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Drained Elastoplastic Solution for Cylindrical Cavity
Expansion in K,-Consolidated Anisotropic Soil

Jingpei Li'; Weibing Gong?; Lin Li%; and Fang Liu*

Abstract: This paper presents a semianalytical solution for drained expansion of a cylindrical cavity in K-consolidated clay. The solution is
derived based on the K(-based anisotropic modified Cam-clay model (K,-AMCC), which can properly consider the initial stress anisotropy
and the initial stress-induced anisotropy of natural soils. Parametric studies are carried out to investigate the effects of different overconso-
lidation ratios on the growth of plastic zone and cavity pressure, the distributions of the stress components and the specific volume around the
cavity, and the effective stress path. The results are compared with the published solution based on the modified Cam-clay model to study the
effects of the initial stress anisotropy and the initial stress-induced anisotropy on the cylindrical cavity expansion. The present solution
provides a more realistic interpretation for practical geotechnical engineering problems such as pressuremeter tests and cone penetration
tests. DOI: 10.1061/(ASCE)EM.1943-7889.0001357. © 2017 American Society of Civil Engineers.

Author keywords: Drained expansion; Kj-based anisotropic modified Cam-clay model (K,-AMCC); Initial stress anisotropy; Initial

stress-induced anisotropy.

Introduction

The cylindrical cavity expansion theory theoretically analyzes
the stress and displacement fields around cylindrical cavities. This
theory was initially explored by Lamé (1852) in a linear elastic
medium, and extended to many engineering applications associated
with more complex materials. The cylindrical cavity expansion
theory has become a fundamental tool for modeling complex geo-
technical problems in theoretical geomechanics. Such examples in-
clude the interpretation of pressuremeter tests and cone penetration
tests (Collins and Stimpson 1994; Yu et al. 1996; Chang et al. 2001;
Falagush et al. 2015; Mo et al. 2017), installation of driven piles
(Randolph et al. 1979; Mabsout et al. 1999; Guo 2000; Randolph
2003; Li et al. 2017), and underground tunneling (Yu and Rowe
1999; Yu 2000; Vrakas and Anagnostou 2015). Moreover, this
theory has been adopted to estimate the effects of tunnel construc-
tion on end-bearing piles (Marshall 2012).

To solve the expansion problems of cylindrical cavity in soils, a
constitutive relationship is required to describe the stress-strain
behavior of soils during expansion. Unlike concrete and steel, soils
are natural construction materials with mechanical properties that
are more difficult to determine because of the complex sedimentary
environment and consolidation history. Initially, the Tresca and
Mohr-Coulomb failure criteria were widely used to determine the
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stress-strain behavior of soils. However, they introduced too many
idealizations and simplifications that overlook real soil behavior, so
the Cam-clay critical state models (Roscoe et al. 1963; Schofield
and Wroth 1968; Wood 1990) were developed. After approxi-
mately 100 years of development, there are many soil constitutive
relationships at present. Different soil constitutive relationships
lead to various solutions for cylindrical cavity expansion. The
Tresca and Mohr-Coulomb failure criteria, two popular soil constit-
utive relationships, are widely used to derive analytical or semian-
alytical solutions for cylindrical cavity expansion. Hill (1950) used
the Tresca plasticity criterion to present a comprehensive analysis
of the stresses and displacements for the expansion of a cylindrical
cavity. Vesic (1972) proposed a general solution for the expansion
of spherical and cylindrical cavities in a Mohr-Coulomb soil by
considering volume change in the plastic region. Carter et al.
(1986) presented closed-form solutions for the expansion of cylin-
drical and spherical cavities in a Mohr-Coulomb soil to obtain the
complete pressure-expansion relationship. Frikha and Bouassida
(2013) determined the limit pressure of a laterally expanded cylin-
drical cavity by developing the Mohr-Coulomb strength criterion
with a variable potential flow. Zhou et al. (2014) analytically ex-
plored an undrained cylindrical cavity expansion under anisotropic
initial stress with the Tresca failure criterion. Zhou et al. (2016)
semianalytically investigated an undrained cylindrical cavity ex-
pansion under biaxial in situ stress field based on the Tresca failure
criterion with the associated flow rule. Although the Tresca and
Mohr-Coulomb failure criteria can capture, to some extent, major
behaviors of soils during cavity expansion, they are incapable of
modeling the strain-hardening or strain-softening behaviors of soils.

Alternatively, the Cam-clay critical state models have been used
to further develop the cylindrical cavity expansion theory. These
models pay more attention to volumetric changes in addition to
variation of effective stress in soil mass during shearing. For in-
stance, Carter et al. (1979) derived numerical solutions for cylin-
drical cavity expansion based on the Cam-clay hardening critical
state model to study the stress and pore pressure changes in clay.
Collins and Yu (1996) described the soil behavior based on various
critical state models during cavity expansion, and used the solu-
tions to predict the excess pore pressures during pile installation
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in overconsolidated clays. Cao et al. (2001) presented both exact
and approximate closed-form solutions for undrained cavity expan-
sion using the modified Cam-clay (MCC) model by assuming small
strain in the elastic zone and large strain in the plastic zone. Chen
and Abousleiman (2012) also established a theoretical framework
for the undrained cylindrical cavity expansion based on the MCC
model, but the deviator and mean effective stresses were exact and
the shear modulus was a variable in proportion to the mean effec-
tive stress. Li et al. (2016a) derived a semianalytical solution to
improve the undrained solution of Chen and Abousleiman (2012),
which can consider the anisotropy of natural clays during cavity
expansion. Li et al. (2016b) used the spatially mobilized method
to consider the three-dimensional strength of soils when analyzing
the undrained cylindrical cavity expansion. Mo and Yu (2017) pro-
posed an analytical solution for undrained expansion of spherical
and cylindrical cavities with a unified state parameter model for
clay and sand, which is actually an improved Cam-clay critical state
model. However, the aforementioned studies have not been ex-
tended to drained conditions, which are commonly seen in soils
with large permeability and subjected to slow loading process.
Drained conditions will introduce further complexity to the deriva-
tion because the soil volume is variable and the specific volume
needs to be determined as one of the unknowns. Moreover, most
of these studies neglect the effect of the in situ anisotropic stresses
and the initial stress-induced anisotropy. Chen and Abousleiman
(2013) attempted to develop an exact solution for drained cylindri-
cal cavity expansion by introducing an auxiliary variable; however,
they only considered the effect of the in situ anisotropic stresses
and neglected the effect of the initial stress-induced anisotropy
on the cavity expansion. Natural soils usually consolidate in the K|,
condition (where K denotes the coefficient of earth pressure at
rest) and thus exhibit initial stress anisotropy and initial stress-
induced anisotropic properties. However, to the best of authors’
knowledge, the solutions for drained cylindrical cavity expansion
in a Kj-consolidated soil are still not available at present.

This paper models the soil behavior during cylindrical cavity
expansion using the Kj-based anisotropic modified Cam-clay
(Ko-AMCC) model, which is a highly sophisticated model that
can incorporate the initial stress anisotropy and the initial stress-
induced anisotropy of natural soils. An auxiliary variable defined
as the ratio of the radial displacement of a soil element to the cur-
rent place of the soil element (Chen and Abousleiman 2013) is in-
troduced to make the drained cylindrical cavity expansion problem
as an initial value problem in terms of Lagrangian form. The so-
lutions are compared with the results of the published drained so-
lutions built on the MCC model. The stress state of a soil element
during the expansion of cylindrical cavity is illustrated by effective
stress path (ESP). The three-dimensional property of the ESPs is
reflected by plotting them in the p’—¢g and deviator planes.

Problem Definition

Fig. 1 schematically shows the expansion of a cylindrical cavity in
the K-consolidated soil, which is subjected to an initial horizontal
stress, o7, and an initial vertical stress, o). The cavity radius ex-
pands from the initial radius, a, to the current radius, a, due to the
increase of the internal cavity pressure. Correspondingly, a radial
displacement of the soil element, u, is generated and equal to the
difference between the new radial position, r, and the initial radial
position, ry (i.e., u = r — ry). As the internal cavity pressure con-
tinuously increases, the soil yields and the plastic zone expands.
The notation r, denotes the distance of the elastic-plastic boundary
from the cavity center. The assumptions for the present analytical
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Fig. 1. Drained cylindrical cavity expansion in K,-consolidated soil

framework of the drained cylindrical cavity expansion are as

follows:

1. The K,-consolidated soil is homogeneous and follows Hooke’s
law in the elastic zone. The behavior of the yielded soil is de-
scribed by the K,-AMCC model and large deformation theory.

2. The expansion of the cylindrical cavity is under the plane strain
condition. Conventionally, the compressive stress and strain
components are assumed to be positive.

In both plastic and elastic zones, the equilibrium equation of

a soil element can be expressed in terms of the cylindrical polar

coordinates as (Carter et al. 1979)

! !/ !/
do/ o,—0y _

dr r

0 (1)

where o, = radial stress; and o = circumferential stress. The pore
pressure remains constant under the drained condition and needs no
consideration in the analysis. Hence the term stress in this study
should be interpreted as effective stress.

Anisotropic Solutions for Cylindrical Cavity
Expansion

Elastic Analysis

By Hooke’s law and small strain theory, the solutions for stress
components in the elastic zone and the radial displacement of the
soil element can be obtained as (Cao et al. 2001)

2

st=ai+ o - (%) @)
r

! ! / ! Ty 2
oy =0, — (o) —0}) - (3)
ol=o0, (4)

B oy — o r_§

= 2G0 r (5)

where oy = stress at the elastic-plastic boundary; and G = initial
shear modulus, defined as (Wood 1990)

31— 20 )y

Gy =
0 2(1+v")k

(6)

J. Eng. Mech.

J. Eng. Mech., 2017, 143(11): 04017133



Downloaded from ascelibrary.org by Missouri University of Science and Technology on 08/25/23. Copyright ASCE. For personal use only; all rights reserved.

where v’ = Poisson’s ratio; v, = initial specific volume; s = slope
of the unloading line in the v —In p’ plane; and p( = initial mean
stress.

Elastoplastic Analysis

In the Ky-AMCC model, two parameters (i.e., the relative stress
ratio, n*, and the relative stress ratio at the critical state, M*) are
introduced to consider the initial stress anisotropy and the initial
stress-induced anisotropy of natural soils. Considering the strain
hardening rule, the yielding function of K,-AMCC model is
(Matsuoka and Sun 2006; Yao et al. 2009)

A=k p' A=k 7\ 2
= In= In|1 —&p 7
f 1+eonp6+1+eon[ +(M* & (7)
where \ = slope of the loading line in the v —In p’ plane; ¢, =
initial void ratio; p’ = mean stress; and €} = plastic volume strain,
used as the hardening parameter in the model. The relative stress

ratio, n*, and the relative stress ratio at the critical state, M*, are
defined as

of

Oeh

-1 (17)

af _ of ap’ _of o

= praar (18)
80[1- ap’ 80,{/- on 80,&
where
ap’ 5[]
—_— = 1
(901-’]- 3 (19)
on* 1

aTilj = W [3(77ij - 77ij0) = M (M — 77k10)6ij} (20)

Substituting Egs. (19) and (20) into Eq. (18) leads to

Of _A=-r1 by n 35 = nijo) = M (Mt — Mao) 8i (21)
doj; 1+eyp'|3 M2 4?2

From Eq. (20), the derivative of 1* can be obtained as

3 . o 1
0= \/5 (711'_; - 77ij0)(77ij - ni_;o) (8) dn = 9o dJi’j = W [3(77ij - 77[,'0) U nklo)éij]dailj
ij
(22)
M* = \/M? — 7} 9 . - .
o ©) The plastic strain increment, dsl’-’j, then can be determined as
where ) )
dap*A_H 1 M* 4+ nt
n = 7 = P’y (10) Yo Tt eo p" M 40 = 304 (i — o)
ij ’
p % {@ + 3(77ij - 77ij0) - 77k1(77k1 - nklo)éij:|
o _p/(s 3 M*2+77*2
Nijo = UL (11) 8ii 3(i; = nij0) — M (Mt — Mao) i d 23
Po x ? + M*2 + 7]*2 Oij ( )
Ny = 3(1 - Ko) (12) Eq. (23) can be rewritten in matrix form as
2Ky +1
de? 2 . do)
where 7(= g/p’) = stress ratio; 6;; = Kronecker’s delta; and €p o 6’2‘9 Cré U/
M = slope of the critical line. deg 0 =V |ccg ¢y coc, doy (24)
The K(-AMCC model adopts the associated flow rule in the de? c,c, cpc, 2 do!
derivation process because the K,-AMCC model is based in the
framework of the Cam-clay model, and obeying the associated where
flow rule is one of the basic assumptions of the Cam-clay model.
Thus the plastic strain increment is normal to the yield function and et 30, — 1r0) — M (Mg — Mao) (25)
leads to r=3 M2 4?2
of
P
dej; = Aaal{j (13) com L1 3(1 — Mg0) — Mt (Tt — "iao) (26)
0 3 M*2 + 77*2
where A = scalar, given as
(f /Op")dp' + (Of |On*)dn* e — 1 + 3(n: — 1m20) — M (Mot — Mhao) (27)
A=— (14) :7 3 M2+ 2
(0f /0ev)(9f 0o ) K
Differentiating Eq. (7) with respect to p’, n*, €} and o};, respec- _ A—r 1 M2 4 2 (28)
tively, yields L +eq p' M* + 152 = 31 (s — 7iao)
of A—k 1
a_p’ = lte F (15) When the soil enters the plastic state, the total strain increment,
0 de;;, is composed of the elastic strain increment, dsfj, and the plas-
tic strain increment, de’;, namely
of A—wk 2 (16) /
o' 1+egM? 7?2 de;j = def; + def] (29)
© ASCE 04017133-3 J. Eng. Mech.
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The elastic strain increment, de¢
law as

{j» can be determined by Hooke’s

def; = d ! ——do m0ij (30)

The constitutive equation can be obtained by substituting
Egs. (24) and (30) into Eq. (29) as

!/

1 v’ v
—+ c% ——+yc,cp ——+Yc,c
dE, E 1/) E 1/) 0 E 1/} z dU;
d | 1 ) v’ do’
S (= |—ptvec ptve  —ptice, Ty
dEZ / i 1 daé
—%+1/)C,CZ —%Jribcacz E+wc§
(31)
The constitutive equations can be inversely expressed as
do} { ISTRRSPIRSE: de,
doy o = Q &1 &n & deg (32)
do; &G & &l Ude

where

1
61 = g (Eci + Bty + 2Ev'cpedp+1-02)  (33)
1
522_ (E62¢+E¢21/)+2E1)c c.p+1—0v"?) (34)
& = (Ec21/1 + Ec§¢ +2Ev'cpcp+1—0' ) (35)

1
En=81= 2 [0/ (1 +v' — Ecyc i+ Ec2tp) — Ec,(cy+ v'c, )Y

(36)

1
i3 =& = 7 [v/(1 4+ v" — Ecyc,p + Ecj)) — Ec,(c, + v'cy)V]

(37)
§n=E8n= [U + 02+ Ev'cip— Ev'c,(co + ¢, )¢ — Ecye )]
(38)
1 !/
Q= —% [(—1+v" 4202+ E(-1+v")cHy
+ E(—14v')c3p — 2Ev'cyc,tp — Ec2p + Ev'cp
—2Ev'c (¢p+ c2)Y)] (39)

Because the cylindrical cavity expansion is under the plane
strain condition, the vertical strain increment, de_, is 0. Thus the
volumetric strain increment has the following relationship:

de, = de, + dey (40)
The volumetric strain increment can be defined as

dv
de, = —— 41
ey =2 (1)

© ASCE
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where v = specific volume. Introducing Egs. (40) and (41) into
Eq. (32) yields

do! :é _511 <—d—;)) + (€12 —511)d59_ (42)
doj = é & ( iv) (€2 — le)dﬁe (43)
do! :é 531( dv ) (§320 — &31)dzg (44)

For the drained condition, the specific volume, v, does not re-
main constant (i.e., dv # 0) and needs to be determined during the
cavity expansion. The variable specific volume indicates that the
constitutive equations have four unknowns, whereas there are only
three equations. Hence it is impossible to obtain the stress compo-
nents directly based on the above differential equations. In order to
overcome this barrier, an auxiliary variable is introduced to convert
the Eulerian equilibrium equation [Eq. (1)] into the Lagrangian
form, which is defined as (Chen and Abousleiman 2013)

u r—ry

== 45
X r r ( )
The tangential strain increment in the logarithmic form can con-
sider the large deformation in the plastic zone and is defined as
(Chen and Abousleiman 2013)

deg= - (46)
r

Substitution of Egs. (45) and (46) into Eqs. (42)—(44) yields the
following:

woo(ime )@
Al Y) ™
amelim ) @

g:% (50)

Although four equations have been obtained by introducing the
auxiliary variable, , there are still five unknowns required to be
determined, i.e., 0/, 0, 0/, X, and g. Hence an additional equation
should be provided to solve all the unknowns. The equilibrium
equation of the soil element [i.e., Eq. (1)] is rewritten with respect
to the auxiliary variable, y, as

do}d_x+a[—0(’,

=0 51
dx dr r (51)

Eliminating do}/dy from Egs. (47) and (51) and substituting
Eq. (45) into Eq. (51) leads to

g(ute S () ormap -0 (s

Under the drained and plane strain conditions, the radial strain,
€,, can be determined from
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v r (o
—c —egy=—1In[— In[—)=ln———— 53
R n(“o) * n(V()) nU(l -X) (53)

The natural radial strain can be defined and rearranged as

In dr (14 du dr (14 du __
= — e = — _ = — —e
e dry dr dr, dr

(54)
Combining Egs. (53) and (54) gives
du Vo

e 55

dr o(l —x) (53)

Substituting Eq. (55) into Eq. (52) gives the expression of the
function g as

:@:i §n =&, VU1 —x) (0] —0y)
dx &l 1-x (1 =x)* =y

The function ¢ is related to the stress components and the
specific volume. In addition, the expressions of the stress compo-
nents can be obtained by substituting Eq. (55) into Egs. (47)—(49)
as follows:

9 (56)

do} _ 821 =)ot~ o)
dy  v(l—x)? -1,

(57)

d;'ézi{ézl—fzz_@ € —én o] —X)(Ul—aé)'}
dy QL 1-x & 1—x v(l—x)?—vy |
(8)

do; _ 1{531 & &G [6n—&n +UQ(1 —x)(0] —ay)] }
dx Q| 1-x nl 1—x v(1=x)* = v

(59)

The preceding equations can be solved by the corresponding
boundary conditions, which are discussed in the next section.

On the other hand, in order to express the results in terms of the
position, r, instead of the auxiliary variable, y, it is necessary to
build a connection between r and . Differentiating Eq. (45) with
respect to r gives

du dx

Combining Egs. (55) and (60) yields
d 11—
dr _ v(x)( 2x) dx 1)
ro o)1 =x)" =
The connection can be obtained by integrating Eq. (61)
r v o) =x)
— =exp / ————————dXx (62)
a [ va) VOO (1 = X)? =g

Boundary Conditions

The stress components at the elastic-plastic boundary can be
expressed as (Li et al. 2016a)

Py
o} =0+ 63
(Xp) 0T (63)
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pln*
79(Xp) = 010 = \Oﬁp (64)

3
Uz/.(Xp) :ml’é (65)

where y,, = auxiliary variable at the elastic-plastic boundary; and
the relative stress ratio at the elastic-plastic boundary, 77, is

75(x,) = M*VOCR — 1 (66)

where OCR = overconsolidation ratio.
The value of ), can be determined in accordance with Eq. (5)

u ay(Xp) = 9
= — = 7
Xo (}") r=ry 2G0 (6 )

The specific volume at the elastic-plastic boundary is consistent
with the value in the elastic zone, and it follows that

U(Xp) = Yo (68)

Making use of the above boundary conditions, the distributions
of the stress components and the specific volume around the cavity
under the drained condition can be finally determined by solving
the differential Egs. (56)—(59).

Comparisons and Discussion

In order to verify the proposed solutions for the drained cylindrical
cavity expansion in natural soils, the results were compared with
the published data obtained based on the MCC model (Chen and
Abousleiman 2013). The soil adopted in this example was Boston
blue clay. It is well known that most naturally deposited soils are
found in different consolidation states. Soils with different OCRs
usually show different mechanical behaviors. Hence it is quite nec-
essary and meaningful to explore the effects of different OCRs on
the drained cylindrical cavity expansion. Here, four different values
of OCR were taken, i.e., OCR =1, 1.2, 3, and 10. Table 1 lists the
initial shear modulus, G, the initial specific volume, vy, and the
values of parameters used in the K,-AMCC model.

For normally consolidated soil (OCR = 1), there is no elastic
zone around the cavity. The ratio of the radius of plastic zone to
the radius of cylindrical cavity will continuously increase during
expansion of the cylindrical cavity. Hence the curve of the elastic-
plastic radius with normalized cavity radius for normally consoli-
dated soil does not exist. Fig. 2 shows that the increase in OCR led
to a decrease in the elastic-plastic radius, and the magnitude of the
decrease was very obvious for slightly or moderately overconsoli-
dated soils (1 < OCR < 3). The present solution differs from the
solution proposed by Chen and Abousleiman (2013) when K is
less than 1 or greater than 1. The difference of the slightly over-
consolidated soil (e.g., OCR = 1.2) was much smaller than that of
the heavily overconsolidated soil (e.g., OCR = 10), indicating that

Table 1. Parameters for Boston Blue Clay (Data from Chen and
Abousleiman 2013)

Ky OCR g G, (kPa) 0,0 (kPa) ol (kPa)
0.625 1 2.09 4,348 100 160
0.625 1.2 2.06 4,302 100 160
1.0 3 1.97 4,113 120 120
2.0 10 1.80 3,756 144 72
Note: M =1.2; A=0.15; k = 0.03; v = 0.278.
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OCR=12,K=0.625 M=12,4=0.15
OCR=3, K= 1 x=0.03, v/ = 0278

OCR= 10, K= 2.0

N W A LU N 9 X O

Present solution
- --- Chen & Abousleiman (2013)

1 2 3 4 5 6 7 8 9 10
Normalised cavity radius, a/a,

Normalised elastic-plastic radius, r}/a

Fig. 2. Comparison of the normalized elastic-plastic radius obtained by
the present solution and the published solution

1500

—
[y*)
=
S

N

900

OCR=1.2,K,=0.625 OCR=1, K;=0.625

o0 Py A Z/____________________t/____}/______________

________

Cavity pressure, o/, (kPa)

300

Present solution
- --- Chen & Abousleiman (2013)

2 4 6 8 10
Normalised cavity radius, a/a,

Fig. 3. Comparison of the cavity pressure obtained by the present
solution and the published solution

the difference increases with an increase of K, when K, > 1. It also
illustrates that the anisotropy of soil plays a significant role in the
magnitude of the elastic-plastic radius. The present solutions com-
pletely agree with the published solutions when K, = 1, which in-
dicates that the drained cylindrical cavity expansion based on the
Ky-AMCC model reduces to the MCC model-based solutions.
Moreover, the elastic-plastic radii with different OCRs increase sig-
nificantly with smaller normalized cavity radius. However, when
the normalized cavity radius is on the order of 7, the elastic-plastic
radii nearly remain constant and approach their limit values.

Fig. 3 shows the variation curve of the cavity pressure, o/, plot-
ted against the normalized cavity radius a/a. The larger the OCR,
the larger is the cavity pressure corresponding to the same normal-
ized cavity radius. The anisotropic effect also plays a pivotal role in
the cavity pressure. When K, equals 1, the solution reduces to the
solution of Chen and Abousleiman (2013).

Figs. 4-7 show the distributions of three stress components and
the specific volume around the cylindrical cavity for the soils with
different OCRs when the normalized cavity radius a/a is equal to
2. The tangential stress, aé, varied within a smaller range than the
other two stress components (i.e., the radial stress o) and the ver-
tical stress o). However, an increase of OCR led to relatively
strong variations of ¢. At the cavity wall, o/ and o, changed sig-
nificantly and decreased with an increase of the distance from the
cavity wall. When r/a became larger, the soil element entered the
elastic zone (except OCR = 1), in which the vertical stress remains
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Fig. 4. Comparison of distributions of three stress components and the
specific volume surrounding the cavity for normally consolidated soil,
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Fig. 5. Comparison of distributions of three stress components and the
specific volume surrounding the cavity for slightly overconsolidated
soil, OCR = 1.2 and K, = 0.625

constant. For normally consolidated soil (OCR = 1) the absolute
elastic zone does not exist, although the vertical stress begins to
show a smooth trend when r/a is large enough (r/a > 8). For
the specific volume, v, it shows a decreasing trend from the elastic
zone to the cavity wall. Moreover, larger OCR indicates smaller
plastic zone (Figs. 5-7). Compared with the results of Chen and
Abousleiman (2013), the proposed solution underestimates o)
and v and overestimates o/ in the case of Ky < 1. When K > 1,
the proposed solution underestimates both o, and o/. The present
solutions are consistent with the solution proposed by Chen and
Abousleiman (2013) in the case of K, = 1, indicating that the sol-
ution proposed by Chen and Abousleiman (2013) is just a special
case (i.e., Ky = 1) of the proposed solution (Fig. 6).

Figs. 8—11 show the distributions of mean effective and devia-
toric stresses with specific volume for soils with different OCRs.
Points A, B, C represent the in situ stress point, the yield stress
point, and the failure stress point, respectively. For normally con-
solidated soil (OCR = 1), both the mean effective and deviatoric
stresses increase with the decrease of the specific volume until they
reach the limit values at Point C. For slightly or moderately over-
consolidated soils (e.g., OCR = 1.2 and 3), the mean effective
stress remains constant (A coincides with B) whereas the deviatoric
stress increases when the soil is in the elastic state. After the soil
yields, both stresses increase until they reach the limit values. For
heavily overconsolidated soil (e.g., OCR = 10), the mean effective
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and deviatoric stresses first increase with the increase of the spe-
cific volume after the yield of the soil, then they increase with the Specific volume, v
decrease of the specific volume until they reach the limit values.
Different phenomena are found in the variations of mean effective
and deviatoric stresses with specific volume for different soils. The
reasons for the phenomena are explained in the following section.

Fig. 11. Distributions of mean effective and deviatoric stresses with
specific volume for heavily overconsolidated soil, OCR = 10 and
KO = 2
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Fig. 12. Stress paths in the p’—q and 7 planes for normally consoli-
dated soil, OCR =1, K, = 0.625

Effective Stress Path

The effective stress path can effectively illustrate the change of ef-
fective stress of a soil element during the cylindrical cavity expan-
sion. In order to exhibit the three-dimensional property of the ESPs,
the p’—¢q plane and the deviator plane (7 plane) are combined to
plot the ESPs. The mean stress and the deviator stress follow the
standard three-dimensional definitions.

Figs. 12—15 show the ESPs for a soil element at a distance of
4ay from the cavity center at different OCRs. Points A, B, C are as
defined in the previous section. This discussion focuses on the
ESPs in the p’—g plane. The slope of K line displays the degree
of the initial anisotropy. Hence the K|, line overlaps the p’ axis
when K, = 1. For normally consolidated soil (Fig. 12), the stress
point first moves to the left, then moves right and upward until it
reaches the critical state at Point C. The stress path illustrates that
the normally consolidated soil experiences plastic hardening. For
slightly or moderately overconsolidated soil (e.g., OCR = 1.2
and 3), the stress point first moves up to the yield stress point B,
then moves right until it hits the critical line (CSL) and stays sta-
tionary at Point C. As the stress point moves right, the deviator
stress first decreases or stays constant, and then increases. Hence
the slightly or moderately overconsolidated soil shows a plastic-
softening then plastic-hardening behavior. However, the deviator
stress of heavily overconsolidated soil increases during the whole
process of the cavity expansion, and thus exhibits a plastic-
hardening behavior. The ESPs for moderately and heavily overcon-
solidated soils pass though the critical line (Figs. 14 and 15). This is
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Fig. 13. Stress paths in the p’—¢g and 7 planes for slightly overcon-
solidated soil, OCR = 1.2, K, = 0.625

because the stress increment is tangential to the current yield locus
and along the neutral loading direction (Chen and Abousleiman
2013).

Correspondingly, the ESPs for slightly or moderately overcon-
solidated soils (e.g., OCR = 1.2 and 3) in the 7 plane first move
horizontally toward the right side, and after a decline move upward
until they reach the critical line. However, the ESP for heavily over-
consolidated soil (e.g., OCR = 10) in the 7 plane moves horizon-
tally toward the yield stress point B, and then progressively moves
downward until it terminates at the failure point C. Fig. 14 shows
that for isotropic soil (K, = 1), before the stress point reaches the
yield stress point the coordinate y is equal to 0.

Conclusions

This paper presents a semianalytical solution for the drained cylin-
drical cavity expansion in natural soils. The K,-AMCC model,
which can incorporate the initial stress anisotropy and the initial
stress-induced anisotropy of natural soils, was adopted to model the
soil behavior during the cylindrical cavity expansion. The present
solution was compared with the existing solution based on the
MCC model to investigate the effects of the initial stress anisotropy
and the initial stress-induced anisotropy on the cavity expansion,
the stress components, and the specific volume by adopting para-
metric studies with different OCRs. The effective stress paths
were also plotted in the p’—gq plane and the deviator plane, respec-
tively. The results obtained by this study are briefly summarized as
follows:
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Fig. 14. Stress paths in the p’—¢g and 7 planes for moderately over-
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1. The OCR significantly affects the magnitude of the elastic-
plastic radius and the cavity pressure. The increase of OCR
leads to an increase of the elastic-plastic radius and a decrease
of the cavity pressure. When K, > 1, the larger coefficient of
earth pressure at rest results in the larger difference of the
elastic-plastic radius and the cavity pressure between the pro-
posed solution and the solution for isotropic soil.

2. The initial stress anisotropy and the initial stress-induced aniso-
tropy of soils have significant effects on the distributions of the
stress components and the specific volume. The proposed solu-
tion reduces to the isotropic solution based on the MCC model
when Ky = 1.

3. The effective stress paths illustrate that normally consolidated
and heavily overconsolidated soils experience plastic harden-
ing during the cylindrical cavity expansion, whereas the slightly
and moderately overconsolidated soils display plastic-softening
and then plastic-hardening behavior during cylindrical cavity
expansion.

Acknowledgments

This research work was supported by the National Natural Science
Foundation of China (with Grant Nos. 41272288 and 41572267).
The anonymous reviewers’ comments have improved the quality of
this paper and are also greatly appreciated.

References

Cao, L. F, Teh, C. I, and Chang, M. F. (2001). “Undrained cavity expan-
sion in modified Cam clay.” Géotechnique, 51(4), 323-334.

Carter, J. P, Booker, J. R., and Yeung, S. K. (1986). “Cavity expansion in
cohesive frictional soils.” Géotechnique, 36(3), 349-358.

Carter, J. P,, Randolph, M. F., and Wroth, C. P. (1979). “Stress and pore
pressure changes in clay during and after the expansion of a cylindrical
cavity.” Int. J. Numer. Anal. Methods Geomech., 3(4), 305-322.

Chang, M. F,, Teh, C. L., and Cao, L. F. (2001). “Undrained cavity expan-
sion in modified Cam clay. II: Application to the interpretation of the
piezocone test.” Géotechnique, 51(4), 335-350.

Chen, S. L., and Abousleiman, Y. N. (2012). “Exact undrained elastoplastic
solution for cylindrical cavity expansion in modified Cam clay soil.”
Géotechnique, 62(5), 447-456.

Chen, S. L., and Abousleiman, Y. N. (2013). “Exact drained solution for
cylindrical cavity expansion in modified Cam clay soil.” Géotechnique,
63(6), 510-517.

Collins, I. F, and Stimpson, J. R. (1994). “Similarity solutions for
drained and undrained cavity expansions in soils.” Géotechnique,
44(1), 21-34.

Collins, I. F, and Yu, H. S. (1996). “Undrained cavity expansions in
critical state soils.” Int. J. Numer. Anal. Methods Geomech., 20(7),
489-516.

Falagush, O., McDowell, G. R., Yu, H. S., and de Bono, J. P. (2015). “Dis-
crete element modelling and cavity expansion analysis of cone penetra-
tion testing.” Granular Matter, 17(4), 483-495.

Frikha, W., and Bouassida, M. (2013). “Cylindrical cavity expansion in
elastoplastic medium with a variable potential flow.” Int. J. Geomech.,
10.1061/(ASCE)GM.1943-5622.0000166, 9-15.

Guo, W. D. (2000). “Visco-elastic consolidation subsequent to pile
installation.” Comput. Geotech., 26(2), 113—-144.

Hill, R. (1950). The mathematical theory of plasticity, Oxford University
Press, London.

Lamé, G. (1852). Lecons sur la théorie mathématiques de [’élasticité des
corps solides, Bachelier, Paris (in French).

Li, L., Li, J,, and Sun, D. A. (2016a). “Anisotropically elasto-plastic
solution to undrained cylindrical cavity expansion in Kj-consolidated
clay.” Comput. Geotech., 73, 83-90.

J. Eng. Mech.

J. Eng. Mech., 2017, 143(11): 04017133


https://doi.org/10.1680/geot.2001.51.4.323
https://doi.org/10.1680/geot.1986.36.3.349
https://doi.org/10.1002/nag.1610030402
https://doi.org/10.1680/geot.2001.51.4.335
https://doi.org/10.1680/geot.11.P.027
https://doi.org/10.1680/geot.11.P.088
https://doi.org/10.1680/geot.11.P.088
https://doi.org/10.1680/geot.1994.44.1.21
https://doi.org/10.1680/geot.1994.44.1.21
https://doi.org/10.1002/(SICI)1096-9853(199607)20:7<489::AID-NAG829tpmkset 
https://doi.org/10.1002/(SICI)1096-9853(199607)20:7<489::AID-NAG829tpmkset 
https://doi.org/10.1061/(ASCE)GM.1943-5622.0000166
https://doi.org/10.1016/S0266-352X(99)00028-2
https://doi.org/10.1016/j.compgeo.2015.11.022

Downloaded from ascelibrary.org by Missouri University of Science and Technology on 08/25/23. Copyright ASCE. For personal use only; all rights reserved.

Li, L., Li, J., Sun, D. A, and Gong, W. (2017). “Analysis of time-dependent
bearing capacity of a driven pile in clayey soils by total stress
method.” Inter. J. Geomech., 10.1061/(ASCE)GM.1943-5622.0000860,
04016156.

Li, J., Li, L., Sun, D. A, and Rao, P. (2016b). “Analysis of undrained
cylindrical cavity expansion considering three-dimensional strength
of soils.” Int. J. Geomech., 10.1061/(ASCE)GM.1943-5622.0000650,
04016017.

Mabsout, M. E., Sadek, S. M., and Smayra, T. E. (1999). “Pile driving by
numerical cavity expansion.” Int. J. Numer. Anal. Methods Geomech.,
23(11), 1121-1140.

Marshall, A. M. (2012). “Tunnel-pile interaction analysis using cavity ex-
pansion methods.” J. Geotech. Geoenviron. Eng., 10.1061/(ASCE)GT
.1943-5606.0000709, 1237-1246.

Matsuoka, H., and Sun, D. A. (2006). The SMP concept-based 3D constit-
utive models for geomaterials, Taylor & Francis, London.

Mo, P. Q., Marshall, A. M., and Yu, H. S. (2017). “Interpretation of cone
penetration test data in layered soils using cavity expansion analysis.” J.
Geotech. Geoenviron. Eng., 10.1061/(ASCE)GT.1943-5606.0001577,
04016084.

Mo, P. Q., and Yu, H. S. (2017). “Undrained cavity expansion analysis
with a unified state parameter model for clay and sand.” Géotechnique,
67(6), 503-515.

Randolph, M. F. (2003). “Science and empiricism in pile foundation
design.” Géotechnique, 53(10), 847-875.

Randolph, M. F.,, Carter, J. P., and Wroth, C. P. (1979). “Driven piles
in clay-the effects of installation and subsequent consolidation.”
Géotechnique, 29(4), 361-393.

© ASCE

04017133-10

Roscoe, K. H., Schofield, A., and Thurairajah, A. (1963). “Yielding of
clays in states wetter than critical.” Géotechnique, 13(3), 211-240.
Schofield, A., and Wroth, P. (1968). Critical state soil mechanics,

McGraw-Hill, New York.

Vesic, A. S. (1972). “Expansion of cavities in infinite soil mass.” J. Soil
Mech. Found. Div., 98(SM3), 265-290.

Vrakas, A., and Anagnostou, G. (2015). “Finite strain elastoplastic
solutions for the undrained ground response curve in tunnelling.”
Int. J. Numer. Anal. Methods Geomech., 39(7), 738-761.

Wood, D. M. (1990). Soil behaviour and critical state soil mechanics,
Cambridge University Press, Cambridge, U.K.

Yao, Y. P., Hou, W,, and Zhou, A. N. (2009). “UH model: Three-
dimensional unified hardening model for overconsolidated clays.”
Géotechnique, 59(5), 451-469.

Yu, H. S. (2000). Cavity expansion methods in geomechanics, Kluwer
Academic Publishers, Dordrecht, Netherlands.

Yu, H. S., and Rowe, R. K. (1999). “Plasticity solutions for soil behaviour
around contracting cavities and tunnels.” Int. J. Numer. Anal. Methods
Geomech., 23(12), 1245-1279.

Yu, H. S., Schnaid, F., and Collins, I. F. (1996). “Analysis of cone
pressuremeter tests in sands.” J. Geotech. Eng., 10.1061/(ASCE)
0733-9410(1996)122:8(623), 623-632.

Zhou, H., Kong, G., and Liu, H. (2016). “A semi-analytical solution
for cylindrical cavity expansion in elastic-perfectly plastic soil under
biaxial in situ stress field.” Géotechnique, 66(7), 584-595.

Zhou, H., Liu, H., Kong, G., and Huang, X. (2014). “Analytical solution
of undrained cylindrical cavity expansion in saturated soil under aniso-
tropic initial stress.” Comput. Geotech., 55, 232-239.

J. Eng. Mech.

J. Eng. Mech., 2017, 143(11): 04017133


https://doi.org/10.1061/(ASCE)GM.1943-5622.0000860
https://doi.org/10.1061/(ASCE)GM.1943-5622.0000860
https://doi.org/10.1061/(ASCE)GM.1943-5622.0000650
https://doi.org/10.1061/(ASCE)GM.1943-5622.0000650
https://doi.org/10.1002/(SICI)1096-9853(199909)23:11<1121::AID-NAG28tpmkset 
https://doi.org/10.1002/(SICI)1096-9853(199909)23:11<1121::AID-NAG28tpmkset 
https://doi.org/10.1061/(ASCE)GT.1943-5606.0001577
https://doi.org/10.1061/(ASCE)GT.1943-5606.0001577
https://doi.org/10.1680/jgeot.15.P.261
https://doi.org/10.1680/jgeot.15.P.261
https://doi.org/10.1680/geot.2003.53.10.847
https://doi.org/10.1680/geot.1979.29.4.361
https://doi.org/10.1680/geot.1963.13.3.211
https://doi.org/10.1002/nag.2335
https://doi.org/10.1680/geot.2007.00029
https://doi.org/10.1002/(SICI)1096-9853(199910)23:12<1245::AID-NAG30tpmkset 
https://doi.org/10.1002/(SICI)1096-9853(199910)23:12<1245::AID-NAG30tpmkset 
https://doi.org/10.1680/jgeot.15.P.115
https://doi.org/10.1016/j.compgeo.2013.09.011

	Drained Elastoplastic Solution For Cylindrical Cavity Expansion In K0-consolidated Anisotropic Soil
	Recommended Citation

	Drained Elastoplastic Solution for Cylindrical Cavity Expansion in K0-Consolidated Anisotropic Soil

