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ABSTRACT

One criterion for determining the precision
of pressures calculated by a simulation model is
the accuracy of the material balance. A high
degree of precision in the calculated pressures
is a necessary but not sufficient condition for
elimination of significant errors in the
prediction of fluid migration in the reservoir.
A new procedure, called error matrix technique,
has been developed for reduction of material
balance errors. This reduction is accomplished
by adjusting potential gradients at every grid
point in the simulation model so that the
material balance is accurately maintained.
Performance of a hypothetical oil reservoir was
simulated both by conventional methods and by
the error matrix technique. The new technique
was found to be more accurate than the
conventional simulation.

INTRODUCTION

A mathematical reservoir simulation model
is based on sets of nonlinear partial
differential equations that express pressure and
saturations as functions of time and position.
Two types of error should be considered in
evaluating the accuracy of a simulation devel-—
oped by such a model. One of them is machine
round-off error. Accumulation of this error can
lead to instability of the calculation scheme.
If round-off error were not present, an exact
References and illustrations at end of paper.

solution of the finite-difference equations would
be obtained. However, an exact solution of the
difference equations usually is not an exact
solution of the differential equations that they
represent.

Exact finite-difference representation of
the differential equations is not ordinarily
achieved because the derivatives are approxi-
mated by truncated Taylor's series expansions.
The discretization error that is caused by the
truncation is another source of inaccuracy that
can be anticipated when finite-difference
techniques are employed. The magnitude of this
error is reflected in the deviation of the
calculated pressures from the true ones.

The use of imprecise pressures for satura-
tion computations leads to the calculation of
inaccurate saturation values. If these
saturations are used to compute the mass (or
volume) of fluids in the reservoir, these
computations will also be ‘somewhat in error.
Therefore, the law of mass conservation provides
a basis for evaluating the accuracy of a ’
reservoir simulation model. This paper describes
a method for improving the accuracy of the
simulation by increasing the precision of the
mass balance.

MATERIAL BALANCE ERRORS

For each phase, the fluid mass in the
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- reservoir should always equal the initial mass
less net cumulative production. Any deviation
from this equality represents an error in the
material balance. Several mathematical expres-—
sions have been devised for the measurement of
material balance error. Perhaps the most
commonly used relationship is

(0oil material balance)=

(original oil in place)-(0oil remaining)
(cumulative oil produced)

N ¢

where volumes are expressed in terms of stock-
tank conditions. Any deviation of Egq. 1 from
unity represents an error in the material bal-
ance.

A similar technique has been employed by
Merchant,+ who determined the accuracy of the
material balance for each time step in a
simulation study. This equation is written

(incremental oil material balance) =

" A(OIP)
q, At
where is the oil production rate during time
increment (At), and A(OIP) is the calculated
change of o0il in place during the time incre-
ment. This equation should also have a value
of unity. ,

e )

It has been recognized for some time that
an accurate material balance can be maintained
only if accuracy is achieved in solving the
system of equations that describe reservoir
pressures. The relationship between material
balance errors and accuracy of pressure calcula-
tions was investigated in some detail by Traylor
and Sheffield.? These authors measured material
balance error in terms of an absolute water
volume error, which they showed to decrease as
the average pressure residual error was reduced
by iteration.

- Although accuracy in the pressure calcula-
tions is essential, it has been noted that such
accuracy does not always preclude error in the
material balance.
tion of material balance error was presented
recently by Nolen and Berry.” These authors
included correction factors in the accumulation
terms for both the wetting and nonwetting phase
equations. These factors cancel the material
balance errors for the previous time step. Thus,
the procedure limits the cumulative errors to
those made during the current time increment.

SOURCES OF MATERTATL BALANCE ERROR

The material balance error problem was
investigated by simulating the performance of
a hypothetical oil reservoir. The mathematical

A technique for direct correcs

model used for the study was a three-phase
simulator capable of accounting for reservoir
heterogeneity as well as the variation of fluid
properties with respect to pressure. The
material balance error was computed by Eg. 1.

Since material balance problems are fre-
quently associated with water breakthrough and
with reduction of pressure to a value near the
bubble point, the problem was designed so these
events would occur early in the study. Thus,
the simulation study was not based on a realis-
tic development program, but rather a hypotheti-
cal situation in which the material balance
problem could be readily investigated. The grid
system and well locations that were used for the
problem are illustrated by Fig. 1; summaries of
the data and mathematical relationships that
were employed are presented in Tables 1 and 2.

One criterion for maintenance of an accuratd
mass balance is that the sum of the three-phase
saturations must be unity. Since errors in the
pressure calculations cause errors in computed
saturations, the iterative technique described
by Achmadl was used to reduce residual pressure
errors. For the example problem it was found
that the error in the sum of saturations became
negligible when the average absolute residual
pressure error was reduced to 0.001 atm and the
maximum absolute residual was limited to 0.01
atm. These criteria were used in this study to
improve accuracy of the computed pressures.

The equations that describe potential
distribution within the reservoir provide another
opportunity for verification of accuracy of the
material balance. For the oil phase, this equa-
tion may be written

c
. - d "o

If Eq. 3 is discretized and solved for @) at
every grid location, it can be shown that the law
of mass conservation predicts

D2 Ay Toi, s by %, . =0,

i,]

This test was made for each computer run during
this study, and it was found that the summation
was near zero in every instance. This result
led to the conclusion that machine round—off
errors were small and accurate solutions to the
finite-difference equations were being obtained.
Therefore, it seems likely that the errors that
were observed arose primarily from nonlinearity
in the equations or from discretization errors.
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The simulation model employed for the study
included the usual features which require that
calculated saturations conform to logical con-
straints. For example, an oil saturation that
was computed to be greater than (1-S ) was re-
duced to (1-S,.). These small adausgments in
S, (generally fess than 0.001) were found to
occur rather frequently even though the sum of
the three unadjusted phase saturations was
essentially unity. It was also found that these
adjustments consistently increased the incre-
mental material balance error defined by Eq. 2.
Therefore, it was concluded that these necessary
adjustments in oil saturation were a significant
source of material balance error.

The law of mass conservation is the basis
of reservoir simulation, and material balance
errors that violate this law presumably arise
from inaccuracies in the calculated potential
gradients. Hence, it was concluded that it is
proper to adjust calculated potential gradients
in order to reduce material balance errors. A
technique that has been developed for making
these adjustments is described below.

ERROR MATRIX TECHNIQUE

Eqg. 3 describes potential and saturation
distributions of the oil phase in a petroleum
reservoir. Discretization of this equation,
with slight rearrangement, yields the following
set of difference equations.

(T ) AL (e ), RtL
t . .
A Axlij Axy L o i,3 TRy o'1i,]j

- Atqo. '
i,j
+
= (OIP)n l (OIP) i,5 y o .. (5)
where
S PV
- |_o N ()
(OIP)i,j = |5 .

i,3
Eq. 5 is used as a basis for correction of mass
balance errors by potential adjustment. This

correction procedure will be designated as the
error matrix technique.

A slightly different form of Eq. 3 results

from expansion of the time derivative. This
relationship may be written
V-TOVQO =
a/(axay) + B8 [ ¢ _ 2o aBo 7 ep
B r B dp ot
o o -
3s
Ho [e)
t 5 S5t B 2

In the following discussion, So Will be defined
as the oil saturation computed from a flnlte—
difference expansion of Eq. 7. The symbol So
will be used to denote the corrected oil satura-
tion that has been adjusted to conform to all
constraints. Similarly, we will define OIP' as
oil in place (at standard conditions) based on
So . Since So' is considered to be more accu-
rate than S,, the difference between OIP and
OIP! represents an error in the oil in place
computed from the finite difference form of Eg.
7; this o0il error will be represented by the
symbol OE. Thus,

n+1

(0IP) = o)l Lo .. ... (8)

Using.this terminology, we may rewrite Eq. 5 as

n+l n+l
AtAX, AY A [(T)" (o) ]
J-xy i,g XY i,5
-Atq - (OIP')n+l (o1) %
o. . : i,]
i,]
+ OEl,j 9 °® o o e o o o o e s e o o (9)
where
jn+l
(OIP,)n+l = (S I)n+l |:PV —'
i,] o', . |B
i,] o |. .
1,]

I G 10))

The oil error (OE) exists because the pressure
equation, which was solved before the saturation
equations, contained an error that allowed the
calculated saturations to exist outside the con-
straints. The oil error may be forced to zero by
defining a change in potential 8®, and a new
potential, @ :

¥ =3 +680

o o 0 1 e e e e e e o. o(11)

where ¢b is a corrected value of the oil poten-
tial function. Since gravity and capillary
pressure effects remain essentially constant
during a time step, the total correction may be
applied to pressure as

P = Y e e e e e e e o(12)

P + &P
o o
where P is the new oil-phase pressure and 6P, is
the correction necessary to calculate P from the
noncorrected pressures computed for the new time

level. Then Eq. 9 becomes
= n+1l
AtAxiijAxy ) Axy (e ) 1
1,] ']
tqo"j (OIP) ;3 (OIP)l )5
e e e e e e e e e e e e e .(13)
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O

(_ ) . (1)

i,]

where (3TP) 21 = (s1)0*! PV)n+1
1,] o'1,]
and PV and Bo are defined at P.

In order to

51mp11fy the notation, the symbols P, and &P,
will be replaced by P and 8P in the follow1ng

discussion.

Note that all the variables
stantially pressure-sensitive in

that are sub-
Eq. 9 have

been revised in Eq. 13. The transmissibility,
T,y is only slightly sensitive to pressure,
and it was, therefore, left unchanged.

Since 6@, and 8P are considered to be
equal, we may subtract Eq. 9 from Eq. 13 and

obtain
n+l
t T A P).
At AX. ijAXy [( o)i Ly (8 )1,3]
7]
- s=5yn+l n+l _
(OIP)i,j (O1IP" ) (OE)i,j'

® o o o o o o e 9+ o o o e o

e oo o (15)

Substitution of Egs. 10 and 14 for the first
two terms on the right side of Eq. 15 yields

(OIP)n+l - (OIP* )n+§
14
n+l_ PV PV n+1
I Y - 2y .. (1)
! o o i,3

At pressures above bubble pdint the
following relationship holds, since compress—

ibilities are small:

5V n+1 n+1l 1+Cr(6P)

1A'
- G

Since Cqy (6P) is small,

[ 1= e 1 @7

-1
{1-00(513)} ~ 1 + co(sp).

Therefore,
_L—v n+1
Bo
—1;_v n+l {[1+C(6P)] [1+C_(sP)]}
O
n+l
= &Y ) [1+(Cc*+C.) (sP) ] » -+ » (18)

neglectlng the term C_C_(&P) 2

. Eqg. 16 then

simplifies to

——. n+1 n+l
LT - p' =
(IP)l’] (oI ) 1,3
(s)y?*l 2Y,)" i [(C_+C ) (§P)].
o 1,3 o . . r o T 1,]
! i,]
or,
(GT—)n+l - (oIP" )n+l —
i,] 1.,] -
+1
(OIR")}75 (Y8R, o ) L. ... (19)
where

C = Cr + CO when P > BP. e e (20)

Substitution of Eq. 19 into Eq. 15 yields

n+1
AtAXi ij Axy[(Togquxy (SP)i,j]
(OIP) (C)(GP) i, (OE)i,j
or,
(OE)l,j =
n+l
(o1p*) (c) (SP)in

+
- MtbxgbyB, [(T0) b (8P); j]n 1
i,] !

N 5 )
For pressures below the bubble point, the

equation that corresponds to Eq. 17 may be
written

EY nt} PV n+1l 1+Cy (8P)
_Bo Bo 1 +(§EQ) GP

I 22))

However, since this expression would introduce
an undesirable nonlinearity into the computation,
Eq. 22 is replaced by the approximation

=— In+1 n+l
P._V-’ ~ | BV (1+C_sP),
g | B r
B i [e)
(o]

P<BP 4 v v v v o v o o o o oo oo (23)

If we define

C=C,. when P<BP1 =* * =+« ¢~ . (24)
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we can combine Egs. 23, 16 and 15 as before, the water material balance, Case II showed
The result is Eq. 21 with C defined according improvement over the conventional simulation
to Eq. 24. Thus, Eq. 21 may be employed both (Case I) when the potential gradients, based on

above and below the bubble point. 0il material balance error, were adjusted. This
comparison can be observed in Fig. 4. Both
The approximation expressed by Eq. 23 Cases I and II gave the same water material
has no effect on the final values in the 8P balance up to approximately 600 days. The curve
array, since the value of C becomes trivial as | of Case II then remained near unity, whereas
8P converges to zero. It is desirable, how- that of Case I showed some deviation. After 5
ever, to assign a positive value to C in order | years Case I had a water material balance of
to assure strict diagonal dominance in the 0.988 and Case II had a corresponding value of
matrix of 8P coefficients. 0.992.
In matrix notation Eq. 21 has the form, When the error matrix technique was applied
to correct any material balance error, the
- - maximum adjustment necessary in any grid block
[E] P =0E, . . ... 2o +¢ ... (25)] was 1.5 psi. This correction, though too small

to show an appreciable change in average reser—
where [E] is the matrix of the coefficients of | voir pressure (Fig. 5), affects the pressure

8Pi, j. Eq. 25 may be solved for &Pi j at each gradients sufficiently to account for all the
mesl’j point; in this study the system of equa- material balance error that was observed.
tions was solved by the SIP technique.® The
adjusted pressures were computed from The conventional type of simulation (Case
I) may produce a satisfactory history match even
n+l n+l though the material balance is in error. There-
P. . =P. . + 6P. . .e o o+ « o (26)| fore, although the simulated producing character-
1.3 1,3 1.3 istics of a field may be correct during early
stages of production regardless of small
Saturations were then-recalculated according matgrial bglance errors? the discrepancy will

to the adjusted pressures, and the computation | yocome evident in predicted performance. In-
was iterated until the material balance error correctly calculated fluid volumes will
was reduced to a low level. In this study a ultimately result in erroneous predicted produc—

material balance tolerance of % 1 percent was tion rates. Computed ultimate recovery will
selected, where the material balance was also be in error.

defined by Eq. 1. This accuracy was usually
achieved after one iteration. Reduction of the
material balance error stabilized the computa-
tion sufficiently to permit crossing of the
bubble-point pressure without a reduction in
time-step size.

In this study, the reservoir performance
curves (Figs. 5~9) are similar for the two cases
during the 5 years of simulated production
history. However, some differences are observed
in the graphs. The difference in the average
reservoir pressures computed for the two cases
was approximately 10 to 15 psi. This difference
" in calculated pressures is scarcely noticeable
in Fig. 5 because of the scale used. Small
deviations in total oil produced and oil produc-
tion rate are shown by Figs. 6 and 8.

. The example problem was studied by two
computational techniques that will be desig~
nated Case I and Case II. Case I, which served
as a basis for comparison, was a conventional
simulation conducted without the material
balance error correction that was developed in
this study. Case II was a simulation modified
by error matrix technique so the material
balance error was reduced to less than 1 per-
cent. The sequence of computations employed in
this study is illustrated by Fig. 2. Implicit
matrix coefficients were used for both cases.

The additional computing time required to
solve the error equations for Case II was slight,
since only 1 or 2 SIP iterations were adequate
to obtain the necessary convergence when
material balance correction was required. The
iterations were terminated when the difference
. . in the computed pressures between two consecu-

. Tbe gffectlveness of error @atrlx tech- tive iterazions 5as less than 5 x 10-5 atm. The
nique is illustrated by a comparison of the ) average computer run time per time step for the
material balance curves for the two cases (Flg. 120 blocks used in this study was 50.51 seconds

3). For Case II, the curve showed a maximum f c I d 0 onds f c 1T i
value of 1.008 and did not oscillate. It an TEM 360/50 comens onds for Gase 11 using

stabilized at a constant value of approximately
1.001. For Case I, the material balance curve | coNoLUSION
started at a relatively high value (1.033) and | — ——

declined to a value of approximately 1.002. The error matrix technique that has been

» described will reduce errors in mass conserva-
Although no attempt was made to correct tion that arise in petroleum reservoir
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simulation models. This reduction of material &%)= potential defined by Eg. 11, atm
balance errors can be expected to improve 5 5
stability and increase the accuracy of the V = iﬁ;{' + j§§— the nabla differential

simulator in predicting reservoir performance.
NOMENCLATURE

B = formation volume factor, res vol/std
vol

BP = bubble-point pressure, psia
= term defined by Egs. 20 and 24
Cy = oil compressibility, atm=1
Cp = rock compressibility, atm=1, (1/¢)
d¢/dp
H = thickness, cm
k = absolute permeability, darcy
k, = relative permeability, fraction
OIP = oil in place, std cc
P = oil-phase pressure, atm
P, = capillary pressure between oil and
water, atm
PV = pore volume, cc
q = producing rate, std ce/sec
Rg = gas solubility in oil, std vol/std vol
S = saturation, fraction )
Sge = equilibrium gas saturation, fraction
Sor = residual oil saturation, fraction
Syc = irreducible water saturation, fraction
t = time, sec
T = (kHk,)/Bp
x = coordinate direction
Y = coordinate direction
Z = depth to the top of formation from a
datum elevation, cm
A = difference
& = increment
Axy = first difference along x and y direc—
tions
AxyAxy = second difference along x and y
directions
p = viscosity, c
p = density, gm/cc
¢ = porosity, fraction
® = potential, atm

operator

Subscripts

i = coordinate position on x axis
J = coordinate position on y axis
o= oil
s = standard conditions
w = water
Superscripts
n = previous time level
n+l = new time level
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TABLE 1 - DATA USED
Depth top productive zone,
northernmost grid blocks -8000 ft

Easterly structural dip 792 ft/mi
i=3,4,...,12

Boundaries closed
Reservoir thickness 30 ft
Initial water/oil contact -7985 ft
Initial S, below WOC 1.0
Initial Sw above WOC 0.2
Initial So above WOC 0.8
Initial Sg . 0.0
Sor 0.3
ch 0.2
Sgc 0.05

Initial pressure at
~8000 ft 4000 psi

FOR SIMULATION STUDY

Bubble point pres. 3800 psia
Pos 0.822 gm/cc
pws 1.037 gm/cc
Pgs 9.lx10-5gm/cc
H, 0.395 cp
Time step size 0.5 to 70.0 days

Water injection rate
6000 STB/well/mo

Max. liquid pdn.rate
7200 STB/well/mo

Initial oil pdn.rate
3600 STB/well/mo

Porosity 0.15
Permeability 100 md
Grid block sizes:
Axy 5000 ft
sz 2000 ft
bx;,i=3,4,...,12 200 ft
ij,all 3 200 ft

TABLE 2 - MATHEMATICAL RELATIONSHIPS USED IN SIMULTAION STUDY

RS(SCF/SCF) = 0.2707 + 0.03147p,
RS(SCF/SCF) = 119.8567
By = 1.0/(0.1936 + 0.05045P)

g

g = ogs/Bg
Bw = exp(Cw[14.7—P])

Pw = Pus’/Bw
B, = 1.0785 + 1.005 x 107 %P,
BO = (Bo at BP) exp (CO[BP—P]),
Po = lpgs * Rspgs)/Bo
by = 0.0096 + 4.44 x 1076 op
ng = 1.523 - 2.43 x 107°P cp,
Mg = 1.523 - 2.43 x 107%BP cp,
pc‘ = 1.0 -[99(1-5)1/(1-s )
Koo = (8, =S.0)%/0-s, 3
keo = (So_sor)2/(]“_Sor_swc)2
krg = (Sg-sgc)?)/(]'_Sgc-s'wc"sor)3

P <BP

P>BP

P<BP

P>BP

P<BP

P>BP

Note: In this Table the symbol P represents pressure in psia.
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Fig. 1 - Field grid and well locations.

2. |Estimate P,S l

3. lCalculate Coefficient;

4. |solve

for P by ADIP I

[;elax

w

Pressure Errors ]

o

Calculate Saturationg]

7. Check
P,S

Tolerance,

10.

11.

Generate and Solve
Material Balance Error
Matrix by SIP

Check Tolerance,
Material Balance

¥

Good- Bad —)©

[Print Resultsl

Go to 1.

Fig. 2 - Flow chart of computation sedquence.
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MATERIAL BALANCE

WATER MATERIAL BALANCE

1.04 -=—--- CASE I
1.03 — CASE II
\
1.02 F \ , SHUT IN (12,6)
\ 1 SHUT IN '
\ : (4,4) :
1.01 <+ N H ' y SHUT IN (10,4)
> : | '
/.\“'.:—‘Q;gg\\___:___:__;_____§§ P I
1.00 <+ —; v ) \‘_'/
]
{SHUT IN
0.99 T (8,2); (11,2)
0.98 <+
0.97 <+
0.96 <
i 1 i i : 1 L s 1 1
L] T T L] L] T 1 ] T L}
200 400 600 800 1000 1200 1400 1600 1800

CUMULATIVE TIME IN DAYS

Fig. 3 - 0il material balance as a function of time.

1.04 1 == <<= CASE I
CASE II
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~ 1 T
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0.99 L ! T T e ~—— o
]
'
0.98 + + SHUT IN
(8,2);(11,2)
L 1 I 3 ' 4 +
t T 1 + 1 T T t t
200 400 600 800 1000 1200 1400 1600 1800

CUMULATIVE TIME IN DAYS

Fig. 4 - Water material balance as a function of time.
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PSIA

’

AVERAGE RESERVOIR PRESSURE

CUMULATIVE OIL PRODUCED, STB
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Fig. 5 - Average reservoir pressure as a function of time.
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Fig. 6 - Cumulative oil produced as a function of time.
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CUMULATIVE WATER PRODUCED, STB

OIL PRODUCING RATE, STB MO
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Fig. 7 - Cumulative water produced as a function of time.
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Fig. 8 - 0il producing rate as a function of time.
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CUMULATIVE WATER-OIL RATIO x 104, STB/STB
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Fig. 9 - Cumulative water-oil ratio as a function of time.
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