Run the system and
Increase the time index
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Figure 3. Flowchart of the proposed event-triggered control system.

4.2 MAIN RESULTS

In this section, we claim the main results by designing an adaptive event-
triggering condition. The closed-loop stability of the adaptive MBETC is shown by
evaluating a single Lyapunov function for both during the trigger instants and inter-event
times. It is shown in [10], [17] that the Lyapunov function need not monotonically
decrease both during the inter-event and event times [10]. Due to the aperiodic NN
weight update, it is shown that the Lyapunov function may increase during the inter-event
times but remains bounded. It is further shown that the bound during the inter-event times

converges to the ultimate value with trigger of events. This is illustrated in Figure 4.
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Figure 4. Evolution of the Lyapunov function during event and inter-event times

Consider the event-trigger error (12). We introduce the following condition as the

event-triggering condition and given by

D(

&

)<u ] (33)

W,

and 0<I"<1. The matrices A, and Q are positive definite matrices and satisfy the

where " =T, (Q) K[|+ 8L, .

|A,]) is the threshold coefficient

Lyapunov equation A’AA —A, =—-Q with A :\/EAC as in Remark A.1. The minimum

singular value of Q is denoted as o, (Q) . The dead zone operator D() is defined by

- e T o

D(|le; _
0, otherwise,

k

with B, the desired ultimate bound for the system state vector. The events are triggered at

the violation of the inequality (33) .
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Remark 3: The threshold coefficient " in (33) is a function of the NN weight

estimate, ”\Nk

and gets updated by (26). Therefore, the event-triggering condition (33)

becomes adaptive. This helps in generating the required number of events for the function

approximation during the learning phase of the NNs as discussed in Section 2.2.1.

Further, g is also function of the control gain K. The choice of control gain K is

based on the desired closed-loop performance and stability of the system such that A is

Schur. This implies, the event-triggering condition is also driven by the system
performance. Hence, for different choice of K, the triggering condition will ensure the
required number of events to achieve the desired performance.

Remark 4: The dead-zone operator (34) is utilized in the event-triggering condition in

order to reset the event-trigger error e, to zero once the state vector is within the

ultimate bound. This avoids unnecessary triggering of events due to the NN
reconstruction error of the functions.
Theorem 1: Consider the nonlinear discrete time system (1) along with the NN-based SE

given in (18). Assume Assumptions 1 through 3 hold and the NN initial weight matrix
V\A/0 be initialized in a compact set. Suppose the system state vectors, X, and X, ,, are
transmitted, the SE state vector, X _, is reinitialized and the NN weights are updated using
(26) at the violation of the inequality (33). Let k, be the initial trigger instant, k, be p"
trigger instant for any positive integer p and N >k is an integer represents the time

instant. Then, the control input (20) ensures the closed-loop event-triggered system state

vector, X, the SE state vector, X, , and the NN weight estimation error, V\7k , are bounded
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for all time and converge to the ultimate bound for all trigger instants k >k or,
alternatively, for all k>k,+N provided learning gains satisfy O<a <1/4 and

O<x<1/4.

Proof: Refer to the Appendix.

Remark 5: From the proof of Theorem 1 (see Appendix), the bounds on the system state

vector, B, and NN weight estimation errors, B, , depend upon the traditional NN

—

reconstruction error, = and the design parameters, ¢ and x« . Through proper

selection of the number of neurons in the hidden layer, and the design parameters « and

x , the bounds B, and B, can be made arbitrary small (see simulation results).

The minimum inter-event time, &k, =min(sk;), where sk =k, —k for

ieN
e N , implicitly defined by the event-triggering condition (33), is the minimum time
required for the event-trigger error to evolve from zero and reach the event-triggering
threshold over all inter-event times. In the case of a discrete-time system, which can be
considered as discretized version of a continuous time system with a suitable fixed
sampling time, trivially the minimum inter-event time is the sampling time [4]. Further,
in our case of model-based adaptive NN ETC, minimum inter-inter time may be one
sampling time during the learning phase but the inter-event times increases with the

convergence of NN weight estimation error and thereby reducing the transmission.
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5.SIMULATION RESULTS

In this section, the proposed NN-based MBETC scheme is evaluated by using two

examples.

5.1 EXAMPLE1

A second order SISO nonlinear discrete time system was selected for simulations

whose dynamics are given as

X = X0
Xk = f (Xk) + g(Xk)uk7

(35)
where f(x,)=x,, /1+X and g(x)=2+sin(x,).

The following parameters were considered during the simulations. The initial
states of the system and the SE were selected to be [3 2] since first event is considered
at k, . Initial NN weights V e >, W, ; e R* and W, , € ™ were chosen randomly
from a uniform distribution in the interval [0, 1] with 15 neurons each in the hidden
layers. The activation functions used were symmetric sigmoid functions (tanh(.)) for
both the NNs with learning gains «=0.24 and x«=10° . The control gain
K =[0.35 0.2] such that the matrix A =\/§A is Schur. The event-triggering condition

was derived from (33) with g =1 and T'=.99 . The Lipschitz constant L, was

computed as L|V|=3.28 with L=1. The system was simulated for 15 sec. with a

sampling time of 0.01 sec, i.e., 1500 sampling instants. The UB for the system state

vector was chosen to be 10~°.The simulation results are presented in Figure 5, 6 and 7.
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Figure 5. Convergence of (a) state vector, (b) control input, (c) function approximation
error f(x), and (d) function approximation error §(x,).

Figure 5 (a) shows the convergence of the system state vector close to zero with

the event-based approximated control input in Figure 5 (b). The NN approximation errors
of the nonlinear functions f(x,) and g(x,) are shown in Figure 5 (c) and (d),

respectively. Due to NN initial weights being far away from the target, large initial errors
are noticed in the plot and finally they converge to a bound close to zero. The
boundedness of these errors close to zero validated the event-based approximation
discussed in Section 4.

Next, the performance in terms of the triggering of events is plotted in Figure 6
and 7. Figure 6 (a) shows the evolution of the state dependent event-trigger threshold and
the error. The event-trigger error (see the zoomed figure in Figure 6 (a)) resets to zero
once the error reaches the threshold and the system states were transmitted. Figure 6 (b)
illustrates the count on the number of trigger instants that have occurred with respect to
the total number of sampling instants. It was found that a total of 306 events occurred out

of 1500 sampling instants. In addition, the plot indicates that the events are triggered
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frequently at the initial phase as a result of large approximation error resulting from
random initialization of NN weights. As the NN weights are updated and converge close
to the target weights, inter-trigger times increase. As expected, changing initial NN

weights resulted in different number of events for the convergence of the weights.

0.2 . 600 ‘ ‘
N Threshold(uETllxkll) g With dead zone
E Event-trig error G>) 70 [o ] E— Wio dead zone ,p"'
7 ‘ ‘ = =
3]
£ 13 200 "
e £
‘ =
0 — © 0
0 5 @) 10 15 0 5 (b) 10 15
n
o 01 : : 1000
§ . { X Inter-event times {
b <
% § """ Traditional
S 0.05 « 500 Event-based
E e E L
2 e —
£
0 0
0 5 10 15 0 5 10 15
Time(sec)(c) Time (sec)(d)

Figure 6. Performance of the model-based adaptive NN ETC: (a) evolution of event-
trigger threshold and event-trigger error, (b) cumulative number of trigger instants with
and without dead zone operator, (c) inter-event time, and (d) comparison of the data rate

between the traditional periodic transmission and event-triggered transmission.

The reduction in the number of cumulative events (y-axis in Figure 6 (b))
demonstrates the effectiveness of the event-triggered scheme in reducing the number of
state vector transmissions over the network in comparison to a traditional periodic
sampled discrete time control. The durations between two consecutive transmissions are
shown in Figure 6(c) and are aperiodic in nature. Assuming every packet size of 8 bit
data, a comparison plot for the data rate in bits/sec is shown in Figure 6 (d). In the case of

traditional discrete time system, the data rate is constant, i.e., 800 bits/sec. In contrast, in
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the proposed ETC, the data rate reduces over time since the transmissions are reduced
and finally reaches to 100 bits/sec. This confirms a reduction in bandwidth usage and
proves the effectiveness of the approach. Further, the NN weights are updated 306 times
thus reducing the computation for approximating the unknown nonlinear functions when
compared to traditional NN based approach. However, the use of mirror adaptive SE for
evaluation of the event-triggering condition requires additional computation.

A comparison between the trigger mechanisms with and without a dead zone
operator, in terms of cumulative number of event-trigger instants, is presented in Figure 6
(b). When the dead zone operator is not used, as shown in Figure 6(b) (dotted line), the
events trigger continuously due to the NN reconstruction error even the system state
vector is inside the ultimate bound. Hence, the dead-zone operator is necessary to reset
the event-trigger error to zero once the state vector converge and stay inside the ultimate
bound. This stops the unnecessary triggering of events as shown in Figure 6 (b) (bold

line).

S0 77 .-
CED /‘M I =0.99
o 0 @=024 ===== @=02 e @=015 === u:Ol{
S ‘

2 0 500 (@) 1000 1500
2400

2

s

5200

S

>

O

o

Sampling Instants(k)(b)

Figure 7. Cumulative number of events with different values of the learning gain « and
event-trigger parameter T .
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Further, the effect of different learning gains « and event-trigger parameters T
on the number of events is shown in Figure 7. As shown in Figure 7 (a), for different
values of a the cumulative number of events is different. This is due to the change in
convergence rate of the NN weight updates. The number of cumulative triggers reduced
with an increase in value ' since the threshold value increases with an increase in T'.
Note that Lyapunov stability is a sufficient condition. Therefore, the event-trigger

threshold for ' =1 still maintains the stability of the system.

5.2 EXAMPLE 2

In this example, another second order system as in (35) was chosen where the

system dynamics are given by
f (Xk) = X12,kX2,k/(1+ X12,k + XZZ,k) and g(xk) :1+(2/(1+ Xlz,k + Xzz,k))-
The simulation parameters were as follows. The initial vales for the system and

SE states were [L5 2.5]". The initial NN weights, V e %%, W, , e R and W, e R*

were chosen randomly in the interval [0, 1] with 16 neurons each in the hidden layers.
Symmetric sigmoid functions were used as activation functions for both the NNs. Design

parameters were selected as «=0.24, «=10°, g =1, '=.99, L,=3.6 and

K =[0.3 0.25]. The system was simulated for 5 sec. with a sampling time of 0.01 sec,
i.e., 500 sampling instants. The ultimate bound threshold of system state vector was
chosen to be 8x10°.

The convergence of the system state and the control input are shown in Figure 8

(@) and (b), respectively. The NN approximation errors f and § are illustrated in Figure
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8 (¢) and (d), respectively. The cumulative number of triggers was observed to be 80 out

of 500 sampling instants implying the saving in network resources and computation.

3 0.4
§ State (x,) ‘é ----- Control input(u,)
S 2" ===== State (x2) T £
n S 0.2
1 €
\_ S b
0 Qb mmmmmmme
0 2 (a) 4 5 0 2 (b) 4 5
— 5 F
o) { Approx. error (f) { % { Approx. error (g) {
b . 0
o X
x0.5 o r
2 g 5
o o
a <
SIS 10
0 2 4 5 0 2
Time (sec)(c) Time (sec)(d)

Figure 8. Convergence of (a) state vector, (b) control input, (c) function approximation
error f(x), and (d) function approximation error §(x,).
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Figure 9. Performance of the model-based adaptive NN ETC: (a) evolution of event-
trigger threshold and event-trigger error, (b) cumulative number of trigger instants vs the
total number of sampling instants with and without dead zone operator, (c) inter-event
time, and (d) comparison of the data rate between the periodic transmission and event-
triggered transmission.
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From both the examples, it is clear that the adaptive triggering condition is able to
generate required number of triggers for event-based function approximation with
aperiodic update law. Further, the reduction in the number of transmission verified the

saving in communication bandwidth.
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6. CONCLUSIONS

In this paper, a NN based adaptive ETC scheme for an uncertain nonlinear
discrete-time system was introduced. Approximation of system dynamics by using NN
was accomplished in the context of reduced event sampled communication. Two linearly
parameterized NNs approximate the unknown nonlinear functions quite satisfactorily.
The novel adaptive event-triggering condition ensured the stability and desired
performance of the complete uncertain system. In addition, the simulation results proved
the efficacy of the proposed algorithm in terms of reducing the network traffic. It was
observed that the number of triggered instants vary with initial NN weights and learning
gain. Though a stabilizing controller was designed, it is not optimal. Hence, the design of

event-based optimal controller for uncertain systems will be as part of future research.
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APPENDIX

Proof of Lemma 1: The NN weights are updated only at the trigger instants and held
during the inter-events times. Thus, the proof for the ultimate boundedness of the NN
weight estimation error is carried out by evaluating a Lyapunov function candidate for

both the cases as follows.

Case I: At the event-triggered instants (k =k, Vie N )

Consider the Lyapunov function given by

V\I\7,k :tr{\NkTWk} : (A1)
The first difference, AV,,, =tr{W,/ W, }-tr{W,;W,}, along the weight estimation error

dynamics (28) with the indicator function y, =1 can be written as

.
v a® (X, )T, o . ~ a®(X )T - .

AV_ =tr<|W — Kk e B+xW W — KTk e’ B+xW

{ oo jal ][ tefefjal ]}

—tr{W'W }.

Substitute the error dynamics in (25). Applying Cauchy-Schwartz (C-S) inequality with
definitions V\A/k =W —VVk and BB =1, the first difference satisfies

[04
AV, <-— tr
SRR ST

v UJ@T(XK)(IZ(Yk)?“ tr{ (W (X )T )W D(X )T )" }— 2xtr{W, "W, 3+ drtr{w "W
(1+||<1)(7k)” ||Uk|| ) {W, ©(X)T, )W, ©(x,)a,) } LW W I+ 4c2tr{W "W}

+AitrfWIW, 3+ 2xtr{W W} + 4o

W (X )a.a @' (X)W, | + @ tr{Z a0 =
{k<okk<ok}HM®WMW{kkk&

2 UchDT (ik)q)(xk)ljk
@+ o) o)’

tr{(BE,T,)(BE,T,)" }

0o (X)), _ eI ] .
— N2 = 12 — — 2= 2 —
L) o) 1+ @) |G

Observe that 1. Therefore, the first difference is

upper bounded as
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0!(1—405) T a(l+4a)
< triW @(x )u o, O (X )W ¢+
" o)) o) Mok L L+ o[
xtr {2, 0,0, 2] |+ 2tr (W/W | - 2xtr (W W, | +4x’tr (WW -+ 4xtr (W)W, |

By using the inequality 2tr {A"B} <||A|" +|B| and Frobenius norm, the first difference

leads to

< a4 M)+ o2, W[ = 2+ axwz, + 4k

V.
T Lo, )II || I
a1+ da)a [ 22, /@ o) [a])).
Since 0<® <HCD H is ensured due the PE condition as discussed in Remark 2, the

o

o) el _ 1

following inequality holds. = — . The
o) ol a+fe) Nl @

first difference using the above inequality leads to

AV, , < (o (1-4a) /@ o] [0 1)) @G, | - (-4 + 81,

where B =(a(1+4a)2, /@7 )+(xc+4x”)W., and 0<a <1/4 . Dropping the first

min

negative term, it holds that

v, < ,B”\NH +BY, k=k , VieN, (A2)
where S = zc(l—41<) >0 by selecting 0< x <1/4. From (A.2), the first difference of the
Lyapunov function, AV, ,, is less than zero as long as ”\/VKH2 >BY /ﬂ = BS’B. Therefore by

using Lyapunov theorem [20], the NN weight estimation error W, is bounded at the

trigger instants provided the vector (X, )U, satisfies the PE condition.
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Case 11: During the inter-event times (k. <k <k

i+1 !

VieN)
Consider the Lyapunov function in (A.1). Along the NN weight estimation error

dynamics (28) with y, =0 , the first difference of V,,, can be expressed as

AV, , = tr{W W, F—tr{W W, } = tr{W; W, } —tr{W;W,} = 0. (A.3)
From (A.3), the NN weight estimation error V\7k is a constant during the inter-event times.
Since, the NN weights are bounded at the trigger instants as demonstrated in Case |, and

the initial weights are being finite, the weight estimation error,V\7k , is bounded during the

inter-event times.
From both the cases, we need to show that the NN weight estimation error

converges to the ultimate bound. The first difference (A.2) in Case | for k =k can be
expressed as

-V VT W,

W ki +1 WI { ki +1 ki+l}_

~ 2
= ”\Nki +

Rearranging the above expression one can express the above inequality as

”\Nk +1

It is clear that 0<1—B<1 by the choice of 0<x <1/4. Further, W, during the

tr {V\7kiTV\7ki }

<(1-B)W, H +B" (A4)

inter-event times, from (A.3) in Case Il, remains constant. Thus, ”\/Vki H:”\/V/kk1+1 for
k., <k <k , VieN. Therefore, (A.4) can be rewritten as
M .| <@-B)M,,.[ +8B1. (A5)
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Solving the difference inequality in (A.5) recursively, with initial NN weight estimation

error [, | = M,

=B, the NN weight estimation error in (A.5) can be expressed as

”\Nki +1

Therefore, the constant upper bound on the NN weight estimation error during the inter-

<@1-B)B, +(-(1-B)/B)B! =B". (A.6)

event times from (A.6) is given by
M| <@-p)"Be, +(@-0-p)/pBL =8, (A7)
for k <k <k, VieN.
The NN weights are initialized with a finite value and the target weights are

bounded. Therefore, the initial NN weight estimation error |\, | =W,

=B,, Is bounded.
Further, from (A.6), B is a converging sequence of piecewise constant functions since
B satisfies 0 < 8 <1. Therefore, there exists an integer p (number of events) such that
for the number of events i > p, the upper bound B converges to the ultimate bound,
i.e, BY — B}, forall event-trigger instants k >k, where B, =B}, /A from (A.2).
Consequently, from Case | and Case Il, the NN weight estimation error \/\7k IS

bounded for all time instants and converges to the ultimate bound when k; >k_ . Since k;

is a subsequence of k, the NN weight estimation error W, is UB for k > k,+N where
N >k is a positive integer. [

Proof of Theorem 1: The proof of the theorem is completed by considering two cases,
i.e., at the event triggered instants and during the inter-event times. The first difference of

the Lyapunov function is evaluated for both the cases and combined to show the UB.
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Case I: Event triggered instants (k =k, Vie N )
Consider the Lyapunov function candidate given as

Ve =V, +10V,, +aV,, +PV,  +11V,, (A.8)

where V,, =XIA X, V,, =X AR, V,, =(KAR), V,, =trWW3}, V,, =tr{W W}

The matrices A, and A, are symmetric positive definite matrices and satisfy the
Lyapunov equations AAA —A, =—Q and AA,A—A,, =—Q where A =+/2A . The

matrices Q and Q are positive definite matrices. The constant coefficients are defined as

n= {17||K|| — max ||A ||/gm|n m|n ' 9||A || —'max ||K|| /gmln m|n

& =max {9 A, | /{gm.n 0 (0, (AAA +A,)}
5[AIK] /9200 (Q) s (AT AA +A, )}

¥ =242, | A, 05, +16]A, |02, (@2, W2, +E2, )/ 95,8, and

M= 4200, A K gm.B(2-A)}
with o, (+) is the minimum singular value.

For brevity we will compute the first difference of each term in (A.8) individually

and combine them at the final step to obtain the overall first difference. Consider the

first term, V,, =X/ A, X, . The first difference along the system dynamics (31) can be
expressed as
~ T ~
AV,, = Ax +BW/®(X)T, +BE,T, | A,[ Ax +BW/ ®(X)T, +BE,T, |- X AX,.
Applying C-S inequality, one can arrive at

AV, <X (2AAA - A )%, +4[ BW O(X)T, | A,[BW &(X)0, |+4[BE,G
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<=0, Qx| +42; [ +4a o) =

where 2A/A,A - A, =-Q and ||B|=1.
Remark A.1: The Lyapunov equation A’A,A —A, =-Q has a positive definite solution
only when the matrix AC =«/§A is Schur. As per the definition of matrix A in (5), the
control gain K can be selected to ensure A is Schur.

By using the facts ¢, ., <@, and ”\kaH <|W,]|, the control input at the trigger

instants given in (20) satisfies

|, || =1+|u, | _1+H[ W, (%) + ka]/VVnggog X,
e 2lKIP
I+ 2t

4p2 W2 AD? (A9)
S 1 ma;( max + zmax

gmln gmin

Substituting the inequality (A.9) and separating the cross product term using Young’s

inequality, 2ab <a’ +b?, the first difference is bound by

Avkas—amm( )I% || +40°

max | mln ax max | 1

+16/92,) A @2 Z2 ML+ B/ 92 A E2uc K[ ||Xk||2+4||Al||E§m

Considering the second term of the Lyapunov function V,, = %, A,%,,, the first difference

along the closed-loop SE dynamics (32) with X =x, at k =k, becomes

=% (AAA A% ==X Qx <o, (Q)[x] - (A.11)
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Moving on for the third term, V,, =(XA,%) the first difference

=R AR ) —(XAX ) can be written as AV, , =AV, (AV +2x'A x)

k=727

Substituting AV, from (A.11) reveals that

AV,, <=0, Q) (A AA +A)|x |- (A12)

Now, the first difference of the fourth term V,,, in the Lyapunov function can be

k

written from (A.2) in Lemma 1 and given by
<-pM[ +8BY. (A.13)
Considering the last term V,, =tr{W'W ¥, the first difference can be computed
using (A.13) as follows
AV, , = (tr7 W, 3 - tr{W ) < (- M|+ BI)(@- ML +BE).

Appling Young’s inequality 2ab < pa® + (b2 / p) reveals that

AY,, <=(Y2)B(2- BV, H ((2-p)/28)+1)(By)’, (A.14)
where (2—/)>0 by the selection of 0<x <1/4 .

Finally, combining all the individual first differences given in (A.10), (A.11),
(A.12), (A.13), and (A.14) the overall first difference
AV, =AV,, +nAV,, + @AV, + YAV, +TIAV,, , with 7, @z, ¥ and 11 from (A.8),
found to be
AJE5 KT %]

AV, <-0,, (Q)|, ”2 _(1/grznin)

[4®;axA||+ I, (@2, +=: >j”

_(1/g;in)

(A.15)

1B

™7

AJIKI

|Xk || l/gmm max |
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A @2 B2 W2 +4|A |22, + By +T1(((2- B)/2B)+1)(B))’.

max™max " ' max

where B =(16/9.,)

From (A.15), the Lyapunov first difference AV, is less than zero as long as

[ > mex B /0,0 (Q) /85 B3 /|| ||K||21</9§mn5€$/||A1||||K||4}EBEM or

A +I]A @7 (@7 W, +E1, 0

max max

JoiBi oL A} =B,

M| > max{|[o:, By A40,.9%,

Therefore, by using the Lyapunov theorem [20], the system state X, , SE state X, ,
and the NN weight estimation error V\7k are bounded at the trigger instants. Further, when

i > p or, alternatively, all trigger instants k; >k  where p is an integer representing the

events, the system state x_, SE state %, and the NN weight estimation error W, are all

ultimately bounded.
Case I1: During the inter-event times (k. <k <k , , VieN)

Consider the Lyapunov function given in (A.8) in Case I. Similar to Case I, we
will evaluate the individual terms separately. Note that the NN weights are not updated
during the inter-event times and held at their previous values.

Consider the first term V,, = x;A,x_ of the Lyapunov function candidate (A.8).
The first difference AV,, along the closed-loop system trajectory (30) can be expressed

as

T T
Avx,k - Xk+1A1Xk+1 =X Alxk

=[Ax, +BKe; +BW/®(X,)T, + BE,T, +BW/ O(X, X, )G,I A[AX, +BKe;
+BW, ®(X,)T, +BE,T, + BW,O(X,.X, )5]1- X AX,.
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Applying C-S inequality, the first difference can be represented as
- W \T —_ —
AV, <X Qx, +8(BW]O(% )T, ) A,(BW, ®(X)G, )+8(BE,T,) A, (BE,T,)
A~ ~ T A~ ~
+4[ BKe; +BW, 6%, %, )0, | A,[ BKe; +BW,O(%,, %), |,
where Q satisfies the Lyapunov equation ATA,A — A, =—Q with A =+2A,. By using

Frobenius norm and triangle inequality with the fact |B| =1 reveals

AVX k — mln ( |Xk | +8(Dmax

[ o s+ 8 ||||~k||

+4HBKek+BW O(%,.%, UkH A

Applying C-S and Young’s inequalities and replacing

A

H@(ik : xk)

S

€

s i =L,

from Assumption 3, the first difference can be

expressed as

AV, <o mm( |xk|+8d> ”\NH|

0]+ 8] IIAlllllEkll

Tl
(A.16)

By definition of the control input (20) for k. <k <k.,,, the following inequality holds.

i+17

o P <1 A0, 00 7, ZIKI

gmln gmln min

(A.17)

Substituting (A.17) in the first difference (A.16) and with simple mathematical

manipulation one can reach at

Aka = =0, min (Q)”Xk 2+(16/g§1m)”K”25 X 2+(8/gr?1in)
AN ' ||A1||<1+<4/gm.n><q>fnastax »\M [
+(8/02,) 02, A ML (@02, +[K[*)+32(@2,, /02, A WEE2, +8]A =2,

K48
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Recall the event-triggering condition (33) for the case when the system state
vector is outside the ultimate bound. During the inter-event times the inequality (33)

holds. Substituting in the above first difference one can arrive at

2

AV, £ =(1-T) 0 Q)| + 26/ g 1K Ee A
802, AV [ (1+ 4/ 02,) (@2,W2, +E2,.))

8/ 92 ) [KI IA D2 IR + 8/ 9 )P AW (402 +IK )
+(8A]+ (32 9l D2LW2, A 2.

ax

X

Consider the second term V,, = % A,%, of the Lyapunov function (A.8). The first

difference AV,, along the closed-loop SE dynamics (32) for k <k<k,, can be

represented as

2

A

X«

AV, = RealoReq =R A% =% QX <0, (Q) , (A.19)

where the positive definite matrix Q satisfies the Lyapunov equation A’ A,A —A, =-Q.

The first difference of the third term V,, = (%A%, )2 can be written using (A.19)

as

AVA,k < _)A(IQ)A(k (_)A(Iékk + 2)A(I[\zf(k ) < O ((j)o_min (A:TAzA: +A2) * . (A.20)

Xy

The first difference of the fourth term, \;,, =tr{WW,}, in (A.8) can be written
from (A.3) and given as
AV, =0 (A.21)
Therefore, the first difference of Vg, =tr{W, W, }* from (A.21) is written as

AV, =0. (A22)
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The overall first difference, AV, =AV,, + AV, + @AV, , + YAV, , +11AV;, , by

combining (A.18), (A.19), (A.20), (A.21), and (A.22), and recalling the definition of 7

and = , is upper bounded by

AVk < “Ohmin (Q)(l_r)||xk ”2 B (]/grim)q)iwax ”K”2 ”Al )’Zk )

_(]/griin ”KHZ Emax ”Al 2 + BEM + BV’EVAJ’

(A.23)

Xy

where By, =807, A, 1+ (4/ i) (O Wi, + Er ) B +(BD3 A/ i J(4D%, + K1) B
and BY =(8||A1||+(32/ gi DA W2 |A1||)Efnax with B is piecewise constant bound of

V\~/k for i" inter-event time from Lemmal. From (A.23) the overall first difference AV, is

less than zero as long as

%] > (B +BY, ) /o (Q)(1-T) =B or

%> max| (B2 8}, ) g /IKT S Il (B + B, ) /KT I 0% =B

This implies, either the system state vector outside the ball of radius B;; or the

SE state vector outside the ball of radius Bz*,i, both will converge to their respective
bounds in a finite time. Since, inter-event times are followed by the trigger instants, the
initial values of x,, %, and W,, during the inter-event times are the updated values
from the trigger instants. It is shown in Case I that x,, %, and W, , are bounded at the

trigger instants. Therefore, the system and SE state vectors are bounded during the inter-

event times. Note that the function B\},"i in (A.23) is a piecewise constant function since

Bi"V in (A7), from Lemma 1, is constant during i" inter-event time. Therefore, the
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bounds for the system and the SE state vectors, B,;, and B;i, respectively, are piece

wise constant functions.

During initial learning phase of the NN, the upper bound on the NN weight

estimation error BiW in (A.7) may be large. Hence, the piecewise constant function BV“V"’i
and in turn B;;, and B;i are of larger value. The system and SE state vectors inside the

ball of radius B;;, and B,., respectively, may increase within these bounds. It follows

that the Lyapunov function (A.8) may increase and bounded by the piecewise constant
bound. The upper bound on the Lyapunov function using the upper bounds of the system
state, SE state and NN weight estimation error can be expressed as

V, <B +7B}, + @B}, + ¥B" +TIB"", (A.24)

for k. <k <k, VieN.

i+17

To show the UB of x,, %, and W,, we need to show the functions By B,
and 82 . converge to their ultimate values. The bounds BW B,;, and B;i are functions of

BlW Since, BiW in (A.7) is a converging sequence, shown in Lemma 1, and converges to

B). for all i>p, the function Bm“,”I in (A.23) converges to the ultimate value, i.e.,

By, >Bjy, for all i>p where B =80% |A, @+ (4/ 9% ) (D2 W2, +E2.)

max max

xBY. +(8d?2 ||A1||/g§“n)(4CDfnax+||K||2)3”j782. Consequently, the bounds B;; = B;,,, and

B,, >B,, for all i>p , where B;,Mz\/( = )/Um.n )(1-T) and

B, =max| (B +81,, ) gh /IKI Zhuc A (B + B, ) /IKIFIA] @2 |
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Therefore, combining results from Case | and Case Il, the system state x,, SE
state X, , and the NN weight estimation error V\7k are bounded for all time and converge to
the ultimate bound when i > p or with events occurring such that k; >k . Therefore, all
the closed-loop system signals are UB for all time k >k, + N since k; is a subsequence
of k where N >k represents the time instant.

From both the cases of the proof and Lemma 1, the bounds for the system state

vector, SE state vector and NN weight estimation error can be selected as
B, =max(By,B},), B, =max(B},,,B; ), and By = max(B", B‘z“?M), respectively.
Remark A.2: It is routine to check that for the case ‘@(kk )‘< O, » 1N (21), the first

differences in (A.15) and (A.23) also hold. Therefore, with similar arguments the closed-

loop event-triggered system is ultimately bounded. [
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I11. NEAR OPTIMAL EVENT-TRIGGERED CONTROL OF NONLINEAR
DISCRETE-TIME SYSTEMS USING NEURO DYNAMICS PROGRAMMING

Avimanyu Sahoo, Hao Xu and S. Jagannathan

Abstract — This paper presents an event-triggered near optimal control of uncertain
nonlinear discrete time systems. Event driven neuro-dynamic programming is utilized to
design the control policy. A neural network (NN) based identifier, with event-based state
and input vectors, is utilized to learn the system dynamics. An actor-critic frameworKk is
used to learn the cost function and the optimal control input. The NN weights of the
identifier, critic and actor NNs are tuned once every triggered instant with aperiodic
update laws. An adaptive event-triggering condition to decide the trigger instants is
derived. Thus, a suitable number of events are generated to ensure a desired accuracy of
approximation. A near optimal performance is achieved without value and/or policy
iterations. A detailed analysis of nontrivial inter-event time is presented. An explicit
formula to show the reduction in computation is also derived. The Lyapunov technique is
used in conjunction with the event-triggering condition to guarantee ultimate
boundedness of the closed-loop system. Simulation results are included to verify the
performance of the controller. The net result is the development of event-driven neuro

dynamic programming.

Index Terms — Event-triggered control, Hamilton-Jacobi-Bellman equation, neuro-
dynamic programming, neural networks, optimal control.
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1. INTRODUCTION

Event-triggered control (ETC) [1]-[7] is evolved as an alternate control paradigm
in the recent times. This control paradigm is found to be effective in terms of resource
utilization. The ETC scheme uses events to sample the system state and execute the
controller in an aperiodic manner. The aperiodic sampling and execution reduces
computational costs for the closed-loop system. In the case of a networked control
system (NCS) [8], the ETC scheme saves network bandwidth due to the event-based
aperiodic transmissions. The sampling and transmission instants, referred to as event-
trigger instants, are decided by using a state dependent criterion. The threshold in the
criterion is designed analytically via the Lyapunov stability technique. Thus, the event-
triggered paradigm saves resources, and maintains both stability and closed-loop
performance.

Recently, various event-triggered control schemes [1]-[5] have been introduced in
the literature for linear [3], [5] and nonlinear systems [2], [4]. Typically, in the event-
triggered control schemes [2]-[5], system dynamics are considered either completely
known [2], [4]-[5], or with a small uncertainty [3]. In contrast, in our previous work [6],
[7] an attempt has been made to design an event-based controller for systems with
uncertain dynamics. In [6], the knowledge of system dynamics is partially relaxed by
using an event-based neural network (NN) approximator. The NN based design is
extended to the case of completely unknown dynamics in [7]. In both cases, the state
dependent criteria, referred to as event-trigger conditions, are made adaptive. This is in
contrast with traditional non-adaptive event-trigger conditions [2]-[4] in the literature.

These adaptive criteria generated a required number of events during initial online
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learning phase of NN. This facilitated the event-based approximation of the unknown
dynamics with aperiodic weight update. A trade-off is observed between the accuracy of
NN approximation and reduction in computation. However, these designs [6]-[7] have
only considered stability without having any performance index to optimize.

The traditional optimal control design approach [9] has also been studied in an
event-triggered control context by the authors in [10]-[12]. The authors in [10] studied
the optimal ETC in a constrained communication scenario by using the certainty
equivalence principle. Further, the authors in [11] extended the results to an event-
triggered context with the help of a linear quadratic Gaussian (LQG) approach. The
separation principle is used to design the optimal control input and the optimal
transmission instants. However, these methods [10]-[11] use backward-in-time Riccati
equation (RE) based solution with completely known system dynamics.

Traditionally, adaptive dynamic programming (ADP) or neuro-dynamic
programming (NDP) [13] techniques are used to design the optimal control policy in a
forward-in-time and online manner. These techniques use the policy and/or value
iterations to solve the Hamilton-Jacobi-Bellman (HJB) equation online. However, a
significant number of iterations within a sampling interval are needed to maintain system
stability resulting in high computational cost. Further, the knowledge of the control
coefficient function is also necessary to compute the optimal control policy.

For a finite-time [14] optimal control, the solution to the HIB equation (i.e., the
cost function) becomes explicitly time varying. The terminal cost constraint must also be

satisfied at the same time. The event-based sampling of the state vector and uncertain
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system dynamics complicate the problem further. Therefore, NDP over the finite-horizon
becomes more involved than in the infinite horizon case.

Motivated by the above limitations, in this paper, we propose a novel NDP
technique to solve the fixed final-time optimal control. An event-triggered uncertain
nonlinear discrete-time system is considered for the purpose of design. The proposed
approach functions in a forward-in-time and online manner. Two NNs, in an actor-critic
NN [15] framework, are used to approximate the time-varying cost function and the
optimal control input. A NN identifier is used to relax the complete knowledge of system
dynamics. A novel adaptive event-trigger condition is also developed which not only
reduces the number of controller updates but also facilitates the NN approximation.

Aperiodic NN tuning laws are introduced to update the identifier, actor and critic
NN weights. The NN weights are updated once a triggered instant and held during the
inter-event duration. These aperiodic updates reduce the computation when compared to
a traditional NN based schemes [16]. The Lyapunov direct method as in [4], [17] is used
to prove the ultimate boundedness (UB) of the closed-loop event-triggered system.

The contributions of this paper include: 1) the design of event-triggered finite-
time optimal control scheme for an uncertain nonlinear discrete time system, 2) the
design of a novel adaptive event-trigger condition, 3) the development of aperiodic
tuning laws to save computation, and 4) the demonstration of the closed-loop stability by
using the Lyapunov technique.

The rest of the paper is organized as follows. Section 2 presents the background
along with the problem statement. Section 3 details the finite horizon event-based optimal

control design. The main results are claimed in Section 4 and non-triviality of the inter-
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event times is discussed in Section 5. Simulation results are included in Section 6.
Conclusions are drawn in Section 7. The appendix contains the detailed proof of the

lemmas and the theorems.
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2.BACKGROUND AND PROBLEM FORMULATION

In this section, we present a brief background on the ETC. Subsequently, the near
optimal control design is formulated. A discussion on the extension of NN approximation

to event-based sampling is also presented.

2.1 BACKGROUND ONETC
Consider the uncertain nonlinear discrete-time system represented as
Xea = (X)) +9(X)uy, (1)
where x, e R" and u, € R" represent the system state and the control input vectors,
respectively. The smooth functions f(x,)eR" and g(x, )eR™" denote the system
dynamics that are considered unknown. Let the equilibrium point X=0 be unique in a
compact set for all x, € 2 <R". The following standard assumption is necessary in

order to proceed.

Assumption 1: The system (1) is controllable and observable. The unknown control

coefficient matrix g(x,) is bounded for all x .2 —®R" such that |g(x,)| < g,, where
gy >0 is a known, positive constant. The state vector is available for measurement.

In the event-triggered formalism, the system state vector X, is released and the
controller is updated only when an event occurs. Hence, zero-order-holds (ZOH) are used
to retain the last event-sampled state and the control input vectors until the next arrives.

The error between the current measured state vector, X, , and the state vector at the

Kk Y

ZOH, X, is referred to as event-trigger error. It is defined by

Cer =X — X, - ()
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The event-trigger error (2) is used to determine the event-trigger instants by

comparing it with a state dependent threshold. A monotonically increasing subsequence

0

of time instants {k;}*, with k, =0 can be defined as the event-trigger instants. The last

held state vector, X, , at ZOH is updated at each k =k; for i =1,2,---with the current
system state. Thus, the last held state vector can be written as
X =%, k<k<k,,i=12,;--. (3)
In an event-based framework, the control input can be described as
u =o(x), k <k<k,,V i=12,.-, 4)
where v(X,) is a function of the event-based state vector. Next, the problem for the finite

horizon optimal control in an event-based scenario is formulated.

2.2 PROBLEM FORMULATION
Our primary objective is to design a sequence of control inputs, U, to minimize a
time-varying cost function in an ETC framework. The cost function is given by
V(xk,k)zt//(xN,N)+z::r(xj,uj, i), (5)
where r(x;,u;, j) =Q(x;, j)+uJT Ru; is the cost-to-go in the interval of interest
j €[k,N]. The function Q(X,,k) € R is a positive definite function that penalizes the
system state, X,. The matrix ReR™" is a positive definite matrix that penalizes the
control input, U, . The terminal cost (X, N) penalizes the terminal state X, where N

is the terminal time instant. For finite horizon case, the cost-to-go, r(x,,u,,k), depends
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explicitly on time K in the interval of interest [k, N]. Therefore, the control input also
becomes time varying.
Assumption 2: The initial control input, u,, is admissible [15] to keep the cost function
finite.
The terminal cost for the finite horizon cost function (5) can be written as
V (%, N) =y (x,N), (6)
where V(X,,N) is the cost at the terminal time N . The cost function can also be

rewritten as
V(%K) =1, K) 00 Lr(x,up, 3V (%, N)

=r(x.,u,K)+V (X, k+1), (7

k+11

where V (x,,, k+1) =V (X, N)+ZN71

j=k+1

r(x;,u;, j) is the cost function from the time
instant K +1onwards. According to Bellman’s principle of optimality, the optimal cost,
V™ (x,,k) satisfies the discrete-time Hamilton-Jacobi-Bellman (HJB) equation. It is given
by

V*(xk,k):mzn{r(xk,uk,k)+v*(xk+l,k+1)}, (8)
where V*(x,,k) is the optimal cost at the time instant K and V*(x,,,k +1) is the optimal

cost for k+1 onwards. The optimal control sequence u; can be derived by using

stationarity condition [9] and written as

U =—(1/2)R™g" (% )V (X0, K+1) /X, - 9)
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The optimal control policy (9) depends explicitly on the solution of the HIB

equation, i.e., the optimal cost V" (x,,k). The control policy is also a function of control

coefficient function g(x,) and the state vector X, at the time instantk .

It is practically almost impossible to find an analytical solution of the HJB
equation. Therefore, approximation based techniques (NDP) are used to solve the HIB
equation. In this paper, actor and critic NNs are utilized to approximate both the optimal
control policy and cost function, respectively. The approximations are carried out with
the event-based availability of the system state vector. Hence, the universal
approximation property of the NNs is revisited with an extension to event-based

approximation.

2.3 NN APPROXIMATION WITH EVENT BASED SAMPLING

The universal approximation property [16] of NN can be extended to achieve a
desired level of accuracy with event-based availability of the state vector in (3). The
theorem introduced next extends the approximation property of NNs for event-based
sampling.

Theorem 1: Let h(x,,k) € R" be a smooth and continuous function in a compact set for

allxe .2 cR". Then, there exists a NN with a sufficient number of neurons such that

h(x,,k) can be approximated with event sampled inputs. Further, the function h(x,k)
with constant weights and event-based time-varying activation function is given by

h(x., k) =W'o(X k) +&,(X e . K), (10)
where W e R"™" is the constant unknown target weight matrix. The number of hidden-

layer neurons denoted by | while o(X,,k) e R' is a bounded event-based time varying
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activation function. The event-based NN reconstruction error is denoted by

e (Z,,€pp k) = W' oIz e

& CET .k

k) —o(z,,k)] +e(d(z,,e,,,),k) where 9(x, ., ) =%, +ec,

ET k ) ) k?“ETk

. The function o(9(x,.e ,).k) =o(x.k) is the periodic time-based activation function,
£(9(%.ecr ), K) = &(x, k) IS the traditional reconstruction error, and x, is the latest available
event-sampled state.

Proof: Refer to the Appendix.

Remark 1: The event-based reconstruction error ¢,(X,, € ,,K) is a function of event-

trigger error, e.,,, and the traditional NN reconstruction error, £(X,K). An arbitrarily

small event-based reconstruction error can be obtained by increasing both the frequency
of events and the number of neurons. As a consequence, a properly designed event-
trigger condition is necessary. A compromise has to be reached between the
reconstruction error and computational load in an event-sampled approximation and

control scheme.
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3.EVENT BASED OPTIMAL CONTROLLER DESIGN

In this section, the near optimal event-triggered controller design is detailed for

the uncertain discrete-time system.

3.1 PROPOSED SOLUTION

The proposed optimal event-triggered control system is illustrated in Figure 1. It
consists of: 1) a nonlinear discrete-time system, smart sensor and trigger mechanism with
a mirror actor-critic network, and ii) an event-based optimal controller. The event-based
optimal controller entails three NNs as online approximators: the identifier, critic and
actor NNs. These three NNs are used to approximate the system dynamics, time-varying
cost function which is the solution to the HJB equation, and the control input,
respectively. All the NNs use activation functions with event-sampled inputs. The NN

weights are updated in an aperiodic manner at the trigger instants only.

Identifier NN

Mirror Actor-} X

critic NN ' |ZOH K Critic and
E Actor NN
b
: — _1
uki Nonlinear X : Trigger
ZOH >  system Sensor :)q(' Mechanism

. I
: Actor NN Identifier ﬁ_‘ioﬂ'
T ! X
| Y v r . |
| Critic NN < |
I
I

Figure 1. Block diagram representation of the event-triggered control system
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The event-trigger instants, k. for i =1,2,--- are decided by the smart sensor and

the trigger-mechanism. The event-trigger condition is evaluated at every time instant k

i=12

to determine the trigger instants. At the trigger instants k =k, for """, the current

system state vector, x, , and its previous value x,_  are together sent to the controller.

These event-sampled state vectors are subsequently used to update the NN weights and
control input. The updated value of the control input is then sent to the system and held
by the ZOH, and utilized until the next update.

Most importantly, the event-trigger condition is made adaptive by designing a
suitable threshold. This adaptive trigger condition ensures online approximation of
nonlinear functions, as discussed in Remark 1. The threshold is designed as function of
the actor NN weight estimates and the system state vector. To evaluate the event-trigger
condition, the trigger mechanism consists of a mirror actor-critic NN (see Figure 1). This
mirror actor-critic NN operates in synchronism with the one at the controller. Both the
actor-critic neural networks are initialized with same initial values. The NN weights are
adjusted with events. Thus, the adaptive trigger-condition gets updated at every-trigger
instant.

Remark 2: The mirror actor-critic NN estimates the NN weights locally at the trigger
mechanism thus relaxing the need for the transmission of NN weights from the controller
to the trigger mechanism in the case of NCS. Therefore, the transmission cost only
depends upon the transmission of system state and control input vector. Although, the
addition of a mirror actor-critic NN increases the computational cost, the overall
computation is still reduced due to the event-based execution (also see simulation

section).
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3.2 IDENTIFIER DESIGN

The input coefficient matrix function g(x,) is required to compute the optimal

control policy (9). This will be generated by the NN based identifier. The universal
approximation property of NNs, in a compact set, can be used to represent the nonlinear
system in (1). It is given by

X :W|TO'| (%)T, + &, (%), (11)
where W, =[W] W] e R™"" denotes the unknown constant target weight matrix
of the identifier NN. The matrices W, e R"", W =W W], --- W T eR™" and
W_ eR"" for p=L1---,m. The function o,(x)=diag{o,(x,), o,(x)}eRMI D
represents the NN activation function matrix where o, (Xk)ei}i’" and
o, (%) =diag{o, (X ), 04, (X), - 04 (X )} € R™>™ The reconstruction error is denoted
by &(x)=¢;(x)+&(X)Iu €R", where & (x)eR" and &, (X )eR™™ are the
traditional reconstruction errors.  The augmented control input is denoted as

U =[ u/]" eR™ . The subscript f and g are used to denote the variable for the
functions f(x,) and g(x,), respectively. The number of neurons in the hidden layer is

denoted by |, . The notation diag{<} denotes the matrix formed by the activation function

vectors as diagonal blocks and the off diagonals are zero vectors of appropriate

dimensions.

Assumption 3[16]: The target weight vector, W, , the activation function, o,(x,), and

the traditional reconstruction error, &,(X) , of the NN are upper bounded such that
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W |<W,,,, |o.(x)|<o,, and |& (x)| <& w where W, , o,, and &, ,, are positive

.M .M

constants.
The control input is updated only at the event-trigger instants and requires the
approximated identifier dynamics. Therefore, the event-based identifier dynamics can be

represented as

)’Zk+1:f()u(k)+g()u(k)uk, ki§k<k =12, (12)

i+1?
where X, € R" being the identifier state vector at the time instant k . The functions

f (X)) eR" and §(x ) e R™™ represent the approximated identifier dynamics. Note that

the identifier structure is based on event-sampled states and held during the inter-event
time. This novel event-based structure is selected to reduce additional and redundant
computation during the inter-event times.

The identifier dynamics (12) with NN approximation can be written as
R :V\A/|T,ko'| (X)u., k <k<k,, , (13)
where V\A/.,k =[\/\A/fT ) V\A/gT,k]T eRMI s the actual estimated weight matrix, and

o, (X ) e R™IMD s the event-sampled activation function matrix for the identifier
NN.

The identification error can be defined as e, , = x, —X, . Hence, the identification

error dynamics using this equation with (11) and (13) are found to be
& v =W/ o, (X )T +W/ (0, (%) =0, (X)) Ty + &, 4 (14)
for k. <k <k.,, i=12,--- where W, =W, —V\A/Lk is the identifier NN weight estimation

error. The reconstruction error is denoted by ¢, =&, (x,) for brevity.
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Consider the case when an event is triggered, i.e., X, =X for K=k . The
identifier dynamics in (13) with the updated state vector can be expressed as
R =W o, (%0, k=k ,i=12,". (15)
Therefore, the identification error dynamics from (14) for kK =k is written as
€ 1 =W o, (X )T, + &, K=k ,i=12,-. (16)
The aperiodic event-based tuning law for NN identifier weights now can be selected as

W4 0,0, (Xk—l)Uk—leIT,k ke
W, k= e [o] (Xk—l)Uk—l]T [0, (X DU ]+1 ' (17)
V\A/Lk,ly ki—l <k< ki'

where ¢, is the learning gain. The update law (17) requires the state vector X, , to
compute €, at trigger instant k=k; . Hence, the current state, X, and previous state,

X, are together sent to the controller once an event is triggered at K, as proposed in

Section I11.A. The weight update law (17) is aperiodic in nature to save computation.
The identifier NN weight estimation error dynamics from (17), forwarding one

time instant ahead, can be expressed as

) W, - a,0, (Xk)UkelT,k+1 K=k,
Wia=1 " [o(x)0 I'[o) ()T ]+1 (18)

W, ., k <k<k.,.

The ultimate boundedness of the identifier NN weight estimation error is
guaranteed by the following lemma. Before introducing the lemma, the following

assumption is needed.
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Assumption 4: The identifier NN activation function o, (X, ) is Lipschitz continuous in a
compact set for all X €D, . Then, there exists a constant C,~ such that
||0'| (X)=o (X, )”SCcri % =% -

Lemma 1: Consider the nonlinear discrete-time system (1) along with the identifier (13).

Assume the Assumptions 1 through 4 hold and the NN initial weights, V\A/,vo, is initialized
in a compact set. Let the identifier NN weights are tuned by (17) at the event-trigger
instants and the activation function o, (X,) satisfies the persistency of excitation (PE)
condition [16]. Suppose the control input is stabilizing and the learning gain «, satisfy
O<e, <1/2. Then, there exist two positive integers T and T such that the weight

estimation error V\~/ka is ultimately bounded (UB) with a bound B\,“g"y, forall k >k,+T

or, alternatively, k >k, +T .

Proof: Refer to the Appendix.
The stabilizing assumption for the control input is later relaxed in the closed-loop

stability proof by using an initial admissible control.

3.3 CONTROLLER DESIGN

In this subsection, event-based actor-critic NN designs are presented. Besides the
HJB or temporal difference (TD) error, an additional error term corresponding to the
terminal cost is defined and used to tune the Critic NN such that the terminal cost can be

properly satisfied.
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3.3.1 Critic NN Design. Consider the Bellman equation (7). It can be rewritten

as
0=V (%, k+D)+Q(x,k)+u Ru -V (x k). (19)
The cost function in (5) using the universal approximation property of NN [16] in a

compact set can be written as

V (X, K) =W, p(x.K) + &, ,, (20)
where W, e R" is the unknown constant target critic NN weights. The time-varying
activation function is denoted as ¢(x,,k) € R" . The traditional NN reconstruction error
& « =& (X, k) eR, for brevity. The number of hidden layer neurons in the network is

given by 1, . The following assumption holds for the critic NN.
Assumption 5[15]: The target NN weights, activation functions and the reconstruction

errors of the critic NN are bounded above and satisfy |W, | <W, , , [¢(s2)

<@y, and

‘gv (.,.)

<& u Where W, ¢, , and &, , are positive constants. The gradient of the

activation function and reconstruction error satisfy Hago(k)/a()

<Ve¢, and
o5, (+.k)/2(,k)| < V& . Where Vg, and V&, ,, are positive constants. In addition,
the activation function, ¢(x,,K), is Lipschitz continuous for all x, € 2 and satisfies
lo(x . k) —@(%,, K)|<C, [% =% ]| =C, |ecr || where C, is a positive constant.

The Bellman equation (19) using (20) can be expressed as

0=W, Ap(x,K)+Q(x,, k) +u/Ru, +Ag, (21)

k!

where Ap(X,, k) = (X, k+1) —p(x,, k) and A&, =&y 0~ 8 i
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The approximated/estimated cost function by the critic NN with the event-based

system states, X, , can be represented as
V (%K) =V 0%, k), K <k <k, i=12,00, (22)
where V\A/\,T,k eRY is the estimated weight, and (%, k) e RY is the event-based time

varying activation function. The activation function is selected such that ¢ (0,k)|=0 for

I =0 in order to ensure V (0)=0.

The approximated cost function (22) with the event-based availability of the

system state X, fork, <k <k, i=12,---, does not satisfies the relation (21). Therefore,

the HJB error or the temporal difference (TD) error, e associated with (21) can be

HJB k !

written as
€rsx = QX K) +Up Ru, +V (X, K +1) =V (%, k) , (23)
for k, <k <k, i=12,---.The positive definite function Q(X,,k) is a function of the

event-based state vector.
The TD error (23) with the approximated cost function (22) can be represented

as

=W, Ap(% k) +Q(X, k) +U/Ru,, k <k <k (24)

eH.]B,k i+17

where V (X, k+1) =W, (%, k +1), and Ap(X,,K) = @(X,,, K +1) — (X, , k).

The terminal cost (6) in term of NN approximation(20) can also be represented as

V(XNlN):WvT(D(XNlN)"'gv,N’ (25)
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where ¢(x,,N) and &, , = &,(X,N) are the activation function and the reconstruction

error, respectively, at the terminal time N .

The approximated/estimated terminal cost from (22) can be expressed as
V(XN ) N) :WVT,N(p(XN ) N) . (26)
The terminal state vector, X, , is not known. Thus, it not possible to compute the terminal

cost (26) at time k, and hence, the actual terminal cost error. Therefore, a projected

terminal cost error, e can be represented as the difference between the desired

Fok
terminal cost and the estimated cost at time instant, k . It is represented by

e, =W (%, N) W, (% ,N), k; <k <k ,,i=12-. (27)
Note, the activation function, ¢(X,,N), is an explicit function of final time and the final

time N is known. Thus, we can compute ¢(X, N) at time k.
The total error in cost function estimation becomes

+e k <k <k

€ HIB k FC.k * N i+11 =12, (28)

total k =€
At the event-trigger instant, K =k., i=1,2,---, the HIB equation or TD error can be
written from (24) as

€um =W, Ap(x,, k) +Q(x,, k) +U/ Ru,, (29)

where Ap(X, ,K) =@(X, .., K+1) —@(X ,K). Similarly, the terminal cost error from (27) for

k=k;,i=12,--- becomes

€rck = l//(XN ' N) _V\A/VT,k¢(Xk7 N) . (30)
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The total error at trigger instant by combining (29) and (30) becomes
Boux =W, AB(X,, K) +Q(%,, K) +U Ru, +w(x,,N), (31)
for k =k ,i=12,---, where Ap(x,,K)=Ap(X,,K)—o(X,N).
To minimize the total error in an event-triggered context, the critic NN weights
are proposed to be updated at the trigger instants for k =k. and held constant during the
inter-event duration, k. <k <k, . With this effect, using the previous values for

implementation point of view, the update law of critic NN can be selected as

R o, AP (X, 4, k_l)et-[)tal,k—l
. v

W, , = 'kil_AéT (Xk—l'k_1)A(5(Xk—1'k_1)+11 ! ) (32)
W kiy <k <k

where ¢, >0 is the learning gain, A@(X, ,,k—1) =p(X ,K) —p(X _,,k—1). The total error
€ 1 CAD be computed from (31) by moving one time step backward.

Remark 3: Similar to the identifier NN, the critic NN weights are updated in an
aperiodic manner. This further saves computation when compared to traditional NN
based control.

Adding the difference between (24) and (21) to (27), the total error can be
represented in terms of the critic NN weight estimation error, V\Nl\,'k =W, —V\A/Vyk. It is

found to be

etotal,k = _WVTkAa(Xk ' k) _WVTA¢(Xk ! Xk 1 k) - Q~(Xk 1 Xk 1 k)

(33)
+WVT (gD(XN ) N)_(D(in N))_Agv,k! ki <k< ki+1’
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where Ag,, =Ag,,—&,, » AP(X,K)=Ap(X,K)—p(X,N) , Q(x,%X,k)=Q(x,K)

—Q(X. k), AP(X,, %, k) =Ap(x,,K)—Ap(X k). It is routine to check [A@(s,e)

<Ag,
and |Az,,[<Ag,, from Assumption 5. The total error at the event-trigger instant from
(33) with X, = x, for k =k, becomes

i = WL AP (%, K) + W (0(x,, N) = (%, N)) ~ A, . (34)

The critic NN weight estimation error dynamics, from (32) by moving one step

forward, can be expressed as

W+ “vACB(Xkak)etTotal,k K=k
W, =1 " AP (%, K)AG(x,, k) +1 " (35)

Ko ki <k<ki+l

=

The last task is to design the actor NN which is given next.

3.3.2 Actor Design. In this subsection, we approximate the optimal control
policy through the actor NN to implement it forward in time. The identified control
coefficient matrix of the NN identifier is also used to update the actor NN.

The optimal control input (9) by the approximation property of NN [16] in a

compact set can be written as

u, =W,o, (X, K)+¢&,,, (36)
where W, e R"*" is the unknown constant target weight matrix. The time varying
activation function is denoted by o, (x,,k) € R" and the traditional reconstruction error is
&, =&,(X.,K) € R™. The number of neurons of the actor NN is given by |, .

Assumption 6: The target NN weights, activation function, and the reconstruction error

of the actor NN are upper bounded and satisfy |W,

<W,

o,(s)

<o,, and
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<g where W o

- %uMm? uMm ! uM ?

and ¢,, are positive constants. The actor NN

. (+)

activation function is Lipschitz continuous for all X €4 such that

lo, (% K) =0, (%, K)| <C,

X — X, ” = Cau

e | where C, is a positive constant.

Moreover, the optimal control input (9) by using gradient of cost function (20)

can be expressed as
U, =—(Y2)R*9" (x)Ve' (X .. kK+DW, —(1/2)R'g" (X, )V&, .., (37)

k+1) =0p(x.,,k+1)/ox,, and Ve, , = 0¢&,(X,,)/0%,, - Both the

V. k+l T

where V(X

k+1?
optimal control inputs (36) and (37)should be equal. Their difference can be expressed as

O :WuT O-u (Xk 1 k) + gu,k + (1/2) RflgT (Xk)V¢T (Xk+17 k +1)WV + (1/2) RflgT (Xk)vgv,k+1' (38)

The approximated/estimated optimal control input by the actor NN in an event-

trigger context can be represented as

U, =W,0, (%K), k <k <k, i=12, (39)

i+11
where V\A/u,k e R“" is the estimated actor NN weights, and o, (%.k)eR" denotes the

time varying event-based activation function.

Further, the estimated control input, u, ,, using the gradient of the estimated cost

function (22), can also be written as

U, ==(Y2)R*G (R)V' (XK +DW,, (40)
for k <k<k;,, , i=12,--, where §(X) is the approximated event-based control

coefficient matrix from the NN-based identifier and V(X ,,k +1) =0p(X,,,, Kk +1)/0x,, .

The control policy (39) applied to the system (1) and the control policy (40) which



139

minimizes the estimated cost function (22) will not satisfy (38). Hence, the control input

estimation error, e, for k <k <k,,, i=12,--- is represented as the difference between

' Muk

(39) and (40), and found to be
=W\0, (%K) +(2)R G (X )Ve' (X, k+DW, . (41)

Similar to the critic NN, the actor NN weights are proposed to be updated at the

trigger instants only. The update law of actor NN, using previous values, is chosen as

9 aa(xkﬂk l)eukl
W= e ol (X, k-Do,(x k-1 +1’ a (42)
W k  <k<k,

u,k-1"?
where «, is the learning gain. The control input estimation error e , , can be computed
form (41) by moving one time step backward at the trigger instant and given by

eu,k—l :WuTk—lau (Xk—l’ k _1) +(]/2) g’ (Xk 1)V(p (Xk -11 k 1) V.,k-1"* (43)

The control input estimation error can be expressed in terms of the actor NN
weight estimation error, V\7u,k , by subtracting (38) from (41). This is described by

€= —WUTKGU (%, K)=(1/2)R™*g" (X V@' (X...k +OW, ,

HI2)R'G (X )V (%0 k+ DV, ~(J2)R'G (X)Ve' (X k+DW,  (44)
+erm ok <k <k,,i=12-

where gsuml G (Xk7 K _(]/2) RilgT (Xk)véT (Xk+1’ ka k +1)Wv _(1/2) RilgT (Xk J Xk
<V (X0 K+DW, —=(/2)R™G" (X )Ve, s — &, with — g(x, %) =9(x)-9(X) ,
o (%, %, K)=0,(x,K)-0o, (X k) and V@(x_, X k+1)=Ve(x_ k+1)-Ve(x_ k+1).

suml suml

It clear that 0 < where &'\ is a positive constant.
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Further, from (44) the control input estimation error at k =k ,i=1,2,--- can be

written as

€k = _WuT,kO-u (Xk J k) _(]/2) RilgT (Xk)V(DT (Xk+1' k +1)V\7V,k + (1/2) RilgT (Xk)

N (45)
XV(DT (Xk+1’ k +1)Wv,k - (]/2) RilgT (Xk)va (Xk+l’ k +1)Wv + ‘95?12“’

sum sum
<
gu,k - gu,M )

where &7 =—(1/2)R'g" (X )Vs, ., —¢,, and

The weight estimation error dynamics of the actor NN, from (42), moving one

time step ahead, becomes

~ k)e’
_ Wu ) + - auUu (Xk’ )eu,k , k — ki,
W "o, (%, K)o, (x k) +1

u,k+1 =
k <k<k,,.

(46)

uk?

Next, the main results of the near optimal event-triggered system are claimed.
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4. EVENT TRIGGER CONDITION AND STABILITY ANALYSIS

In this section we formulate the closed-loop event-triggered dynamics. The main
results are claimed by designing an adaptive event-trigger condition. The closed-loop
system dynamics are obtained by using (1) , the actual control input (39) , the ideal
control input (36) with simple mathematical manipulation and given by

X = T06)+ 906U = 9 (%) (W0, (% K) + 5, ) — G (X W,
x(au(xk,k) —au(xk,k)), ki <k<k.,.

(47)

At the event-trigger instants, k =k with updated state vector, the closed-loop
system dynamics can be rewritten from (47) as
Xea = T 04+ 306U = 9(X) (W0, (X, K) + 2, ) (48)
Before, claiming the main result in the theorem, the following lemma is necessary.

Lemma 2[15]: Consider the nonlinear discrete-time system given by (1). Then, there

exist an optimal control policyu; for (1) such that the closed-loop dynamics satisfies the
inequality

I (x)+ax)u] <K, (49)

where 0< K" <1 is a constant.
Now consider the event-trigger error (2). The following condition is selected as

the event-trigger condition:

D([lecr ) < oer I (50)

where the threshold coefficient is denoted by

A 2
Mu,k

Ogry = \/(1_ 2K*)FET/4gl\2/I Cju

, (51)
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with 0<T; <1, 0< K" <1/2. The dead-zone operator p(-) is defined as

, b,
D(IIeET,k||)={|IeET,k|| %1, o

0, otherwise,

with b, being the ultimate bound for the state. The system state and the control input

vectors are transmitted to the controller and the plant, respectively, when the event-
trigger condition in (50) is not satisfied (or violated). Further, an event is trigger when

the estimated NN weight |\, [=0 to update the NN weights without evaluating the trigger

condition.

During Event
Lc| ===+ During Inter-event

k-3k—2 K k+2 k+4 k+6 Kk+7

\j

Figure 2. Evolution of the Lyapunov function.

Next, the theorem guarantees the UB of the closed-loop event-trigger system. The
UB is shown by using a Lyapunov function for both cases of triggering, i.e., at the events
and inter-events. It is important to mention that, the Lyapunov function is not
monotonically converging to the ultimate bound both during both the events and inter-
event times. This is also not necessary to show stability of the system as discussed in [4]

for event-trigged control system, and [17] for switched systems. Therefore, in our case,
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during the inter-event times the Lyapunov function is allowed to increase but within a
time varying upper bound. Further, it is shown that with trigger of events the time
varying upper bound and the Lyapunov function converge to the UB as illustrated in the
Figure 2.

Theorem 2: Consider the nonlinear discrete-time system (1), the NN identifier (13), NN

critic (22) and NN actor networks (39). Assume u, (%, ) be an initial stabilizing control
policy for the system (1) and Assumptions 1 through 6 hold. Let the identifier, critic and
actor NN weight estimates , V\A/,YO : V\A/V'0 and V\A/uyo, respectively, are initialized in their

respective compact sets. Suppose, the system state vector is sent to the controller and the

NN weights are updated using (17), (32) and (42) through the violation of the event-

trigger condition (50). Let the activation functions o, (X,), @(X.,k)and o,(x k) satisfy
the PE condition [16]. Then, there exists positive constants 0< ¢, <1/2, 0< ¢, <1/3 and
O<a, <15 such that the closed-loop event-triggered system state vector, X, , the

identifier, critic and actor NN weight estimation errors W, , , W, and W, , , respectively,

are UB for all k >k, +T or, alternatively k>k,+T . Further, ”\/*—VHSQ, and

Hu* —uH <b, with b, and b, are small positive constants.

Proof: Refer to the Appendix.

Remark 4: The selection of 0< K" <1/2 satisfies Lemma 2 and varies according to the
desired performance of the system. The adaptive event-trigger condition (50) with (51)
implicitly depends upon the actor NN weight estimation error, V\7u,k. During the initial

learning phase, the NN weight estimation error will be large. Hence, the events are
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triggered frequently. This facilitates the approximation of the cost function, control

policy and the system dynamics to achieve near optimal performance.
Remark 5: The dead zone operator (52) used with the event-trigger condition helps to
stop unnecessary triggering due to the NN reconstruction error. The dead zone is enabled

once the system state is in the ultimate bound b, . The bound bX:max(be,bzx,M)

computed from (A.14) and (A.18) is a function of the tuning parameters «,, «,, o, and

the NN reconstruction error bounds & and ¢, ,, . Therefore, the bound can be

[ gV,M !

made arbitrarily small as mentioned in the Remark A.1.
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5.NON-TRIVIAL MINIMUM INTER-EVENT TIME

In this section we discuss the non-triviality of the inter event times for the near
optimal event-triggered control system. An explicit formula for the minimum inter-event

time is also presented. The minimum inter-event time is the minimum time interval

between two consecutive event-sampling instants over all sampling instants, i.e., K,
= rpiNn{5ki} where ok, =k, —k for i=1,2,--- are the inter-event times. This is implicitly

defined by the event-trigger condition (50). In case of a discrete time system, the

minimum inter-event time is trivial and becomes the sampling time, T, or 6k . =1. So, it

is important to guarantee nontrivial inter-event times, i.e., ok >1 to reduce the

computational load. In the case of approximation-based control design, the inter-event
times largely depend on NN weight estimation error and presented in the following
theorem.

Theorem 3: Let the hypothesis in Theorem 2 holds. The minimum inter event-time can

be expressed as
§kmin = rELn{In(1+(]/N|)((M| _1)O-ET,min))/|n(Mi)}’ (53)
for i=1,2,--- and the non-triviality of the inter-event times are guaranteed if the

following condition is satisfied:

In+(/ N)(M, Do

ET,min

)>In(M,),i=1,2,-- (54)

N\/u,kI

where N. :((\/F+1)kai |+ 94 (@0 W, .. | +,,)) and M, = (WK +g,C, ) and

Oer mn = MiM{o , [X[[} is the minimum event-trigger threshold.

ET,min

Proof: Refer to Appendix.
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Remark 6: It is important to note that the inter-event times will be non-trivial, i.e.,
ok >1,i=12,--- if (54) is satisfied. To achieve nontrivial inter trigger times during the
initial learning, the initial NN weights needs to be selected close to the target parameters.

This will reduce the NN weight estimation error, W, , which in turn decreases the value
of N, and increases M, in (53). Thus, the condition (54) is satisfied leading to non-
trivial inter-event times. In addition, along with the update of the NN weights, V\A/u,k, the

weight estimation error, W, , , will further decrease and, hence, the variable N, . This,

further, ensures elongated inter-event times.

The proposed event sampled design can be used mutatis mutandis for nonlinear
networked control systems (NNCS) in the presence of time varying network induced
delays and random packet losses. The detailed design procedure along with the
simulation results are presented in Appendix B of the dissertation. The NNCS is
represented as a continuous time nonlinear system in affine form. The proposed event
sampled ADP design discussed in Section 3 through 5 is extended for a stochastic design
due to random network constraints. An infinite horizon cost function is minimized to
design the event sampled control policy. It was observed that the event sampled
stochastic ADP for NNCS resulted in 66% saving in computational load and 27% saving

in the network bandwidth usage.
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6. SIMULATION RESULTS

In this section, a two-link robot has been considered for simulation. The
continuous time dynamics of the two-link robot is given by (1)
x=f(x)+g(x)u, (55)

with internal dynamics f(X,) and control coefficient matrix g(x,) given as

_ . i
X4
—(2%5X, + X2 — X2 — X2 COS X, ) Sin X, 0 0
( +20cos x, —10cos(X, + X,) cos X, ] 0 0
where f(x) = cos’ X, —2 and g(x) = } Ccl)s2 . ;1—6((::):25 iz
(2%, X, +X; + 2X;X, COS X, + X; COS X, +3X: 1 cos X2 o pous x2
+2X2 COS X, +20(COS(X, + X,) —COS X, ) X 5 ood? Xz e XZZ
(L+cos x,) —10cos x, CoS(X, + X,) B -
i cos® x, —2 |

The continuous dynamics was discretized first for simulation. The following

simulation parameters were selected to carry out the simulation. The cost-to-go was

selected as quadratic function with Q(x. ) =x,Qx,, Q, =1,, and R=0.001*1,,_, where

| is the identity matrix. The non-quadratic terminal cost was chosen as y(x,,N)=1.

The initial weights for the critic NN were selected as zero. The actor and the identifier
NN weights were initialized with random values from a uniform distribution in the
interval of zero to one. The time-varying activation functions for both the critic and actor

NNs were constructed as state-dependent and time-dependent terms, i.e.,

o(X. . K)=p (K)p (X)) . The state-dependent part, was chosen as

¢x (Xk) '

(Dx(xk) ={X12.k""’ Xj,k’xl,kxz,k"“' kaxz,k"“' ka""’ Xj,k"“’ Xl,kxz,kXS,kX4,k}Em45X1 [18] and

the time-dependent part, o, (k) : was also selected as
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o, (K) ={L [exp(=2)T, ... [exp(—=2)]1*; - - - [exp(=2)]™, [exp(-2)1%, ..., T e R*™>*°  [15] where
r=(N-k)/N is the normalized time index. The identifier activation function was chosen
as tanh{(x,, )%, X Xour s (%) (Ko )s-r (X4, )°F - The number of neurons for the
identifier was 39 and the critic and the action NN were 45 each.

The learning rates for the NN tuning were selected as «, =0.03, ¢, =0.01 and
o, =0.05 per the conditions derived in Theorem 2. The event-trigger condition

parameters were K" =045, ', =0.92, C_ =2 and g,, =1.5. The initial admissible

control was selected as u, =[-500x, —500x,, —200x, —200x,]" and the terminal time

was N =10000. The ultimate bound selected for the system state was 0.0005. The event-
trigger threshold was computed using (50), with (51), and (52) with the above parameters

selected for simulation.

=== Threshold
=== State errors

Threshold
o
Ul

0
0 2000 4000 6000 8000 10000
: @)
€ 200 ,
c 9 {—Event Duration
25
= >100
g0
3 0
O 0 2000 4000 6000 8000 10000

Sampling Instants (k)
(b)

Figure 3. (a) Triggering threshold with event-trigger error; (b) cumulative number of
triggered events vs. sampling instants.
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Figure 3 (a) shows the evolution of the threshold (solid) over time along with the
event-trigger error (dotted). From this figure it is evident that the event-trigger error reset
to zero once it reaches the threshold with trigger of events. In Figure 3 (b), the
cumulative number of trigger instants is plotted against the total sampling instants. Even
though a large number of triggering occurs in the initial phase, the cumulative number of
triggers is reduced. The cumulative triggering became constant after 8000 time instants.

This implies the system state is in the ultimate bound b, =5x10* . The number of events

during the sampling time of 10 sec with a sampling interval of 0.001 sec was found to be

110.

1( «» 40
N il 5 ul
0 () - LS X, g— 2o | u2
= ? L i
('7) _1_ ........... X, g 0 b
: c
@]
-2 ©-20
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1 @ 15 (®)
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o ol £ %05
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© (d)

Figure 4. Convergence of (a) system state; (b) near optimal control inputs; (c) HIB error;
and (d) terminal cost error.

A comparison of the computational load in terms of the multiplication and
addition that is required to compute the event-trigger condition and controller is given in

Table 1. It indicates a reduction in computation of around 65.5% for the event-triggered
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system. Furthermore, if a communication network is included between the plant and the
controller, fewer transmissions are needed due to event based sampling. This will reduce
the communication cost significantly.

The performance of the optimal controller is shown in Figure 4. The optimal
control input (Figure 4 (b)) regulates the system states to zero as shown in Figure 4(a).
The control input also converges to zero with system states. This implies that with a
reduced number of controller executions the system is near optimally regulated. Further,
the HJB equation error, shown in Figure 4 (c), converges to near zero implying the
optimality achieved in finite time. The terminal cost error also converges to near zero and

shown in Figure 4 (d).

Table 1. Comparison of computational load between traditional and event-based discrete
time systems.

Number of Samplin Total
Systems additions and ampiing :
s instants computation
Multiplications
Traditional Identifier 10
discrete Critic 13 10000 310000
time Actor 8
Identifier and
] 20
Event- mirror
based Critic and mirror 26
discrete Actor and mirror 16 110 106820
time Tr|g_. _ Con 10
(periodic)
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7.CONCLUSIONS

In this paper, a near optimal event-triggered control of an uncertain nonlinear
discrete time system in affine form is introduced. The actor-critic frame work used to
solve the finite horizon optimal control problem with event-based approximation was
able to regulate the system. The novel adaptive event-trigger condition generated the
required number of events at the initial learning phase to achieve a small approximation
error. This also saved the computation by fewer updates in the control law. Near
optimality was achieved in a finite time with complete unknown system dynamics. With
an explicit formula, it is shown that a nontrivial inter-event time can exist with proper
initialization of weights and event-based NN weight updates. It was observed that the
cumulative number of triggered events varies with initial NN weights. The effectiveness

of the controller is validated using simulation.



[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

152

8. REFERENCES

K. J. Astrom and B. M. Bernhardsson, “Comparison of periodic and event based
sampling for the first order stochastic systems,” in Proceedings of the 14" IFAC
World Congress, Beijing, China, Jul. 1999, pp. 301-306.

P. Tabuada, “Event-triggered real-time scheduling of stabilizing control tasks,”
IEEE Transactions on Automatic Control, vol. 52, no. 9, pp. 1680-1685, Sep.
2007.

E. Garcia and P. J. Antsaklis, “Model-based event-triggered control for systems
with quantization and time-varying network delays,” IEEE Transactions on
Automatic Control, vol. 58, no. 2, pp. 422-434, Feb. 2013.

X. Wang and M. D. Lemmon, “On event design in event-triggered feedback
systems,” Automatica, vol. 47, no. 10, pp. 2319-2322, Oct. 2011.

W. Heemels and M. C. F. Donkers, “Model-based periodic event-triggered control
for linear systems” Automatica, vol. 49, no. 3, pp. 698-711, Mar. 2013.

A. Sahoo, H. Xu, and S. Jagannathan, “Neural network based adaptive event-
triggered control of affine nonlinear discrete-time systems with unknown internal
dynamics,” in Proceedings of the American Control Conference, Wasington, DC,
USA, Jun. 2013, pp. 6433-6438.

A. Sahoo, H. Xu, and S. Jagannathan, ‘“Neural network-based adaptive event-
triggered control of nonlinear continuous-time systems,” in Proceedings of the
IEEE Multi-conference on Systems and Control, Hyderabad, India, Aug. 2013, pp.
35-40.

X. Hao, S. Jagannathan and F. L. Lewis, “Stochastic optimal control of unknown
networked control systems in the presence of random delays and packet losses,”
Automatica, vol. 48, no. 6, pp. 1017-1030, Jun. 2012.

F. L. Lewis and V. L. Syrmos, Optimal Control. Hoboken, NY: John Wiley and
Sons, 1995.

O.C. Imer and T. Basar, "To measure or to control: optimal control with scheduled
measurements and controls,” in Proceedings of the American Control Conference,
Minneapolis, MN, USA, Jun. 2006, pp. 14-16.

A. Molin and S. Hirche, “On the optimality of certainty equivalence for event-
triggered control systems,” |IEEE Transactions on Automatic Control, vol. 58,
no. 2, pp. 470-474, Jun. 2013.



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

153

M. Rabi, K. H. Johansson, and M. Johansson, "Optimal stopping for event-triggered
sensing and actuation,” in Proceedings of the 47" IEEE Conference on Decision
and Control, Cancun, Mexico, Dec. 2008, pp.3607-3612.

D. P. Bertsekas and J. N. Tsitsiklis, Neuro-dynamic Programming. Belmonth, MA:
Athena Scientific, 1996.

H. Xu and S. Jagannathan, ‘“Neural network based finite horizon stochastic optimal
controller design for nonlinear networked control systems,” in Procedinngs of the
IEEE International Joint Conference on Neural Network, Dallas, TX, USA, Aug.
2013 pp. 1-7.

T. Dierks and S. Jagannathan, “Online optimal control of affine nonlinear discrete-
time system with unknown internal dynamics by using time-based policy update,”
IEEE Transactions on Neural Network and Learning Systems, vol. 23, no. 7 , pp.
1118-1129, May 2012.

S. Jagannathan, Neural Network Control of Nonlinear Discrete-time Systems. Boca
Raton, FL: CRC Press, 2006.

H. Ye, A. Michel, and L. Hou, “Stability theory for hybrid dynamical systems,”
IEEE Transactions on Automatic Control, vol. 43, no. 4, pp. 461-474, Apr. 1998.

Z. Chen and S. Jagannathan, “Generalized Hamilton-Jacobi-Bellman formulation-
based neural netwrok control of affine nonlinear discrete-time system,” IEEE
Transaction on Neural Networks, vol. 19, no. 1, pp. 90-106, Jan. 2008.

G.Cybenko,” Approximation by super positions of sigmoidal functions,”
Mathematics of Control Signals and Systems, vol. 2, no. 4, pp. 304-314, Dec.
1989.

G. Bitsoris and E. Gravalou, “Comparison principle, positive invariance and
constrained regulation of nonlinear systems,” Automatica, vol. 31, no. 2, pp. 217-
222, Feb. 1995.



154

APPENDIX

Proof of Theorem 1: The smooth and continuous functionh(x ,k), with the universal
approximation theorem [19] of NN, can be represented in a compact set as

h(x k) =W o(x k) +&(x k), (A1)
with X, as input to the activation function at every sampling instant k. Consider the

event-based sampling where the state X, is available intermittently as defined in (3).
Equation (A.1) can be expressed as

h(x k) =W'o(x ,k)-WT o (X, k) +W o (x k) + (X, k), (A.2)
where o(X,,Kk) and X are is event-based activation function and state vectors.

The state, X, , in terms of the event-based state, X, , and event-trigger error, e

BT
in (2) can be written as x, = 3(X,,€e ,) = X, +€ . Substituting this expression, (A.2)
can be represented as

h(x., k) =WTo (X, k) +&,(X e . K), (A.3)
where ¢, (X, e . K) =W [o(HX,, e ), K) —o (X, K)] +&(I(X,. e ), K). ]
Proof of Lemma 1: The UB of the identifier weight estimation error is proven by
demonstrating the boundedness of the weight estimation error for both trigger conditions,
separately. A single Lyapunov function is used to evaluate the first difference and
combined at the end to show overall UB.
Case | : Event Triggered, i.e., K=k ,i=12,---

Consider a Lyapunov function candidate given by

L, k= tr{\NITkWI ,k}' (A4)
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The first difference, AL, , =trfW W, .. }—tr{W,'"W, .}, along the dynamics of
the identifier NN weight estimation error (18) for k =k, , becomes

AL, =—=2aytr {VVITkUI (Xk)ukelT,k+1}/([O'| (x0T [0, (x )T 1+2)

+atr {el,k+1[o'| (x)aT [0 (Xk)Uk]eT,m}/([G. (x)T1 [0, (x)T ] +1)*.
Substituting the identification error dynamics (16), and using Cauchy-Schwartz (C-S)
inequality with the fact that [o, (%), 1 [0, (x)T, 1/ ([, (x)T. ] [0, (X)T,1+1) <1, the

first difference is bounded by

AL <o (20 {W,Tk[a,(xk)ak][a.(xk)Uk]Tw.,k}+ @) o

lef (Xk)Uk]T [0, (x)u ]+1 ”O', (Xk)Uk||2 +1
By definition, the augmented control input |G, |>1, and, 0<o,, <|o,(x)|<0o,, is
satisfied due to the PE condition [15] and Assumption 3. Hence, 0<o, , <|lo, (x)G,|.

By the above facts, the first term in the above equation satisfy

. {W.Tk [0, ()80, (XTI W, } I ARCTER L I AT A A
[0, (x)0 ] [o, (% )T+ | (o, ()T +D (o )| [T +2) /]|

2
Qr,
z 41
O\ m

‘Mﬁykuz where 0<Q,  <|o,(x)G /|G ]| with a bounded control input.

Substituting the above inequality:
~ 2
ALy, <—ay(1-20,) (9}, /(o7 + D)W, |+ By, (A5)
where By =¢, (1+2a,)g|2’M/(1+cr,2'm). From (A5), by selecting 0<e, <1/2 , the

Lyapunov first difference AL, , <0 as long as

M| > (ot +DBy, Ja 1—2a,)% , =B,
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Therefore, by the Lyapunov theorem [16], the identifier weight estimation error,

W, , is UB with a bound th"v/lJ for all k; >k, +T with the occurrence of events.

Case Il: Event not triggered, i.e., k <k <k_,.
Consider the same Lyapunov function (A.4). The first difference along the

identifier weight estimation error dynamics (18) for k, <k <k,

AI_I k = tr-{V\N/I-,rkJrl\/\"]I ,k+l}_ tl‘{Vvl-l,—k\/\hil ,k} = O ' (A6)

From (A.6) the Lyapunov first difference, AL, ,, during the inter-event time

remains at zero. This implies the NN weight estimation error, W, , remains constant

during the inter-events times. The initial weight estimate, V\A/,’O, is finite and from

Assumption 3 the target weight matrix is bounded. Therefore, initial weight estimation

error, W, o Is also bounded. Further, V\7ka Is bounded at the trigger instants as shown in

Case |. Thus, the initial value \/\7,,ki ,1=12,---, for each inter-event time, which is the

updated value at the previous trigger instant, is also bounded. Consequently, the weight

estimation error, W, ,, is constant and bounded during the inter-event times, i.e.,

k <k<k, fori=12,---.

i+1

From Cases | and II, the identifier weight estimation error is bounded both at the

trigger instants and inter-event times. Further, with the occurrence of events followed by

each inter-event time, the identifier weight estimation error, W, , , is UB with a bound
By, for all k >k, +T . Alternatively, W,, is UB for all k>k,+T as k is a

subsequence of k and T is a function of T . n
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Proof of Theorem 2: The stability of the closed-loop system is proved by considering
both the event-conditions, i.e., event is triggered, k =k and event is not triggered,
k <k<k,, i=12,--- . A single Lyapunov function is evaluated for both cases,
separately, and combined at the end to show the convergence to the UB.
Case 1: Event triggered, i.e., k =k ,i=12,---.

Consider the Lyapunov function candidate given by

Lcl,k = I-x,k + Ll,k + Lv,k + Lu,k ++LA,k + LB,k’ (A-7)

where L, =FXX:Xk v Lk :F|tr{W|T,kW|,k} Ly :FVWVT,kWV,k L :tr{WuT,kWu,k} ’

Lo =T trfW' W, ¥, and Ly, =T,,{W W, }*. The positive constants
_ a,(1-5a,)02, - 2a (o} )y +1) - 29(Apy +1)
" 8guosw (ot D)’ L e -20)0f, Y e (1-3%)Ag;

. 20, (4+5a,) 2%, (R*)Veh o2, (02 +1)2
? da,(1-2a,) (20Fy +D) -, (1-20,)2,, )9 (02, +D)

20, (4+5a,) A% (RH)Veho?, (ApE +1)

1 gy (13, )(2(A0% +1)-a, (1-3, )AG: ) A (02, +1)

0, (4+50,) 22, (RY)VGEWZ 0, TiaBy (2(07 +1) - (1-20)Q7 )
. 20, +1) ' (2 +1) |
and

_ CZu (4+5au )ﬂ’r:rz\ax (Ril)(gﬁ/l +28I2,M )V(DI\Z/I + 1—1V2‘C"\7NI (Z(A(ZISI +1) _av (1_3av )A(Zni)
Ao;n+1) (Apy +1)

Consider the first term in the Lyapunov function candidate (A.7), L,, =T, XX,

The first difference along the closed-loop system dynamics (48) is bounded above by
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ALX k — <T ||Xk+1

)+ g (%) ~ 94 )M 0, (06) + &, )~ T s

T, x [

Recalling the Lemma 2 and applying C-S inequality (a® +b?) < 2a’ + 2b?, it reveals that

AL, <—(1-2K")T, ||xk|| +49.0° L par OaElm- (A.8)

u,k

Consider the second term in the Lyapunov function (A.7), L, , =T tr{W W, ,}.

The first difference can be written from (A.5) and is given by
AL, <-T\a,U-20,) (@, /(0% +D) W, || +T\By; - (A.9)
Moving on for the third term L,, =T W, W, , in the Lyapunov function
candidate (A.7), the first difference becomes AL, , =W, W, ,., —W, W, . Along the

critic NN weight estimation error dynamics (35) for k=k, the first difference can be
represented as

ALV 21—‘V aVWVTkA(D(Xk ' k)etotal k + 1—‘V a\fetotal kAaT (Xk ' k)Aa(Xk ' k)etTotaI,k
k .

ACD (X, K)A@(x, k) +1 (Ap (Xk'k)A(o(kak)"‘l)

Substituting (34) into the above equation and using the C-S inequality, the first

difference of Lyapunov function candidate

20, a W, AG (%, K)AP (%, K,
AQ' (X, K)A@(x,, k) +1
2FVaVWVTkA¢(Xk’k)(¢(XN’N) ¢(Xk1N)) WT er“vaTkAé(Xk,k)Aﬁ,k
AT (% OAG(x, k) +1 AG (%, OAP(K, ) +1
3rvavaTkA¢(Xk’k)A(0 (X, K)A@(X, K)Ap (Xklk)WVk

(85" (%, K)AG(%,. k) +1)

AI-v,k =-—
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+3FV%ZWVT (2(xy, N) = (%, N))AZ" (x,.K)AB (%, K) (0%, N) — (X, N))' W
(AF" (%, K)AB(x, . k) +1)
3F aVAgV AQ (Xk,k)A(p(Xk,k)AgV 3
(2p" (xk,k)Ago(xk,k)+l)

By using Young’s inequality 2a'b<ga’a+(}/q)b’b , with g>0
AP (%, K)AB(X,, K) /(A (X, K) A@ X, K) +1) <1 and J/(A " (% K)AB(x,. k) +1) <1
the first difference becomes

W, AG(X K)AGT (%, KWL,

A<5T (X, K)Ap(X, k) +1

+Fvav (2+3av )WVT (?(XN' N) —o(X,, N))(¢(XN! N) —o(X,, N))TWV
A" (X, K)AD(x, k) +1

Lya, (2+30‘v )AE\/,kAg\/T,k
AP (X, K)AD(X k) +1

AL, <-Tya, (1-3ay )

From Assumption 5, g(x,N)—¢(X,k) <20, and [Ag, [<AZ,,, . With these
facts and simple manipulation using C-S inequality and Frobenius norm, we arrive at
AL, <-Tya, (1-3a, ) (A% /(Apy +1) )W, k” +T, &M, (A.10)
where & =a, (2+3a, )(0h W’y /(ADE+1) )+ o, (24304 ) (A, /AR +1), 0<ar, <1/3
and 0<A®, <|A®(x..K)| < Ap, which is satisfied by ensuring PE condition [15].
Consider the next term in the Lyapunov function candidate (A.7),

L, . :tr{VVuTkV\?u'k}. The first difference along the actor NN weight estimation error

dynamics (46) for k =k, becomes

AL, =2a,tr TW“T*G“(X“k)eJ* +atr e“*G”T(X“k)U“(X“'k)e“T‘E .
| (o, (X K)o, (X, k) +1) (o] (x.K)a, (. k) +1)
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Substitute the control input estimation error e , from (45) in the above equation. After
some mathematical manipulation using C-S inequality and the fact o (x K)o, (%, ,k)/

(o, (x., K)o, (x, k) +1) <1, we arrive at

19, (% K)oy (% KW,
AL, <-a,(1-5¢ )tr{ o7 (%Ko, (xk,k)+1 “}

(R'g" (x)V' (..., k+DW, )(RG" (X )V’ (¥, k+DW, )’
4o, (X, K)o, (x, k) +1)

(R'G (x)Ve' (x,,,.k+DW,,)
407 (K)o, (X, K) +1)
(R (VO (X k+DW,) oo :
o oo oy (R 000 0 kD))

+a, (4+5a, ) tr{e ) (eX) /(o] (%, K)o, (%, K) +1)}.

+a, (4+5a, )tr{ 3}

+a, (4+50{u)tr{ ( R™g T(X )V¢7 (Xk+l’k+l) k) }

+a, (4+5a, )tr{

Using Frobenius norm, Young’s inequality and the relation ||(j (Xk)|| <o,

W, |+ it

holds that

AL, < _(au (1—2505u)of,m ] -

2

(84501 (R} +261,)V 0
4(o;, +1)

u,k

(opn +1)
Q, (4 +5a, ) Ao (R, Vo
4(0'2 +1)

W (R0 W, Vo
2(o'u,m +1)

W, ,
L (445a,) 22, (RMo?, Vh | -
R Mv,k“

2 ﬂ« R 2 2
+a, (4+5a,)— . (ROW, i
Z(O'U_m +1)

(A.11)

+a, (4+5a, )

M.

a, (4+5a,) (&)
4o’ +1)

o, (x.k)|<o,, . is ensured by the PE condition, 4, (R™) is the
maximum eigenvalue of R™.

Considering the next term LAYk:1“,2tr{V\7,T’kV\7,Yk}2 . The first difference,

AL, =T ,tr (W] k+1V\7|,k+1}2 —T,tr {V\7,T’kV\7,’k}2, from (A.9) , becomes
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AL,y <-Tp0,(1- 2a|)(2_(0(‘| (1-2a, )QZ /(G|2M +1)))( /(G| M +1) ”\NI k”
+F'Z(Bw. )2+F|ZB\N~, (2 (et 0=20)Q} /(07 0 +D)) )W, k”

where (2-(o, (1-20,)Q} . /(6% +1))) >0 with 0<a, <¥/5.

Similarly, the first difference of the last term L, ={V\7VTkV\7V,k}2using (A.10) can

be written as

Algy <—Ty,0, (1-3, ) (A2 /(AR +1))(2—( (1-3a, ) (A2 /(Ap; +1))))

”\Nv kH +Fv25\/ ( ( (1 361\,)(A§0m/(A(0M +1))))”\NVkH +1"V2( 1|v|)2.

At the final step, combine the individual first differences (A.8), (A.9), (A.10),

(A.13)

(A.11), (A.12) and (A.13) to get the overall first difference. Substituting the constants

r,r,,r,BI, andTI,,,from(A.7),the overall first difference satisfies

ALy, < ~(1-2K")r, ”anz _w”\/vl,k” ”Wv k” __05 1 50‘ oy m/(o'u M +1))
Mu,k ’ _au (4+5au)(/1r$1 ( )V(DMO-I M /4(0- m +1))”\NI k” +gc| Jtotal (A14)

—a, (4+5au)(/1riax (Ril)V(oM O-I,M /4(Gu,m +l))”\NV,kH ;

X

where

cI total T F a/\”/ +F ‘9\]/-’\/I +F|2(Bw) +(2a (4+5C¥ ) (R_l)vgol\zllwvz,Mglz,M /4(Guzm +1))
+(et, (4+5a,)(&20)? /(a +1)) +4T, 09562, +Ty,(ea™)?.

From (A.14), and selecting 0 <, <1/5, the first difference of the Lyapunov function,

AL, , <0 aslong as

%] > e /@~ KT, =B,

‘Mlk“>max{\/4 o +1) C,mal/a 4+50,) A2 (RH)V RO e o [T} = by, or
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”\NVk‘>{\/4 U +1 cltotal/a (4+5a, )ﬂ’riax(R )V¢MG|M) \jcltotal/‘g}z% or

M. >

This implies the system state, X, the NN weight estimation errors for the

\j(z( u.M +1) cI total /au m = l:{/\”/u '

identifier, critic and the actor, W, , \W, ,, and W, are UB forall k; >k, +T .
Case 2: Event not triggered, i.e., k <k <k, ,i=12,---.

Consider the same Lyapunov function candidate (A.7) as in Case I. The first
difference AL, =T, |[X.| T[] of the first term along (47) with Lemma 2 and C-S

inequality, can be written as

AL, < 2K x| +402 W00 k) V] o (% K| =[x, [ + 407 (020 M, ||

+&5m)

From the Lipschitz continuity of the actor NN activation function, in Assumption 6, it

holds that

AL, <—(1-

(A.15)

ET k” +eg total k 7

+&2,,) - Recalling the event-trigger condition (50) for the

~ 2
2 2
Wlth gcl total .k — = 4gM (GU,M ”V\/u,k

case when system state vector is outside the ultimate bound, the first difference satisfies
AL € =(=2K")A-Ter) x| + &5 (A.16)

where 0<T'; <l and 0<K" <1/2.

Considering the remaining terms of Lyapunov function candidates (A.7), the first
differences becomes zero due to no update. They are represented as

AL, =0, AL, =0, AL,, =0 and AL, =0. (A.17)

Finally, combining (A.16) and (A.17) the first difference of the overall system is given by
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ALy, <~ 2K)A-Te) %] + & oars - (A.18)

From (A.18), the first difference AL, , <0 as long as

||Xk|| > \/g(jz,total,k (1_2K*)(1_FET) = b2x’k .
The actor NN weight estimation error, W, ,, is constant during each i* inter-

event time, k. <k <k, as the weights are held. Therefore, &>

X
o wowk and, hence, b, are

piecewise constant functions. Thus, the system state is bounded by a time varying bound
b;, during the inter-event times. The boundedness of the NN weight estimation errors
during inter event times can be shown as follows. The NN initial weight estimates are
finite. Therefore, the initial the weight estimation errors are also bounded. From Case I,
the NN weight estimation errors are bounded at the trigger instants. Therefore, the initial

values during inter-event times are bounded. Further, from (A.17), the NN weight

estimation errors are remain constant at their respective previous values during the inter-

event times. Therefore, the NN weight estimation errors W, , W, , and W,, remain

bounded during the inter-event times.

Note that, from Case I, with trigger of events, the system state vector and the NN

weight estimation errors converge to UB for all k. >k, +T . During the inter-event times,
from Case I, the system states are bounded by the time varying bound, b;,, and NN

weight estimation errors are held at their previous values. During the initial learning

phase, the piecewise constant bound b;, may be large. Therefore, the system state vector
may increase. Alternatively, the Lyapunov function L, may increase during inter-event

times, k <k <k, for i=12,--- as shown in Figure 2. Since the change in system state
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vector is governed by the event-trigger condition, a large value of system state vector will
lead to an event. Hence, the NN weights and control inputs will be updated which will

make the state and weight estimation error to converge.

Further, since each inter-event is followed by an event, the function & for

cl total k
ki <k <ki,,, in (A.18), is less than the previous inter-event time k;_; <k <k; and, hence,
by, . This implies that for all k; >k,+T , the function &3, — &5 where &3,

=49; (o MqN +é&, 2 1)is a constant and by, is the ultimate bound for Wu . from Case |.

Therefore, the bound for the system state by, will also converge, i.e., by, — b7, for

k >k, +T where b}, = \/gC,M/(l 2K")(1-T) is a small constant.

Consequently, from Case | and Case Il, the system state, X, the NN weight
estimation errors for the identifier, critic and the actor, W, , , W, ,, and W, , are UB with
trigger of events for all k >k, +T , or alternatively, for all k >k, +T since k, is a

subsequence of k and, hence, T is a function of T . Therefore, the Lyapunov function
will converge it its ultimate value.

Remark A.1: From both the Cases, the UB for system state, NN weight estimation errors

of identifier, critic and actor NNs are found to be b, =max(byy,b;\ ). y; , by and b
respectively. The bounds b, qN bwv and qN are function of learning parameters ¢, , o,

,&, and the NN reconstruction error bounds ¢, , , and ¢, ,, . Hence, a smaller UB

for the closed-loop system can be obtained by selecting «,, «,, «, properly and

increasing the number of neurons in the NN to reduce & and ¢,

™M VM’
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Finally, to show the convergence of estimated value function and control input to

their optimal values, subtract (22) from (20) and (39) from (36) to get

A -V ”:WVT,k(D(Xk k) +WVT,k (¢(Xk k) =X, k)) Tk

<y o +V\7VT,mawaGET,maxbx +&,m =0y, (A.19)
and
lu; —u, =W, o, (%, K) + W], (0, (%, k) -0, (%K) +&,,
<, 0, W, C.. Ot 6,0 =, (A.20)
where W, . = max{W, } and W, ., = max{W,,} are the maximum estimated values for

the critic and actor NNs. The maximum value of the event-trigger threshold coefficient is

denoted by o .- The constants C and C_ are the Lipschitz constants for the critic
and actor NN activation functions, respectively. Note that bounds b, and b, depend on
the UB of the system state vector b, , NN weights by, and b, , which are small as

mentioned in Remark A.1. Therefore, b, and b, are small constants and the estimated

control input converge to the near optimal value. [

Proof of Theorem 3: Consider the event-trigger error (2) e, , =X —X . The error
dynamics, e, ,., = X, —X,,,, the by using the closed-loop system dynamics (47) is upper

bounded by

ET k+1

le

<M, fecr [+ Nk <k <ki=12,-- (A.21)

Mu,ki

ET,k‘

M.,

where N, = (VK" +1)[x, |+9, (o, |+&,,)) and M, = WK +g,C, )

i=12,--- with 0<K" <1/2.
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Remark A.2: The variables M; and N; are piecewise constant functions since V\7u,ki :

W,, and x, are constant for each i” inter-event time. Hence, the error e, is also a

u k

piece wise continuous function.
By comparison lemma [20], the solution of the inequality (A.21) is bounded

above as
HeETka = Zti MikiHNi = (NiMik_ki - Ni)/(Mi -1), (A.22)
for k <k <k, ,i=12,--. The lower bound on the inter-trigger times for i" inter-event

duration, 5k, =k, —k , is the time it takes [e. || in (A.22) to reach the minimum

ET k

threshold, o forall ke N. It is computed using (50) given as

ET,min

keN

min{or, [ [} = (\/(1— 2K, [4g2CEWE,, )bx o (A23)
where b, is the lower bound of the system state for an event to trigger as in (52). The

weight matrix V\A/u,maxzmgx{V\A/uyk} is the maximum value of the actor NN weight

estimates for all k € N. The maximum value of the NN weight matrix W exists since

u,max

the weight estimates are bounded for all time.

The triggering instants are decided by the violation of the event-trigger condition.

Thus at k . for i" interval, it holds that

i+1

eET,kMH=UET,mm- Therefore, from (A.22) we

get

(NM575 —N)/(M, -D) > o,

ET,min ?

=12, (A.24)
Solving the above inequality, the lower bound on the inter-event times found to be

Sk =In(1+(YN,) (M, ~1) oy, )) /(M )i =1,2,-- (A.25)
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From (A.25), the minimum value of inter-event time:
8K,y =min(Sk ) =min (IN@+ @ N,)(M, -0y, ., ))/IN(M,)).
The inter-event times becomes non trivial, i.e., ok >1 when
In+@/N)((M, Doy, ..) >In(M,), ieN,

is satisfied. -
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IV. NEURAL NETWORK-BASED EVENT-TRIGGERED STATE FEEDBACK
CONTROL OF NONLINEAR CONTINUOUS-TIME SYSTEMS

Avimanyu Sahoo, Hao Xu and S. Jagannathan

Abstract — This paper presents a novel approximation based event-triggered control of
multi-input multi-output (MIMO) uncertain nonlinear continuous-time systems in affine
form. The controller is approximated by using a linearly parameterized neural network
(NN) in the context of event-based sampling. After revisiting the NN approximation
property in the context of event-based sampling, an event-trigger condition is proposed
by using the Lyapunov technique to reduce the network resource utilization and to
generate the required number of events for the NN approximation. In addition, a novel
weight update law for aperiodic tuning of the NN weights at triggered instants is
proposed to relax the knowledge of complete system dynamics and to reduce the
computation when compared to the traditional NN-based control. Nonetheless, a non-
zero positive lower bound for the inter-event times is guaranteed to avoid accumulation
of events or Zeno behaviour. For analysing the stability, the event-triggered system is
modelled as a nonlinear impulsive dynamical system and the Lyapunov technique is used
to show local ultimate boundedness of all signals. Further, in order to overcome the
unnecessary triggered events when the system states are inside the ultimate bound, a
dead-zone operator is used to reset the event-trigger error to zero. Finally, the analytical

design is substantiated with numerical results.

Keywords- Adaptive control, approximation, event-triggered control, neural network
control.



169

1. INTRODUCTION

Growing interest in the networked control system (NCS) has given rise to an
alternate control paradigm known as event-triggered control (ETC) [1]-[18] in order to
reduce communication traffic and save computational load on the processors. Instead of
transmitting and executing the controller in a traditional periodic sampled manner, the
ETC approach provides a mechanism for deciding the sampling instants without
compromising the desired performance. The analytically designed trigger condition
allows the system error to grow before deciding the transmission instant without affecting
the system’s stability requirements. This in turn reduces the communication and
computation. In recent times, various event-trigger approaches have been presented in
the literature [2]-[17], and different formulations have been introduced to analyze system
stability. In general, the Lyapunov direct method is utilized to guarantee stability by
designing an event-trigger condition.

Among the earlier works, the author in [2] presented an event-triggered control
scheme by assuming the input-to-state stability (ISS) of the system with respect to
measurement error. Further an event-trigger condition is developed for deciding the
trigger instants to execute the controller with a desired closed-loop performance. A lower
bound on the inter-event times is also guaranteed to avoid the accumulation point. The
traditional ETC [2]-[4] is further extended to a model-based scheme [5]-[8], which
reduces the communication network traffic more effectively demanding a higher
computation. The ETC also finds its application in large scale and decentralized systems

[9]-[11]. An extension to the ETC approach is the self-triggered control design [12]-[15]
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where the trigger instants are determined by the past state information and, hence,
continuous monitoring of current state is not required.

In these previous works [2]-[7], a known system dynamics have been considered
for the ETC design both for linear and nonlinear systems with a few exceptions [8], [17].
In [8], the authors considered known uncertainty for the system and developed a model-
based event-triggered control scheme. Further, in [17], an L; adaptive control scheme is
proposed where the nominal system dynamics are considered known, and uncertainties
are compensated for by using an adaptive term tuned with a projection-based tuning law.
On the other hand, in our previous preliminary work [18], the complete knowledge of the
system dynamics were relaxed by using neural network (NN) based approximation of
system dynamics while a zero-order-hold (ZOH) was used for the controller
implementation.

In contrast, this paper introduces the development of ETC of MIMO nonlinear
continuous time systems in affine form when the system and the controller are separated
by an ideal communication network with no delays and packet losses. Instead of
approximating the unknown nonlinear functions of the system dynamics by using two
NNs [18], the controller is approximated by using a linearly parameterized NN in the
event-triggered context under the assumption that the system states are measurable. An
event-trigger condition based on system state and estimated NN weight is designed to
orchestrate the transmission of state vector and control input between the plant and
controller. Since the approximation is carried out using the event-based state vector, the
event-trigger condition is made adaptive in order to attain a trade-off between resource

utilization and function approximation. In addition, the NN weights and the control
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inputs are only updated at the trigger instants, which are aperiodic in nature and held until
the next update. Consequently, the proposed scheme reduces the overall computation
when compared to the traditional NN schemes [19] where weights are updated
periodically.

In addition, to analyze the system stability and design the event-trigger condition,
the nonlinear impulsive dynamical model of the closed-loop dynamics is considered. The
well-developed Lyapunov approach for the nonlinear impulsive dynamical system [20]-
[21] is utilized to study inter-event and event time behavior, and used to prove the local
ultimate boundedness (UB) of the system state and the NN weight estimation errors. An
NN-based control design for a traditional impulsive dynamical system is presented by the
authors in [21]. In contrast to [21], in this paper, we modelled the closed-loop event-
triggered system as an impulsive dynamical system to analyze stability and performance.

The main contributions of this paper include: (1) the design of an NN-based
event-triggered control of uncertain nonlinear continuous-time MIMO systems in affine
form, (2) the design of an online approximate controller in the event-triggered context,
(3) development of aperiodic event-based NN weight update law to reduce computation,
(4) design of novel adaptive event-trigger condition for uncertain nonlinear dynamics to
facilitate approximation and to maintain system stability and performance while reducing
the transmission, and (5) demonstration of closed-loop stability using the impulsive
dynamical system formulation.

The remaining part of the paper is organized as follows. Section 2 discusses the
preliminaries. Section 3 presents the state feedback design of the event-triggered control

followed by the discussion on non-zero positive lower bound on the inter-event times in



172

Section 4. The analytical results are verified using numerical example in Section 5 and
conclusions are presented in Section 6. The Appendix provides the detailed proofs for the

lemmas and theorems.
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2.PROBLEM FORMULATION

First the notations used in this paper are briefly introduced followed by the
stability notions. Subsequently, a brief background on traditional ETC is presented along
with the problem formulation. Finally, the NN based function approximation is revisited

in the context of event-based sampling.

2.1 NOTATION

Let R =(—o0,00) be the set of real numbers. R* =[0,0) becomes the set of

nonnegative real numbers, and R" is the n-dimensional Euclidean space. For a vector,

xeR", we denote ||x||é«/xTx its 2-norm. For a matrix, Ae R™", ||A|=

denotes the Frobenius norm. The transpose of A is denoted by A" e R™" and tr{s} is
. a )
the trace operator of a square matrix. Let W =L d} be a matrix, then

vecW)=[a b ¢ d]' is the vectorization of the matrix W and
vec(W)'vec(\W) =tr{W'W}. For a square matrix, Ac R™ , we denote A__(A) and

Anin (A) represent the maximum and minimum eigenvalues of A.

2.2 STABILITY NOTION

Consider a nonlinear impulsive dynamical system represented as
E=F.(&) £(0)=¢&, €D, ez, (1)

Aszd(f),ge,?),er, (@)
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where £ e 2 < R™ is the state vector, € = 2 and £ < 2, which are, respectively, the

flow and the jump sets, and 2 is an open set with 0 2, AE=£E(t")—£&(t) where

E(tT) =lim&(t+g) . The nonlinear functions F,(&)e®R™ and F,(&)eR™ are

&0
respectively the continuous and reset dynamics of the impulsive dynamical system. Next,
the definitions are stated.
Definition 1[20]: The nonlinear impulsive dynamical system (1) and (2) is locally

bounded if there exists a y >0such that, for every 6 (0,y), there exists & =¢&(5) >0
such that [|£(0)]| < & implies |&(t)]| <&, t=0.

Definition 2[20]: The nonlinear state dependent impulsive dynamical system (1) and (2)

is locally UB with bound ¢ if there exists y >0 such that, for every & (0, y) there exists
T=T(5,£) >0 such that [|£(0)]| <5 implies [£(t)|<&,t=T and globally UB with
bound & if, for every 5e(0,0), there exists, T=T(5,&)>0, such that |[£(0)[ <&
implies ||E(t)| <&, t>T.

Definition 3[23]: A continuous function « :[0,a) — R"is said to belong to class K if it
is strictly increasing and «(0)=0. It is said to belong to class % if a=c0 and
a(r)—>owasr—o.

To prove the ultimate boundedness of the impulsive dynamical systems the
following Lemma will be used.
Lemma 1 [20]: Consider the impulsive dynamical system (1) and (2). Assume that the

jumps occur at distinct time instants and there exists a continuously differentiable

function .V : D — %R and class J functions «/(+) and S(+)such that
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a(lg)=v (&)< A(l]). &< 2. ©)
a\’a—if)a(g)w, fed, Ee 2, |E|>u, @
V(E+F,(£))-V(£)<0, e, ez, ||E]> u, (5)

where 4>0 is such that %, ={§ei}{”5 gl < a‘l(ﬁ(y))} c 2 with 7> B(u).

Further, assume €= sup V(§+ F, (5)) exists. Then the nonlinear state dependent

£eB,nZ
impulsive dynamical system (1) and (2) is UB with bound E£a™(7) where
n2max{B(u),0}. Furthermore, limsup||£(t)] <™ (B(x))-

In the next subsection, the problem formulation along with a brief background on

the traditional event-triggered control will be introduced.

2.3 BACKGROUND AND PROBLEM FORMUATION

Consider the multi-input multi-output (MIMO) nonlinear uncertain continuous-

time system represented in the affine form as

X=f(x)+g(x)u, x(0)=x,, (6)
where x=[x, X, --- X, €R™ and ueR™ are the state and input vectors of the
system (6), respectively. The nonlinear vector function, f(x) e R™, and the matrix

function, g(x) e R™™™ , represent the internal dynamics and control coefficient function,

respectively. The following assumption on system dynamics is needed in order to

proceed.
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Assumption 1: The system (6) is controllable and input-to-state linearizable [23]. The
internal dynamics, f(x) and control coefficient g(x) are considered unknown with the

control coefficient matrix, g(x), bounded above in a compact set for all xe Q, < R™,
satisfying | g ()| < gy, With g, >0 being a known positive constant [19].

The input-to-state linearizable assumption is satisfied by a wide variety of
practical systems such as a robot manipulator, mass damper system and many others. For
these classes of controllable nonlinear systems [23] in affine form with complete

knowledge of system dynamics, f(x) and g(x), it is demonstrated that there exists an
ideal control input u, for the system (6) of the form

Uy = K(x), (7)
which renders the closed-loop system asymptotically stable where K(x)is a function of

system state vector. The linear closed-loop dynamics can be represented by
X = AX, (8)
where A is a Hurwitz matrix and can be designed as per the closed-loop performance

requirement. By converse Lyapunov theorem [23], an asymptotically stable system

admits a Lyapunov function, V(x):Q, — R, which satisfies the following inequalities
o () <V ()< s I, ©
V (x)< et ), (10)
where ¢, , a, and «a, are class J functions.

Moreover, considering a standard quadratic Lyapunov function, V (x) = X' Px, for

the closed-loop system (8), the class J functions are expressed as a1(||x||)=/1min(P)||x||2,
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a2(||x||)=/”tmax(P)||x||2 and 053(||x||)=ﬂbmin(Q)||x||2 . The matrices Pe®R™™ and

Q e R™™ are symmetric, positive definite, and satisfy the Lyapunov equation given by
ATP+PA=-Q. (11)
In the case of a traditional NCS, the state vector, x, and the control input, u, are
transmitted with a fixed sampling interval T,. On the other hand, in an event-trigger

context, the system state vector is sampled and transmitted at the event-trigger instants
only.

Let {z,}, for k=1,2,.. be a monotonically increasing sequence of time instants
with 7, =0 such that 7, >7, and 7, > as kK —oo represent when the events are
triggered and the system states, X(z,) , and control inputs, u(z,), are transmitted. The
event-based/transmitted state and the control input vectors are held, respectively, at the
controller and plant by the ZOHs. It is important to note that 7, is a function of system
state x and the last transmitted system state, X=X(z,),7, <t<7,,,, and is aperiodic in
nature.

Define the event-trigger error, e, € R™, as

e, =X-X,r, <t<t,,. (12)
The trigger instant, z, , is determined by the event-trigger condition consists of the event-

trigger error (12) and a state dependent threshold. Once the event-trigger error exceeds

the threshold (time instant, t=r_), the sensor and trigger mechanism initiates the
transmission of the current state vector x. The last held event-based state vector X jumps

to the new value, i.e., X" =x, for t=z, and held for 7, <t<7,, where X" =X(z;) and
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7, is the time instant just after 7, . The event-trigger error is then reset to zero for the
next event to occur, i.e.,

e, =0 fort=r,. (13)

Since the system dynamics f(x) and g(x) are considered unknown, the

implementation of the controller (4) is not possible. Further, in the event-based sampling
and transmission context, the intermittent availability of the system state vector at the
controller precludes the traditional NN based approximation with a periodic update of the
NN weights. Therefore, the NN function approximation property is revisited under the

event-based sampling and transmission.

24 FUNCTION APPROXIMATION

By the universal approximation property of NN, any continuous function f(x)
can be approximated over a compact set for all xeQ, < R™ up to a desired level of
accuracy ¢, by the selection of suitable activation functions and an adequate number of

hidden layer neurons. Alternatively, there exists an unknown target weight matrix W

such that f (x) in a compact set can be written as
f(X)=WTp(V'x)+e&, (X)), (14)

where W e R and V e R* represent the target NN weight matrix for the output and

input layers, respectively, and defined as

_ : T Ty
W,V)=arg (rvplp)[fggrjw\/v PV ) — F |l (15)
The activation function ¢(s) : R* — R' is a hyperbolic tangent activation function and

given by ¢(s) = e -1/ +1 with Xx=V"x. The term &, (x) e R™ is the traditional
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reconstruction error and the constants |, a, and b are the number of neurons in the

hidden layer, number of input and output of the NN, respectively.

tanh(.)

Figure 1. Neural network structure with event-based activation function.

In this paper we will consider the linearly parameterized [24] NNs, as shown in
Figure 1, for approximating the unknown function as in (14) where the output layer
weights W e R™® are updated while the input layer weight matrix V e R*" is initialized
at random and held. This linearly parameterized NN is also known as random vector
functional link networks (RVFL) [24]. The activation function ¢(V'x) forms a basis for
the unknown function and the universal approximation property is retained [24]. The
output layer activation functions, ¢,(+), are selected to be purely linear.

With intermittent event-based transmission of the system state vector, x, the
universal NN approximation property can be extended to achieve a desired level of

accuracy by properly designing a trigger condition. The trigger condition will generate

required number of events for the availability of system state vector for approximation.
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The theorem introduced next extends the approximation property of NN for event-based
sampling.
Theorem 1: Let f(x):Q, —» %™, be smooth and uniformly continuous function in a

compact set for all xeQ, < R™. Then, there exists a single layer NN with sufficient

number of neurons such that the function f(x) can be approximated with constant
weights and event-driven activation function, such that

f(X) =WTp(X)+¢,(X,e,), (16)
where W e R"™ is the target NN weight matrix with | being the number of hidden-layer
neurons, ¢(X) is the bounded event-driven activation function, and ¢,(X,€,) is the event-
driven NN reconstruction error with X representing the last event sampled state held at
the ZOH.

Proof: Refer to Appendix.

Remark 1: From the proof of Theorem 1, the event-based reconstruction error

£,(%,6) =W'[p(H(X,8))—p(X)] +&,(9(X,e,)) where H(X,e)=X+e, is a function of the
traditional reconstruction error £ () and event-trigger error e, as in (12). A small event-

based reconstruction error ¢,(X,e,) can be observed by increasing the frequency of event-

based samples. This requires a suitable event-trigger condition for obtaining both
approximation accuracy and a reduction in computation. A small event-based
reconstruction error means a higher number of events, which results in more
computations and transmissions. Hence, a tradeoff exists between reconstruction error

and transmission.
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3.ADAPTIVE EVENT-TRIGGERED STATE FEEDBACK CONTROL

In this section, a state-feedback design of the NN-based adaptive ETC is

proposed.

3.1 STRUCTURE

Z0H Plant »  sensor » Trigger
u(t x(t) X(t) Mechanism
A 1
Network =
A -

Z0H [¢

u(r.) Contrql'ler

I}
[
.
.
.
.
[}
.
.

——— Updatelaw |q¢——

Figure 2. Structure of the adaptive state feedback ETC system.

The structure of the proposed adaptive ETC scheme with a communication
network between the plant and the controller is depicted in Figure 2. Further, for
simplicity, the following assumption regarding the network is considered.

Assumption 2: The communication network between the plant and the controller is ideal
[3], [17], i.e., the networked induced delays including the computational delay and the
packet losses are not present.

In the proposed scheme, a smart sensor and trigger mechanism is included at the
plant to decide the event-trigger instants by evaluating the event-trigger condition

continuously. At the violation of the event-trigger condition, the state vector is
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transmitted first and then the controller is updated and transmitted to the plant. The ZOHs
are used to hold the last transmitted state and control input, respectively, at the controller
and the plant until the next transmission is received.

Since, the system dynamics are considered unknown the control input is
approximated by using a NN in an event- sampling context. Further, the NN weights are
updated in an aperiodic manner at every trigger instant and held during the inter-event
durations. In order to achieve desired approximation accuracy, an adaptive event-trigger
condition is designed to generate the required number of events during the learning
phase. Thus, the event-trigger condition becomes a function of the NN weight estimates
and the system state vector, whereas in the traditional ETC design, it is a function of
system state only [2]-[3]. Therefore, to evaluate the event-trigger condition locally,
without transmitting the estimated NN weights, the NN weights are updated at both the
trigger mechanism and controller in synchronism. This increases the computation but due
to the event-based aperiodic update at both places the overall computation reduces. Next,

the event-triggered controller design is presented.

3.2 CONTROLLER DESIGN

In this subsection, the approximation-based event-triggered controller design is
presented. By the universal approximation property of the NNs, the ideal control input (4)

IS written as
u, =W, (X)+¢,(x), (17)
where w, e R“*™ is the output layer unknown ideal NN weight matrix, and ¢, (X) e R" is

the tangent hyperbolic activation function with X =V,'x. The function &,(x) e R™ is the
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traditional NN reconstruction error, V, e R™* is the input layer weight matrix and | =1,

a=n_, and b=m, are the number of neurons in the hidden layer, number of inputs and

outputs of the NN, respectively.
Before presenting the approximation-based controller design, the following

standard assumptions are introduced for the NN.

Assumption 3[19]: The target weights, W, , the activation function, ¢,(-), and the

reconstruction error &,(s) of the NN are upper bounded in compact set such that

W,

constants.

<W,

®,(*)

<&, Where W,

u,max ! ¢u,max 1

<P, N &, (2) and ¢, are positive

,max !

Assumption 4: The NN activation function, ¢,(X), is considered Lipschitz continuous

in a compact set for all xeQ cR™. Then, for every xeQ cR™, there exists a
constant L_ >0 such that Hgo (X)-e, (f)” <L, |x—x]| is satisfied.

In the event-triggered context, the actual controller uses the event-based state
vector X held at the ZOH. Hence, by Theorem 1, the actual event-based control input is

represented as
u=W'g,(x), 7, <t<z,_, (18)

where W, e Rv"™ is the estimated NN weight matrix, ¢, (X)e %" is the event-based NN

activation function where X =V"X is the scaled input to the NN. Since, the last held state,

X and the NN weights are updated at the event-trigger instants, t =z, , the control input

is also updated at the trigger instant, and, then, transmitted to the plant and held by the

ZOH until the next update is received.
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Further, as proposed, the estimated NN weights, V\A/u e Rw™ | are held during
inter-event durations 7, <t<r,,, and updated at the trigger instants or referred to as

jumps at t =7, . Therefore, the NN update law during inter-event durations is defined as

A

W, =0, for 7, <t<rz, .. (19)

Further, at the event-trigger instants, the update law is selected as

A A

W =W, ——2 g, (X)eT LW, t=17, (20)
c+]e

where V\A/U+ e RY™ is the updated NN weight estimate just after the trigger instant with

a, >0 being the NN learning rate, ¢ >0 is a positive constant, L € R™™ is a design

matrix to match the dimension, and x>0 is a positive constant serving the same role as

the sigma-modification [25] in the traditional adaptive control. Note that the update law

(20) uses traditional activation ¢, (Y)since the system state vector, x, is available for
the update at the trigger instant.
Next, define the NN weight estimation error as W, =W, —W_ . The weight
estimation error dynamics during the flow, by using (19), can be written as
W, =W, —W, =0, for 7, <t<r,,, (21)
while for the jump instant, t =7, the NN weight estimation error dynamics derived from
(20) becomes

W =W, -W." =W, + o, 7.0, (X)elL+xW,, for t=1,, (22)

with 7, =1/(c+e.[)-
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In the next subsection, we will formulate the closed-loop dynamics of the
adaptive ETC system as a nonlinear impulsive dynamical system to analyze the system

behavior for both inter-event and event time instants.

3.3 CLOSED-LOOP SYSTEM IMPULSIVE DYNAMICAL MODEL

As per the proposed scheme, the last transmitted state and the NN weights are
updated at the trigger instants only. Hence, the closed-loop event-trigger system behaves

as an impulsive dynamical system. Assuming the event instants are distinct, i.e., there
exists a non-zero lower bound on the inter-event times, o7, =7,,,—7, >0, which is

proven in Section 4, the closed loop dynamics can be formulated in two steps.

The first step towards the impulsive system modeling is to formulate the flow
dynamics. The closed-loop system dynamics during the flow interval for t € (7., 7,,,] can
be derived by using both (6) and (18), and represented as
x=f(x)+ g, ¢,(X), t e (7, 7] (23)

Adding and subtracting the ideal control input u, yields
%= f(x)+g(x) (WuTgpu (X) +Uu, —U, ) te (7] (24)
Recalling the NN approximation of the ideal controller (18) and the ideal closed-loop

dynamics (8), (24) becomes
X = AX+ g (X)(V\A/uTgpu (i)_WuT(Du (Y)_gu (X))a t € (Tk ' Tk+1] ' (25)
From the definition, W, :V\A/u +W,, the closed loop dynamics (25) can be written

as

%= Ax=g (X)(W @, (X)+,00)+ 9 () (W) 2, (X)W, 2, (X)), te @zl (26)
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Similarly, the dynamics of the last transmitted state vector, X, held by the ZOH,

during the flow interval becomes
x=0,te(r,7.,.]. (27)
Further, the flow dynamics of the NN weight estimation error is given by (21).

In the second and final step, it only remains to formulate the reset dynamics to
complete the impulsive modeling of the event-triggered system. This consists of the
jumps in the system state, i.e.,

X" =x,fort=7, (28)
the last transmitted state held by the ZOH,

X"=x, fort=r7, (29)
and NN weight estimation error dynamics (22).

From (28), (29) and (22), the reset dynamics for the system are given by

Ax=x"—-x=0,for t=7,, (30)
AX=X"—-X=Xx—-X=¢e,, for t=1,, (31)

and
AW, =W," -W, = a, 7,0, (X)el L +&W,, for t=1z,. (32)

For formulating the impulsive dynamical system, we consider

~ T n. -
2 :[XT X' VeC(Wu) }69’1 % as the augmented states where VGC(WU)GER'“mU is

the vector form of the NN weight estimation error matrix and n, =n, +n,+1,m,. Now
combine (26), (27) and (21) to obtain the flow dynamics as

&=F(&) &< LeZ. (33)
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Next combine (30), (31) and (32) to get the reset dynamics as
Ags:Fds(‘fs)’ ése'gs’ gse‘gs’ (34)
for the impulsive dynamical nonlinear system where the nonlinear functions, F. (55) and

F; (&), are defined as

H (<) 0
F (&)= © and (&)= e, with
0 VEC(O{UQ(S(DU (K)eSTL+zd/\7u)

H(&)=Ax=g(x)(W g, (X)+£,(0)+ g (X)(W e, (X) W e, (X)) and AL =& -¢, .
The set 2 —cR™ is an open set with 0.2 . The flow set € =2 is defined as
e={&e|e|<o X} . Z<c@ is the jump set and defined as

Z :{cfs e D:|e|> o, ||x||} where o, ||x| is the event-trigger threshold to be designed

next.

3.4 STABILITY ANALYSIS

In this section the stability results of the closed-loop system are established.
Before proceeding, the following lemma for the boundedness of the NN weight
estimation error both during the flow and the jump instants is necessary.

Lemma 2 (Boundedness of the NN weight estimation error): Consider the nonlinear
continuous-time system (6) and the controller (18) expressed as a nonlinear impulsive

dynamical system (33) and (34). Let Assumptions 1 through 4 be satisfied while the

initial NN weights, W, (0), are initialized in the compact set Q,,, - Under the assumption

that a non-zero positive lower bound on the inter-event times, or, =7,,,—7, >0, keN

+1
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exists, there exist positive constants «, >0, 0<x<1/2, T and T such that the weight
estimation error, V\7U, is bounded during the flow period and ultimately bounded for all

r, >T or, alternatively t >T when the NN weights are updated by using (19) and (20).

Proof: Refer to the Appendix.

Next we introduce the event-trigger condition given by
D(Jl.[) < o[, (35)

where

0, =T Gnin/ 49, WP (36)

is the threshold coefficient with 0<I', <1 and L, is the Lipschitz constants for the
activation functions, g, is the minimum eigenvalue of Q, P is a symmetric positive
definite matrix with P and Q satisfying (11), and D(+) is a dead-zone operator defined

as

] i 11> B e an

o(1e))-]

0, otherwise,

where B is the bound for the system state vector x . The system state vector is

S, max

transmitted to the controller and the updated control input is transmitted to the plant by
the violation of the event-trigger condition (35). To ensure |\7,| in (36) is non zero while

evaluating the trigger condition, the previous non zero value of is used when the

estimates become zero.
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Next, our main result on the local ultimate boundedness of the closed-loop
impulsive dynamical system is introduced by utilizing the adaptive event-trigger
condition (35) with the help of the Lyapunov approach [20].

Theorem 2 (Closed-loop stability): Consider the nonlinear system (6), the control input
(18), NN update laws (19) and (20), expressed as an impulsive dynamical system (33)

and (34). Let Assumptions 1 through 4 hold. Assume there exists a non-zero positive

lower bound on the inter-event times given by o7, =7,,,—7, >0, ke Nand the initial
NN weight, W, (0), is initialized in the compact set Q,,, - Then, the closed-loop system
state vector &, for any initial condition & (0)e.2 < R™ is locally ultimately bounded

with a bound ||&| <Z provided the events are triggered at the violation of the condition

(35). Further, the ultimate bound is given by

(1]

= 77//1min (5) ! (38)
where P =diag {P, P, I} is a positive definite matrix where 1 is the identity matrix with

appropriate dimension and n:max{ﬂmax(ﬁ),usz,e} with 0= sup V,(&+F (&),

LeB NG

BX and B" are the bounds for the

X W
B B s,max ! s, max

s,max ! s,max }

where B

s,max !

p, =max {B,,

system state, x, the last transmitted state, X, and the NN weight estimation error, W, ,

respectively.

Proof: Refer to the Appendix.

Remark 2: The threshold coefficient o, of the event-trigger condition (35) is a function

of the norm of NN weight estimates ”\NUH and, hence, adaptive in nature. Since the
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weights are updated only at the trigger instant, ”\Nu

is piecewise constant and jumps at

the trigger instant t=r,, according to the update law (20). This implies that o is also a
piecewise constant function and changes at the trigger instant. This variation in o,

implicitly depends on the NN weight estimation error, W, (more details are in Section 4),
which generates the required number of triggers for the NN approximation of the control

input during the learning phase. Once the NN weight matrix, V\7u, converges close to the
unknown constant target weight matrix, W, , the weight estimates, V\A/u becomes steady; in

turn, o, becomes a constant like the traditional event-triggered control with complete

knowledge of the system dynamics [2]-[16] .

Remark 3: The dead-zone operator D(+) is used to stop the unnecessary triggering of

events due to the NN reconstruction error once the state vector reaches and stays within
the UB region. This implies that, for an event to trigger, the following two conditions

need to be satisfied:

e The system state vector is outside the bound, i.e.|x||> B, , and

s,max !

e The event-trigger condition (35) is violated, i.e., |e,]|> o, [

Remark 4: The assumption on the non-zero positive lower bound on inter-event times in
Theorem 2 is relaxed by guaranteeing a non-zero positive value in Theorem 3, which is
discussed in detail in Section 4. In addition, an explicit formula for analyzing the lower

bound on the inter-event times when the system state vector |x|>B;, to avoid

'S, max

accumulation point is also derived.
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Remark 5: From the proof given in the appendix, the system state vector, x, and NN

weight estimation error, W, , remain locally UB for all 7z, >T or alternatively, for all

t >T where the time T depends on T . This implies that the control input and the event-
trigger error are also locally ultimately bounded. Consequently, all the closed-loop
system parameters remain ultimately bounded for all time t>T . The next section will

present the lower bound on inter-event times.
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4. LOWER BOUND ON INTER-EVENT TIMES

In this section, the existence of non-zero positive lower bound on inter-event
times is presented in the following theorem. In addition, an explicit formula for the inter-
event times is derived.

Theorem 3: Consider the event-triggered system (6) along with the controller (18)

represented as an impulsive dynamical system (33) and (34). Let Assumptions 1 through
4 hold and NN weights, W, (0)is initialized in a compact set Q,, and updated using (19)
and (20) by the violation of event-trigger condition (35). Then, the lower bound on the
inter-event times oz, =7, , —7, forall k e N implicitly defined by (35) is bounded away

from zero and is given by

&t = (Y] AN IN (1+ (| Al Ve ) 0 o Bl ) >0, (39)

where o

s,min

is the minimum value of the threshold coefficient over all inter-trigger times.

with W, and W, are the

Further, v,, = G, (‘M’wk P max +8u,max)+ 20 e L, P ”V\A/u,k

NN weight estimation error and weight estimate for k™ flow interval.
Proof: Refer to the Appendix.

Furthermore, it is interesting to study the effect of NN weight estimation error W,
on the inter-event times. The following proposition defines a relation between the lower
bound on inter-event times 5z, and the NN weight estimation error, W, .

Proposition 1: Assume the hypothesis in Theorem 3 holds. Then the lower bound on

inter-event times also satisfies

St = (YIANIN L+ (|A]Vi 1) O i Bl ) (40)
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where Vy, , = 0y (%,max 1+ ZLWU)‘MU*

‘+ &, max ) + 200 Ly, P ax Wi

Remark 6: It is clear from (40) that the lower bound on inter-event times depends on
vy, Which is a function of NN weight estimation error W, . During the initial learning
phase of the NN, the term v,, , in (40) might become larger for certain initial value W, (0)
and lead to smaller inter-event times closer to zero. A proper initialization of the NN
weights, V\7U (0), close to the target will reduce the weight estimation error, V\7u, and in
turn v,,, in (40). This will keep the inter-event times away from zero and reduce the

number of transmissions in the initial phase. In addition, as per Lemma 2, the
convergence of the NN weight estimation errors to the bound will further increase the
inter-event times leading to less resource utilization as this is verified in the simulation

results. Next, the analytical design is evaluated by numerical examples.
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5.SIMULATION RESULTS

In this section, we validate the theoretical design in the Section 3 and 4 by using
numerical examples. Two examples are considered to show the effectiveness of the
controller design in terms of saving in communication and computational resources. The
first example considers a second order system and is an academic example providing an
intuitive idea of the analytical design. In addition, the second example emphasizes the
practical application point of view by considering a practical industrial example of a two-

link robot manipulator.

5.1 EXAMPLE1

The following single-input second order nonlinear dynamics [16] was chosen for
simulation and given by

=X,

>’<X12:—2xf—x2+u. 4

The simulation parameters include the initial state vector as [5 —1]" whereas the

closed-loop system matrix is given by A=[0 1;-3 —4] and the positive definite matrix,

Q=diag{0.1, 0.1} . The learning gain, @, =0.001, x¥=0.001 I, =0.9, c=1 and

L € ®**with elements are all one. The ultimate bound for the system state vector was

chosen as 0.001. The tangent hyperbolic activation function, tanh (VUTX) , was used in the

NN hidden layer with a randomly initialized fixed input weight, V,, from the uniform

distribution in the interval [0, 1]. The Lipschitz constant for the activation function was

computed to be L, =|V,||=4.13. The number of neurons in the hidden layer was chosen
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as I,=15. The NN weight W, (0) was initialized at random from the uniform

distribution in the interval [0, 0.01]. The sampling time chosen for simulation was 0.001
sec.

Figure 3 (a) illustrates the evolution of the state dependent event error and
threshold, and in Figure 3 (b), the cumulative number of events occurred. A total number

of events triggered was found to be 645, and the events occurred frequently during the

initial NN learning phase. This is due to large initial NN weight estimation error, W, as

discussed in Remark 6. Alternatively, the event-trigger condition generates the required

number of triggers for the NN to approximate the control input. A proper selection of the

initial weights, W, (0), will further reduce the number of initial triggers.

13
{ ----- Threshold(s(x))

. ..MWMWWWmwr

5 () 10 15

Event error

Threshold

Cumulative
triggers
ol
o
o

[

0 F
5 10
Time (sec)(b)

Cumulative trigger

15

Figure 3. (a) Evolution of the event-trigger threshold; and (b) cumulative number of
events

Furthermore, the lower bound on the inter-event times is observed to be 0.002 sec,
as shown in Figure 4, implying the existence of a non-zero lower bound on the inter-
event times to avoid accumulation point. It is clear from Figure 4 that the inter-event

times are gradually increasing along with the convergence of the weight estimation error,
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W, , to its ultimate bound, as presented in Proposition 1 and discussed in Remark 6. This

elongated inter-event times and reduces resource utilization which is one of the primary

objectives of the design.

g 04 :

g 002 °§ o '\‘v’ .'......o
E 0.01 g\, J .."'

g 02 ¢

o 0 5 10 15°

E 07! [ r' Inter event time {
£ 0 10 15

s Time(sec)

Figure 4. Existence of a nonzero positive lower bound on inter-event times and gradual
increase with convergence of NN weight estimates to target.

Figures 5 (a) and (b) depict the convergence of the closed-loop ETC system state
vector, and approximated control input. This implies the event-based control input with
reduced computation is able to regulate the system state close to zero. Figure 6 shows the
convergence of the estimated NN weights with aperiodic weight update. Next, we

consider the benchmark example of an MIMO system to evaluate the design.

20 :
" {—-— State (xl) == State (><2)
S N
S N7 Vam~
(7] ‘4"

-20

0 5 (@) 10 15

5 0.2
2 A
5 0 _—
O

S Time (sec)(b) 10 15

Figure 5. Convergence of (a) system states; and (b) approximated control input.
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Figure 6. Convergence of the NN weight estimates.

5.2 EXAMPLE 2

A two link robot manipulator is considered whose dynamics are given by

where f(x) =

x=f(x)+g(x)u,

X3
X,
—(2%,%, + X2 = x2 — X2 cos X, ) Sin X,
[ +20c0s x, —10cos(x, + X,) COS X, J
cos® x, —2

(2X5X, + XZ +2X,X, COS X, + X7 COS X, + 3X.
+2X2 €OS X, +20(COS(X, + X,) —COS X, ) x
(1+cosx,)—10cos X, CoS(X, + X,)

cos® x, —2

1

0 0
0 0
1 —1-cosx
and g(x) = 2
9() 2-cos’X, 2-c0s’ X,
—1-cosx, 3+2cosx,
| 2—cos’x, 2-cos’X, |
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(42)

The following simulation parameters were selected for the simulation. The initial

state vector is given by x:[7z/3 -7/10 0 0]T while the closed-loop matrix

A:diag{—3, -4, —6, —8} and the positive definite matrix was chosen as

Q=diag{0.1, 0.1, 0.1, 0.1}. The learning gain was selected as o, =0.5, I, =0.9,

x=0.0015, L eR**with elements all one, g, =3 and c=1. The bound for system

state vector was chosen as 0.001. The tangent hyperbolic activation function was used in

the hidden layer of the NN with a randomly initialized fixed input weight V, from the
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uniform distribution in the interval [O, 1]. The Lipschitz constant for the activation

2

layer was selected as 1 =15. The NN weight W, (0) was initialized at random from the

function was computed to be L, = =3.42. The number of neurons in the hidden

uniform distribution in the interval [O, 0.01]. The sampling time chosen for simulation

was 0.001 sec.

0.1
T
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@ 0.05 %5 v
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0 5 10 %5) 20 25 30
a
o 2000
>0 —_— |
S g 1000
g E { Cumulatve trigger
O O I I
0 5 10 15 20 25 30

Time (sec)(b)

Figure 7. (a) Evolution of the event-trigger threshold; (b) cumulative number of events.

The event-trigger threshold is shown in Figure 7 (a) along with the event-trigger
error. The cumulative number of triggered events is illustrated in Figure 7(b), which
shows the state vector is only transmitted 2000 times indicating the reduction in
communication bandwidth usage when compared to a continuous transmission. Further,
the lower bound on the inter-event times is found to be 0.002 sec proven in Theorem 3. In
addition, as per Proposition 1, the inter-event times increase with convergence of the NN

weight estimates to target as shown in Figure 8.
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Figure 8. Existence of a nonzero positive lower bound on inter-event times and gradual
increase with convergence of NN weight estimates to target.

Further, from Theorem 3 the cumulative number of events depends upon the
initial NN weights. The histogram in Figure 9 shows the plot between the norm of initial
weights and cumulative number of events. It is clear that the cumulative number of

events varies with weight initialization.
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Figure 9. Cumulative number of events with different NN initial weights.

Convergence of the system state and control input is shown in Figures 10 (a) and
(b), respectively, implying the event-based controller-regulated system states close to
zero. Further, the convergence of the estimated NN weights to target value with aperiodic

event-based update law is shown in Figure 11.
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Figure 10. Convergence of (a) system state vectors; and (b) control input.

Figure 11. Convergence of the NN weight estimates.
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Table 1. Comparison of computational load between traditional periodic and
event sampled system.

Traditional Event-based
System periodic sampled non-periodic
data system sampled
Sampling instants 30,000 2000
NN update law at 10 10
the controller
Number of additions Controller 3 3
and Multiplications at Update law at the 0 10
every sampling instant | trigger mechanism
Trig. Condition
- 0 6
(periodic)
Total number of Computation 390,000 226000
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Finally, comparison results in terms of computation and the network traffic
between a sampled-data system with a fixed periodic sampling and the event-based
sampling is presented in Table 1 and Figure 12 respectively.

Table 1 gives the number of computations observed in terms of addition and
multiplications that is needed for realizing both the methods. It is evident that with the
event-based system, a 48% reduction in computation when compared to the sample data
approach is observed. Further, considering each packetized transmission is of 8 bit data
through the ideal network, Figure 12 shows a comparion between the data rate in both the
cases. It is clear that the data rate in the case of event-based sampling is lower implying
that the needed network bandwidth is less. This verifies the resourcefullness of the

event-triggered control design.

10000
w
Q | eem—————— o e e e e e e e e e e o o e
o]
;‘: 5000 = === Bjt rate periodic sampling
T Bit rate event-based sampling
;A

0 5 10 15 20 25 30

Time (sec)

Figure 12. Comparison of data transfer rate between periodic sampled-data and
the event-sampled controller for a physical system with a network.
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6. CONCLUSIONS

This paper presented an event-triggered stabilization of MIMO uncertain
nonlinear continuous-time systems. The control input was directly approximated by using
an NN in the context of event-based transmission. Novel event-trigger condition was
developed based on the system state vector and NN weight estimate to ensure the
reduction in transmission of feedback control signal. The weights were updated in a non-
periodic manner at the trigger instants. The controller design guaranteed the desired
performance while relaxing the need for system dynamics. Lyapunov analysis confirmed
the closed-loop stability. Simulation results confirmed the validity of the control design

and reduction in resource utilization.



[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

203

7.REFERENCES

K. J. Astrom and B. M. Bernhardsson, “Comparison of periodic and event based
sampling for first-order stochastic systems,” in Proceedings of the 14th IFAC World
Congress, Beijing, China, Jul. 1999, pp. 301-306.

P. Tabuada, “Event-triggered real-time scheduling of stabilizing control tasks,”
IEEE Trans. on Automatic Control, vol. 52, pp. 1680-1685, Sep. 2007.

M. C. F. Donkers and W. P. M. H. Heemels, “Output-based event-triggered control
with guaranteed Loo-gain and improved and decentralized event-triggering,” IEEE
Trans. on Automatic Control, vol. 57, pp. 1362-1376, Jun. 2012.

R. Postoyan, A. Anta, D. Nesic, and P. Tabuada, “A unifying Lyapunov-based
framework for event-triggered control of nonlinear systems,” in Proceedings of the
50th IEEE Conference on Decision and Control and European Control Conference,
Orlando, FL, USA, Dec. 2011, pp. 2559-2564.

W. P. M. H. Heemels and M. C. F. Donkers, “Model-based periodic event-triggered
control for linear systems,” Automatica, vol. 49, no. 3, pp. 698-711, 2013.

J. Lunze and D. Lehmann, “A state-feedback approach to event-based control,”
Automatica, vol. 46, no. 1, pp. 211-215, 2010.

C. Stocker and J. Lunze, “Event-based control of nonlinear systems: An input-
output linearization approach,” in Proceedings of the 50th IEEE Conference on
Decision and Control and European Control Conference, Orlando, FL, USA, Dec.
2011, pp. 2541-2546.

E. Garcia and P. J. Antsaklis, “Model-based event-triggered control for systems
with quantization and time-varying network delays,” IEEE Trans. on Automatic
Control, vol. 58, pp. 422-434, Feb. 2013.

M. Mazo Jr. and P. Tabuada, “Decentralized event-triggered control over wireless
sensor/actuator networks,” IEEE Trans. on Automatic Control, vol. 56, pp. 2456—
2461, Oct. 2011.

X. Wang and M. Lemmon, “Decentralized event-triggered broadcasts over
networked control systems,” in Hybrid Systems: Computation and control, M.
Egerstedt and B. Mishra, Eds. Berlin Heidelberg: Springer, 2008.

X. Wang and M. Lemmon, “Event-triggering in distributed networked control
systems,” IEEE Trans. on Automatic Control, vol. 56, pp. 586-601, Mar. 2011.


http://www.sciencedirect.com/science/journal/00051098/49/3

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

204

M. Mazo Jr. and P. Tabuada, “On event-triggered and self-triggered control over
sensor/actuator networks,” in Proceedings of the 47th IEEE Conference on
Decision and Control, Cancun, Mexico, Dec. 2008, pp. 435-440.

A. Anta and P. Tabuada, “Self-triggered stabilization of homogeneous control
systems,” in Proceedings of the American Control Conference, Seattle, WA, USA,
Jun. 2008, pp. 4129-4134.

A. Anta and P. Tabuada, “To sample or not to sample: Self-triggered control for
nonlinear systems,” IEEE Trans. Automatic Control, vol. 55, pp. 2030-2042, Sep.
2010.

X. Wang and M. Lemmon, “Self-triggered feedback control systems with finite-
gain L2 stability,” IEEE Trans. Automatic Control, vol. 45, pp. 452-467, Mar.
2009.

P. Tallapragada and N. Chopra, “On event triggered tracking for nonlinear
systems,” IEEE Trans. on Automatic Control, vol. 58, pp. 2343-2348, Sep. 2013.

X. Wang and N. Hovakimyan, “L1 adaptive control of event-triggered networked
systems,” in Proceedings of the American Control Conference, Baltimore, MD,
USA, Jun. 2010, pp. 2458-2463.

A. Sahoo, H. Xu, and S. Jagannathan, ‘“Neural network-based adaptive event-
triggered control of nonlinear continuous-time systems,” in Proceedings of the
IEEE International Symposium on Intelligent Control Part of IEEE Multi-
Conference on Systems and Control, Hyderabad, India, Aug. 2013, pp. 35-40.

F. Lewis, S. Jagannathan, and A. Yesildrek, Neural Network Control of Robot
Manipulators and Nonlinear Systems. London, UK: Taylor and Francis. 1999.

W. M. Haddad, V. Chellaboina, and S. G. Nersesov, Impulsive and Hybrid
Dynamical Systems: Stability, Dissipativity, and Control. Princeton, NJ,USA:
Princeton University Press, 2006.

T. Hayakawa and W. Haddad, “Stable neural hybrid adaptive control for nonlinear
uncertain impulsive dynamical systems,” in Proceedings of the 44th IEEE
Conference on Decision and Control, and the European Control Conference,
Seville, Spain, Dec. 2005, pp. 5510-5515.

R. Goebel, R. Sanfelice, and A. Teel, “Hybrid dynamical systems,” IEEE Control
System Magazine, vol. 29, pp. 28-93, Apr. 2009.

H. K. Khalil, Nonlinear Systems. Upper Saddle River, NJ, USA: Prentice Hall,
2002.



[24]

[25]

[26]

[27]

205

S. Jagannathan, Neural Network Control of Nonlinear Discrete-Time System. Boca
Raton, FL, USA: CRC Press, 2006.

P. loannou and B. Fidan, Adaptive Control Tutorial. Philadelphia, PA, USA:
SIAM, 2006.

G. Cybenko, “Approximation by super positions of sigmoidal function,”
Mathematics of Control, Signals, and Systems, vol. 2, no. 4, pp. 304-314, 1989.

T. Dierks and S. Jagannathan, “Optimal control of affine nonlinear continuous-time
systems using an online Hamilton-Jacobi-Isaacs formulation,” in Proceedings of the
49th IEEE Conference on Decision and Control, Atlanta, GA, Dec. 2010, pp. 3048-
3053.



206

APPENDIX
Proof of Theorem 1: Recall universal approximation theorem [26][19], the smooth and
uniformly continuous function f(x) can be approximated by utilizing a NN with
constant weights and time-driven periodic activation function as
f(X)=WTp(x)+&,(X) . (A1)
Moreover, the equation (A.1) can be expressed using event-driven activation function

(i.e., (X)) with the event-based state X =x(z, ) for 7, <t<<7,, as
f () =W (%) W (X) +W " (X) + £ (X)

=WTp(X) +W [p(x) —@(X)]+ & (X). (A2)

Further, from the event-trigger error (12), the current system state x can be represented

by using last event-based state and the event-trigger error given by x=X+¢, =3(X,¢,).
Therefore, the (A.2) can be written as

f(X) =WTp(X) +¢,(X,€,), (A3)

where ¢,(X,€,) =W'[p(9(X,e,)) —o(X)]+ ¢, (H(X,e)) . ]

Proof of Lemma 2: By the hypothesis of Lemma 2, the events are occurring at discrete

time instants, i.e., a nonzero positive lower bound on the inter-event times, exists.

Therefore, the proof is carried out, considering the flow and the jump dynamics of the

NN weight update law as in Lemma 1, in two different cases as follows.
Case I: (Boundedness of the weight estimation error during the flow for t € (7,7, ,]).
This proof is trivial and can be seen by selecting a Lyapunov function

V.(W,) =tr{W'W } and the first derivative along the weight estimation error
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V.(\W,)=0. (A.4)

It is clear from (A.4) that weight estimation error remains constant during the

flow intervals for t e (7,,7,.,]. As the initial weights are finite and the target NN weights
are bounded, the NN weight estimation error W, is constant and bounded during the flow

interval. It only remains to prove that the weight estimation error during the jump is also

remains bounded and converge to the ultimate bound.
Case I1: (Boundedness of the weight estimation error during jump fort=r,)
Consider the same Lyapunov function, as in Case I, for the jump instants
V,(W,) =tr{W W} (A.5)
The first difference AV,(W,) is written as
AV, (W, ) = tr{W,” W, }-tr{W[JW,}. (A.6)
Along the weight estimation error dynamics (22), the first difference AV,(W,) in (A.6) is

expressed as
AV, (W) =tr {(W, +at, 7., (R)e] L+ )T (W, +az, 7,03, (R)e] L+ W, ) | —tr{V, V0, }
= 201,y tr {W] 9, (X)e] L} + 2ctrfW, W, }+ o tr {(cou (R)elL) (0, (K0l L)} + 20,7,
xtr {((pu (X)e! L)T W, } +itr {V\AIUTV\A/u } .
By replacing W, =w, -w, from the definition, the first difference leads to
AV, (W, ) = 20, ztr {W] g, (X)e] L+ 2xctr {W,W, | — 2ctr {W, W, }
rad | (0, (0T L) (¢, (e L)} + 2,51, |, (0T L) W, |

2aky tr {(gou (R)eL) W, } it (W, -V,)T W, ).
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By using the bounds from Assumption 3, applying Cauchy-Schwartz (C-S)

inequality and applying Young’s inequality, and with the fact that 0 < y, ||es|| <1 one can
arrive at

(- 26 W+ B, (A7)

AV, (W, ) < 20,0, 1, (L+ ) |L| W,

where  B"™ =20, k0, e [LIW, e + (257 + W2+ 22 L] Defining
a =(x-2x%)>0 with 0<x<1/2, and a, =200, .. |L| @+ x) , the first difference
becomes

+B%M .

2 -
+a, W,

AV, (W, ) < -3, |W,
M,

AV, (W, ) < —(a,/2)|W,

reveals that

(Va2 (o 22+

where Blwu = (a§ / 2a1)+ B . Since the second term is always negative, it also holds that

Completing the square for

AV, (W,) <—(a,/2)|V, | + 8% (A8)

From (A.8) the first difference AV,(W,)<0 as long as W, Hz >(2B"% /a)=B% .

Hence, by Lyapunov theorem, the NN weight estimation error is ultimately bounded [20]
with the trigger of events and for all z, >T or alternatively for all t>T where T is
function of T .

Consequently, from Case | and Il, the NN weight estimation error remains

constant and bounded during the flow period and converges to the ultimate bound with
the trigger of events for all z, >T . Therefore we can conclude that the NN weight

estimation error is ultimately bounded forall t>T . [
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Proof of Theorem 2: To prove this theorem we will use the Lemma 1. In other words,

we need to show that (4) for flow and (5) for reset dynamics hold. For the flow duration,

consider a Lyapunov function candidate for t (7, ,7, ;]

V, (&) =4 P&, (A.9)
with P =diag {P, P, I} where P is a symmetric positive definite matrix, | is the identity
matrix of appropriate dimension. The Lyapunov function (A.9) can be expanded as

V(&) =VX V) 4V (A.10)
with V' =x"Px, V) =x"Px and V. =vec(W,)" vec(W, ) =tr {\W,W,|.
The first derivative of the first term in (A.10), V.* = X" Px+x" Px along the system

trajectories (33) can be expressed as
V) = (AX— 9 () (W @, (X)+2,09)+9 (x) (W o, (X)W, ¢ (Y)))T PX
X P Ax=g (0 (W] 0, (%) +2,00) + 900 (W 0, ()W ¢, ()
=—x"Qx-2g (x)(VVuTgou (X)+¢, (x))T Px+ 29 (x)(V\A/uTgou (X)W ¢, (%)) Px,

where Q is a positive definite matrix satisfying the Lyapunov equation A'P+PA=-Q.

Using Frobenius norm and applying C-S inequality, it also holds that

Dumoc + uman ) IPII¥]

[Pl

V.sX < _qmin ”X”2 + ngax (”\Nu

o (A11)
‘(WuTgou (X)—WuT ?, (X))

+20 e

where q,;, >0 is the minimum eigenvalue value Q. Again using the Lipschitz continuity
from Assumption 4 and separating the cross terms using Young’s inequality,

2ab<(1/p)a*+ pb®, in (A.11), we arrive at
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vsx < ~Oin ||X||2 +(qmin /2)”)(”2 + ngax L‘/’u

W,

2
Dy max +<9u,max) . Note that B is constant during flow,

[Pl + B2 (A12)

where B =(2/q, ) 92 |PI (Mu

te(zr,,7,.,], forafixed k asthe NN weight estimation error W, remains constant.

Recalling the event-trigger condition (35), the first difference in (A.12) becomes

Substituting o, from (36), the first difference leads to

V< ~(Uia /)M + 20, G, W [P+ B

VX < —(1=T) (G /2) X[ + B (A.13)
Similarly, consider the second term in (A.10), the first derivative, using (33), is
given by
V' =x"PX+X Px=0. (A.14)
As the NN weights are not updated the first derivative of the third term, VSWU , in the
Lyapunov function (A.10) also becomes zero as given in (A.4), i.e., V'SW =0.

Combining (A.13), (A.14) and (A.4), first derivative of the Lyapunov function

(A.10) for the overall system during flow for t € (z,,7,.,] becomes

S

V. (&)< —qu"‘(l—Fs)”x”Z 1B for te(r,, 7). (A.15)

From (A.15) it is clear that the first derivative V,(£)<O as long as

X >\,”ZBSX/qmin (1-T,)=B/. This implies that the system state is bounded during the

flow. Further, since the NN weight estimation error, W, , and the last held state, X, are

constant due to no update, W, and X also remain bounded during the flow.
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Note that B in (A.15) is a function of W, . And, from Lemma 2, the NN weight

estimation error W, remains constant during the flow and converges to the bound B

max

for all trigger instants 7z, >T . This implies B will converge to B, for all 7, >T or,

W +g, ). It follows

maxgpu,max u,max

alternatively, for all t>T where BY, =(2/,, )92 [P (B

X
S,max

that, the bound B;' for the system states, x, is will converge to B _ with trigger events

for all time t>T where B’ =\jZB:b/qmin (1-T,). It only remains to show that (5)

S,max
holds for the reset dynamics.

Remark A.1: From (A.15) it is clear that the system state x will remain bounded during

the flow for te(z,,7,,,]. As per the reset dynamics (34) of the impulsive dynamical
system, x* = x. Hence, with a finite initial value, the system state vector also remains
bounded at the jump instant at t =7, for all k =1,2,3.... Further, since x* =xfor t=7,,

X also remains bounded during the jump.
To show that (5) holds during the jump, we select the same Lyapunov function

candidate as in (A.9)
V(&) =& PE. (A.16)
The first difference in an expanded form is given by

S

AV, (£)=V,(&)-V (&) =ETPE —EIPE = AV} + AV, (A.17)
with AV} =x""Px" —x"Px+X""PX"—X"Px and AV? =tr {W, W'} —tr (W W

Evaluating along the reset dynamics (34) the first difference of the first part becomes

AV} =X"Px—X'Px, for t=1, . (A.18)
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Now, using Frobenius norm we can express Av! as

AV <2 (P[P +BP, t=q,. (A.19)

S min

where A4

min

(P) is the minimum eigenvalue of the symmetric positive definite matrix P
and B =||P|(B;)* where B/is the bound for system state x during flow.

The first difference of the second Lyapunov function candidate AV , it can be

written from (A.8) in Lemma 2.

Finally, combining (A.19) and (A.8)

AV N +BP+BY, t=1,. (A.20)
S S 1 k

mln ”X” -

From (A.20) Lyapunov, the first difference AV,(&)<O as long as

||X||>\/(stp+BfV“)/ﬂmin(P)— |>2(B” +B%)/a, =B% . Since, B} - B,

and B™ — B for all 7, >T from Case | and Lemma 2, respectively, the bounds

S, max S,max S,Mmax

B, > B and BY% —»B% for all 7, >T where B! _\/’(Bsmax+BW )/Am,n

and B, =(BY, +B%)/a with B, =|P|B

S,max S,max S, max

This implies, all the system

s,max *
variables x, X, W, are ultimately bounded during the jump for all z, >T or alternatively

forall t>T.

Remark A.2: From both parts of the proof, the stability conditions (4) and (5) in Lemma

1 holds with the bound s, = max {B;

s,max !

B _.,B" } Further, since AV,(¢&)<0, for

s,max ! —'s,max

&> Hy, & =& +F; (&) isalso bounded. Therefore, 6= sup V, (& +F,;(&)) exists.

s eﬂ’;s NZ

Hence, we conclude that the augmented system state &, of the impulsive dynamical
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system (33) and (34) is locally ultimately bounded for all time t>T . To compute the

ultimate bound, consider the Lyapunov equation (A.9). It is clear that

A (P)ENT <&TPE <A (P)EN - (A.21)
Therefore, the ultimate bound = =,//4,,, (P) where 7= max{/lmax (5);15,49}. n

Proof of Theorem 3: From the closed-loop dynamics (26) and the NN weight update

law (19) the following inequality

X <|AlIXl+vie,  for 7, <t<z.,

M., i,

function since the NN weight estimation error W, , and weight estimate W, , are constant

(A.22)

holds where v;, =g, ( is a piece wise constant

qpu,max + gu,max ) + zgmax L(/)u gou,max

for each k™ flow interval due to no weight update.

Consider the event-trigger error €. The derivative of e, can be expressed as
de, /dt <[j&,|| =[x~ x| = | < | Al %] + . (A23)

for 7, <t<r,,. By comparison lemma [23], the solution of the differential inequality

k+1 *

(A.23) with initial condition e =0 for t=rt, is upper bounded by

t
lec]l< [exp(JAl(t=s)) vi.ds

W

= (v JIADexp (| Al (t-7)) -1, 7, <t<7,. (A.24)
The lower bound on k™ inter-event time, i.e., oz, =7,,,—7, , is the time it takes

le,|| to grow from 0 to the minimum value of the threshold o ,;, = min (oo, [X]) overall

flow interval. Note that the threshold coefficient o, in (36) is a piece wise constant
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function since the NN weight, \A7u, Is not updated during the flow period. Hence, the
minimum value of the threshold, o |||, from (35) over flow interval (z,,z,,,] for all

k=12,--- becomes

O min Bsxmax - (qumin/4gmax Lgo u,max ”P”) s,max ! (A25)
where [[x|> B, for an event to trigger as per Remark 3 and W, . = mflx(\A?u’k) is the

maximum value of the NN weight estimates for all k =1,2,---. The maximum value

W exists since the weight estimates are bounded for all t>T and proven in

u,max

Theorem 2.

€, (71)|| = O in B e - UsiNG this

s,min —'s,max

relation and comparing with (A.24), we arrive at

O min Bsxmax = (V1,k /”A”)(exp(”A”(Tkﬂ T )) _1) : (A.26)

Solving the inequality (A.26), the lower bound on inter-event times

ot 2 (Y] AN I 1+ (J A ek ) T in B (A27)

From (A.27) the lower bound on the inter-event times o7, >0 for all k =1,2,--- since
(”A”/Vlk) smmBsXmax 0 u
Proof of Proposition 1: Recalling the definition of v, form (A.22) and using the
=W W, | <[]+ |V, | yields

Vl,k < gmax ((ou,max Mu,k
= gmax (gou,max (1+ 2L¢u ) ~u k

)

u max)+ 2gmax qu gou,maqu,max = VM,k

+gu’max)+2gmaxL%%,max( (A.28)
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Substituting (A.28) in (A.27), it holds that the lower bound on the inter-event times

satisfies the relation

6Tk > (1/||A||) In(1+ (”A”/VM,k)O-s,min Bsxmax) . u
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V. APPROXIMATE OPTIMAL CONTROL OF AFFINE NONLINEAR
CONTINUOUS TIME SYSTEMS USING EVENT SAMPPLED NEURO
DYNAMIC PROGRAMMING

Avimanyu Sahoo, Hao Xu and S. Jagannathan

Abstract — This paper presents an approximate optimal control of nonlinear continuous-
time systems in affine form by using the adaptive dynamic programming (ADP) with
event sampled state and input vectors. The knowledge of the system dynamics are relaxed
by using a neural network (NN) identifier with event sampled inputs. An approximate
solution to the Hamilton-Jacobi-Bellman (HJB) equation, by using event sampled NN
approximator, is introduced. Subsequently, the NN identifier and approximated value
function are utilized to generate the optimal control policy. Both the identifier and value
function weights are tuned only at the event sampled instants leading to an aperiodic
update scheme. A novel adaptive event sampling condition is designed to determine the
sampling instants such that the approximation accuracy and stability are maintained. A
positive lower bound on the minimum inter-sample time is guaranteed to avoid
accumulation point and the dependence of inter-sample time upon the NN weight
estimate is analyzed in detail. The extension of Lyapunov theory is utilized to guarantee
the local ultimate boundedness of the resulting nonlinear impulsive dynamical closed-
loop system. Finally, a numerical example is utilized to evaluate the performance of the
near optimal design through simulation studies. The net result is the design of event
sampled ADP-based controller for nonlinear continuous-time systems.

Index Terms - Adaptive dynamic programming, Hamilton-Jacobi-Bellman equation,
event sampled control, neural networks, optimal control.
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1. INTRODUCTION

Optimal control [1]-[2] of dynamic systems in continuous-time is a challenging
problem due to the difficulty involved in obtaining a closed-form solution to the
Hamilton-Jacobi-Bellman (HJB) [2] equation. Adaptive dynamic programming (ADP)
[1]-[13] techniques, on the other hand, are used to solve the optimal control of uncertain
systems online by finding an approximate value function which becomes a solution to
HJB equation. Among the earlier works on ADP-based optimal control [1]-[13], the
reinforcement learning technique is combined with dynamic programming, using an
actor-critic neural network (NN) based framework [4], to generate an online yet
approximate solution to the optimal control without needing the knowledge of system
dynamics. Later, online policy iteration schemes [4] are introduced to obtain the solution
of HJB equation and attain optimality. In addition, an alternate single NN-based ADP
approach is presented in [10] for an affine nonlinear continuous-time system without
using an iterative technique. The NN weights are tuned online and periodically to achieve
near optimality.

For controller implementation, the traditional sampled data approach with a fixed
sampling interval is found to be computationally intensive. Event-based sampling [14]-
[15] and control, on the other hand, is increasingly gaining prominence among control
researchers because of its computational and/or communication resource saving
capability. In an event sampled framework, the state vector is sampled based on certain
state dependent criteria referred to as event-triggering condition. The controller is
executed at these aperiodic sampling instants. The event-triggering condition is designed

by taking into account the stability and closed-loop performance, and, hence, proven to
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be advantageous [14] over its periodic counterpart. However, the majority of the event-
triggered techniques [14]-[15], are designed for stabilization without any performance
criterion and under the assumption that the system dynamics are known.

In practice, the system dynamics may not be known accurately for the traditional
backward-in-time optimal techniques to work. Therefore, development of an ADP
scheme in an event sampled context is necessary and this is a challenging and an open
problem. Motivated by the above limitations, in this paper, we propose a novel ADP
method to solve the approximate optimal control of nonlinear continuous-time systems in
an event sampled paradigm. After revisiting the NN approximation under this paradigm,
NNs are subsequently used to identify the unknown system dynamics, and the value
function which becomes the solution of the HJB equation. The optimal control policy is
derived by using both the approximated system dynamics and the value function.

Although this work is motivated by [10] where a continuous-time near optimal
controller is designed using a single NN as a value function approximator, this effort
develops an event sampled NN approximation scheme to achieve near optimality.
Another major difference with [10] is the aperiodic tuning of the NN weights and
execution of the control at the event sampled instants. Above all the hybrid/impulse
system [19]-[21] framework is used to analyze the stability due to aperiodic availability
of state and input vector.

An adaptive sampling condition using actual NN weight estimates is analytically
derived via Lyapunov techniques. Since, the actual NN weight estimates are tuned at the
event sampled instants, the computation is reduced when compared to traditional NN

based schemes [10], [16]. Next, the closed-loop system is formulated as a nonlinear
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impulsive dynamical system [19]-[21] and the extension of Lyapunov direct method [19]
is used to prove the local ultimate boundedness (UB) of all signals. A minimum inter-
sample time is guaranteed to avoid accumulation point. It is demonstrated that the events
will occur more frequently during the initial learning phase to attain the approximation
accuracy. Nevertheless, the overall computational load is reduced over its traditional
periodic sampled counterpart. A preliminary version of the paper is published as [22].
The remaining of the paper is organized as follows. Section 2 presents a brief
background on the traditional ADP schemes and formulates the problem. Section 3
details the design procedure of the proposed event sampled ADP. The stability of the
closed-loop system is analyzed in Section 4 followed by the simulation results in Section
5. Section 6 presents the conclusions. The detailed proof for the theorems and the lemmas

are provided in the Appendix.
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2.BACKGROUND AND PROBLEM STATEMENT

In this section, after introducing notations, a brief background of traditional ADP

is presented. Then, the problem of event-sampled ADP is formulated.

2.1 NOTATIONS

Let SR" is the n dimensional Euclidean space. For a vector X(t) € R", we denote
|Ix| its vector 2-norm. For a matrix AeR™", ||A| is its Frobenius norm, A" € R™" is
the transpose of A and vec(A) is the vector operator to stack the columns in a vector. For
a square matrix AeR™, A.(A) and 4, (A) are the maximum and minimum

eigenvalues of the matrix, and tr{A} is the trace of A.

Consider the impulsive dynamical system [19] given by
{=F($). ¢l ¢eg ((0)=¢, 1)
AG=F({); Ce, fel, )
where {eQ, c®* represents the state vector, F.:Q, > %" and F,:Q, -» %" denotes the
nonlinear continuous and reset/jump dynamics, respectively. The set €cQ, and £ cQ,

are respectively the flow and the jump sets and o, is an open set with 0 . The

difference is defined as AL (t)=4(t")—<(t) where £ (t*) = Ivirrg £ (t+¢). For brevity, we

write &' (t")=¢". The time variable t is dropped from the states and other functions

where there is no ambiguity.
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2.2 BACKGROUND

Consider the controllable nonlinear continuous-time system in affine form

represented as

x(t) = T (x@®)+g(x®)u(t), x(O)=x, , (©)
where x e R" and u e R™ are the state and the control input vectors, respectively. The
unknown functions f(x) e R" and g(x) e R™™ represent the nonlinear system dynamics
satisfying f (0) =0 with the following assumption.
Assumption 1[10]: The nonlinear system is controllable and observable. The nonlinear
matrix function g(x) for all xeQ satisfies g,, <|g(x)|<g, , with g, and g, are
known positive constants, and € _is a compact set.

Consider the value function
V(1) =Lmr(x(r),u(r))dr, 4)
to be optimized where r(x,u) =Q(x)+Uu'Ru is the cost-to-go function. The function

Q(x) e R and the matrix R e R™™ are positive definite quadratic function and matrix,

respectively, to penalize the system state vector and the control input. The initial control

input u, must be admissible to keep the infinite horizon value function (4) finite.
The Hamiltonian for the cost function (4) can be given by
H(x,u) =Q(X)+u'Ru+V V' [f(x)+g(x)ul,
where V V =3V /ox is the gradient with respect to x.

The optimal control policy u”(x) which minimizes the value function (4) can be

computed using stationary condition as
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u"(x) =—(Y2)R™g" (x)(av"/x), ()
where V* e R is the optimal value function. Then, substituting the optimal control input

into the Hamiltonian, the HIB equation becomes
H (% u) =Q()+ V.V (x) f () - @4V, (x)g()R'g"()V,V () =0,  (6)
where V V™ (x)=0V/ox. It is extremely difficult to obtain an analytical solution to the

HJB equation (6). Therefore, ADP based techniques [10] are utilized to generate an
approximate solution in a forward-in-time manner by using periodically sampled state

vector. Next, the problem for the event sampled ADP is formulated.

2.3 PROBLEM STATEMENT

In this section, we will formulate the event sampled optimal control problem by
highlighting the challenges involved in the design with respect to approximation and
stability. In an event sampled framework [14]-[15], the system state vector is sensed
continuously and released to the controller only at the event-sampled instants.

To denote the sampled instants we define an increasing sequence of time instants
{tk}f:l, referred to as event-sampled instants satisfying t,., >t,, vk=12,--- and t;=0
is the initial sampling instant. The sampled state, x(t,), is released to the controller and

the last sampled state at the controller denoted by x(t) is updated. It can be represented

as a jump in the state x(t) at the event sampled instants and defined as
Xt)=x(t), t=t, vk=12,--. (7
Then it is held at the controller until the next update and is given by

X(t)=x(t,), t, <t<t., vk=12-. (8)
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The error introduced due to the event-sampled state can be written as
e (1) =x(t)-Xx(),t <t<t_ ,vk=12,--, 9)
where e, (t) is referred to as event sampling error. Thus, the event sampling error is

reset to zero with the update in the state i.e., e, =0, t=t , vk=12,---.

For optimal policy generation using ADP in an event sampled framework, the
value function and the system dynamics need to be approximated with intermittently
available system state vector. Therefore, to ensure desired accuracy of approximation,
the universal approximation property of the NNs is revisited in the next few paragraphs.

By the universal approximation property of the NN a continuous function

h(x) e R" forall xeQ < R" can be approximated as
h(x) =W, ¢, (X) + &, (X) . (10)
where W, € R"™" is the unknown constant target NN weight matrix. The function ¢, (X)
is a bounded activation function, and &, (x) is the traditional NN reconstruction error

with | being the number of hidden-layer neurons. The implicit assumption here is that
the state vector is available continuously for approximation.

For approximating the function h(x) with an event sampled state vector x(t)
defined in (7) and (8), the equation (A.1) can be rewritten as
h(x) =W, @, (X) =W, @, (X) + W 3, (X) + &, (x)
=W, 0, (X)+¢,,(X.e,), t, <t<t.,, vk=12.-, (11)
where ¢(x) is the event sampled activation function and ¢, (X,e. ) =W, [¢, (X+e)

-, (X)]+¢,(X+e_.) is the event sampled reconstruction error. The reconstruction error
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&,,(X,e. ) consists of a second term W, [, (X+€.,) — ¢, (X)] in addition to the traditional
reconstruction error, & (X)=g¢ (X+€.) which appears to be a function of the event
sampling error, €., . It is clear that the event sampled approximation is equal to the

traditional universal approximation if the event sampling error €., is zero. Since, our

objective is to reduce computation by allowing this error to increase without affecting the
stability, a tradeoff exists between the approximation accuracy and reduction in
computation which is decided by the sampling frequency.

The optimal value function with event sampled state vector (11) can be written as
VI(X)=W,/g(X)+¢,, (X&) , t, <t<t.,, (12)

where W, e R" is the unknown constant target NN weights, #(X) e R is the event
sampled activation function, &, (X, e.) =W, (#(x)-4(X))+¢, (X+e,) is the event-
based reconstruction error with ¢, (X+e., )=¢, (x) € is the traditional reconstruction

error.
The HJB equation (6) with event sampled approximation of the value function

(12) can be expressed as

H™(x,u") =Q(x) +(W,V,4(X) + V,&,, (X,6)) f (X) (13)
~WH(WV,8(X) +V,&,, (X,6:) ) (x) D(X) (V4" (W, +V,¢,, (X.€)),
where D(X) =g (X)R_lgT (X) ) Vx¢(x) = a¢(X)/8X , and nge,v (X, eET) = avxge,v (X, Cer )/8X

It is clear from (13), the HIB equation is also a function of the event sampling error €., .

In other words, the performance is governed by the event sampling condition design.
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Thus, the event sampled optimal control problem can be defined more precisely

as follows: 1) Approximate the unknown system dynamics f (x) and g(x), and the value

function V in an event sampled context with a desired level of accuracy; 2) Design the
event sampling condition not only to reduce computation but also to minimize
approximation error. Finally, 3) guarantee a positive lower bound on the inter-sample
time. A solution along with the detailed design procedure of the event sampled near

optimal control design is presented in the next section.
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3.EVENT SAMPLED NEAR OPTIMAL CONTROL DESIGN

The proposed structure of the event sampled near optimal design is illustrated in
Figure 1 and the design will be carried out using two NNs with event sampled state
vector. One NN is used as an identifier to approximate the unknown system dynamics
and the second one is used to approximate the solution of the HIB equation which is the
value function. Now to reduce the computation and ensure accuracy of the
approximation, we propose an adaptive event sampling condition as the function of event
sampling error, the estimated NN weights and the system state vector. The system state is
sent to the controller at the event sampled instants and used to tune the NN weights. The
weights are held during the inter-sample times and, hence, tuning scheme becomes

aperiodic.
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Figure 1. Near optimal event-sampled control system

Remark 1: To evaluate the proposed adaptive event sampling condition at the trigger
mechanism, in case of an NCS [54], will require transmission of the NN weight estimates

from the controller. To mitigate this additional transmission cost, mirror identifier and
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value function approximator NNs are used at the trigger mechanism to estimate the NN
weights locally. Both the actual and mirror NNs operate in synchronism at the event
sampled instants. Thus, this design can be considered as an event sampled NCS with
negligible delays and packet losses.

The detailed design procedure of the NN identifier and the controller are

presented along with their weight tuning laws in the next subsections.

3.1 IDENTIFIER DESIGN

The knowledge of the system dynamics, f(x) and g(x) are needed for the

computation of the optimal control policy (5). To relax this, an event sampled NN based
identifier design is presented in this subsection. By using the event-based approximation

(12), the nonlinear continuous-time system in (1) can be represented as

x=f(X)+g(X)u=W,o,(X)T+¢,,, (14)
where W, =[W] W] T e R""™" with W, e R"™" and W, e R™"" are the unknown

o (X)

target NN weight matrices, a,()v()z{ 0 o (%)
9

} with o, (X)e®R" and

o,(X)eR™ ™ are the event sampled activation functions. The error
€0y = or (K€1) &.4(X,€)]T is the event-based reconstruction error with
ot (X’eET ) =W/ (o, (X) =0 (X)) +&; (X+&), e g (X’ Cer ) :WgT (O'g (X) -0, (X))+gg (X+eET )

and T=[Lu']" . The subscript f and g denotes parameters corresponding to the

functions f (+) and g(+), respectively. The event sampled reconstruction error can also be

written as &, =W,'6, (X, X)U+¢&, Wwhere &,(X,X)=0,(X)—0c,(X) is the activation

e
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function error and ¢ =[¢, ¢,u] the augmented traditional reconstruction error. The
constants |, and I, denote the number of neurons of the NNs. The following assumption

holds for the NN [16].

Assumption 2: The target weight vector, W, , the activation function, o,(s), and the

reconstruction error & (+) are bounded above in a compact set such that |W,||<W,, ,

”O-I (')

NITE ||‘9| (*)

<&\, satisfied where W, ,,, o, ., & , are positive constants.
Further, it is assumed that the activation function o, (x) is Lipschitz continuous in a

compact set and satisfies |o, (x)—o, (X)| <C, |x—x|| where C_ >0 is a constant.

Since the system state vector is only available at event-sampled instants, the
event-based identifier dynamics is defined as

$=AR-X)+f(X)+d(Xu, t, <t<t,,,, (15)

where X e R" is the identifier estimated state vector, A is a user defined Hurwitz matrix

and satisfies the Lyapunov equation A'P+PA=-I1 where P and IT are positive

definite matrices. The matrix A ensures the stability of the identifier. The functions

f(x)eR" and §(X) e R™™ are the estimated system dynamics. By using the event

sampled NN approximation for the system as in (14), the estimated value of identifier

dynamics are represented as
R=AR-X)+W t)o, ()T, t <t<t., (16)
where W, (t) is the estimated NN weight matrices and o, (X) being event-sampled the

activation functions.
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Defining e, = x—X as the identification error, the identification error dynamics,
from (14) and (16), can be expressed as
&, = Ae —Ae., +W o, (X)T+W'6S, (X, X)T +¢&, . (17)

Since, €, can only be computed at the event-sampled instants with available

current sampled state at the identifier, the NN identifier weight matrices are tuned at the
event-sampled instants only. This can be considered as a jump in the identifier NN

weights which is given by
Wi =W, +(e, 0, (0T} /(e + P e, [)) -V . t=t,, (18)
where o, >0 denotes the learning rate and ¢ >0 is a positive constant. During the inter-

sample times referred as flow duration, t, <t <t,,,, the weights are held at the previously
tuned values. Therefore, the tuning law during the inter-sample times or flow duration,

t <t<t,,, isgiven by

A

W, =0, t <t<t,,. (19)

From (18) and (19), it is clear that the NN weights are tuned aperiodically and,

hence, saves computation when compared to traditional NN [10], [16]. To ensure the
ultimate boundedness of the closed-loop system parameters, the approximated control
coefficient function is held once it becomes less than equal to the lower bound. It can be

expressed as

N | (1| <g. ,
”@(')” _ {gmln ! ”g (X)” < Qmin (20)

(CIO!F otherwise .
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Define the NN weight estimation error W, =W, —W, . The weight estimation error

dynamics at both jump and flow duration can be expressed as

Wi =W, (a0, (0] (c-+lal” ) el et ey

W =W, —W, =0, t <t<t,,. (22)
We will use the identifier dynamics to design an event-sampled near optimal controller in

the next subsection.

3.2 CONTROLLER DESIGN

In this section, the solution to the HIB equation, essentially the value function, is
approximated by a second NN with event-sampled state vector. The approximated value
function is utilized to obtain the near optimal control input. Consider the event sampled
approximation of the optimal value function in (12). The following assumptions hold for
the NN.

Assumption 3: The target NN weights, activation functions and the traditional

reconstruction errors are bounded above satisfying W, |<W,, , [¢()|<d, . and

|‘9v (+)

the gradient of the activation function and the reconstruction error are bounded by a

<&u Withw,, , 4, and s, are positive constants. It is further assumed that

positive constant, i.e., V #(+) = 0¢(+)/OX < ¢, and |

V.8, ()| =0s, (-)/8x = g\I/,M :

Assumption 4: The activation function and its gradients are Lipschitz continuous in a

compact set such that for xeQ cR" and there exist positive constants C, >0 and

Cy, >0 satisfying ||#(x)—4(X)|<C,|x—x| and |V, 8(x)-V 8(X)|<C,,[x—X|.
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The optimal control policy (5) in terms of event-sampled NN approximation of

the value function becomes
U =—1/2R " () (V, 8" (W, +V, &, (X, &)). (23)
The estimated value function in the context of event sampled state can be represented as
V(X)=W,¢(X), t, <t<t,.,. (24)
Therefore, the actual control policy by using the estimated value function (22) and the
identifier dynamics is given by
U(x) = (/2R G (QV,F" (W, =—1/2)R* (W] o, (X)) Ve OO, t, <t<t,. (25)
Now with the estimated value function (24) and approximated system dynamics

(15), the error introduced in the HIB equation (13), referred to as temporal difference

(TD) or HIB equation error, can be expressed as
H(X,u) = Q(X) +u"Ru+V VT (X[ f (X)+g(x)u], (26)
for t, <t<t, , where vx\i(x):a\i(X)/ax. Substituting the actual control policy (25) in
(26), the TD or HJB equation error can be expressed as
H(XW,) = Q) +W, V,4(X) f (%) - WV, 40DV g, t, <t<t,.;, (27)
where D(X) = §(X)R™G" ().
Similar to the identifier, the value function is updated at the event-sampled

instants with the updated HJB error. The HIB error (27) with event sampled state at the

trigger instants, i.e.,, X" =X, t=t_can be written as

H* (W) = Q(x) +W V, #(x) f () — (/4 V,6(x) D) VIO, t=t,. (28)
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The value function NN tuning law at the event sampled instants is selected as

W =W, (o, 0F T (W, )/ 1+ 6" 0)?) .t =t , (29)
where ¢, >0 isthe NN learning gain parameter and
(30)

&=V, 4(X) f (X) - Y/ 2)V,$(x) D)V p)W, .

During the inter-sample times or flow period, the tuning law for the value

function NN is given as
(31)

A

W, =0, t <t<t_,.
Define the value function NN weight estimation error as W, =W, —W,, . The NN

weight estimation error dynamics by using (29) and (31) can be expressed as
W, =W, +(a, @H T (x,u)/@+ 0" @)?), t=t,, (32)

(33)

W, =0, t <t<t_,.

The HIB or TD error in terms of the value function NN weight estimation error

W, , using (13) and (27) can be expressed as
H (W) = Q() = Q00 +WJ'V,4(X) f (1) -W' V() f (X) (34)
~(/ AWV, () D)V SO, — (/AW V,4()D (X) V8" (W, — &y, t, <t <t,

where ¢, =V, &, (x)(f(x)+g(x)u*)—(J/4)VI<-;V (X)D(x)V,&, (x). It is routine to check

that |, | < &, \ Where &, ,, is a positive constant.

Similarly, the HIB equation error at the event-sampled instants with X" =X can

be computed from (34), and found to be
HY W) = WV,60 00 -WIV,600 00 + WV 900DV G, o
HYAWV,JDOIVI SO, + AWV, G)D () V.8 0, =21, t=t,.
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4. EVENT SAMPLING CONDITION AND MINIMUM INTER-SAMPLE TIME

In this section, we design an adaptive event sampling condition and present
theoretical results. Before proceeding, the following stability notions are important.

Definition 1 [19]: The nonlinear state dependent impulsive dynamical system (1) and (2)

is ultimately bounded with bound x if there exists y >0 such that, for every 5e(0,y),

there exists T =T (&, z) >0 such that |£(0)] <& implies||¢ (t)] < s, t=T.

4.1 IMPULSIVE DYNAMICAL SYSTEM
Consider the augmented state vector ¢ =[x" e X' vecW,)” W/T" . The

dynamics during the flow t <t<t,, and the jump instants, t=t , are computed as

follows.

4.1.1 Flow Dynamics. The closed-loop system dynamics during the flow

t <t<t_,, can be represented by using (1) and the control policy (25) as

x=100+90)(~(Y2)RMG" (X)V, 4" G, ). (36)
Adding and subtracting g(x)u*in (36) and after some simple mathematical operations,

the closed-loop dynamics during the flow can be written as

x= £ (0 +gOOu*+(1/2) gOOR™G (OV, 8" (OW, +(1/2) gOIR G (V4" (X)W,
HY2) gOORMGT (1) (V67 () -V, 8" ()W, + (1/2) g(OR g (V5 (x),

for t <t<t,.

The flow dynamics for the identification error e, is same as in (17). The last held

state, X, during the flow period remains constant. Thus the dynamics of the last held

state, x, is given by
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x=0, t <t<t_,. (38)
Finally, the dynamics of the NN weight estimation errors vec(W ) and W, during
the flow are as in (22) and (33) represented in vector form.
Combining (17), (22), (33), (37), and (38), the flow dynamics for t, <t <t, , of
the impulsive dynamical system as
{=F({), ¢eQ, el Ce2, (39)
where F, =[F7 FT0" 0" 0']" with F’° = f(X)+g(x)u*+(/2)g(x)R'G" (X)V, 4" (W,
+(H2) gOIRGT ()Y, 8" (%) (W, —W, ) +(1/2) g(OR™GT (X) (V4" () -V, 4" (X)) (W, W, )
+(1/2)g(x)R™g" (N)V,&, (x), F* = Ae, — Ae., +W, o, (X)T +W, G, (x,X)T +¢&, and 0" s
are null vectors of appropriate dimensions. The set € cQ, is the flow set and
Q, cR" aopensetwith 0 Q. , n, =n+n+l, +l, and I, =(I, +ml)n .

4.1.2 Jump Dynamics. The jump dynamics of the system state vector and the

identification error are given by
=x, t=t, (40)

e =X —-X" =x—-X=¢, t=t,. (41)

=X, t=t. (42)

Further, the jJumps in the NN weight estimation errors are given by (21) and (32).

Defining the first difference A =¢"—¢ and using (21), (32), (40), (41), and

(42), the difference equation for the reset/jump dynamics can be written as
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AC=F,(¢), CeQ,, Cez, (43)
where F,(<)=[0" 0" el vec(AW,)" (AW,)'T with
8 ge’ 8 . aH (X, W,
AW, :—wf)ue'z+a, (W, -W, ) and AW, :a\,a)—$2\,) The set ZcQ, the
c+lal” e | 1+ o @)

jump set. The flow and the jump set are decided by the event sampling condition
introduced next.
Consider the event sampling error in (9). Define the event sampling condition

given by

ML) = min{rQ)/n,,J2rQ(X)/n,} is the threshold with
W,

@l* IPI* + APJ?) - The constants 0<I'<1, Cy, and C, are the Lipschitz

D(”eET ”) S Oere (X’ ), (44)

where o (x,

M,
Th = ngmax(Ril)o-l,Mﬂl\/l ”\/\7\/ H”V\A/. HCW v 1, = CV¢gMﬂ’max(R71)O-I,M P
W,

constants and I, = A, (IT) . To ensure the estimated NN weights |\, |and |\, in (44)

+(32/1,,)(C,,

X 2 |

are non-zero while executing the event sampling condition, the previous non zero update

of the NN weight estimates are used to evaluate the event sampling condition when the

updates become zero. The dead-zone operator D() is defined as

D(') — {;)’ ”X” > Btfb’ (45)

where B, is the desired ultimate bound for the closed-loop system. The event sampled

instants are decided at the violation of the condition (44).



236

Remark 2: The main advantage of this event sampling condition is that its threshold gets
updated with NN weight estimates and system state. Therefore, states will be sampled
based on the NN weight estimation errors and the system performance. This ensures the
accuracy of approximation. Once the NN weights converged close to their target values
and becomes constant, the threshold becomes similar to those used in traditional event
sampling condition [14]-[15].

Remark 3: The dead zone operator D(+) prevents unnecessary triggering due to the NN
reconstruction error once the system state is inside the ultimate bound.

To show the locally ultimately boundedness of the closed-loop event-sampled
system we will use the following lemma as in [19] for the nonlinear impulsive dynamical
systems. Before claiming the main results the following technical results are necessary.
Lemma 1: Consider the definition of & given in (30). For any positive number N >0,
the following relation holds
W ad™W, _ 1

l+d'd)>  N@A+d'd)

(W2, $(BEVIFW, -V, $0 f (x)) W, (46)

1 - o .
“aN e a oy W VAIDXIVIGOM,) (V. 40DV )"

A ((Y2)V,)DOIVIFOMW, V() f ()

Proof: Refer to Appendix.

We will use the above results to show the locally ultimately boundedness of the
NN weight estimation errors in the following lemma.
Lemma 2: Consider the nonlinear continuous-time system (3) along with the NN based
identifier (16) and the value function approximator (24) with event sampled state vector.

Let the Assumptions 1 through 4 hold and the initial identifier and value function NN
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weights, W, (0) and W, (0), respectively, be initialized with nonzero finite values in the
compact sets €2, and €, . Suppose there exist a positive minimum inter-sample time

between two consecutive event sampling instants, 7. =t.,—t >0, and the value

function activation function ¢(x) satisfies the persistency of excitation condition. Then,
the weight estimation errors V\7, and W, are locally ultimately bounded (UB) for all event

sampling instant t, >T or t>T for T >T provided the NN weights are tuned by using

(18) and (19), and the learning gains satisfies O0<a, <1/3 , 0<q, <min 4_10,
M}With 0<N<1.
2(N +1)(16+N)

Proof: Refer to the Appendix.
Theorem 1: Consider the nonlinear continuous-time system (3), identifier (16), and the

value function approximator (24) represented as an impulsive dynamical system (39) and
(43). Let u, be an initial stabilizing control policy for (3). Let the Assumptions 1 through
3 hold, and assume there exist a minimum inter-sample timez,. > 0. Suppose the value

function activation function ¢(x) satisfies the persistency of excitation condition and the

system states are transmitted at the violation of the event-trigger condition (44). Let the
initial identifier and value function NN initial weights, W, (0) and W, (0), respectively,
are nonzero and bounded in compact sets €, and Q,, , and updated according to (29)

and (31). Then, the closed-loop impulsive dynamical system is locally UB for all event

sampling instant t >T or t>T for T>T . Further, the estimated value function
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satisfies \v* —\V/[|<B, with B, is small positive constants provided the design

parameters are selected as in Lemma 2.
Proof: Refer to the Appendix.

The assumption on the inter-sample time in Theorem 1 is relaxed by guaranteeing
the existence of a positive minimum inter-sample time the next subsection. The flow
chart in Figure 2 illustrates the implementation of the event sampled ADP scheme

designed in Section 3 and 4.

Initialize
x(0), W, (0), W, (), u,
> ¢ <
Plant
No Control X(®) = f(x(@))+g(x(®)u(t)
update

heck Trigger
Condition

o (R

No NN weight | ves
update
W, =0, W, =0

W

Update NN weights
Vi =W+ 000 e+l ) -
W =W, — (o, oH T (W, )/(+ 6T 6)?)

\ 4

Update Control input
A T R
U =~/2R™ (W, (%)) V4" (W,

Figure 2. Flowchart of event sampled ADP scheme.
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4.2 MINIMUM INTER-SAMPLE TIME

The following theorem guarantees the existence of the non-zero positive
minimum inter-sample time 7, = rkniNn{tm—tk}.
Theorem 2: Consider the event sampled continuous time system (3) represented as

impulsive dynamical systems (39) and (43) along with the event sampling condition

(44). Then, the minimum inter-sample time . implicitly defined by (44), is lower

min !

bounded by a nonzero positive constant and it is given by
Tmin 2 rpell\? {(]/K)In(1+(K/Mk)O-ETC,min )} >0’ (47)

where O min 1S the minimum threshold coefficient value, K >0is a constant and
My = Gt A (R0 st W M [+ /2) 01 A RAM 1y (070 [+ 2 )

HY2) Gy A (RS, i [ ML |+ /2098 A (R ™),y Where the  subscript k

represents the k™ inter-sample time.
Proof. Refer to the Appendix.

Remark 4: The constant K satisfies the inequality | f(x)+g(x)u’|<Kllx]l . This

inequality holds [22] since the optimal control input is stabilizing.

Remark 5: It is clear from (47) that the lower bound on inter-sample times depends on

M, or alternatively, on the NN weight estimation errors W, , and W, by the definitions
V\A/I =W —V\7| and V\7V =W —V\7V . During the initial learning phase of the NN, the term M,

in (47) may become large for certain initial values V\A/V (O)and V\A/I (0) which may lead to

smaller inter-sample times. Hence, a proper initialization of the NN weights, V\A/V (0) and
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A

W, (0) IS necessary during learning phase. In addition, with update in NN weights, the

convergence of the NN weight estimation errors will elongate the inter-sample times

leading to fewer sampled events and less resource utilization.
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5.SIMULATION RESULTS

In this section, the dynamics of a two-link robot manipulator is considered for

simulation. The dynamics are given in by

Xx=f(x)+g(x)u, (48)
_ . i
Xy
—(2%,%, + X2 = X2 = x2C0S X, )sin X, + 20C0S X, 0 0
[—10cos(x1 + X,)COS X, ] 0 0
where f(x)= oS’ X, — 2 and g(x) = 1 —1-cosx,

, , , 2-cos’x, 2-cos’X, |
(2X%3X, + X + 2X;3X, COS X, + X, COS X, + 3X;
-1-cosx, 3+2cosx,

| 2—cos’x, 2-cos’X, |

+2X2 COS X, + 20(COS(X, + X,) — €0S X, )(L + COS X,)
—10cos x, cos(x, + X,)

| cos® X, — 2

The following simulation parameters were chosen for simulation, The initial

system state vector was chosen as [z/6 —7/6 0 O]T. The cost function was selected

asin (4) with Q=1,, and R=1,,. The learning parameters were chosen as ¢, =0.025,
a, =0.055, other design parameters were g,, =3, ¢, =1, '=0.99, A=-101, and
P =1 where | is the identify matrix. The basis function for approximating the value
function is given by the expansion of ¢(X)=[X12;X22;X32;X5;X1X2"';><f;X§;"';X13X2;
XX XX %X,] . The  activation  functions  for  the identifier

o, (+)=diag{tanh(+) tanh(+)}. Number of hidden layer neurons for identifier and value

function NN are selected as 25 and 39, respectively. All the NN weight estimates are
initialized at random from a uniform distribution in the interval (0,1). The ultimate

bound for the system state is chosen as 0.001.
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The performance of the event sampled control system is shown in Figure 3. The
system state is regulated close to zero as shown in Figure 3(a) along with the control
input in Figure 3(b). The HIB equation error converges close to zero (shown in Figure 3
(c)) representing a near optimal solution is achieved with an event sampled

implementation.

A
8 0(2) ‘,. - Xl - ——— = )(2 ..... P X3 [ —— X4
g O
n
-0.6
o) 10 10 20 (@ 30 49 50
S ol — ]
c
o
o -1
_ 0 10 20 () 30 40 50
o 2 : :
& " { HJB error [
m 14
) .
T -2
0 10 20 30 40 50

Time (sec)(c)

Figure 3. Convergence of (a) the system state; (b) control input (c) HIB error.

The evolution of the event sampling threshold along with the event sampling error
is shown in Figure 4(a). Cumulative number of event sampled instants is shown in
Figure 4 (b) and the inter-sample times in Figure 4(c). From the cumulative number of
event sampled instants, it is evident that a fewer number of sampled instances occurred
when compared to the traditional periodic sampled data system. The number of event
sampled instants found to be 15783 for simulation duration of 50 sec with a sampling

interval of 0.001 sec or 50,000 sampling instants for a traditional sampled data system.
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Figure 4. Evolution of (a) event sampling condition; (b) cumulative number of event
sampled instants; (c) inter-sample times.
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Figure 5. Convergence of the norm of the NN weight estimates.

It is further clear from the Figure 4 (b) that the event sampling condition
generated a large number of sampled instants at the initial online NN learning phase. This
is due to the large weight estimation error and makes the NN to learn the unknown

system dynamics and the value function to achieve near optimality. Over time, as the NN
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approximate the system dynamics and value function and the inter-sample times
increased thereby reducing the number of sampled events. The convergence of all the NN

weight estimates is shown in Figure 5 (a), (b) and (c).
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6. CONCLUSIONS

In this paper, we proposed an event sampled near optimal control of an uncertain
continuous-time system. A near optimal solution of the HIB equation is achieved with
event sampled approximation of the value function and system dynamics. The NN weight
tuning at the event sampled instants with adaptive event sampling condition is found to
ensure convergence of the NN weight estimates to their respective target values. It was
observed that the inter-sample times depend on the initial values of the NN weight
estimates. Further, the inter-sample times found to increase with convergence of the
parameters. The simulation results validated all the analytical design. The cost function
considered in this paper only optimizes the control policy. The optimization of the event

sampled instants will be an interesting problem and will be studied in the future.
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APPENDIX
Proof of Lemma 1: Consider the term &@" . By definition (30), it can be represented as
0" =(V,60 (0 -2V, gDHIVIF, ) (V,40) f (X) ~/2) Y, p( BRIV, )
Since(a—b)2 =(b—a), we can rewrite the above equation as
o = (Y27, JNBOVIGM, ~V,9() (%)) W2)V,40BIVIIM, V60 f ) . (A1)
Recalling the definition of the value function NN weight estimation error, we
haveW, =W, —\W,, . Substituting into (A.1) one can arrive at

@& =((/2V, HIDXIVHW, —V,6(x) f () -2V, 4 DIV, ) A2)
x(W/2)7, 60DV, V609 f (x) - Y2V, g(ODHIVISOO, ) -
Moreover, by Young’s inequality 2ab < (L/1)a?+1b? , 1 >0 . Using this relation it holds
that
(a—b)? > (1-1)a® +(1—(/1)b? (A3)

Using the above inequality, we have

d0" = (1-1)( 2V, $)DIVIFOOW, —V, 409 f (%))

«(/2)7,)BHIVIFM, ~V, 49 f (X))

+(1-@/1)) Y/4) (V SR DXV SO, ) x (V, () D(X) VI (O, ).

By selecting | =(N+1)/N where N > 0 is a positive integer, we have
A 1 A n
66" =~ (H2)V,4X)DRV, g, =V,9(x) f ()

< (2, OBNIVISOW, ~V,40) (%)) (A4)
(V. (DI, )(V, 6 DHIVI SO, )

4(N +1)
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Pre and post multiplying W,/ and W, both side of (A.4), respectively, and

changing the sign one can reach at (46) of Lemma 1. [
Proof of Lemma 2: Since we assume that a minimum inter-sample time exists between
two consecutive sampling instants, the jumps occur at distinct time instants. Thus, the
boundedness of the NN identifier weight estimation errors is proven by considering both

the flow duration and jump instants as in [19].
Case 1: During the flow for t, <t<t, ,, k=12,---
Consider the Lyapunov function candidate given as
Ly =464 +L, + 8,4 ,, (A.5)
where L, =tr{W/W,}, L, =W/W, , and L, =tr{W/W,¥ with S ,=2am,/e,(1-3¢,)
and B, , =2w,/w, with @, , @, , @, and @, are positive constants defined during the

proof.
The first derivative of the Lyapunov function candidate (A.5) by using the weight

estimation error dynamics (22) and (31) becomes
L =23, trWTW, 3+ 20, + 478, e W, 3w, 3=0. (A.6)
From (A.6), the first derivative L is zero, which implies the NN weight
estimation errors remain constant during the flow for t, <t<t,,, vk=212,---. Since,
the initial NN weights V\AlI (0) and V\7V (0), and the target NN weights W, and W, , are
bounded, the initial weight estimation errors W, (0) and W, (0) are bounded. Therefore,
to prove the boundedness of \/\7I and V\7V for all time we only need to show that V\7, and

V\7V are bounded during the jump instants.
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Case 2: At the jumps (t=t,, vk =1,2---)

Consider (A.5) in Case | as a discrete Lyapunov function candidate. We will
consider each term in (A.5) individually to evaluate the first difference at jJump instants
and combine them to reach the overall first difference to prove locally UB.

Consider the first term of the Lyapunov function candidate (A.5). The first

difference is given by
AL, =tr (W W,*}—tr {\WW, | (A7)
Recalling the dynamics of the weight estimation error (21), the first difference AL, of the

Lyapunov function becomes

AL, ==2a,tr {WIT o,(X)z, UE|T } - 20‘|2tr {(O-| (X) x, Ue|T )TW| } +2a,tr {W|TV\7| }
+a! 1t {(o, (x)Te] ) (o, (X)Te] )} + aftr WiV, }

where 4, =1/(c+||eI ||2) . By replacing V\A/I =W, —VV, and using the inequality
tr(AB) < (I/2)| AIF + (1/2)|IB|?, the first difference is upper bound by
AL <20, M|+ S0t 22 e + o W+ ot 22l fe f + W,
rafoly 2l e — 2 M+ G+ 200+l o e
120 2W 7, + 20 W -
Observe that , alle, | =Ilall|e ||/ (c+lal? e ) <1 and combining similar terms we
arrive at
AL, < —a,1-3a,)|W, [ + By, (A.8)

where B, , =(2¢, + 3 )W?, + (o, +3c)o} -
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Next, considering the second term L, , the first difference

AL, = (W,)™W," —W'W, , along the dynamics of the weight update law (32) can be

expressed as

AL - 20, &F T (x,u) {avaoﬁ T (x,V\A/V)I [avaaﬁ o (x,V\A/V)}

1+ @' ®)? 1+ @' ®)* 1+ @' ®)*
Substituting H* (X,V\7V ) from (35) and applying Young’s inequality

2a'b < (1/ p)a'a+ pb'b, along with the relation @' &/(1+ &' ®)* <1, the first difference
is upper bounded by

TW o, \/\7\,T c?)c?)TV\7V
AL, < -a, ((1/8) - 5%)( @T@)z T2 Wi o a)
., (8+5a, WV, 00 T (0) F (OVIA00W,
(1+0' d)°

+0(l;|,-£1+ 505\/) ((1/4)W \Y ¢(X)D(x)vT (x)W )((1/4)W \V/ ¢(X)D(X)VT¢(x)W ) (A9)

o, (8+ 5av

L AT 005 (x)V,8" LW, (WA T, 4005 ()., (W,

+(av (8+5a\,)5H5H /@+ @ d)? )
Recall the Lemma 1 and multiply «, /2 both side of (46). Substituting into (A.9),

and applying Frobenius norm and Young’s inequality 2ab <a®+b?, reveals that

AL, S—a\,((l/g)_Sav)Wvcha‘)TWV_ o ( 1 _(1+5av)]

1+ &' d)* 8(1+65Ta3)2 (N +12) 2

ATV OBV OO |+ — 2 |+

( )

<2V, SDOIVIFEMW, —V,$(X) f<x))\\4

( ')
o, (8+ Sav )

1+0' @)’
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o, (8+ 5av)

v, 000 700N 7 0V 00m, [+ o

\M V,#()D (X)V 4" OOW, |

av (8+5ax,) ||5H ||
A+’ )

where D, is a positive constant and satisfies the inequality

0<D,, < T#(x)| . Note that the gradient of the activation function,

V., #(x), of the value function neural network satisfies PE condition. Further, from (20)

the function D(x) = §(x)R™g" (x) is lower bounded. Therefore, it holds that D_, is a
positive constant. By using this relation and applying Cauchy inequality

(a+b)* <4a* +4b* with one can reach at

W dd™W, a, D, 1 (1+5¢,) 8a, o 14
A S— 18 _5 V v V ='min _ _
L, <-a, (1/8) av)awmz o é))z[(,m) 2N M

2 Pt D00l + 5= Al F ool +  B+5e ) | F 0ol

4DN

m|n

+a, (8+5a, ) gy W'y, H D( X)H +a, (8+5a,)&] -
Recalling the dynamics of the identifier we have the following conclusions:
[FCol<lf e aoaal= e, (9+2 ()],

B(x) = D(x) - D(x) = g(x)R™g" (X) - §(x)R§" (¥)
=g()Rg" () +g(x)RG"(X) - GIRG" (¥)
<22, (R [Wa, 09 +2, (9,

H f (X)H S HOK & ‘M/,Ta, (X)H and

D(X)HSDM +[B(x)| < by +24, (R )gM”\N o (X)+¢ (x H
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Substituting the above facts, the first difference is upper bounded by

TW o, D, 1-N  (@A6+5N)e, )~
—a, ((1/8) -5 : -
AL, <-a, ((18)- V)( T e )[Z(Nﬂ) N ]\NVVH

D 2 N ( II\/ISWVL{MJ'SI (R_l)g:/lo'ﬁ,lw +84), O-I M ”W H 20‘v (8+5a, )¢r;§Wv2,MG|2,M (A.10)

+Ba, (8:+5a, )W’y 25 (R™) g7 0 W[ + 55,

+

where &, , =80, (8+5ay )W, Am (R Gu &l w +201, (B+50, )gaW, &l sy

16 . 2 _ 1
+ﬂ n;|15|4,|v| L — D N l\i\NVAMj’M(R 1)9M Elm D l\ﬁWvA',M Dl?/I +0‘v(8+5av)55|,M

min min min N

1-N_ (16+5N)a,
2(N +1) 2N

1 2N(1-N) )
Ob lecting O min th
> y selecting 0< ¢, <mi {40 2N +1)(16+N)} wi

O<N <1.

Considering the third term L, , =tr{W,W,}*, the first difference can be written as
AI_I 2 = tr{\/vlTwl+}2 _tr{\/\7lT\/\7| }2
= AL, (AL, +2tr{W W 3) < (AL, )"+ 24L, Wi (A.11)

Substituting the first difference (A.8), the AL, , can be expressed as

AL, <{2a, (1-32,)1- e, (1-3a,)) +1]|W, | +3B2 . (A.12)
At the final step, combining all the individual first differences, (A.8), (A.10),
(A.10), and (A.12), the overall first difference of the Lyapunov function (A.5) becomes

Wa)a)W

ALy <0, (8)-5a,) st —a W, | + @, L+ s
10, 0=3a)|W, | - B, ., IIW. |+,

D... 1-N  (16+5N)
where @, = %ATAZ[ZN . N avj
8(1+a) a)) (N+1)
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2( oWt Ay (R™) Glor v +8dt v )
Dmin N

w, =

a7, = (201, (8450, )W\ 07 +8at, (8+5¢t, W'y Ay (R™) 0ot )
@, =[2a,(1-3¢,)1-c,(1-3¢,)) +1]
and &, =38, ,B5 , +B,.By, +& , are the new variables introduced for simplicity.
Recalling the definition of g, =2m,/a,(1-3¢,) and B, , =2m,/m, , the first
difference is upper bounded by
e LR T A R (A13)

From (A.13), the first difference AL, <0 as long as

W, | > max{\[z, /e, @=3cx,), 4[5, /@, } = By, OF
> /e [, =By,

Hence, the NN weight estimation errors W, and W, are bounded at the jump instants.
From Case 1 and Case 2, the NN weight estimation errors W, and W, remains
constant during the flow and are locally ultimately bounded during jump. Therefore, V\7I
and \/\7V are locally ultimately bounded for all t, >T or for t>T for T>T with an
ultimate bound B;® = max{B, , B, } n
Proof of Theorem 1: For proving the Theorem 1 we need to show the nonlinear

impulsive dynamical system is locally ultimately bounded both during flow period and

jump instants as discussed in [20].
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Case 1: Flow period (i.e. t, <t<t,,, Vk=12,---)

Consider the Lyapunov function candidate given as

L, =L +L, +L +L;, (A.14)

where L, =V(x), L, =e/Pe,, L, =x'X, L, =tr{W'W,}, and L, is defined as in
Lemma 2.

Considering the first term the first derivative along the closed loop system
dynamics

L =V VxX)x=V.VX)(f(x)+g(xu).

Substituting the closed-loop dynamics from (37), the first derivative leads to

L, = V.V ()(f () +g(u) + V.V ()[H2)g ()R GV, S(OW,
+HY2)g(IRG() VGO, +(1/2)g(RGX)(V14(x) = Vig(OMW, +8,].

Recall the definition of the optimal value function, then it holds that
VVX)(f(X)+g(x)u’)<-Q(x) . Substituting the above inequality and using the
Lipschitz continuity of the gradient of the value function activation function one can

arrive at

L, < -Q() + (1/2) Gy A (R[V,V (X)
<|g IR g
+||VXV (X)e, ||

§(X)|Cuy leer |+ @2V, (0]
VigOOW, [+@/2)[V.V (9 la IR V5O |

By Assumption 1 |[lg(x)|<gy, and wusing the NN approximation,

G <M, 00 . and v,V ()] =]

160 <M &, (%) + &, ()] VIgOOW + Vs, (3| -

Using the above facts and applying Young’s inequality 2ab < a® +b?, the first derivative

satisfies
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W,

L, <—Q(X) + (1/2) 9y A (R )

W

W,

2 Cw ”eET ” + (1/4)Cv¢g|v| Armex (Ril) (A15)
|eET ” + By,

X0\ P

where

Be: = /4y Out Ane (R i s W[, |+ W/ AIC 4 Ot A (R 1y W 0 W, [
(1 2) Gt A R GWy 1+ &0 0 )0 W[+ 8000 ) BNy

HY2) G A (R W a1 + 8 10 )T o Vs i M |

+1/2) Gy A R By 11+, 0 )5 pa s I, [T, |+ By e+ 5 -

Considering the second term L, =e, Pe,, the first derivative along the identifier

error dynamics (17) can be expressed as

L, =€/ Pe, +e/P¢,
—el (ATP+PA)e, —2el APe, +2(W, o, (X)T+W," &, (x, X)T +¢,)" Pe,

——e/Tle, —2el APe, +2(W. o, (X)T +W, &, (x, X)T +¢,)" Pe, .
By triangle inequality, the first derivative leads to

L, < Tl +2lec [l API e |+[2047 &, (@) Pe, | + 2047 5, (x, x)m)" Pe, | +]2(2,)" Pe .
where ATP+PA=—I1 is the Lyapunov equation and I1;, = 4, (IT) with 4 (s) is the

minimum eigenvalue.

Applying Young’s inequality 2ab<(l/q)a’+qgb’ and recalling the Lipschitz
continuity of the identifier activation function, one can arrive at
W,

M o, ()] IPIE + (8/TT ) IPIF 2,

. 1
<=5 M [&4 [+ @/T10) (C., i, P 1PIE +1 P e |

(A.16)
+(8/I1,,)

Next, the first derivatives of the third term can be expressed as

L =x"x+X'x=0. (A.17)
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Considering the last term L , the derivative remains same as in (A.6) of Lemma

2 and given as
L, =2, trWW, }+ 20T, + 48, ,tr{W W, Jtr{W W, } = 0. (A.18)
Finally combining all individual first derivatives (A.15), (A.16), (A.17), and

(A.18) the first derivative of the Lyapunov function becomes

I;cl < _Q(X) - (]/Z)Hmin ”el ”2 + (1/2)gM ;Lmax (R_l)o-l M ¢M
Y/ 8)(Coy Ot A (R s W +(32/11,,,,)(C,, M,

X”eET ”2 + By -

M/v Mll CV¢ ”eET ”

2
Tl IPI? +1API)) (A-19)

~ 2
where By = (8/T1y,) M o, ()| IPIF +(8/TL;,)IPI” &7y + B,

Recalling the event sampling condition (44) and substituting in (A.19). The first

derivative leads to

. 2
Lcl < _(1_F)Q(X) - (]/Z)Hmin ”el ” + Bcl,lk ' (AZO)
Observe that B, is a piece wise constant function since the NN weights are not

updated during the flow duration and |\, || and |W, |are constant during each k" flow

duration.

From (A.20) it is clear that the first derivative of the Lyapunov function L, <0as

long as

Q(X) > By, /A-T)= BZor

”el ” > ‘\/Bcl,lk/(]/z)nmin = Blfl '
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Since B, is a piece wise constant function the bounds B’ and B are also

cl 1k
piece wise constant during functions and remains constant during the flow period

t <t<t, foreach k=12,---.

Recalling the fact, Q(x)is a positive definite quadratic function of X, with
Q(0)=0 and Q(x) —> as x — oo, the closed-loop system state, X, is bounded during
flow period with a bound B =Q*(B?). Further, as the NN weights for the value

function and the identifier are not updated during the flow period the NN weight
estimation errors W, and W, , respectively, remain constant and bounded. Therefore, the

states of the impulsive dynamical system ¢ remains bounded during the flow period.
Furthermore, from Lemma 2, the weight estimation errors W, and W, converge
to the ultimate bound B}’ for all t, >T . Therefore, the system state X and the last held
state X converge to the ultimate bound given by B} =Q*(Bg) where B} =By, /(1-T)
where B” computed from (A.20) by replacing W, and W, with their ultimate bounds

cl,1

B; in the expression for B, . Similarly the ultimate bound for the identification error
is given by Bj :a/BC“,b/(J/Z)l‘Imin . Therefore, the closed-loop nonlinear impulsive
dynamical system state & locally UB for all t, >T with an ultimate bound

w, =max{B},B%, B} . Next, it remains to prove that the closed-loop signals are

bounded during jump.



259

Case 2: When an event is triggered (i.e. t=7,)
Consider the discrete Lyapunov function candidate given by
L, =L +L, +L +L;, (A.21)
where L, =V(x), L, =¢/Pe,, L, =X"X, and L, =4,,L, +L, +4,L,, as in Lemma 2.

The first difference of Lyapunov function candidate can be represented as

ALy = AL, +AL, +AL, +AL, (A.22)

Consider the first term of the first difference (A.22). Along the jump dynamics

(40), the first difference
AL, =V (x")-V(x)=0. (A.23)
Similarly, the first difference of the second term along the identification error

dynamics (41) becomes
AL, =&/ Pe —e/Pe, =e Pe —e/Pe =0. (A.24)
Consider the second term L, = X"X, , the first difference can be expressed as
AL, =XTX —X"X=x"x-X"X < |5} + B}. (A.25)
where B) = Q*(Bf)is the bound during each flow interval defined earlier in Case |I.

Next, the first difference of the rest of the terms can be written from using Lemma

2 and given by

ALy <@ W, |~ @, ||~ |+, - (A.26)

Combining the individual first differences (A.23), (A.24), (A.25) and (A.26)

AL, < —[xlI* - @, ”VVV ”4 —, ”\NI H4 — g ”V\?I HZ + By 21 (A.27)

where B, ,, =B+, isa piece wise constant function.
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From (A.27) it is evident that AL, <Oas long as

|IX[|> By o oF

M, | > 4/By /= B, or
”VVI H ~ max{{‘/Berk /wZ ’\/Bcl,zk /Za-s}E a,%,::k

Hence, the system state, X, the identification error, €, , last held system state, X,

NN weight estimation errors ,W, , and W, , are bounded.
Since, the system state x is ultimately bounded for t, >T with an ultimate bound
B

ub !

as shown in Case I, By, in (A.27) converges to the ultimate value B, =B, +&,

for all t >T . Therefore, for all jump instants t >T , the system state x , the last

transmitted state X, the NN weight estimation errors are, respectively, locally ultimately

bounded s [1x] < By, x| < By, [M, | < B and [V, < B where B ={[B, /m,

and B\j{"“b=max{Q/Bc",?2/w2,\/B§,?2/w3} for all t >T . Therefore, the closed-loop
nonlinear impulsive dynamical system state ¢  locally UB for all t >T with an
ultimate bound 4, = max{B},, By, By " By} .

Consequently, from Both the cases the closed-loop nonlinear impulsive dynamical

system state £ locally UB with an ultimate bound u=max{y,,s} for all t >T or

alternatively t>7 for T>T.

To show the convergence of the estimated value function near to the optimal

value, consider the difference
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v -vi< ”VVVT¢(X) W ((0) (X)) + &, H <GBy W, 1 Cy0erc Bl + 6 m =By

where Gy » W, o =max<”v\7v kH) are the maximum value of the threshold over all
! ! keN '

flow interval, and B, is a small positive constant. [
Proof of theorem 2: Recall the closed-loop dynamics (37) of the event sampled system
for t <t<t_,. The upper bound of the system dynamics for k" inter-sample time can be
expressed as

IX|<K|x|+M,, t <t<t (A.28)

k+1 1

where M, =gy A (R0, \M.,k\Hrvvv,kH%gMzm(R1)¢;AWV,M (0 [V | +20)

+(12) Gy A (R )G, ”\/\7,*””\/0\,*H+(1/2)gfn/1max(R‘l)g\',]M. Note that M, is constant

during the k" flow period as the vale function NN weight estimation error W, V\A/ka

and value function NN weight estimates V\A/\,yk remain constant during the the k" flow

period.

The derivative of the event sampling error €., can be expressed as
d (e, )/dt <[, | =[x x| =[] < —K}x| + M, , (A.29)
for t <t<t_,, vk=12,---. By comparison lemma [18], the solution of the differential

inequality (A.29) with initial condition e;; =0 for t=t, is bounded above by

lear || jexp(K(t—s)) M,ds =M, (exp(K (t-t,))-1) /K, (A.30)

&

foreach t <t<t 6 vk=12,---
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To compute lower bound on the inter-sample times we consider the minimum
value of the threshold over all flow intervals t <t<t _, , vk =1,2,---. The minimum

threshold can be computed as

Oercmin (X,V\A/I W, ) =min (O‘ETC (X,V\A/I W, )) =Ogrc (Qmin ,V\A/,’,\,I ,V\A/V’M ) (A.31)

keN

where, W, ,, = max(
! keN

M ) Vi =max () are the maximum value of the NN weight

keN

estimates over all flow intervals t <t<t,_, forall k=12,

It is pertinent to mention here that V\A/\,]M and V\AllyM exist as the NN weight
estimation errors are bounded as proves in Lemma 2. Further, the dead-zone operator
(45) ensures a lower bound on the system state, i.e., B}, for the sampling. Hence, by
definition it holds that Q(X)>Q,, >0.

For a minimum inter-sample time, the event sampling condition (44), at next

sampling instants satisfies

lecr (t)l = Ferc - (A32)
Comparing (A.32) and (A.30)at t_, , it holds that
Oercmin < (M /K)(exp(K (t; —t,))-1). (A.33)
Solving the inequality (A.33), one can reach at
ten —t =7, 2 (YK)IN(1+(K/M, ) Opremin ) >0, VK =1,2,--- (A.34)

From (A.34), the inter-sample times 7, >0 for vk =1,2,--- as (K/M, )¢ i >0-

Consequently, the minimum inter-sample time

T = MIN{(1/K)IN(L+(K/M ) Gy )| >0 n
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SECTION
2. CONLUSIONS AND FUTURE WORK

In this dissertation, event-sampled deterministic and stochastic Q-learning and
adaptive dynamic programming techniques were developed for linear and a class of
nonlinear systems for both in discrete and continuous time domain. The application of the
designs for the NCS with time-varying delays and packet losses are also included. The
system dynamics both in the linear and the nonlinear cases were considered completely
uncertain. The universal approximation property of the neural network (NN) was
revisited and event sampled approximation was derived. The event sampled
approximation was used to estimate the deterministic and stochastic Q-function (for
NCS) for linear systems and approximate the system dynamics, value function and
optimal control input for nonlinear systems. The aperiodic transmission and controller
execution instants were determined by designing novel adaptive event sampling
conditions. The event sampling conditions orchestrated the sampling and transmission
instants to achieve the accuracy in estimation/approximation and control performance

with effective resource utilization.

2.1 CONCLUSIONS

In the first paper, the event sampled optimal adaptive regulation of a linear discrete
time system using both state and output feedback is solved in a forward in time manner
without requiring the knowledge of the system dynamics. Event driven Q-learning
techniques were developed both for state and output feedback to design the optimal
control policies. The designed event sampled optimal adaptive control policies were able

to regulate the system states in both the cases with a reduced number of controller
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executions. The adaptive event sampling conditions found to generate required number
of event sampled instants to achieve desired estimation accuracy and, hence, optimality.
It was observed that the output feedback design resulted in more number of controller
execution when compared to the state feedback. This was due to the additional
uncertainty introduced by the adaptive observer used to reconstruct the system state. In
addition, the event sampling condition turned out to be a function of estimated Q-function
parameter ensuring the desired performance and stability. It was further observed that the
initial Q-function parameters and the learning gain of the parameter tuning law affect the
number of event sampled instants. The application of this technique for NCS with
network induced time varying delays and random packet losses found to regulate the
system for delays longer than a sampling interval. The redesigned adaptive event
sampling condition for the stochastic system and tuning law ensured the asymptotic
convergence in the mean of the closed-loop system with 56% average saving in
communication,

On the other hand, for the case of nonlinear systems, in Paper Il, a NN based
adaptive state estimator was employed as a model. The event sampled NN based
approximation and weight update scheme approximated the unknown nonlinear functions
with a small bounded error. The event sampled instants were occurred frequently during
the initial learning phase, but the inter-sample times were increased with the convergence
of the NN weight estimates to their respective target values. Further, it was observed that
the change in the NN weight initialization and learning gains for the weight update
schemes affect the number of controller update. These results were validated with the

numerical examples. The dead zone operator, used to stop the unnecessary triggering



265

once the system state is in the ultimate bound, found to further reduce the redundant
computation. The introduction of a model increased the computation when compared to
model free schemes whereas it is found to be more effective in reduction of event
sampled or transmission instants and best suitable for NCS.

An event sampled near optimal adaptive regulator was proposed in Paper Ill. The
actor-critic frame work, to solve the finite horizon optimal control problem in a forward
in time manner, was redesigned with event-sampled feedback information; leading to an
event-driven adaptive dynamic programming. The near optimality is achieved in a finite
time with complete unknown system dynamics. The novel identifier structure proposed to
approximate the system dynamics with intermittent update at the event sampled instants
performed satisfactorily. The aperiodic update scheme at the event sampled instants
determined by the adaptive event sampling condition drove the NN weight estimation
errors within a small bound. With an explicit formula, the existence of the non-triviality
of the inter-sampled times were proven and corroborated by the simulation results. An
event-sampled stochastic ADP scheme was also developed to overcome the time-varying
network induced delays and packet losses as an application for the proposed design. The
stochastic optimal controller performed satisfactorily for delays more than a sampling
time.

The fourth paper presented a continuous time event-based control using
approximate feedback linearization. The novel NN weight update law as a jump in the
weights at the event sampled instants able to approximate the control input with aperiodic
update. It is observed that the initial NN learning phase plays a key role in ensuring

minimum inter-event time. In the final paper the event sampled continuous time ADP
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scheme guaranteed near optimality with a reduction in computation. The approximation
of the value function with event-sampled information was found satisfactory with a near
optimal performance. Similar to the previous paper, a larger number of triggers were
observed in the initial learning phase and therefore a proper initialization of the weights

are necessary to ensure the lower bound on the inter-sample times.

2.2 FUTURE WORK

As part of the future work, the optimization of the event sampled instants could be
considered. This needs a redefinition of the performance index by penalizing the
transmission instants which is not considered in this thesis. Although a few results are
available in the literature utilizing certainty equivalence principle, this problem in an
adaptive dynamic programming frame work will be a challenging one for a forward in
time solution. However, this will increase the effectiveness of resource utilization for the
networked control systems.

On the other hand, the event sampled control is best suitable for spatially
distributed systems. The nationwide pervasive distributed systems, such as, electrical
power grid, transportation system, formation control of mobile robots to name a few,
need large amount of computational power and communication network bandwidth.
Although, there are quite a few results available in the literature, event sampled optimal
control of uncertain distributed interconnected system is a perspective area and can be
part of future research. Application of the event based optimal control to formation

control, consensus based control can be another future area of research.
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Self-triggered control which is the counter part of the event-triggered control
could be an area of future research to explore the optimal event design schemes without
continuous measurement. This would be a more interesting problem for systems with

uncertain dynamics.
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A. REGULATION OF LINEAR NETWORKED CONTROL SYSTEMS BY
USING EVENT SAMPLED Q-LEARNING AND DYNAMIC PROGRAMMING

Avimanyu Sahoo and S. Jagannathan

Abstract — In this paper, the optimal regulation of networked control systems (NCS) in
the presence of time-varying delays and random packet losses is presented by using event
sampled state and input vector. A stochastic optimal regulator is designed using
adaptive dynamic programming and Q-learning technique with event sampled feedback
information. The Q-function parameters are tuned at the event sampled instants in a
aperiodic manner with a novel parameter tuning law. An adaptive event sampling
condition is derived analytically to determine the event sampled instants. This adaptive
sampling condition not only maintains stability and saves communication but also
facilitates parameter estimation with event sampled state and input information. The
asymptotic stability in the mean of the closed-loop system is demonstrated through
Lyapunov technique. A condition for non-trivial inter-sample times is derived. Finally,

simulation results are included to substantiate the analytical design.

Keywords - Q-learning, event sampled control, adaptive dynamic programming, adaptive
control, optimal control.
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1. INTRODUCTION

Networked control systems (NCS) [1]-[4] are gaining popularity in recent years
due to their reduced complexity and distributed architecture. However, the
communication network introduces various imperfections such as time-varying delays,
random packet losses, and quantization errors. These network artifacts deteriorate NCS
performance and may jeopardize the stability of the closed-loop system [2] with a
traditional controller. In the recent past, an ample amount of research has been carried out
for studying the stability of NCS [1]-[4] in the presence of the network imperfections.
From the optimal control point of view for NCS, stochastic Riccati equation based
approach [2][4] is used and solved backward in time.

In contrast, forward-in-time solution of the optimal policy is obtained by using
reinforcement learning [5]-[7], adaptive dynamic programming (ADP) [8], and Q-
learning [2]-[3] techniques. These schemes use policy or value iteration to solve the
Bellman [9] or Hamilton-Jacobi-Bellman (HJB) equation [8] required for computing
optimal control policy. Instead of using these computational intensive iterative
techniques, the authors in [3]-[4] presented a time-based adaptive Q-learning approach
for NCS by using the time history of the temporal difference (TD) or Bellman error to
estimate the Q-function. In all the schemes [1]-[4], a fixed sampling interval is utilized to
transmit the feedback information from the system to the controller thus requiring a large
network bandwidth.

To alleviate the problem of higher bandwidth usage, an alternate framework
referred to as event sampled or triggered control [11]-[13] is introduced in the recent

times. This control paradigm reduces both the network traffic and computation by
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orchestrating the transmissions and controller executions using a state dependent
sampling scheme. The main idea behind the event-triggered control design is the
selection of aperiodic sampling/transmission instants or simply referred as event sampled
instants without sacrificing stability and performance. The event sampled optimal control
of NCS is studied by the authors in [13]-[14]. The optimal control design still uses the
backward-in-time solution of the Riccati equation (RE) with known system dynamics.

In this paper, we present an optimal adaptive regulation of NCS represented as an
uncertain linear continuous-time system in the presence of the time-varying delays and
packet losses with event sampled state and input vector. The system state vector is
sampled periodically by the sensor whereas the feedback signals are transmitted only at
event sampled instants. The optimal regulator is designed by using novel stochastic Q-
learning and ADP [8] with event sampled state and input vector without using the
knowledge of system dynamics.

An adaptive estimator is designed to estimate the action dependent value or Q-
function parameters which are tuned at the aperiodic event sampled instants. In contrast
to traditional event-triggered control [11]-[12], an adaptive event sampling condition is
designed to determine the event sampled instants which facilitates the estimation of the
Q-function parameters while retaining the advantages of the traditional event-triggered
control [11]-[13] in terms of resource saving, stability and performance. A condition to
show the existence of the non-trivial inter-sample times is presented. However, the

optimization of the event sampled instants is not attempted.
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The remaining of the paper is organized as follows. Section 2 gives a brief
background of NCS and formulates the problem. The design procedure and simulation
results are presented in Section 3 and Section 4, respectively. Section 5 presents the

conclusion. The Appendix gives the proof for the theorems and the corollaries.
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2.BACKGROUND AND PROBLEM FORMULATION

In this section, a brief background on stochastic Q-learning is discussed. Then, the
problem of event sampled Q-learning is addressed by investigating the effect of the

aperiodic transmissions on estimation and stability.

2.1 SYSTEM FORMULATION AND PERIODIC Q-LEARNING

Consider the NCS shown in Figure 1 and represented by a linear time invariant
(LTI) continuous-time system given by

X(t) = Ax(t) + Bu(t), 1)
where X(t) e R" and u(t) eR" are the system state and the control input vectors,

respectively, with AeR™ and B €R"™™ being unknown system matrices. Before

proceeding further the main assumption on the NCS are introduced.

. Plant Trigger
ZOH = Actuator [ v _ Ay | B[] Sensor [

X, Mechanism| |

Communication network with

Delay (z,.,7,) and Packet loss (7.,)

Controller [* Q-functjgn %,
u, =K, 2 » estimdtor < ZOH |e—
Uk ‘ o Q79 &

Update Mechanism [«—

Figure 1. Structure of the event sampled networked control system.

Assumption 1: (a) The system (1) is controllable and the order of system is known [3].

The state vector is measurable and the control coefficient matrix B satisfies |B| < B,
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where B__ >0 being a known constant. (b) The sensor is time-driven and it samples the
state vector with a fixed periodic sampling time T, [1]-[4]. (c) The networked induced
time-varying delays from the sensor to the controller, z_(t), and controller to the actuator
7., (t), respectively, satisfy 7, (t) <A_ and r_(t) <dT, where A_ <T, is a constant skew
between the sensor and controller sampling instants [1] and d is a positive integer. (d)
The packet losses from the sensor to the controller, . is negligible [3], while from the

controller to the actuator y,, follows the Bernoulli distribution.

The system (1) uses a discrete time controller due to the packet switched network
in the feedback loop. The discretized version of the system (1) after incorporating the

delays and the packet losses, similar to that in [1]-[4], can be represented as
L, = Az,k Z + Bz,kuk’ 2)

where A, e R and B, e R are the transformed system matrices [3]

given by

_As 7/ca,k—lBl,k  Veaka Bl,k v Veaked Bg'k ] Veak Bo,k

0 0 0 [,

0 I 0 0 0

= " andB,, = )

A= 0 I 0 - 0 g :

: : 0 - : 0
0 0 | 0 | 0|

T
k-1

T

The vector z, =[x} ul, u, - u .]"eR"" is the augmented state vector with

X, € R" and u,_eR" are the discrete-time state and the control input vectors at time KT, .

The matrices A =e"* and B, :L:’leA(TS’S)Bds represent the discretized system matrices
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and t*, 1=0,1,2,---,d is the time instant after kT, when the delayed control inputs are
applied to the plant. The variable y,, is the packet loss indicator given by

(3)

I™", k"control input is recieved
Veak = . . .
=% 10™, k" control input is not received ,

where 1™ is the identity matrix and 0™ is a matrix with all elements zero. The

augmented system matrices A, and B,, are stochastic and time-varying. The integer d

is selected such that the pair (A, ,B,,) [4] is controllable. From Assumption 1(a) it is

clear that

Bz,k

<B, . Where B, . >0 aknown constant.

Z,max

From the optimal control point of view, consider the stochastic cost function [3]

for the system (2) given by

vV, =5{Zikr(zj,uj)}, 4)
where r(z,,u,) =2z Pz +u;Ru,_ is the cost-to-go at the time instant k . The matrices P,
and R, respectively, are positive semi-definite and positive definite penalty matrices of

appropriate dimensions and E{<} is the expectation operator (mean value) with 7 =17_
oy

and y =y, for brevity. The optimal control input can be computed online and in a
forward-in-time manner without knowledge of A, and B,, by using the stochastic Q-

learning based scheme discussed in [2]-[4]. A brief back ground is discussed here.
The stochastic optimal action dependent value function or the Q-function [3] is

given by

Q*(Zk | uk) = 5{(r(zk ] uk) +Vk+1)}: [ZI u:]E{Gk}[Z: UE]T = WkTGka’ (5)
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where V,, is the cost for time k+1 onwards, w, =[z] u/]" e®R™, 1 _=n+(d+)m

and G, e R™,q= n+(d +1)m, is the Q-function parameter matrix given by

Gk - E{Gk}:

k

Pz + 5{A2k8k+1Az,k} E{A;r,ksk+le,k} 3 |:kax GkXU :| (6)
E{B:,ksk+lAz,k} Rz + E{B;kskﬂBz,k} B GEX G_uu

The optimal control input from (6) is given by
u,, ==(G")'Gz, =-Kz,, (")
where K =(G;")"G;" =[R, +E(B],S,.,B, )" E(B],S,,A,).
With the following standard assumption, the Q-function parameters are estimated online
to execute the control (7).
Assumption 2 [3]: The matrixG, is slowly time-varying and can be expressed as a linear

in the unknown parameters.

Then, the parametric form for (5) can be represented as
Q'(z.,u)=0/<, (8)
where g, e R, |, =a(q+1)/2, is the vector form of G, as in [3], and & =w, ®w, is

the regression vector with ® denotes the Kronecker product. The estimated value of the

stochastic Q-function (8) can be expressed as

Q(Zk’uk) = W:C_;kwk = ékTé:k 1 (9)

A

where G, =| . * | isthe estimates of G and §, e R" is the vector form of G, . It is
G G

known that the optimal cost function V," =Q"(z,,u. ) when the control input is optimal.
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By Bellman principle of optimality, using the parametric form (8), the value function

satisfies
0= E{r(zk UMV, -V = E{r(zk JU)I+TAE, (10)
where AE =& ., —¢& . The Bellman or TD error with the estimated Q-function (9) can be
expressed as
&, =E{r(@.u)}+ /AL, (11)

It was shown in [3]-[4] that by using an initial admissible policy, the optimal
control policy can be attained by adjusting the Q-function parameters and using the

augmented time history of the Bellman error (11). This relaxes the value and policy
iterations. Here periodically sampled system state vector, X, , is transmitted to the

controller for implementing the scheme which consumes significant network bandwidth.

The problem of event sampled intermittent transmission is discussed next.

2.2 PROBLEM FORMULATION
In this paper, our main objective is to transmit the system state vector X, and

execute and transmit the control policy u, at the event sampled instants. In addition, the

Q-function parameters are estimated with the constrained information to achieve

optimality. Let a subsequence {k }" of time instants k € N be the event sampled instants
with initial transmission at k, =0. Then, the transmitted state vector held at the controller
till the next transmission denoted by X_ is given by

2 =x, k <k<k_, Vi=12,. (12)

ki ! i+l
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Thus, the event sampled augmented state vector Z, at the controller is defined as

2k=Zki, ki£k<ki+l’Vi=1’2"“’ (13)

T T

where z =[x, U U u, I, Vi=12,--is the augmented state formed by

storing the previous values. The error introduced by the event sampled transmission
referred to as event sampling error is given by

e, =2 —2%, k<k<k,, Vi=12,---. (14)

ET .k
The event sampled instants Kk, Vi=1,2,--- are determined by a state dependent event

sampling condition evaluated at each sensor sampling instant k at the trigger mechanism.
A transmission decision is made only at the violation of the condition. This enables the

control update and resets the error, e__ ., to zero for the next cycle of operation.

ET k!

Now, the optimal control input (7) with event sampled state vector (13) becomes

*

ek

u,=-Kz =-K7z +Ke.,, k<k<k,,. (15)

BTk
The estimation of the Q-function in a parametric form (9) with event sampled state vector
(13) is rewritten as
O(2,u)=WGW, =G/ &, k <k <k, Vi=12,, (16)
where £ =W, ®W, is the event sampled regression vector with W, =[2] u]". The
event sampled Bellman error (11) by using (12) becomes
&, =E{r(Z,u)}+ g'AE  k <k<k ,  Vi=12,--. (17)
The additional error introduced due to event sampled transmission can be seen by

rewriting (17) in the form of (11) to get g,, = E{r(z,,u)}+0,; A& +E(z,,6.,) . The
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error 2(z,.e,, ) =E{r(2,,u)—r(Z. u,.e. )}+3 (AE —AE)is a function of the event
KW=E ,

sampling error both in the cost-to-go and the regression vector. Further, since the
Bellman error (17) gets updated only at the event sampled instants, the Q-function
parameters must only be updated at that time. This reduces the frequency of the
parameter update when compared to the traditional adaptive control [15]. Since the
Bellman error is driven by event sampling error, the proposed technique is referred to as
event driven dynamic programming.

From the above discussion, for an optimal policy the event sampling condition
needs to be designed in such a way that the estimated Q-function parameters converge to
the optimal values while keeping the transmission small. Since the event sampling error
is driving the estimation, a smaller error will increase the accuracy of estimation,
transmission and computation. Therefore, a properly designed event sampling condition
IS necessary to create suitable number of transmissions in order to minimize this error as

presented in the next section.
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3.EVENT SAMPLED OPTIMAL REGULATOR DESIGN

The structure shown in Figure 1 is used for the proposed design. In contrast with
the traditional event-triggering conditions [11]-[12], the threshold in the proposed event
sampling condition is adjusted with the update in the estimated Q-function parameters.
This leads to a transmission scheme based on both the parameter estimation error and
system state. On the other hand, once the parameters converged close to target values, it
becomes the traditional event-triggering condition [11]-[12].

The challenge in implementing the adaptive event sampling condition is the
transmission of the estimated Q-function parameters between the trigger mechanism and
controller which will require a large bandwidth. This can be avoided by using a mirror Q-
function estimator at the trigger mechanism to estimate the Q-function locally provided
the information at both sides of the network (trigger mechanism and controller) are same.
Thus, the mirror Q-function estimator is designed to operate in synchronism with the one
at the controller. In other words, the mirror and the actual Q-function estimators are
initialized with the same initial conditions and get updated at the event sampled instants.
As we will see later, the update of the Q-function parameter estimates require the state

vectors, X andx, ,,Vi=12,---, it is proposed that they are packetized together and

ki1
transmitted to the controller at the event sampled instants.
Remark 1: From Assumption 1, the delays between the sensors to controller satisfy

7. <A, and the packet losses are considered negligible. Thus, the mirror and the actual

Q-function estimator use the same state information for updates. The addition of a mirror
increases the computation when compared to a single estimator at the controller but the

overall computation is reduced due to event sampled implementation.
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3.1 EVENT SAMPLED Q-LEARNING AND CONTROLLER DESIGN

Consider the event sampled estimation of the Q-function in (16) and the Bellman
error in (17). The Q-function estimated parameters will be updated only at the event
sampled instants with 2 =z, for K=Kk , Vi=12,--- using the Bellman error. The
Bellman error (17) at the event sampled instants becomes

&, = E{rz u)}+G/AS, k=k vi=12,--. (18)

An augmented Bellman error, similar to [3], using the time history can be written as
E, =I,+0/Z, k=k,Vi=12,, (19)
where I, :[E{r(zk- ' Uy )} E{r(zk- U )} E{r(zk-—l—v’uk- )}] e R and
.y ! ! T,y i-1 i-1 T,y i i-1-v

Z =[AS, AS . - Agkl_l_v]eﬂﬁ'ng is the history of the cost-to-go and regression

vector, respectively. The difference between the augmented error (19) and that in [3] is
that (19) uses the histories only at the event sampled instants. It is clear that convergence

of E,, to zero ensures the convergence of g, . The length of the time history V is
determined based on the designer’s experience and v <I —1 found to be suitable for the

estimation during the simulation study. A larger size of the history information will lead
to a faster convergence.

The tuning law to update the Q-function parameter estimates can be selected as

[(@]}

_ avzk—lE\-/r,k—l k — k
g =4 " h+ziz] " (20)
k k-1"k-1

9., k., <k<k,
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where ¢, >0 is the adaptive gain parameter. The tuning law (20) is aperiodic due to the

event sampled instants. This reduces the computation when compared to a periodically

sampled adaptive control [15].

Remark 2: The computation of the regression matrix Z, , in (20) at the event sampled
instants requires the augmented state z, and z,_, which is formed at the controller using
the received state vectors, x, and x, . Therefore, it is proposed that both the state

vectors are packetized together and transmitted at the event sampled instants.
By using the estimated Q-function parameters, the event sampled estimated

control policy can be expressed as

=—K? k <k <k

k=k? i+17

=12, (21)
where Kk:(ciak““)*lék”x with ék“* and ék““ defined in (9). Denoting the Q-function

parameter estimation error g, = g, — g, , the dynamics, from (20), can be represented as

5 o WLE E
S [F25 A | (22)
éw ki <k< ki+1'

Remark 3: It is necessary that the regression matrix Z, must satisfy the persistency of
the excitation (PE) condition [15] for the convergence of the estimation error g, to zero.
This further implies the regression vector £, must satisfy the PE condition. The PE

condition can be enforced on the regression vector &, by adding an exploration noise to

the control input as discussed in [3].
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The event sampled Bellman error can alternatively be represented in terms of the

parameter estimation error g, by subtracting (10) from (18) and found to be
e, =—0, A&, k=k; . Thus, the augmented Bellman error can be written as
E « :_ﬁl;rzk’ k=Kk. (23)

We will use this alternate expression while carrying out the proof for the following
theorem.
Theorem 1: Consider the NCS dynamics (1), represented as an augmented system (2)

along with the Q-function estimator (16) and the parameter tuning law (20). Let the

Assumptions 1 and 2 hold and the initial parameters g, €Q with  a compact set.
Suppose U, be the initial admissible control policy and the regression vector &, satisfies
the PE condition. Then, for an adaptive gain 0<¢, <2, the Q-function parameter
estimation error §, converges asymptotically to zero in the mean when the trigger

instants k. — oo, or, alternatively, the time k — 0.

Proof: Refer to the Appendix.

3.2 EVENT SAMPLING CONDITION AN D CONVERGENCE ANALYSIS
The closed-loop dynamics of the event sampled system by using (2) and (22) is
given by

2y = Az,kzk - Bz,k Kk Z, + Bz,k Kke ki <k< ki+1'

ET k?
Defining the control gain error K, =K’ — Kk and using (7) the closed-loop dynamics can
be rewritten as

Zia, = Az,ka + Bz,ku;,k + Bz,k Kk Z, + Bz,k Kke ki <k< ki+1' (24)

ET .k i
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Next we introduce the following adaptive event sampling condition. Consider the

event sampling error (14). The system states are transmitted when the condition

HeET,k H <oezd. (25)

is violated where o, = \/F(l—Sy)/3BZ

Z,max

A 112
K,

is the adaptive threshold coefficient ,

0<I'<l and K, is defined in (22). The constant u  satisfies

k

HE{Az,ka +B,,u ) < pt|z,| as discussed in [3]. Further, it was found from Theorem

2 that 0< u<1/3 will ensure asymptotic stability in the mean of the event sampled
system. To ensure the estimated value of |k, | is not zero while evaluating the trigger
condition (25), the previous nonzero value is used when the estimated value becomes

Zero.

The asymptotic stability in the mean [17] for the closed loop system (24) is shown
by considering a single Lyapunov function candidate, L, , for both event sampled instants

and inter-sample times. As the parameters and the control policy are only updated at the
event sampled instants and held during the inter-sample times, the Lyapunov function
may not decrease monotonically during both the cases. This is not necessary as discussed

in [12]. We only need to show the existence of a piecewise continuous function
h(k)eR", such that
h >L and Limhkzo,keN, (26)

holds as illustrated in Figure 3 given below.
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| []
K-1 k k1  k+3  ki5 k47  k+9  k+l1

Figure 2. Evolution of the Lyapunov function during the event sampled instants and inter-
sample times and the upper bound function.

Theorem 2: Consider the uncertain LTI discrete-time system (2) with the Q-function

estimator (16) and the state feedback controller (21). Suppose the Assumptions 1 and 2

hold and the regression vector, &, , satisfies the PE condition. Let the initial parameter
estimate g, eQ, . Given an initial admissible control policy u, € 3, —R" and adaptive

gain parameter satisfying 0 < ¢, <2, the closed-loop event sampled system (24), with the
event sampling condition (29) and update law (20), is asymptotically stable in the mean
as k. —oo. In addition, the control input u, —u;, as k; — oo or alternatively, k — .
Proof: Refer to the Appendix.

Corollary 1: Consider the NCS (2) with the Q-function estimator (16) and the state

feedback controller (21). Then closed-loop event sampled system (24) is asymptotically

stable in the mean with the event sampling condition given by

J&cr | < (0ers /@+ o D)2 - (27)

Proof: Refer to the Appendix.
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The event sampling condition is evaluated at every time instants k with a fixed
sensor sampling time T_. Therefore, the minimum time between two consecutive event
sampled instants is T, . Alternatively, 5k, =min{k , —k }=1. A condition to achieve the

non-trivial inter-sample times i.e., ok =k, —k >1, to save the communication and

computational load, is presented next.

Theorem 3: Given the hypothesis of Theorem 2 with the event sampling condition (27),
the inter-sample times ok =k, —k implicitly defined by (27) satisfies
Sk, 2 In(1+@WM,)(F -1),)/In(F " (28)

where o, =0, /(+0,,) for the i" inter-sample time. Further, F =/ +B,, K.,

and M, = (\/u+B,,.,

K, |+D with K., is the maximum value of the optimal control

gain matrix. Further the inter-sample times Sk, become non-trivial when o, /M, >1.
Proof: Refer to the Appendix.

Remark 4: The function M, and the threshold coefficient o, depend on the control

ET k;
gain estimation error K, via the relation K =K' —K, . Hence, the inter-sample times

Sk, in (28) are a function of K, or g,. It is clear that the convergence of g, close to

zero, as proven Theorem 1, will satisfy the non-triviality condition. This further implies
that the number of triggers will depend on the initial Q-function parameters and the

adaptive learning gains.
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4. SIMULATION RESULTS
The bench-mark example of batch reactor [2] is presented as an example in this

section whose continuous-time dynamics are represented by

138 -0.2077 6.715 -5.676 0 0

- -0.5814 -4.29 0 0.675 it 5.679 0 "
1.067 4273 —6.654 5.893 1.136 -3.146
0.048 4273 1343 -2.104 1.136 0

The following parameters were chosen for simulation. The initial vales were as

chosen as z,=[0.2 1 -3 0.5]T and @, is random from a uniform distribution in the
interval [0, 1]. The delay bound for 7, is d =2 to retain the controllability of the system

[3] with a mean value of 12.5 ms as shown in Figure 3 (a). The packet loss y,, follows
the Bernoulli distribution with p =0.8 as shown in Figure 3 (b). The plot in Figure 3 is
shown for 2 sec for clarity where 1 indicates the packet is received and 0 indicates the

packet is lost. The sensor sampling time was selected to be T, =0.01sec. A quadratic cost

function (4) was selected with P, =101, and R =107°1,, where | is the identity

matrix. The learning gain «, was selected as 0.05 satisfiesO< ¢, <2, I'=0.99, and

4 =0.25. A Monte Carlo simulation is run for 25 sec or 2500 sampled instants.

The performance of the event sampled optimal regulator is shown in Figures 3 to
6. The state vector is regulated to zero by the proposed regulator as shown in Figure 4 (a).
It is clear that this event sampled regulator is able to handle random delays and packet
losses in the presence of uncertain system dynamics. The optimal control policy is

shown in Figure 4 (b). The convergence of the event sampled Bellman error to zero
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shown in Figure 4(c) indicates that the optimal cost is attained with the designed

regulator.

0.02 ;
>
% 0_01—| |—||_’-— ] |_| Delay
3% Ut LTH
@ 0 5 10 (@) 15 20 25
o 1 ‘ ‘
o)
% 0-5 { *— Packet loss
&U Qs e S0
0 0.5 15 2

Time (3ec)(b)

Figure 3. Distribution of (a) delays; and (b) packet losses.

The evolution of the event sampling threshold and error are plotted in Figure 5
(@). The event sampled or the transmission instants are illustrated in Figure 5(b). The
vertical lines shows the inter-sample times. The minimum inter-sample-time observed is
the sensor sampling time, i.e., 0.01 sec. Further, it is clear that nontrivial inter-sample
time exist (height of the vertical line) as discussed in Remark 4. The mean value of the
cumulative number of event sampled instants during the simulation time is found to be
853 as shown in Figure 6 (a). Therefore, the transmissions and computations are reduced
when compared with the traditional discrete time systems. A comparison of computation
using the mean value in terms of the additions and multiplication is shown in Table 1. A
30% reduction of the computation is shown in case of event sampled NCS when

compared to its periodic implementation.
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Figure 4. Convergence of: (a) closed-loop state vector; (b) event sampled optimal control
policy; and (c) event sampled Bellman error.
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Figure 5. Evolution of (a) the threshold and event sampling error; and (b) inter-sample
times.

In terms of bandwidth usage, assuming a packet size of 8 bit data, Figure 6(b)
depicts the comparison of data rate in bits per sec (bps) between the event sampled and
the traditional periodic schemes. It is evident that the proposed event sampled scheme has

a low average data rate. A saving of 56% in the bandwidth usage was observed during the

simulation time.
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Table 1. Comparison of computational load between traditional periodic sampled and
event-based non-periodic sampled system

. - Event-based
Traditional periodic -
System non-periodic
sampled sampled
Samping instants 2500 853
VFE 13 13
Number of Controller 3 3
additions and Undate law
Multiplications at P 65 652
every sampling Contrqller and
instant Mirror
Trig. Con 0 7
Total number of Computation 202500 142038
1000
.fZ: 5 -"_"'—/#
= 9 500 —
§ s — Number of Triggering
0o 500 1000 1500 2000 2500
= 1000 Sampling instants (k)(a)
S O SRRSO SRR
£ 500 F\M
o N —
% { """"" Time triggered event-triggered {
e Oo 5 10 15 20 25

Time (sec)(b)

Figure 6. Comparison of the: (a) cumulative number of events with sampled instants; and
(b) data rate between periodic and event-triggered system.
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5.CONCLUSIONS

In this paper, we presented an event sampled optimal regulator design of an NCS with
time varying delays and random packet losses. The novel adaptive event sampled
condition along with the tuning law is able to regulate the parameter estimation error and
the Bellman error. Finally, the simulation results substantiated the analytical design. It
was found that the event sampled Bellman error converged to zero guaranteeing optimal
solution. Further, it was determined that the proposed event sampled adaptive optimal
regulator is not only able to handle the delays and packet losses but also helps to regulate
the state vector while saving the network bandwidth and the computation thereby

validating the analytical design.
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APPENDIX

Proof of Theorem 1: The proof is carried out by considering a single Lyapunov function
candidate and evaluating it both at the event sampled instants (with parameter update)
and inter-sample times (no update). Both cases are combined together to show the

asymptotic convergence of the Q-function parameter estimation error.
Case I: At the event sampled instants (k =k;, Vi=12,---)
Consider the Lyapunov function candidate given as

L., =0,0,, k=k,Vi=12... (A1)
The first difference, AL, =E{g;,.0,.,}-0,7, , along the Q-function parameter

estimation error dynamics (22) for the case k =k, becomes

1+Z]Z ) @, + (@ ZE /1 +Z7Z )}-§;G,. k=k

AL, =E{@, +(ZE"/
Substituting the Q-function error, E,,, from (23), the first difference is given by
ALy, <-a,(2-a)8; E{Z.Z] /|1 + Z;Z 39, k =k;.
Observe that Z, satisfies the PE condition. Therefore, it holds that

Z.» <E{2.Z]| /|t +Z{Z [} <1, k=K. Then, the first difference is bounded above by

AL, <-a,(2-a,)Z%, || <0 k=K, (A2)

by selecting the learning gainO< ¢, <2. By Lyapunov theorem [16], the Q-function

parameter estimation error is bounded at the event sampled instants. Next, we will

evaluate the same Lyapunov function during the inter-sample times.
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Case I1: During inter-sample times (k, <k <k ,)
Consider the same Lyapunov function as in Case I. The first difference along the

Q-function parameter estimation error dynamics (22) for k. <k <k, is given by
ALy, = E{GL.8.3- 3, =0, k <k <k, (A3)
Note that, initial value g, is bounded since g, is initialized in a compact set and the
target parameters @, are finite.
Next, by combining both the cases we need to show that |, | — 0 as k — oo with

trigger of events. From Case I, AL, <0, this implies|g, .,

<|@, |- The first difference

(A.2) can be expressed as

ALé,k, = E{g:;+ljki +1}_ ékT, éki < ||§k, +1 ’ _||§k, ”2 = Y (2 ey )Z_:]in ﬁki Hz .
Rearranging the above equation leads to
6] <@a-p|a.]  k <k<k.. (A4)

where 0< S =a,(2-a,)Z,, .

<1. From Case II, AL, =0,k <k<k,, Vi=12,-,

therefore, Hﬁki o

=18, =[d..| k <k <k.,. By solving this difference inequality (A.4)
recursively with initial condition Hﬁko H:||§O||: B., and using comparison Lemma [17],

(A.4) satisfies

i+1

<G| <-p)" G =B, vi=L12, (A5)

Hékﬁl
Observe that B, , is a piecewise constant and converging sequence of functions

since 0<1-pg<1. This implies limB,  =0. It follows that g, —0 as the event

j o0
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sampled instants k — . Since k; is a subsequence of k e N, k — oo implies k — 0.

From the above, we can conclude that g, —0 as k — oo, ]

Proof of Theorem 2: To show the asymptotic stability in the mean we will prove that
conditions in (26) holds by defining a piecewise continuous upper bound function on the
Lyapunov function for all timek e N..

Case 1: At the event sampled instants (k =k, ,Vvi=1,2,---)

Consider a positive definite Lyapunov function candidate

L =AL, +A,L (A.6)

27g,k’?

_ 5T
_Zk

where L z. and L, =0,9, . The positive constant coefficients

2k
A =a@2B, CIXW; and A, =2@/a,(2-a,)Z,, with0<a, <2, 0<a@<1, C,
Y,,, and W,, are positive constants defined during the proof.

The first difference of the first term AL, = E{z }-Az k =k, along the

k+17k+1 k k'

closed-loop dynamics (24) for k =Kk , i.e., with Z_ =z, and €., =0, can be written as
ALz,k :5{(A,kzk + Bz,ku:),k zk k k) (Azk + Bz kupk + sz k k)} Zk Zk’ k= k

By applying Cauchy-Schwartz (C-S) inequality and using Frobenius norm, the

first difference leads to

AL, <2E0A, 2 +B.0L [ -Jaf +2Ef

sz k kH}

~A,@-2u)|z +2A,B

\Kz” k=k, (A7)

17"z, max

where

<B,,,. and Eyﬂ‘Al z, +B, upkH y<ulz| -
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The first difference of the second term, AL. , remains same as in (A.2) of

g.k?
Theorem 1.

Now, combining (A.7) and (A.2) the overall first difference is given by

AL, <-A,@-24)||z,| +2A,B

17 z,max

5. k=k. (A8)

‘K H _Azav (2_av)z_min
Since K, is a function of Q-function parameter estimation error §, , it holds that

HKKH:Hf(ﬁk) <C,[d,| where C,>0 by Lipschitz continuity. Further, the initial

control input u, is admissible, thus, the time history H[Am1 B...]

<Y, and

W, .| <W, where w,_, =[z,, ul,]. By using the above facts and substituting the

k-1

definition of A, and A, from (A.6), (A.15) is bounded as

AL, < A( Wzl +28,8., COrWg |6, - Ae 2-a)Z,, 6]

17z, max

(A9)
A, (1~ )||Z [-alal-

for k =k where 0 <@ <1is a constant defined in (A.6). Since0< 1z <1/3, it is evident
from (A.9) that AL, <0and, hence, the Lyapunov function L, k =k, is a non-increasing
function, ie., L, <L, .

Case 2: During the inter-sample times (k; <k <k, )

Consider the same Lyapunov function as in Case 1. The first difference of the first

term along (24) for k <k <k, and with simple mathematical manipulation using C-S

inequality and Frobenius norm is upper bounded by

1=z, max ET,kH "

AL, <—(1-3p)|z,| +3E{

B,.K, |}z +3A,B
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Recalling the event sampling condition (29) and substituting in the above first difference,

one can further obtain

AL, <—A,(1-T)(1-3u)||z, || +3A,B

17 z,max

ciraws &

for k <k <k_,. From (A5) in Theorem 1, we have g, | :Hﬁki+l o Ko<k <k,
Then, the first difference is bounded above by
AL <-A,(1-T)@-3w)|jz| + B\ .. k <k <k, (A.10)

where B =3A B’ C; Y2 W?ZB.

g.ki+1 17"z, max M =g k+1

Next, the first difference of the second term is same as in (A.3) of Theorem 1.
Finally, the overall first difference, by combining the (A.18) and (A.3), can be

expressed as

AL, <-A,(1-T)@-3p)|z [ +8B7, . k <k <k, (A.11)

g.ki+1? i

From (A.11), the first difference of the Lyapunov function AL, <0, as long as

2> |/BE,../A@-T)(1-3u) =By, k <k <k,. By Lyapunov theorem [16], z, and

g, , k <k <k, are bounded. Observe that, B,

51N (A5), B, ., and B, in (A.11) are

9.k +1

piecewise constant for i" inter-sample time. Again, from (A.11), it follows that, |z, |

outside the ball of radius B",, k <k <k, will decrease to the ball. Therefore, the

i+1

Lyapunov function L, , k <k <k, Vi=12,--- will converge to a bound B_, in finite

i+1 7

time where B_, is define as

W =M(BL) +A,B k <k<k,, (A.12)

g.ki+1 7 N
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The bound B, in (A.12) is computed from (A.6) using the upper bound Bk“iﬂl of z,

from (A.11) and B, ., of g, from (A.5) for k <k <k, .

ghq+1

From the above, we can define a piecewise continuous function h_ such that the

conditions (31) holds. Consider the Case | and Case Il and define a piecewise continuous
function

h =max{L,B_}, vkeN. (A.13)

It is clear that h, is positive definite and h > L, ,vk e N. Further, from Case I,

L..<L and Case Il, L, —>B ,, k <k<k, in a finite time. Furthermore, from

Theorem 1, we have B;, , — 0 ask; —co. This implies, B, =0 and, hence, B_, —0

as k —oo. Therefore, h, — 0 as k, — oo or, alternatively, k —oo.
Consequently, from both the cases, the closed-loop system state and Q-function
parameter estimation error converge to zero asymptotically in the mean.

Finally to show that, u, —u_, , consider the difference

*

ek -

u

u] = [Kiz - Kz,

<G, 8.

@

since, |G, >0 u, > u;, as k —>oo. n
Proof of Corollary 1: The event sampling condition (27) can be rewritten as

O [€er e | < oer 2

By rearranging the expression one can reach at

Z,

”eET,k ” SOy ( _”eET,k ”) S Ogry ||2k € || = Oeri ”Zk ”
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Since the hypothesis of Theorem 1 holds, the closed-loop NCS is asymptotically
stable in the mean. [
Proof of Theorem 3: Consider the event sampling error (14). The error dynamics for

k <k <k, isgiven by

E{Azz+Bu +B, Kz +B Ke

2,k Tk Tk 2k NKCET KT }

<+ B, Ko) e |+ (B, e

ET k+1

‘K H+1+ I

where ||Kk || <K' .Recalling (13) and substituting in the above equation, it reveals that

< Fllea ]+ Mz, <k<k, (A14)

” ET k+1

where F =.[u+B

Z,max max

and M. —(\j_+B HK H+1) The variables z, and M,

(A.14) are constant during the i" inter-sample time. Hence, (A.14) becomes a stochastic
difference equation with constant input. The solution of difference equation, (A.14) by

using comparison lemma [17], is bounded above by
Jecr < 20 M2 | (FY < = (F** —)M, [z, | /(F -1). (A.15)

Now at the k., -th event sampled instant we have [eq,

= |z where
0, =0, [(A+o0., ) is the threshold coefficient, from (27), for i inter-sample time.
Then, expressing (A.15) for k., time instant, it holds that

[Py —1M, [z, ][/(F -D 2 o[z ]

By solving this, the inter-sample times Sk, satisfies

Sk 2In(1+ WM, )(F -1)o,)/In(F) ,Vi=12,---. (A.16)
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Further, from (A.16), the inter-sample times becomes non-trivial when
In (1+ YM)(F-Do, ) > In(F)

Alternatively, o,/M, >1. n
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B. OPTIMAL REGULATION OF NONLINEAR NETWORKED
CONTROL SYSTEMS BY USING EVENT-DRIVEN ADAPTIVE
DYNAMIC PROGRAMMING

Avimanyu Sahoo and S. Jagannathan

Abstract — In this paper a stochastic near optimal regulation of nonlinear networked
control systems (NCS) is presented with event sampled state and input vector. Event-
driven stochastic adaptive dynamic programming (ADP) based technique is utilized with
neural networks (NN) to design the near optimal policy. An actor-critic framework with
event sampled feedback information is utilized to implement the ADP scheme. The system
dynamics are approximated by using a novel NN identifier with event sampled inputs.
The stochastic identifier, actor, and critic NN weights are tuned at the event-sampled
instants leading to aperiodic tuning laws. Above all, an adaptive event sampling
condition based on estimated NN weights is designed by using the Lyapunov technique to
ensure ultimate boundedness of all the closed-loop signals and to ensure approximation
accuracy. The net result is event-driven approximate dynamic programming technique
that can significantly reduce the computation and network transmissions. Finally, the

analytical design is substantiated with simulation results.

Index Terms - Adaptive dynamic programming, event sampled control, neural networks,
optimal control.
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1. INTRODUCTION

The presence of the packet switched communication network between the plant
and the controller in a networked control system (NCS) [1]-[7] brings in the unavoidable
network constraints. These constraints are of the form of time-varying network induced
delays, random packet losses, quantization error and congestion. A traditional controller
may jeopardize the stability and performance of the NCS in the presence of these
artifacts. The effect of these constraints on stability of the linear and nonlinear systems is
studied in detail by various authors [1]-[7].

Traditional optimal control methods are also extended to NCS [3] by using
stochastic Riccati equation. Since, the backward-in-time solution is not preferred in
practical implementation, adaptive dynamic programming (ADP) [5]-[6], [8]-[15] in
conjunction with reinforcement learning technique is used for a forward-in-time and
online solution. In general, policy and value iteration based techniques [9] are used to
solve the Hamilton-Jacobi-Bellman (HJB) equation to compute the optimal control
policy. These iterative approaches are computational intensive and may require the
complete knowledge of the system dynamics.

In the recent years, the ADP scheme is also extended to the NCS with time-
varying network induced delays and random packet losses where the system dynamics
become uncertain and stochastic [3]-[6]. A time-driven ADP scheme without using the
knowledge of the system dynamics and policy/value iteration is presented in [4]-[6] both
for linear [4] and nonlinear systems [5]-[6]. Although these schemes [3]-[6] result in

satisfactory performance and stability requirement under periodic sampling and
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transmission, they, however, lead to higher computational cost and require considerable
network bandwidth.

State based sampling and transmission scheme when used for control, formally
known as event-triggered control (ETC) [16]-[21], is found to be effective in terms of
resource utilization with a certain level of performance guarantee. The ETC scheme for
NCS with inherent network constraints such as constant or time-varying delays and
packet losses presented in [16]. A reduction in network bandwidth usages with
asymptotic stability for bounded delays and packet losses is shown. The design assumed
the complete knowledge of the system dynamics for implementation. On the other hand,
optimal control with event sampled transmission is studied by various authors [19]-[22].
The traditional backward-in-time solution of the Riccati equation (RE) is used under the
assumption of separation principle [20], [22]. To the best knowledge of the authors, no
known event-driven ADP scheme is available for nonlinear NCS (NNCS).

Therefore, in this paper, we propose a stochastic event sampled optimal regulator
design for NNCS with network induced time-varying delays and random packet losses.
Stochastic actor-critic neural network (NN) based ADP scheme is introduced with event
sampled state and control input vector. The optimal regulator is designed for systems
with completely uncertain system dynamics and time delays greater than one sensor
sampling instant in the network between the controller and actuator. The main differences
between the ADP scheme presented in this paper and that in [5]-[6] include: the NN-
based approximation of the dynamics with event sampled state and input vectors and the
NN weight tuning only at the event sampling instants leading to an aperiodic update.

Therefore, the ADP scheme in this paper requires the design of a novel event sampling
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criterion in order to facilitate the event sampled NN approximation and retain the
advantage of the traditional ETC [16]-[18].

First, the universal NN approximation property is revisited in the context of
event-based sampling. The system dynamics, the control policy, and the value function
are approximated using the event sampled identifier, actor, and critic NNs, respectively.
The NN weights are tuned at the sampled instants to force the Hamilton-Jacobi-Bellman
(HJB) error to a minimum. The adaptive event sampling condition is designed based on
the approximation accuracy and the system stability to determine the sampling instants.
This adaptive sampling condition assists the approximation with reduced communication
and computation. Finally, the ultimate boundedness (UB) in the mean of the closed-loop
event sampled system is presented using the Lyapunov technique. A preliminary version
of the work is published in [23].

The remaining of the paper is organized as follows. Section 2 presents a brief
background on stochastic ADP and formulates the problem. Section 3 presents the
detailed design procedure. Before concluding in Section 5, simulation results are included

in Section 4. The appendix gives details of the proof of lemmas and theorems.
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2.BACKGROUND AND PROBLEM FORMULATION

In this section, a brief background on the reformulation of the NCS dynamics
incorporating the delays and packet losses is presented. Then, the problem we considered

in the paper is formulated.

2.1 NNCS REFORMULATION
Consider the NNCS represented by a nonlinear continuous-time system described
by
X(t) = £ (x(1)) + g(x@®)u(t) 1)
where X(t) e R"and u(t) € R" represent the system state and the control input vectors,
respectively. The nonlinear functions f(x(t))eR" and g(x(t)) e R™™ denote the
internal dynamics and the control coefficient function, respectively, with f (0) =0atx=0
being the unique equilibrium point. It is considered that the functions f (x(t)) and g (x(t))

are unknown with the following standard assumption.

Assumption 1[6]: The system (1) is controllable and observable and the system state

vector is measureable. The matrix g(x) satisfies|g(x)|<g,, in a compact set for all

xeQ, with g,, >0 is a known constant.

Considering the networked induced time-varying delays from the sensors to the
controller, 7. (t), the controller to the actuator, 7, (t), and the random packet losses y(t)
between controller and actuator, the system in (1) can be expressed as [2]

X(t) = £ (x(1)) + 7O 9g(x®)u(t -7, (1)), 2

The packet losses y(t) is denoted by
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® I ™", control input received at actuator at time t,
y\)= . .
0™",control imput lost at time t.

For reformulating the dynamics of the system by incorporating the network
constraints, the following properties of the communication network are assumed [2]-[4].
Assumption 2:

(a). The sensor is assumed to be time driven and samples the system state at a fixed

sampling interval T, [2] whereas the feedback and control input is transmitted at event

sampled instants;
(b) The communication network used is a wide area network so that the sensor to

controller and controller to actuator network induced delays are considered independent

and satisfy the following criteria. The delays 7, <A, [2] and 7., <dT, where A, <T,

S
between the sensor and controller sampling instant is the fixed skew and d is a positive
integer [2]-[4];

(c) The packet losses between sensor and controller is negligible and the distribution
between controller to actuator is known;

(d) The initial system state is deterministic [3][4].

Since, the communication network uses packet switched transmission and for

implementation the regulator in a digital platform, a discrete-time formulation of the

system is necessary for the control design. The system dynamics (2) can be discretized by
integrating it within a sensor sampling interval [KT, (K+1)T.] for all keN . The
discrete-time representation is given by [6]

Xea = 'ET,y (Xk WU, 'Uk,a) + Gr,y (Xk WUy 'uk,a)uk (3)



309

where Ifryy(xk,ukfl,---uk_a) and Gryy(xk,ukfl,---,uk_a) are the transformed NCS dynamics
given in [5]-[6]. The vector x, = x(KT,) is the discretized state vector, u((k —1)T,) =u, ,,

1=0,1---,d is the delayed control input. It is possible that the control input vectors
arrive simultaneously at the actuator. Thus, a packet reordering mechanism selects the
latest control input for use.

By selecting an augmented state vector z, =[x, u;, --- u; I, the discrete-

time system (3) can be presented in a compact form as

2. =F(z)+G(z )y, (4)
where F(z)=[F (XU U, 5) 0" u uf o]0 e R and
G(Zk)=[ér,y(xk1uk_1v"',uk_a)| .| o - 0]e R™ "™ with [al B| C] denotes the

vertical concatenation of the matrices A , B and C. The matrix | is the identity matrix
and ‘0’ represents the null vectors or the matrices of appropriate dimensions. The
transformed system is a stochastic uncertain nonlinear system due to the presence of

random packet losses and delays. From Assumption 1 and definition (4) the stochastic
matrix functionG(z,) satisfies |G(z,)|<G,, with G, >0 is a computable constant [6].
To design an optimal controller for the system in (1) in the presence of the
networked induced time-varying delays and packet losses, it is sufficient to design an
optimal controller for the augmented NCS dynamics in (4). With this respect, consider

the value function given by [3][4]-[6] as

V, :5{2?_; 2,Q,z; +u; Rzuj}, (5)
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where Q, e R™™™ and R e R™™ are, respectively, symmetric positive semi-definite

and definite penalty matrices. The operator E(+) is the expectation operator over all the
TY}/

random delays and packet losses. The initial control, u,, is assumed to be admissible [15]

to keep the value function finite.

The value function (5) can be written as

V. =E {Zik 2;Q,z, +U] Ryu, } +V, (6)

4

_ o0 T T - -
where V, , = E{Zj=k+1zi Q,z; +u; Rzuj} is the cost from K+1 onwards. The optimal

control input by differentiating the optimal value function

V, =min(E{z;Q,z, +u;R,u.}) +V,,, can be represented as
U 7y

U: = _(]/2) rE{RglGT (Zk)avktrl/azku} . (7
By using (7), the discrete time HJB equation can be expressed as
Vk* = TEy{ZI Q.7 + (]/4) (avk*jl/azku) G(Zk)RjGT (z, )(avk*+l/azk+l)}+vk:l . 8

Since, a closed form solution of (8) is quite difficult, stochastic ADP based techniques
[5]-[6] are used for an online and forward-in-time solution. Next, the problem of event

sampled stochastic ADP is formulated.

2.2 PROBLEM STATEMENT

Our objective is regulate the augmented system dynamics of the NNCS (4) with

event sampled feedback information minimizing the value function (5). The event
sampled instants can be characterized as a subsequence {ki}i1 of periodic sensor

sampling instants ke N. We will assume the initial event sampling instant is at time
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k, =0 and the initial state and control input are transmitted. The event sampled state
vector denoted by X, held the controller by the zero-order-hold is given by
X =X, k<k<k, Vi=12,--. 9)
where X, , Vi =1,2,---is the state vector at the event sampled instants..
The event sampled augmented system state vector by using X, can be expressed
as
Z, =7, k<k<k,, (10)
where z, =[%¢ ug, ---u ;1" and z, =[x ug, u; ;1". The corresponding error between
z, and Z, can be expressed as
€y =2 —Z, K <k<k,,Vvi=12,-- (112)
where e is referred to as event sampling error . This event sampling error (11) is reset
to zero along with the update of X, at the sampling instants and denoted by
e =0, K=k, Vi=12,--. (12)

Since, the system dynamics, the value function, and the control input are
unknown, the NN approximation property with event sampled information is revisited

next.
Consider a continuous stochastic function h(z,) e R" in a compact set for all
z, €€),. By universal approximation property, the function h(z,) e R" in the compact

set can be expressed as

h(z,) = Er{VVhTUh(Zk)-’_gh(zk)}i (13)
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where E{W,}eR"" is the unknown constant target NN weights, v, (z, ) eR" is the
(374

periodic sampled activation function, and &,(z,) e R" is the traditional reconstruction
error with I, as the number of neurons. With event sampled transmission the available

state vector Z, will be used for approximation. The NN approximation (13) is given by
h(z,) = yET{VVhTUh (Z) + &0 (Z 6 )} K <k <k, (14)
where ge,h(Zk'eET,k) = E{\A/hT (v, (2, +eET,k) -0,(2)) +¢,(z)} . The error Eon(Zc e ) 1S

clearly a function of the event sampling error e, due to the relation (v,(z,)-v,(Z,))
= (0, (Z, +e ) —v,(Z,)) along with the traditional reconstruction error expressed as
&,(z,) = &,(Z, +ec ). This implies the event sampling error drives the accuracy of event

sampled approximation.
By using (14), the event sampled approximation of the value function (5) can be

expressed as

Vk = 5{\NVT¢§/ (Zk) +ge,V (Zk’eET,k)}v ki S k < ki+1’ (15)
where E{W, } e R" is the unknown constant target NN weights, E{d, (z,)}eR" is the
T,y (374
event sampled activation function. The error &, (Z,c ) = E{W, (¢, (Z, +&cr )~ (Z))
VT

+&,(Z, +€zr )} is the event sampled reconstruction error where &,(z,) R is the

traditional reconstruction error with |, being the number of neurons.

Substituting the approximated value function (15) into (6), equation (6) can be

expressed as
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W ¢ (2) + 62y (2 €er )} = E{2 Q2 +URUG+ EIW 6, (Z2) + &y (Zw Berea)}
Rewriting the above expression

E{Ac,, (2 60 b= E{ZIQz + U RuJ+ EW Ad, (2.} (16)

where Ad, (z,) =4, (Z..,) — 4 (Z,) and A&,y (Zi et i) = Eoy (Ziiar Ber ia) — oy (Zir€er i) -
One can notice that ideal HIB equation (16) results in a higher reconstruction

error E{As,, (Z,,e.; )} due to the event sampling error. From the above discussion,
4 ’ ’

both the accuracy of the approximation and optimality depends upon the event sampling
error or in turn the event sampling condition.

In addition, from the NN weight estimation point of view, the NN weights can
only be tuned at the event sampled instants since the feedback information is available
only at these instants. This further leads to an aperiodic update in contrast to the periodic

ones used in traditional NN based approach. Moreover, the ADP scheme requires the

control coefficient matrix G(z,) to implement the optimal control input (7). Since, the

matrix G(z,) is unknown there is requirement for identifying the system dynamics also.

From the above discussion, the optimal control problem can be precisely defined
as: (a) design a novel event sampling condition which will ensure the accuracy in

function approximation, (b) design an identifier to to approximate the control coefficient
function G(z,), and (c) retain the advantages of traditional ETC while ensuring

optimality. A solution to the above problem is presented next.
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3.EVENT SAMPLED OPTIMAL REGULATOR DESIGN

In this section, a solution for event-based ADP with the detailed design procedure

is presented.

3.1 PROPOSED SOLUTION

The structure of the proposed stochastic NN based ADP scheme is illustrated in
Figure 1. Event sampled actor-critic NNs architecture will be used for control input and
value function approximation, respectively. A novel event sampled NN based identifier is

also proposed to approximate the unknown system dynamics.

Trigger
ZOH P Actuator (. Plant —>»| Sensor - M.echarjlsm u
X = f(X)+ g(X),I X, | With Mirror

net.

Communication network with
Delay (z..,7.,) and Packet loss (y(t B

| > Identifier in I

I 3 =BG, (3)0) L2 " |
k

\ i A I

I Actor NN . Critif: NN I

[ U= EMLe @ [T | Y = M (20 |

| I

Figure 1. Proposed event-triggered NCS architecture.

For ensuring the accuracy of NN approximation, an adaptive event sampling
condition is proposed. The event sampling condition is a function of NN weight estimates
and the system state vector, and gets updated with every update of the NN estimates at
the event sampled instants. This implies that the event sampling condition is implicitly

adjusted by the approximation errors. A detailed discussion is included in Remark 3.
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The trigger mechanism at the sensor evaluates the event sampling condition at
every periodic sampling instant. A transmission decision is made once the event sampling
condition is violated. Since the condition is a function of the actor-critic NN weight
estimates, the weights must be transmitted from the controller to the trigger mechanism.
To avoid this transmission of the NN weights, a mirror actor-critic NN is used at the
trigger-mechanism to estimate the NN weights locally. This further requires
synchronization of both the actor-critic NNs to ensure same information at both trigger-
mechanism and controller.

Since, the delay from the senor to controller, 7, <A, the state information at the

sensor’s sampling instant and controller’s sampling instants are same [2]. Further, by
initializing the weights at both the actor-critic networks with same value and updating at
event sampled instants synchronism can be achieved. Although, the use of additional
mirror actor-critic NN at the trigger mechanism increases the computation when
compared to the traditional ADP schemes, the event sampled execution reduces the

overall computation.

3.2 EVENT SAMPLED ADP BASED OPTIMAL CONTROL DESIGN

The event sampled stochastic ADP design entails four design steps: identifier,
critic, actor, and event sampling condition. The identifier design is presented next.

3.2.1 Event Sampled Identifier Design. The main objective of the identifier
design is to approximate the control coefficient matrix functionG(zk) for computing the
optimal control policy. Consider the augmented stochastic dynamics (4). By using event

sampled NN approximation in (14), the stochastic dynamics of the augmented system

can be written as
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.., =F(z)+G(z)u, =[F(z,) G(z)I UI]T

= EW 0, ()0, +7, (2 0er )} K <k <k (17)

i+1)
where W, =W WJ] e RMD@mn js the constant target NN matrix with
W, e R ™M and W, e R™*@™ ™ are the target for respective functions F(s) and G(s).
The matrix function @, (z) =diag(¢: () #(Z)) e R™P" ™ is the event sampled
activation function with ¢ () e R", #,(z,) € R™ ", and I, is the number of neurons in
the network. The vector T, =[1 u,]' e R™ is the augmented control input and
&, (2 €er ) =W D, (Z, +ecr ) — P, (Z)IU+E (Z, +€c,) IS the event sampled
reconstruction error where g (Z, +e,)=¢0, with & =[e(z) &5(z)] is the

traditional reconstruction error. The following assumption holds for the identifier NN in a
compact set.
Assumption 3 [24]: The NN identifier target weight matrix, activation function and the

traditional reconstruction error are upper bounded in the mean. Then, it holds that

[EMY <w,,,, |[E6@, ()

<o, , and |[Efe. O} <z, where W, , @, ,,, and &,

are positive constants. In addition, the activation function is Lipschitz continuous in the

compact set for all z, €€, . Then, there exists a constant C, such that
H E{®, (z,)}- E{®, (zk)}ﬂ <C, H E{z,}- E{Zk}H.
T,y T,y [ | kav4 oy

The Lipschitz continuity assumption is satisfied by all NN activation functions
and will be used later during the closed-loop stability proof. The event sampled identifier

dynamics for the system dynamics (17) can be defined as
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L= If(zk) +é(zk)uk K <k <k (18)
where 2, is the identifier state vector, If(Zk) and G(Zk) are the identifier dynamics. The
function If(Zk) and é(Zk) uses the event sampled state vector z, instead of the identifier

state Z, . This architecture reduces unnecessary computation due to the identifier during

the inter-sample times.

The identifier with NN weight estimates is given by
2= 5{\/\7{@,* ()0}, k <k <Kk, (19)
Defining the identification error as E{Zk}z E{Zk -2}, k<k<k, , the
identification error dynamics can be written as
E{Z.}= 5{\/\7.T,k<1). ()0, +W/'[@, (z) - P, ()]0 +& (z)}, (20)
for k, <k <k;,, where 5{\/\7,*}:5{\/\/, ~W, } is defined as the identifier NN weight

estimation error.
The identifier NN weights are tuned at the event sampled instants such that the
identification error converges close to zero in the mean. To achieve this identifier weight

update law using the previous values can be selected as

N « a,®, (Z.)0 7]
E{\N }:E{W ) +Z - I_I k-1 kj. I,k_ }’ (21)
TRl (D, (Zk—l)uk—l)T (@,(z.,)u, ) +1
where ¢, >0 is the learning gain, 4, is an indicator function defined as
1, transmission received
X = 0 . (22)
, N0 transmission
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The indicator function y, =1 at the event sampled instants k=Xk; , vi=1,2,---
and, hence, the NN weights are updated. During the inter-sample times k; <k <k, ,

. =0 and the NN weights are held. Thus, the NN weights are updated in an aperiodic

manner. This reduces computation when compared to the traditional periodic update [6],
[15], [24].

By using (21) with a time step forward and the definition E{W, , }= E{W, —V\A/I o
Ty ' Ty '

the identifier NN weight estimation error dynamics can be expressed as

oA e L@ (Z)UZ
5MI,k+1}_ E{Wl,k (@, (2)0.) (@, (Zk)Uk)H}’ ki <k <ki,,. (23)

Remark 1: The regression vector @, (Z, )U, must satisfy the persistency of excitation
(PE) condition [24] for the identifier NN weight estimation error to converge to zero in
the mean. The PE condition requirement is standard in the adaptive and NN based control

literature [15], [24]. For completeness the definition of PE condition is presented next.

Definition 1[15]: A vector $(z,) is said to be persistently exciting over an interval if
there exists positive constants o , & ,@ and k, >1 such thata| SZEfi 9(z)9 (z,) < al
—d

where | is the identity matrix of appropriate dimension.

The ultimate boundedness (UB) in the mean of the NN weight estimation error is
claimed in the following theorem. Before stating the theorem, the following stability
notion is necessary.

Definition 2 [5]: An equilibrium pointx, is said to be ultimately bounded (UB) in the

mean if there exists a compact set S — R" so that for all x, S there exists a bound 1

and a number N (z,%,) such that |E(x,)—E(x,)|<u forall k>k,+N.
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Theorem 1: Consider the event sampled NN identifier (19) and the tuning law given by

(21). Let the Assumption 3 holds and the NN identifier initial weights W, €Q,, with
Q,, being a compact set. Suppose the vector @, (z,)U, satisfies the PE condition. Then,
for a positive constant «, satisfying 0<a, <1/2 and positive integers N and N the

identifier NN weight estimation error E (W, , ) is UB in the mean for all k >k, +N or,
T,y !

alternatively, k >k, +N with N >N .

Proof: Refer to the Appendix.

3.2.2 Stochastic Value Function Approximation: Critic NN Design. In this
step we will approximate the value function by using the event sampled critic NN and
design the update law to estimate the value function. Recall the event sampled
approximation of the value function given in (15). The following assumption holds for
the critic NN.

Assumption 4: The target critic NN weight, the activation function and the traditional

reconstruction error are upper bounded in the mean such that HE{W\/}HSW\,M ,

I2250)

‘Sqfw , and HE{é‘v(')}Hggw where W, ,, , ¢, and &, are positive
constants. The gradient of the activation function and traditional reconstruction error are

upper bounded in the mean [5], e, ny{aﬂ/ (’)/5Zk+1}H£¢§',,M and
|Ed@s ()/2z...Y| < ¢, In addition, the activation function is Lipschitz continuous in

the compact set for all z, €€, . Then, there exists a constant C, such that

|Ede 203 Edd (20} <, [Edz3-Ef2} .
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The estimated value function by the critic NN in an event sampled context can be

written as
Vi = EM o (203, K <k <k, (24)

where E{W, .} R" Iis the estimated critic NN weight matrix. The activation function
T,y !

& (Z,) is selected such that it forms a basis [15] for value function approximation and
satisfies ¢, (0)=0.
Using the estimated value of the value function (24), Equation (6) does not hold

any more. Therefore, the temporal difference (TD) or HIB equation error with event

sampled estimation of value function is given by
Ee, 3= E{Z/Q.7 +u{Ru3+ M, A, ()}, (25)
for k, <k <k, where Ad, (Z,)=¢,(Z.,)—4 (Z,).

An augmented HJB error, similar to that in [15], will be used to estimate the critic
NN weights without using policy and value iteration. As discussed earlier, the critic NN
weights will be updated only at the event sampled instants. Therefore, we define the

augmented HJB error at the event sampled instants by defining the new augmented cost-
to-go vector 11, and activation function matrix y, given by II, =[r(z,u,)
r(z,,U,) - 1z U )eR™ and v, =[Ad (z,) A¢(,(zkH)---A¢§,(zkal)]eSR'VXj ,
where r(z,,u,)=2,Q,z +uRu,, 0<j<i. Then the augmented HIB error %, is
given by

TI’EV{Zv,k}= rE;/{Hk}+ r’E;/{V\A/ka‘//k}’ k=k;- (26)
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It is clear that convergence of E{X, ,}will ensure convergence of E{e, ,}. Similar
T,y ! Ty '

to the identifier, the critic NN weight update law is selected such that it will force the

augmented HJB error E{Z, ,} close to zero. Define the update law for the critic NN
T,y !
weight as
E{Wv,k} = 5 {Wv,k—l _(Zkav l//k—lz\-l;,k—l/ul/jlrfll//kfl +1 H)} , (27)

where «, >0 is the critic NN learning gain and 4, is the event indicator function as

defined earlier in (22).
Remark 2: Similar to the NN identifier, the critic NN weights are tuned only at the event

sampling instants. Further, the computation of the augmented HJB error, X, , ,, at k =k,
requires the state vectors z, and z, , . Therefore, both the state vectors x, andx, , are
packetized together and transmitted to the controller at the event sampled instants, k =k,
, Vi=12,---toform z, and z, .

Finally, using (27) with a forwarded time instant and the definition of critic NN

weight estimation error, i.e., 5{\/\7V’k}:5{wv ~W, }, the critic NN weight estimation
error dynamics can be represented as

EMV,M}: E{Wv,k +<Zkavl//k2\T/,k/Hl//IWk +1 H)}’ (28)
In terms of the critic NN weight estimation error, V\7V,k’ the value function estimation

error, e, ,, can be rewritten by subtracting (16) from (25)

Efe,d= EZQ.2 - 20Q.23— B A, (203 B, (A (2) - Adh (20}

(29)
+E{Ag, ()} k <k <k.,.
T,y
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At the event sampled instants with z =z , the HIB error (29) can be written as

E{e, }=—E{MW,/, A¢q (z.)+Asg, ()}, k=k . Thus, the augmented error at the event
oy Ty ’

sampled instants can be expressed as
E(, 3= EMwi —5,.3 k=k, (30)

where 5, , =[Ag,(z,) As,(z,.) - Agv(zki_j_ )] is the augmented reconstruction error

and satisfies |2, ,[|<Z, ,,.
The next lemma claims the boundedness in the mean of the critic NN weight

estimation error.

Lemma 1: Consider the critic NN (24) and its weight tuning law (27). Let the

Assumption 4 holds and the critic NN initial weights, V\A/\,Y0 €Q, , with Q, being in a
compact set. Suppose the activation function ¢, (Zk) satisfies the PE condition. Then, for
a constant learning gain ¢, satisfying 0 < e, <1/2, and positive integers N and N, the

critic NN weight estimation error E{W, } is UB in the mean for all k, >k,+N Of,
oy

alternatively, k >k, +N for N> N .

Proof: Refer to the Appendix.

It only remains to approximate the control input using the actor NN and presented
in the next subsection.

3.2.3 Control Input Approximation: Actor NN Design. The optimal control

input with event sampled NN approximation can be written as

U: = TE}/{\AIUT¢U(Zk) +ge,u(ik’eET,k)}1 ki < k < ki+l (31)



323
where E{Wu}e R4 ™ is the unknown constant target NN weights, 5{(pu(Zk)}e R is the
activation function and ge,u(zk’eET,k):E{\/Vu-r[(ou(zk+eET,k)_¢u(Zk)]+gu(Zk+eET,k)} is
the event sampled reconstruction error where T%{gu(zk)}e%m is the traditional

reconstruction error with |, as the number of neurons. The following assumption holds

for the actor NN.

Assumption 5: The target NN weight, the activation function and the traditional

reconstruction error are upper bounded in the mean such that H%{Wu}‘

<Wm >

HE{%(')}HS%M , and Hg{gu(')}HSguM where W,,, , @, ,» ad &, are positive
constants. The actor NN activation function ¢,(z,) € R is Lipschitz continuous in a
compact set for all ze€Q, and satisfies HE{(OU(ZK)}—E{%(R)}H
<C, HE(ZK)—E(ZK)H:C% HE{GET,k}H where C, >0 is a computable constant.

The ideal control input U\j,k which minimizes the value function (15) can also be

computed by computing the gradient of (15) and given by
. 1 - _ .
U = D) E{Rz G’ (z)[(04, (Zk+l)/62k+1)wv,k + 6‘9eT,v (Zy.as eET,k+1)/aZk+1)]} (32)

The control input u,, in (31) is equal to the control input uy  in (32), and, hence, it can

be written as

EW, 9, (2) +(Y2)R'G™ (2)[0¢ (2.1) /02, W,  + 00y (Zyr Ber iea) /2]

+‘9e,u (Zk ! eET,k)} = O

(33)
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The estimated control input using the actor NN can be represented as
u, = E{WuT,k(Pu(ik )} ki <k< ki+1’ (34)
Ty

where E(W,,) e R is the estimated actor NN weight matrix. The activation function
T,y !

¢,(z,) is selected such that it forms basis for approximation of the control input and
satisfies ¢, (0) =0.
The estimated control input which minimizes the estimated value function (24)

can also be computed by taking the gradient of the estimated value function (24) and

given by

U, = E(-W2RGT (2)(V,n/0,..))

) o (35)
= 5{_ (]/2) Rz_lGT (Zk)(a¢\/ (Zk+l)/azk+l)wv,k}

where é(Zk) is computed from the identifier. The estimated control inputs (34) and (35)
does not satisfy the relation (33). Define the difference between u, in (34) and u, , in
(35) as control input estimation error. It is given by

Efed = B (20 +(V2)RIGT (2)(0 (2) /G2 W O} K <k<kiy (36)

In order to drive the control input estimation error close to zero, similar to the

other two NNs, an event sampled update law for the actor NN is selected as

N ~ X P, (Zkfl)ej k1
P o o | 37
r,y{\NUyk} 1:7{ e (DuT (Zk—l)q)u (Zk—l) +1 ( )

where ¢, > 0is the actor NN learning gain.

Defining the actor NN weight estimation error as E{wW, }= E{W, -W,,}, the
T,y ! T,y ’

actor NN weight estimation error dynamics by using (37) can be written as
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(38)

. . zZ,)el
E{Vvu k+1}: E{Wuk + zkau¢U( k) uk }1
oy ! oy ’

9, ()9, (Z,) +1

Further, subtracting (33) from (36), the control input estimation error can be written as
T’E}/{eu,k} = 5 {_WUT(PU (z,) +V\7UT,k ((Pu (z,) -9, (Zk)) -(1/2) R;lGT (2)(O¢, (2,.1)/ 02, 1 )W,
~(Y2)R'GT ()04, (2,2) /02 M, + /R (G (2)(0 (2,..)/2,...) (39)
G (2)(0d, (241)/ ) M 1 — 61}

where ¢, =¢,(z)+ 2R G (z)(0¢] (z,)/éz,.,) satisfying |s.,[|<&,, and G(z)=

G(zk) —é(zk) . We will use (39) for closed-loop stability presented next.

3.3 DESIGN OF EVENT SAMPLING CONDITION AND STABILITY

In this section, the UB of the event sampled closed-loop system is shown by using
Lyapunov stability technique and designing an adaptive event sampling condition.
The closed-loop system dynamics by using (4) and control input (34) becomes

z..=F() +G(Zk)u; _G(Zk)(EMuT,k(/’u (z)+ TE}/{\NUTK (% (z) -9, (Zk))}

(40)
+E{e,(z)} ki <k <ki,;.
vy

Before claiming the main results for the closed-loop event sampled system, the following
lemma is necessary.

Lemma 2[4]: Consider the controllable augmented NCS system (4) and the optimal

control input u, in (7). Then the closed-loop system satisfies

|EFGO+BGIwY =< uE] (41)

where 0 < g <1 is a constant.



326

Now, we will introduce the adaptive event sampling condition to decide the
transmission instants. The system state vector and updated control input are transmitted

when the following adaptive event sampling condition is violated. It is given by

ersc D[ [Edear . )< p|ECY, (42)

2

2
where o, =12G;C? +C,, and p=2r@1—2u) with 0<I'<1,

T%{Vvu K }(

O<wu<1/2, and G,, is the upper bound of the matrix function G(z,). The operator

D(~)is the dead zone operator and defined as

. if H E{z)
— T,y

0, otherwise

> B
i (43)

D(-)

where B, is the UB for the system state. To ensure the estimated NN weights HE{\/\AIL,*H
.y

and |EW,.}

in (42) are non-zero while evaluating the trigger condition, the previous

nonzero values are used for evaluating the event sampling condition when the current
estimated values become zero.

Remark 3: As proposed, the event sampling condition (42) is a function of the actor and
identifier NN weight estimates. With the update of the NN weights the condition also
gets updated. This adaptive condition generates the required number of event sampled
instants based on the NN weight estimation error during the initial learning phase. Once

the NN weights converge to the UB, the coefficient o, , becomes a constant and the

event sampling condition becomes same as the traditional event-triggering condition

[16]-[18]. In addition, the dead zone operator in the event sampling condition prevents
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the unnecessary event sampled instants generated due to the NN reconstruction error once
the system state is inside the UB.

Next, the UB in the mean of the closed-loop event-triggered system is claimed in
the following theorem.
Theorem 2: Consider the NCS dynamics (4) along with the NN identifier, critic NN and
actor NN defined as in (19), (24) and (34) with event sampled weight update laws (21),

(27) and (37) respectively. Let the Assumptions 1 through 5 hold and the NN initial

weights W, ; €Q, W, , € Q,, and W, eQ,, . Suppose the last transmitted state, z, ,
the NN weights V\Al,yk, W, ., W, ., and control input, u, , are updated at the violation of
the event sampling condition (42). Then, for learning gains satisfying 0<«, <1/2,
O<ea, <1/2 and 0<«, <1/4, and positive integers N and N the event sampled closed-

loop system state E{z,}, identifier estimation error E{Z }, identifier, critic NN, and the
14 oy
actor NN weight estimation errors E{W,, .}, E{W, .}, and E{W, }, respectively, are UB
T,y T,y e

in the mean for all sampling instants k, > k, -+ N or alternatively, k >k, +N for N >N
Further, the estimated value function and control policy converge close to their respective

optimal values, i.e.,

M —Vk*HS B, and Huk —u:H < B,where B, and B, are small positive
constants.

Proof: Refer to Appendix.

Remark 4: The bound B, is a function of design parameters and NN reconstruction error.

Hence, the bound for the system state can be made small by increasing the number of

neurons in the NNs and selecting the learning gains accordingly.
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4. SIMULATION RESULTS

In this section, the analytical results are illustrated with a numerical example of
second order system. The continuous-time system dynamics chosen for simulation are

given by [17]
—
e (44)
X, ==X —X +U
The simulation parameters were selected as follows. Sampling time for the sensor

sampling is chosen ad T, =0.01sec, time varying delay bound chosen asd = 2, the mean

value of the delay is chosen as E(z)=12ms. The packet losses follows a Bernoulli
T,y

distribution with p =0.4. The penalty matrices were selected as P, =1, , and R, =1. The

critic NN activation function was selected as @(-):tanh(sz;zl,kzzyk;---;z§,k;
. 52 .54 .53 . . .54 39 - .
zzykz3yk,~--,z4’k,zlyk,zlykzzyk,-n,zlykzzvkz&kzmk,zél’k)eSR , the actor NN and identifier NN

activation functions respectively are @, () =tanh() and ¢,(s) =tanh(s) . Number of
neurons for the critic is 39, actor is 15 and identifier is 50. The learning gains were
a, =004, o, =005, and o, =0.01. The parameters for the event-trigger condition
were selected as 4 =0.45, I'=0.99, G,, =1 and the Lipschitz constant for identifier

and the actor NN activation function is computed to be 5.2 and 16.9 respectively. All the

three NN weights were initialized at random from a uniform distribution in the interval

[0 1]. Further, the initial state vector is taken as x, =[2 —1]" and for the identifier as

a

2,=[L -3 0 0] . The Monte Carlo simulation is run using the same initial condition



329

with randomly generated delays and packet losses. The simulation results are given in

Figures 2 through 5.

Figure 2 (a) and (b) shows the regulation of the systems state vector and
convergence of the control policy close to zero. The stochastic optimal controller is able
to regulate the system in the presence of the networked induced time-varying delays and

packet losses.

2 = 1
Xl .......... x2 u
2 0 g o™
Q -
s o
n -2 2 -1
@]
4 © .
0 10 (a) 20 30@ 0 10 (o) 20 30
v 400 x : £0.4 =
% Num of transmission { =1 { ® |nter-sample time
5 S | o, 1
S 200 e £0.2 S P
E g | |
>S5 5 | |
®) 0 1S 0 L L
0 10 20 30 7o 10 20 30
Time (sec) Time(sec)

Figure 2. Time history of (a) the system state; (b) control input; (c) cumulative number of
transmission or event sampled instants; (d) inter-sample times.

With respect to the number of transmissions, it is clear from Figure 2 (c) that a
total of 285 transmissions occurred out of 3000 sampling instants. This shows the
reduction in bandwidth and also computation since the controller is executed at the event
sampled instants only. It is important to note that the number of event sampled instants
varies with initial values of the NNs. Further, the aperiodic inter-sample times are
depicted in Fig. 2 (d). Once the NN weights converge close to the target values the inter-

sample times or the transmission intervals are elongated.
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The event sampling condition (42) is plotted in Fig. 3(a) shows the evolution of
the event sampling error (zoomed figure) between event sampled instants. It is observed
that there is a frequent transmission during the initial learning phase due to large initial
approximation errors. The convergence of the HIB error close to zero is shown in Fig.

3(b). This indicates the near optimality of the control input.

0.1;

e

; F
m L : Oy llzill ——€gry
, ‘ 3

i |
(e

Threshold
and error
o
o

o

T
i |‘I\|1|‘I\|‘!}\th‘\l\limim'.muw

20 25 30

0 5 10

< 20 {—ﬁ
g HJB error
9]

o 10

s

T o

0 5 10 15 20 25 30

Time (sec) (b)

Figure 3. Evolution of (a) the event sampling threshold and event sampling error and (b)
HJB error.

Considering a data packet of 8 bit data, the comparison of the data rate for a
periodic system and event sampled system is shown in Fig. 4. An average data rate of 270
bits/ sec for event sampled system is observed where as in periodic 800 bits/ sec. It shows
a saving of approximately 66% of the bandwidth usage. The reduction in computation in
terms of the addition and multiplication for the proposed design when compared to
traditional periodic implementation is shown in Table 1. A reduction of 27% was
observed.

Further, the convergence of the three NN weights is shown in Fig. 5. The norm

of the NN weight estimates become constant implying the convergence of the estimates.
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This further implies the boundedness of the NN weight estimation errors and their

convergence to the ultimate bound.

5 1000 ; 4
. S U U RS N S
e V\ .......... periodic
2 500 ~ event sampled
E \h
5
0
0 5 10 15 20 25 30
Time (sec)

Figure 4. Comparison of data rate (bits/sec) between periodic and event sampled system.

Table 1. Comparison of computational load between traditional periodic sampled
and event sampled system.

Traditional Event-based
System periodic non-periodic
sampled sampled
Samping instants 3000 285
Critic and update law 8 8
Actor NN and update law 8 8
Identifier and update 12 12
Number of Critic e;g\tjlvupdate 0 3
additions and
Multiplications at Actor NN and 0 8
every sampling Trig. update law
instant Mechnaism Identifier and 0 12
update
Event sampling
condition 0 15
(periodic)
Total number of Computation 84000 60960
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Figure 5. Convergence of the NN weight estimates.
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5.CONCLUSIONS

In this paper, a stochastic event sampled ADP based near optimal regulator design
is presented in the presence of network induced delays and packet losses. The additional
error introduced in the system due to event sampled transmission was taken care of by
designing the adaptive event sampling condition. The adaptive event sampling condition
is found to provide reasonable accuracy in approximation while ensuring stability. A
reduction is transmission is observed along with near optimal performance. Initial
transmissions found to be higher due to large NNs weight estimation error. Further, it was
observed that different initial condition and learning gain resulted in different number of
event sampled instants and transmission to achieve the approximation accuracy. Finally,
the simulation results validated the analytical design. Furthermore, the cost function
considered in this case only penalizes the system state and control input. It will be

interesting to optimize the transmission instants and included in our future research.
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APPENDIX

Proof of Lemma 1: The proof is carried out considering two cases of the event sampling
scenario, i.e., event sampled instants (identifier NN weights are updated) and inter-
sample times (identifier NN weights are not updated). We will evaluate a common
Lyapunov function for both the cases and finally combine them to show UB of the

identifier NN weight estimation error.

Case I: At event sampling instants (k =k, V1=1,2,---)
At the event sampling instants z, =z, » =1, K=k, V1=12,.-.. Therefore,

the NN identifier weight estimation error (23) at k =k, becomes

Y _ g o, P, (Zk)UkZIT,k+l B
il E{W'* @ @8 (@, z)0) +1}’ e -

where the identification error dynamics (20) at event sampled instants is given by

ey :W|T,ch| (Zk)Uk +E 0 k=K (A2)
Consider the Lyapunov function candidate given by
Ly :tr{E{WlT,kWLk}} . (A.3)

The first difference of (A.3) along the dynamics (A.1) can be represented as

AL, =tr (5{\/\7|T,k+1wl ,k+1}) —tr (T%{\/VIT,kwl k})

— _tr ( E { 20‘|V\7|T,kq)| ()G, ZlT,k+1 }]
o7 (CD| (Zk)Uk)T (CD| (Zk)Uk) +1

H{E {aEZ.,m@. (2)5)' (@.(zk)ak)zr,m}}k K VA=12,

(@, (z)T)" (@, (z)T,) +1)*
Substituting the identification error dynamics (A.2) and applying Cauchy-Schwartz (C-

S) inequality, (a+b)" (a+b)<2a’a+2b"b, the first difference is bounded above as
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— ~ 2
AL, <@, a,(1- 2, )HﬁE}\M ,kﬂ +(L+ 20, ), By (A.4)

2

for k =k where 0<®’ < mi”{ @, @5, @)
| | “ ((DI (Zk)Uk)T ((D| (Zk)Uk)+l

} is satisfied due to PE

condition as discussed in Remark 1, 0< ¢, <1/2 and ||, | <z, ,, for identification. From

(A.4), the first difference AL, , <0 is negative as long as

R e W)

By Lyapunov theorem [24] the NN identifier weight estimation error, E{W, .}, is
T,y !

ultimately bounded (UB) in the mean at the event sampled instnats.

Case Il: During inter-sample times (k, <k <k;,,)

In this case, the identifier weights are not tuned and held at the previous values.

This implies 5, =0, k, <k <k,,,. Therefore, the identifier NN weight estimation error
dynamics can be rewritten as

5{V\7|,k+1}: E{V\N/Lk}, ki <k <k,- (A.5)

Consider the same Lyapunov function (A.3) in Case I. The first difference using (A.5)

can be written as
AL, =tr (5{\/\7|T,k+1\/\7| ,k+1}) —tr (5{\/\7|T,kvv| k}) =0. (A.6)
From (A.6) , the first difference, AL,, =0 This implies the NN E{w, ,} is held for

ki <k <k,,,V1=12,---.

Now combining both Cases, we will show that E{V\7|'k} is UB in the mean.
oy

Since, the initial NN weights W, , €Q,, are bounded and the target NN weights W, are
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also bounded from Assumption 3, V\7,'0 is bounded. Further, from Case |,

E{Vvl,kﬂ}s E{\A7I «} and from Case I, E{\N| a1t = E{V\7| = E{V\7| b K<k<k,.

Ty ' ry o ry ry o ry

From both the cases, we have E{W,, }<E{W, }. This implies E{W, }— B is for
T,y i+l T,y N T,y 1By

all k, >k,+N where N being a positive integer. Since k; is a subsequence of ke N,

there exist a positive integer satisfying N > N such that E{W,,}— B for all time
T,y !

k >k, + N . Consequently, E{V\7,’k} is UB in the mean with an ultimate bound Bl‘f;’; A
T,y

Proof of Lemma 2: The proof for UB in the mean is shown similar to the NN identifier
by considering both event sampled instants and the inter-sample times with a common
Lyapunov function.

Case 1: At event sampled instants (k =k, v1=12,---)
At the event sampled instants, », =1, z, =z, k=k,V1=12,---. Therefore, the

critic NN weight estimation error dynamics (28) becomes
EQ, 3= E W +(awi=lviw + 1)) k=k. (A7)
whereX,  is given in (30).
Consider the Lyapunov function candidate given by

Ly, = E{WVT,kWV,k}- (A.8)

The first difference aL,, along with the critic NN weight estimation error dynamics

(A.8) can be written as

ALv,k = 5{\A7VT,k+1Wv,k+1}_ EMVT,ka,k}- (A.9)
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_9 E {O‘VWVTK‘//kZ\T/ K }4_ E {aéZV%kWIWKEiJ,k }
||‘//k‘//k+|” ||l//k'//k+|||

Substituting the augmented HJB error (30), the first difference leads to

AL, =-2 E {( Wv k'//k'//k av kl//k“‘k )/H‘//k W+ IH}

+5{(0‘v (Wv,ka _E‘V,k)WIIV/k (WVT,ka —E, ) )/H‘//Il//k + |H }
Observe that 0<w,,, <|w.w;||/|lwiw. +1]|<1 satisfied due to PE condition.

Applying C-S inequality with simple mathematical operations, the first difference is

upper bounded by
AL, <—(1-2¢,)c, E {Wka‘//k‘//ka k/”l//kl//k + |||}+206V E {E‘v By k}+av E {EV EJK}

Using Frobenius norm and collecting the similar terms, the first difference is upper

bounded as

AL, <oy (1-20, ) e 20, )0y By - (A.10)

From (A.10), the first difference AL, , <0 as long as

B0, > w20 )=, Ja-2a,) =B

By Lyapunov theorem [24] the critic NN weight estimation error, E{W, ,}, is
T,y !

ultimately bounded (UB) at the event sampled instants.

Case I1: During inter-sample times (k, <k <k,,,)

In this case, the critic NN weights are not updated since the indicator function

x. =0, k, <k <k,_,. Considering the same Lyapunov function (A.8) as in Case 1, the

first difference
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AL\/,k = TEy{WvT,kAWv,ku}_ TE}/{VVVT,kWV,k} =0. (A.11)
From (A.11), the critic NN weight estimation error E{W, ,}remains constant during the
T,y !

inter-sample times.

Now we will combine both Cases to show the UB in the mean. From Case I, we

}

i+l

have E'{\/\7V,k A<E{M,} and from Case Il E{W,, .3=E{W, }=E{W,,
ny ' Ty o Ty o Ty ’ Ty '

k <k<k,, . From both the cases, E{W,, }<E{W,, }, Vi=12,-- . Therefore,
T,y T,y !

i+l

E(W, }— Bﬁv for all k. >k,+N where N is a positive integer. Since k; is a
T,y T
subsequence of ke N, by extension E{W,,}—Bj for all time k>k,+N where
T,y !
N > N is a positive integer. Consequently, E{V\7V1k}is UB in the mean with an ultimate
.y

bound B . .

Proof of Theorem 1: The proof of UB in the mean for the event sampled closed-loop
system is carried out by evaluating a common Lyapunov function both at event sampled
instants and inter-sample times.

Case I: At event sampled instants (k =k, , V1,2,---)
At the event sampled instants we have z =z , e, =0 and 4 =1, k=k;,

Vv1=12,---. By using these facts, the control input error E{e,  }from (39) becomes
T,y !

Efe, )= E |-, (2) = RG (7) Aty _Lpagrp) WGl . | (A12)
A 2 0, 4 2 0,y ' '

Then, the actor NN weight estimation error dynamics at the event sampling instants, by

using (A.12), can be written as
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EQW,, 3= EQA }—E{m(zk)oﬂm(zk)f}

2, (2)9,(z)+1

1 0,0,(2) (it 02y )
zg{col(zk)cou(zk)ﬂ[RZG(Zk) . W]} (A.13)

_E au¢u(zk) 71 ST aﬁ/(zkﬂ)
Z“E’{¢J(Zk)¢u(zk)+1[z S ]} Sleu

k+1

Further, the closed-loop dynamics from (40) at the event sampling instants can be written

as
Ln= F(Zk)+G(Zk)uk G(z, )( uk%(zk)"‘g (z, )) . (A.14)

With the above conclusions, now consider the Lyapunov function candidate

given as
Lcl,k = Lz,k + L’Z,k +A, Ll,k +A, LV,k +A, Lu,k +AV2L\/\"(/2,k +A,2L\N|2’k, (A.15)

where L, =E{zz} . L, =
oy

TEy{Z }H L =tl’(5{V\~/|T,kV\7|,k}) T :SMVT,ka,k}’

U U 2 ~ 2 .
Ly =tr (E{WuT,kWu,k}), L‘M’k = (nyy{WvT,ka,k}) and LW.z,k =tr (E{VVIT,kWI k}) . The positive
constants coefficients are defined as

A = D,y Pum +4A, (3, +4a§)ﬂ’r$1ax(R;1)@2,MWV2,M(DI2,M
I Q (1_205|)&)|2,m ,

v =37, ey, + 408 1 Anex (R, DT W|2,M/0‘v (120, ),
—2(4G ¢uM +®, M¢uM)/a (1-4« )¢um

~ A,2(3¢, +4o’ )¢§,M malx(R"l)CI)
(2-ay (1= 20, )7, ), (1204, )7,,)

V2 T

_ A (36( +4(Z )¢{/M max(R_l)q)
" Q- 1-20)9, ) (1-20)D, ,
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We will consider each term in (A.15) individually and combine the individual

first differences to compute the overall first difference. Consider the first term

L, = E{z, 2.} of the Lyapunov function (A.15). The first difference along the closed-
oy

loop system dynamics (A.14) can be expressed as
ALz,k = z_’E}/{Z-kr+lzk+1}_ TE}/{ZI Zk}
= E{(F(2)+G(z)u, -Gz )W, 0, (2) +&,2))

(F(z)+G(z)u, —G(z )W, 0, (z,) +&, (Zk)))} —E{ZI 7}
By using Frobenius norm and applying C-S inequality (a, +4a, +---+aﬂ)2 <na’+---+na’,
the first difference is bounded by
Cra6ll, B

2 ~
+ 4G,\2/| qﬂuZM TEy{Vvu,k}‘

AL, <2 E{F (2)+G(z)u Y

Recalling the Lemma 2, the first difference becomes

2 2
AL, <—(1-2u) Hj?y{zk}ﬂ +4G2 ¢, +4G2 e, (A.16)

EM,

Moving on for the second term L, =H5{Zk}ﬂ in (A.15), , the first difference

along the identification error dynamics (A.2) can be computed as

SRR et

Substituting the control input (34) and applying C-S inequality, the first difference leads

5{W|T,kq)| (z)u, +& ,k}‘

AL, = “T%{Zk+l}‘

to

AL, < _HTE},{Zk}H +Y2)®, 2 +(Y2)®, 0 MUT,k% (Zk)Hz

+1/2)®, MPum +H1Ey{g' k}ﬂ

(A.17)
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Next, considering the third term , L, =tr(5{\/\7.T,kV\7|,k}), the first difference
remains same as in (A.4) and given by

— ~ 2
AL, <—®2, a,(1- 2, )HE&M ,kﬂ + (L4 20, ), By (A.18)

Now, considering fourth the term, L, , = E{V\7VT,kV\7V’k}, the first difference is same as in
Ty

(A.10) of Lemma 1 and given by

2
AL,y <-ay, (1-2a, )7, + (1420 ), By - (A.19)

Considering the fifth term, L, :tr(S{WuT,kWu,k}), the first difference is given by

AL, =tr (7%{\NuT,k+1Wu,k+1}) —tr (EMUT,kWu,k })

:2autr[E{ \1/_\7u-|,—k¢u(zk)e;1r,k }J+auztr E eu,k(ou (Zk)q)u(zk)eu,; (AZO)
gy (z)e,(2,) +1 | (2] (209 (2) +1)

Substituting the control input error , e,,, from (A.12), applying the C-S and replacing

2,(2)9, (2,)
(”J (z)o,(z,)+1

AL, < atr| E {WJkeru(zk)coJ (zk)vvu,k} . 4%2”(E {(\NJ@(zo)oNszk))T H
Y o gﬂu (Zk)(pu (Zk)+1 o7 wu (Zk)wu(zk)+1

with upper bounds i.e.,

<1, the first difference is bounded by

+(3a, +4a§)tr{5 ((RIGT (204 (24,02 )W, ) (RCT (2,) (00 (2.1)/ 02, )W, ) )}

+3(3at, + 402t E{(R6T (2,) (0, (2e) 02, W )| (RIGT ()0 (2e) 02,0 )W )}

+3autr(E{Ee,kgg,k})+4aftr(5{8e,k€;k})
By definition V\~/,’k =W, —V\A/,’k and using the identifier dynamics for k =k, we

have  |EXG@)Y|<|EML® @)Y and [EXCEY <|EMIL®, @)+ 4 @)Y
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Taking the Frobenius norm and a using the above inequalities, the first difference

satisfies the following inequality

AI‘U,k < _au (1_ 4Cxu )(Eu,m

X“T%Ml,k}

EAW,.

2 "
+2(3c, + 4auz)/1r$1ax (Rgl)ﬂ/z,Msz,M CDIZ,M

2

2 . -
+2(3a, +4a112)¢§/2Mﬂ’rr21ax(R;1)q)lz MWIZM E{\NVvk}
, , ' T,y
. (A.21)

+(1/2)(3au + 4auz)ﬁ/2M ﬂ’riax (R;1)®fM

B0,

+1/2)(Be, + 40‘5)@2,M ﬂriax (Rz_l)q)lz,m

4 M
+8;,

where ES" =3augﬁM +4a§gﬁM +2(3¢, +4aj)/i1iax(Rz"l)¢§',2]MWV2’M8,2.M

Considering the sixth term, Lm,k :(TE},{\A?VTKWV,k})Z, the first difference can be

written as
~ ~ 2 - - 2
ALWVZ,k :(5{\NVT,k+1WV,k+1}) —(5{\NVT,kWV,k})

= (EMVT,MWV o o E{WVT, ka K2 EMVT, ka k }) (ryEy{V\N/vT,kﬂV\N/v P o EMVT kV\~/V k }) '

Substituting the first difference from (A.19), and with simple mathematical operations,

the first difference is bounded by

Al <~/2)(2-a, (20, )7, ) (e, (1201, )7,)

(1+ 206\, )2055 — N\ —4 2 24
+ 2—-a,(1-2 o +0+2 =
Zavﬁm(l_zav)( a, av)‘//m) VM ( a,) ay v M

EWL "o

~ ~ 2
Considering the last term, Vi, =tr(5{W|T,kW|,k}) , the first difference using the

first difference (A.18) , similar to the previous term, computed as
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AI‘\/\"/,z,k <-(Y2)2-e,(1-2¢, )(T)I,m)al (1-2¢, )&)I,m

HE{WW}‘:} (2a,2+a,22
vy 205,(1—20{,)(1%m

(2-a,(1-2a))®, )&, (A.23)

"‘(205|2 +q )EﬁM
Finally, combining all the individual first differences (A.16), (A.17), (A.18),

(A19), (A.21), (A.22), and (A.23), and recalling the definition of A ,A,,A,,A,,, and

v2!

the overall first difference of the Lyapunov function is given by

I2’

ALy <-(1-2p) H E{Zk}H2 —H E{Zk}ﬂ— (1(/2)®, @, +2A, (B, +4a;)
‘E{\M k}‘ ~ A, Ba, +4a2) g2 A (R)DZ W2,
_(4G;¢5M +(1/2)D, @, ‘E{Wu’k}‘

_(]/Z)A (30( +40( )¢{/ M max(R_l)

max(R 1)% WVZMCDf M

df
Xy Amax (R

TE}/{\/vl,k} +

~(/2)A,(Bar, +4a?) (A.24)

—cl

2
x® 1,M ‘:‘total !

where

:!C| _ (2a|2 +a|)2

Siotal — {)12 2a,(L- 2, )(T)I 2-a,(1-2a )q)l m)gl M +A|2(20{|2+a| )gﬁM

(1+2%)2a\3 — \—4
+A 2—a,(1-2 =
V2 20,7 (1-2a, )( a, av)‘//m) V.M

—_M 2 24 2—=2 —=2 2 2
+Ey + A+ 20 ) o By 20 008y Ay &)y 4G ey,

+& u +A (1+2av)avuv vt @ o, MWZ +%CDI,M¢U,M'
Define the following new variables for simplicity.
8 =(W2D, 0, +47, Bar, +40) g, (RO P 1 ),
9, = (1/2)A, Bt +40 )/ g Amex (R

=A, (3B, +4a )ﬁ, ﬂmax(R )CD,NI IM,and
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= 1/2)A, Ber, +405) 1 A (R)PT

From (A.24), the overall first difference AL, , <0 as long as

HE{Z }” > \Eigw /(-244) =B;, or H At }ﬂ Zow OF

|0 o> me((ET 7, BT )= o
HT,E}/{\NV'k}‘ > maX(\/-—qom /E’l ’\/Z:fclnal /WZ ) = B&}\L or
H E{Vvu k}‘ \/Z:tcc!ta|/(8GM §0u M +CDI M(DU,M) = B\/lvu '

Therefore, E{z,}, E{Z }, E{V\7|Yk}, E{V\7V,k} and E{V\7u’k}are UB in the mean at
.y oy Ty T,y Ty

the event sampled instants.

Case I1: During inter sample times (k. <k <k,,,, V1, 2,-+-)
The closed loop system dynamics remains same as in (40) for k, <k <k, ,. Now

consider a Lyapunov function candidate same as in Case I. The first difference of the first

term along the closed-loop event-triggered system dynamics (40) for k, <k <k,,, can be

expressed as

ALz,k :T’E}/{(F(Zk)—i_G(zk)u:_G(Zk)WuTk (%(Zk)_%(zk)) -G(z, )( uk(ou(z )+&,(2 )))

X(F(Zk) +G(Zk)u: _G(Zk)WuTk ((Du (Zk) — 9, (Zk))_G(Zk)( ~uT,kCDU (Zk)+gu (Zk))} _E{Z;Zk}

Recall the Lipschitz continuity of the actor NN activation function from

Assumption 5. Using Frobenius norm and C-S inequality, the first difference satisfies

AL, <—(1-24) HE{Zk}HZ +6GR 0y, Tliy{\Nu,kHZ 5{\/\7@2

+6G2C el ,

(A.25)
+6Gy &2
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Considering the second term, the first difference along the identification error dynamics

(20) for k. <k <k,

AL, <-|E{2}+ o, |EMW, 3

+HEW (@, (2 -, (2)) 0}

[EEH 5

(A.26)

Since the identifier, critic and actor NN weights are not updated and held at their
previous values, the first difference of the rest terms are zero, i.e.,

AL, =0, AL, =0, AL, =0, AL, =0, AL, =0 (A.27)

Finally combining all individual first differences (A.25), (A.26), and (A.27), the total first

difference of the Lyapunov function becomes

2 ~ A 2

AL, <-(-2u)|E2Y - |E2 Y+ 662 C2el,, Tl;y{\Nu,kﬂ + @20,
A 2 ~ 2 ~ 2
BV etr, + 66700 [EMLY + @20, , BV

+1/2)(®, ,, +C,, )Hr,Ey{Uk}Hz +6Gl g2, + HE{g. ,k}H

Recalling the event-trigger condition(42) , V\A/I =W, —W, and applying C-S inequality, the

first difference satisfies

2 ~
At <--200-D) B | E@I 5, 29
where
~ 2 ~ 2 ~ 2
B, =66 00y [EMLJ + w20, , [EMH + @, +C, ) [EWL

+Y2)(@, , +Cq>,)+q)|,|v|§0u,MWu2,M +&m +GG|\2/|‘9uZ,M'

From (A.28), it is evident that the first difference of the Lyapunov function is less

than zero as long as
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HrEy{zk}H > \/B\;”/z,k/(l_zﬂ)(l_r) = Bzc,i, k, <k <k, OF

2 _ o2
“TE}/{ZK}“ > \ B\/c\7,k = Bic,k vk <k <k,

This implies E{z,}, E{z,},k <k <k,,, are bounded. Note that the initial NN
oy Ty

weight estimation errors are bounded due to finite initial values and bounded target

weights. Again, from(A.27), the NN weight estimation errors E{W, , .}= E{W, }=E{W,, }
T,y L T,y ! Ty !

’ TEy{\NV,ki+l}=f5{\A7V,k}=TEMV,ki+1} and EMu,ki+l}: z_'Ey{vvu,k}: z_'E;/{V\N/u,km} for ki <k< ki+l ! V:L’ 2’ o
Further, from Case I, E{W, .}, E{W, ,} and E{W,,}, k =k, V1,2, -- are bounded in the
Ty T,y T,y

mean. Therefore, E{W, }, E{W, ,} and E{W, } k <k <k, are constant and bounded
274 Ty Ty

during the inter-sample times.

Further, from Case I, EW,, . }=EW, }=E{W,, } and
T,y ! T,y ' Ty '

EW,, . 3=EMW, }=EW,, }, k <k<k., VL2,---. Thus, BZ , k <k<k,, is a
Ty i T,y ’ T,y N+ ’

piece wise constant function. This follows that B} and B;; , k; <k <k;,, in (A.28) are

i+1
also piece wise constant functions

Next, we will combine both the cases to show the convergence of closed-loop

parameters E{z,}, E{z,} EW,,}, E{W, } and E{W, }to the UB in the mean. From
Ty Ty 274 ' Ty ' Ty '

Case I, E{W,,  }<EW,} and E{W, J}<E{W,} and from Case II,
Ty i Ty K Ty WK Ty K

E(W, .. }=EW,, } and E{W,, . }=E{W,, }, vL2,---. Therefore, it holds that

T,y i 7.7 LN .y I T,y LN

E{(W, }<E{W,, }and E{W,, }<E{W,, }. This implies the bound B’ <BZ ,
Ty My ry TMT oy T i i
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Vv1,2,---. This further implies B} <B} and B; <B; . It follows that the bounds

B;% —Biy and Bji — By, for all k >k, +N where B}, =\fo/ch /(1-2u)(1-T)
and B;}, = /B, Wwith B¢ computed form BS? in (A.28) by replacing TIyEy{V\NI,Vk} and

W,M W k

TI’Ey{VVqu}with its UB Bvlvl and Bvlv , respectively, from Case I.

Consequently, the closed-loop parameters 5{2"}’ E{Zk}, 5{\/\7'*}’ 5{\’\7v,k} and
TI’Ey{VVqu} are UB in the mean for all sampling instants k; >k,+ N or alternatively,
k>k,+N for N>N with ultimate bounds given by B, :max(Bi,Bfi,,) :

B, :max(Bz%,B;ZM), B\/l\7|’ B\}Qv ,and By , respectively..

Now to show the convergence of the estimated value function and control input to

their respective optimal values consider the differences

Vi =V | = M (2 W () = 20y (2o e )| <M o, 2]+ e (2 er )]
<t Bvl\y +W, mCy, Oerm B, & v =By

and

”uk - u:” = ‘MluT,k(Pu (Z) _WUT% ) — &y (Z,, eET,k)H < ¢u,M B\/lgv +Wu,MC¢u Oer.m B, + Eum = B,

where B, and B, are small positive constants. [
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