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The experiments of high-strength steel-fiber-reinforced concrete (SFRC) beams subjected to

fatigue bend loading were conducted in this work. A total of 12 beams were tested to failure,

including 2 under static loading and 10 under fatigue loading. The main varying parameters

of  the tested beams included the stress level, fiber volume fraction, and strength of the steel

reinforcement. The fatigue life, mid-span deflection, residual deflection, and crack width

were measured and evaluated. The stiffness degradation of high-strength SFRC beams was

analyzed. The results indicated that both the stress level and fiber volume fraction have

significant influences on the fatigue life of the tested beam. The fatigue life of the beams

decreased with increasing stress level and increased with fiber volume fraction. With added

steel  fibers, the stiffness of the beam improved significantly, which leads to the reduced

deflection and narrower average crack width during the fatigue loading. The total deflection

of  high-strength SFRC beam subjected to fatigue loading can be divided into two  parts:

residual deflections and instantaneous deflections. Both of them were fitted based on the

experimental results. Finally, an analytical method which considers the influences of steel

fibers  was proposed to predict the mid-span deflections of high-strength SFRC beam at

different cycles, which agrees well with the experimental results.

©  2020 The Authors. Published by Elsevier B.V. This is an open access article under the

CC  BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1.  Introduction

Steel-fiber-reinforced concrete (SFRC) structures can exhibit
much improved tensile strength and ductility [1–7]. Exist-
ing researches have been demonstrated that the bridging

∗ Corresponding author.
E-mails: zqgzzu@163.com (Z. Gu), wuch@mst.edu (C. Wu).

action of steel fibers could transfer tensile stress across cracks,
thus restraining crack development and stiffness degrada-
tion. With the addition of steel fibers, the punching shear
capacity of concrete panel enhanced greatly [1]. Compared
to non-fiber-reinforced concrete, SFRC presents the increased
toughness and strain at the peak stress, the compressive and
ultimate flexural strengths increased both with the increase
of fiber content [2,5]. Sufficient addition of steel fibers to con-
crete could decreasing crack widths and increasing number
of cracks [4]. Furthermore, the impact resistance of concrete

https://doi.org/10.1016/j.jmrt.2020.04.017
2238-7854/© 2020 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).
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structure was improved with the addition of high carbon con-
tent steel fiber [3,6,7]; the addition of 2% (by volume) steel
fibers was effective in decreasing the maximum and resid-
ual deflections by impact, improving residual capacities after
impact damage [6]; the beams without fiber reinforcement
failed by brittle shear under impact load, while the use of
1.0% fiber amount leads to ductile flexure-governed failure
[7]. Balázs and Kovács [8] designed 21 fiber-reinforced con-
crete beams to study their flexural and shear behavior, the
experimental results demonstrated that steel fibers not only
decrease the average crack width but also provide substantial
post-peak resistance and ductility for conventional reinforced
concrete members. Meda et al. [9] also reported fibers could
improve the service performance by limiting the crack devel-
opment and increasing stiffness in the post-cracking stage.

The fatigue performances of SFRC also received much
attention. Yin and Hsu [10] studied the fatigue performance
of plain and fiber concrete in uniaxial and biaxial compres-
sion. Results showed that adding steel fibers to concrete
can significantly improve the ductility of specimen subjected
uniaxial cyclic loading. In addition, the fatigue strength of
SFRC has shown a drastic increase when undergoing high
levels of stress. Cachim et al. [11] also found that SFRC pre-
sented a greater deformation than plain concrete at failure
under fatigue loading. Compared with the fatigue perfor-
mance under compressive fatigue loading, SFRC showed a
better performance under flexural fatigue loading [12]. Since
the crack bridging action of steel fibers under tensile region,
the fatigue life of concrete structure was extended [13,14].

All of above researches indicated that adding steel fibers
to concrete can significantly improve the fatigue behavior of
SFRC under cyclic loading. However, these experiments were
all conducted for the small scale specimens without steel rein-
forcement, the fatigue behavior of large scale SFRC structures
reinforced with steel bars such as bridge decks, crane beams,
airport pavements, and railway foundations has not been fully
investigated, yet critical to their durability and safety [15]. Gao
et al. [16] designed 13 SFRC beams subjected to fatigue loading,
the stress level, fiber content, fiber type, and reinforcement
strength were considered in this research. Parvez and Fos-
ter [17] designed 16 SFRC beams with different fiber contents
and component sizes, and tested them under fatigue load-
ing. The results, concluded from the above researches, showed
that the fatigue life of beams is prolonged with the addition
of steel fibers. The SFRC beams showed the lower deflections
and smaller crack widths during the loading process compared
to non-fiber-reinforced concrete beams. The rate of stiffness
degradation of specimens was reduced with the addition of
steel fibers. In addition, there is an increasing interest in
combining the high strength reinforcement bars with fiber-
reinforced concrete in the engineering, especially for slender
structures with strict deflection requirements [18–21]. As one
of the most important parameters to evaluate the structural
behaviors, the deflection prediction of reinforced concrete
beam under static condition has been widely investigated
[22–24] and already introduced to the American Concrete Insti-
tute code [25]. However, the deflection evolution has not been
systematically investigated for SFRC beams under fatigue
condition, which is critical to their long-term durability per-
formance and associated design criterion.

The deflection development of beams under fatigue load-
ing is a complex process, which is determined by many  factors
including the applied loading, the bond-slip between con-
crete and steel bar, and the creep of concrete under long-term
fatigue loading. CEB-FIP [26] proposed a simplified empirical
formula to predict the beam deflections under fatigue load-
ing. However, this empirical equation lacks physical failure
mechanism which could omit unexpected failure modes. In
addition, it does not consider the influence of the fiber rein-
forcement on the fatigue deflection. Currently, only numerical
predictions on the fatigue behavior of SFRC beams were con-
ducted [27], the analytical model for deflection prediction of
SFRC under fatigue loading is desperately needed to provide
the foundation for a mechanism-based rational design.

In this work, 12 high-strength SFRC beams were tested
under static and fatigue loading, the mid-span deflection and
residual deflection were measured using linear variable differ-
ential transformers during the fatigue loading. Furthermore,
the crack propagation and crack width were monitored at fixed
fatigue cycles. Based on the experimental results, an analyt-
ical model considering the fiber influences was proposed to
predict the mid-span deflections under fatigue loading. This
model firstly calculated the deflections of high-strength SFRC
beam in the first cycle under static loading, and the influences
of steel fiber on the beam stiffness was considered based on
an effective moment of inertia method. Then, the residual
deflection and instantaneous deflection under fatigue load-
ing were studied, the analytical formula which considered
the fiber influence was proposed to obtain reliable predic-
tions. The model can predict the residual deflections and
total deflections of high-strength SFRC beam at any number
of fatigue cycles. The predicted deflection responses closely
agree with the experimental results, which validates the pro-
posed model. In addition, the analysis also lays a foundation
for a mechanism-based fatigue design approach for high-
strength SFRC beam structures.

2.  Experimental  program

2.1.  Materials

The targeted compressive strength of concrete was designed
as 80 MPa.  Gravel with the average particle size of 12.5 mm and
river sand with a maximum particle size of 5 mm were used as
coarse and fine aggregates, respectively. Portland cement was
used as cementitious materials with a strength of 42.5 MPa.
A polycarboxylate superplasticizer with a water-reducing rate
of 20% was used to improve the workability of concrete. The
mix  proportion of concrete was 1:1.2:2.1:0.008 (cement: river
sand: coarse aggregate: superplasticizer by weight) with a
water/cement ratio of 0.31. Hooked-end steel fibers with vol-
ume  contents of 0.5%, 1.0%, and 1.5% were added into the
concrete. The steel fiber has an ultimate tensile strength of
1345 MPa and elastic modulus of 200 GPa. The size and shape
of the fibers are presented in Fig. 1. Four types of steel bars
used in this experimental program were: 12 mm diameter
deformed bars with the yield strength of 400 MPa (HRB400),
500 MPa (HRB500) and 600 MPa (HRB600), and 8 mm plain bars
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Table 1 – Properties of steel bars.

Reinforcement type Diameter (mm) Yield strength (MPa) Tensile strength (MPa) Elastic modulus (MPa) Elongation (%)

HRB400 12 498 648 2.0 × 105 23
HRB500 12 585 705 2.05 × 105 22
HRB600 12 637 828 2.0 × 105 19.3
HPB300 8 425 550 1.87 × 105 28.5

Table 2 – Test program.

Specimens ID Test type Fiber volume fraction (%) Tensile reinforcement strength Stress level (Pmax/Pu) Applied load

Pmax (kN) Pmin (kN)

BJ1.0-4 Static 1.0 HRB400 — — —
BJ1.0-5 Static 1.0 HRB500 — — —
BS1.0-5 Fatigue 1.0 HRB500 0.5 97.8 19.6
BS1.0-55 Fatigue 1.0 HRB500 0.55 107.6 19.6
BS1.0-6 Fatigue 1.0 HRB500 0.6 117.4 19.6
BS1.0-7 Fatigue 1.0 HRB500 0.7 136.9 19.6
BS1.0-8 Fatigue 1.0 HRB500 0.8 156.5 19.6
BF0-6 Fatigue 0 HRB500 0.6 107.4 17.9
BF0.5-6 Fatigue 0.5 HRB500 0.6 111 18.5
BF1.5-6 Fatigue 1.5 HRB500 0.6 122.3 20.4
BH1.0-4 Fatigue 1.0 HRB400 0.6 101.3 16.9
BH1.0-6 Fatigue 1.0 HRB600 0.6 132.8 22.1

Fig. 1 – Dimensions and shape of steel fiber (units: mm).

with the yield strength of 300 MPa (HPB300). The mechanical
properties of the reinforcement bars are listed in Table 1.

2.2.  Test  specimens

The experiments consisted of 12 high-strength SFRC beams
as listed in Table 2. All beams were 1200 mm long, with a
constant section area of 120 mm (width) × 200 mm (height).
Two 12-mm-diameter deformed bars were used as the tensile
reinforcement. 8-mm-diameter plain bars with the yielding
strength of 300 MPa (HPB300) were used as the compres-
sion and shear reinforcement. The stirrups were spaced at
100 mm over the length of the beam. The reinforcement details
are presented in Fig. 2. The beams were cast in pairs along
with 6 cubes and 6 prisms. Two beams (BJ1.0-4 and BJ1.0-5)
with the tensile reinforcement of HRB400 and HRB500 were
tested respectively under static loading to determine the ulti-

mate bearing capacity (Pu). The other ten beams tested under
fatigue loading were divided into three groups. The first group
of beams with HRB500 steel bars and fiber content of 1.0%
(BS1.0-5, BS1.0-55, BS1.0-6, BS1.0-7, and BS1.0-8) were tested
at different stress levels Smax (Smax = Pmax/Pu, Pmax is the max-
imum fatigue load applied to the beam, Pu is the ultimate
bearing capacity of each beam) of 0.5, 0.55, 0.6, 0.7, and 0.8. The
second group of beams with HRB500 steel bars and different
fiber contents of 0, 0.5%, 1.0%, and 1.5% (BF0-6, BF0.5-6, BS1.0-
6, and BF1.5-6) were conducted at the same stress level of 0.6.
The third group of beams with a fiber content of 1.0% and dif-
ferent tensile reinforcements of HRB400, HRB500, and HRB600
(BH1.0-4, BS1.0-6, and BH1.0-6) were tested at the stress level
of 0.6. The ratio of the minimum fatigue load to the ultimate
bearing capacity of each beam Smin (Smin = Pmin/Pu, Pmin is the
minimum fatigue load applied to the beam) was set as 10%.

2.3.  Test  procedure  and  instrumentation

All of the beams were conducted under four-point-bend load-
ing with a clear span of 1000 mm,  as shown in Fig. 2. The tests
were conducted on 500 kN MTS  testing machine (244.41, MN
USA®). Five LVDTs were used to measure the deflections. One

Fig. 2 – Reinforcement details and instruments layout (units: mm).
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Fig. 3 – Test setup.

of them was installed at the mid-span, two were installed
at the loading points, and the last two were installed at the
supports. The instrumentation and test setup are shown in
Figs. 2 and 3.

The beams BJ1.0-4 and BJ1.0-5 were tested under static
loading to determine the ultimate capacity prior to the fatigue
loading. A displacement-controlled loading was implemented
at a rate of 0.2 mm/min  during the static test. A force-
controlled loading protocol was implemented for the fatigue
tests, as presented in Fig. 4. The beams were loaded to the
upper limit of the fatigue load at the first cycle, and then
reduced to zero to measure the residual deflection. Subse-
quently, the fatigue load was applied for a specific number
of cycles (N). The static loading rate for the first cycle was
0.2 kN/s and the fatigue loads were applied with a frequency of
5 Hz. Static load tests were conducted alternately at N = 1 × 103,
3 × 103, 5 × 103, 1 × 104, 1.5 × 104, 2 × 104, 5 × 104, 1 × 105 and
every 105 cycles up to specimen’s failure. During each static
test, the fatigue load was uninstalled to zero and the residual
deflections were measured. If the fatigue life exceeded 2 mil-
lion cycles, the beams were considered as run-out and a static
load was applied to failure.

A multi-channel dynamic data acquisition device (HPDJ-
8825, NANJINGHEPU®) with an acquisition frequency of 100 Hz

was used to measure the deflections and residual deflections.
During each static test, the crack developments were marked
by a maker pen, and the crack widths of the beam at the ten-
sile reinforcement location were measured by a crack width
detector (ZBL-F130). As shown in Fig. 5, the crack width detec-
tor has an optical microscope which is connected with the
mobile phone. During the test, the optical microscope placed
at the crack position of the concrete surface, and the crack
width can be displayed on the phone screen precisely.

3.  Experimental  results  and  analysis

3.1.  Fatigue  life,  failure  mode,  and  concrete  properties
of the  beam

The concrete properties, fatigue life, and failure mode of
each beam were listed in Table 3, fc and Es are the compres-
sive strength and elastic modulus of concrete, respectively.
As shown, the fatigue life of the high-strength SFRC beam
decreases with increasing stress level and increases with fiber
content. Compared with the beam BS1.0-5 which did not fail
after undergoing 2 million cycles under the stress level of 0.5,
the fatigue life of the beam under the stress levels of 0.55, 0.6,
0.7, and 0.8 decreased by 56.5%, 60%, 79.6%, and 96.7%, respec-
tively. Furthermore, existing researches had been reported
that the applied stresses and fatigue lives of steel reinforce-
ment are well correlated in log-log scales [28,29]. Analyzing
the experimental results in this paper, it was found that there
also has a good linear relationship between the stress level
Smax and the logarithm of fatigue life LgN. The expression is
given in equation 1 with a correlation coefficient of 0.933.

Smax = 1.819 − 0.208LgN (1)

The fatigue life of the beam with steel fiber volume frac-
tions of 0.5%, 1.0% and 1.5% increased 37.7%, 106.3%, and
61.4% compared to the non-fiber reinforced concrete beam
at the same stress level of 0.6, respectively. These improve-
ments show the significant contributions of steel fibers to the
increased fatigue life of the beams. The main reason is the
fatigue life of under-reinforced concrete beams is governed by
both of the tensile strength of reinforcement and concrete,

Fig. 4 – Loading system of fatigue test.
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Fig. 5 – Crack width detector.

Table 3 – Fatigue life, failure mode, and concrete properties.

Specimens ID Concrete properties Fatigue life Failure mode

fc (MPa) Ec (GPa)

BJ1.0-4 83.4 40.8 — Concrete crushing
BJ1.0-5 87.6 41.6 — Concrete crushing
BS1.0-5 83.4 40.8 >2,000,000 Run-out
BS1.0-55 87.6 41.6 869,751 Steel rupture
BS1.0-6 86.3 42.4 799,389 Steel rupture
BS1.0-7 85.7 39.4 407,724 Steel rupture
BS1.0-8 85.7 39.4 65,296 Steel rupture
BF0-6 75.4 37.1 387,415 Steel rupture
BF0.5-6 79.9 40.8 533,466 Steel rupture
BF1.5-6 85.6 43.2 625,300 Steel rupture
BH1.0-4 83.4 40.8 676,972 Steel rupture
BH1.0-6 87.6 41.6 246,967 Steel rupture

which have been significantly improved by the addition of
steel fibers [17]. Obviously, the beam BS1.0-6 with HRB500 steel
bars and 1% volume fraction of steel fibers shows the highest
fatigue life of 799,389 cycles under the same stress level of 0.6.

3.2.  Failure  picture  and  load-deflection  response  of  the
beam  failed  by  static  test

The final failure pictures of the static beams BJ1.0-4 and BJ1.0-
5, and beam BS1.0-5 which did not fail after undergoing 2
million fatigue cycles and finally failed by static test, are pre-
sented in Fig. 6. In the static test, the deflection increased
linearly with the increasing of load during initial stage. When
the load increased to nearly 80% of the ultimate capacity of
each beam, the tensile reinforcements began to yield, and
the load increased gradually while the deflections increased
rapidly. At the same time, the steel fibers were pulled out and
followed by the initiations of the wide cracks in the specimen.
When the beam reached its ultimate bearing capacity, the con-

crete crushing happened in the compression zone and the load
decreased gradually. The beam was regarded as failed when
the load decreased to 80% of its ultimate capacity. All of the
beams were failed by the concrete crushing in the compres-
sion zone, as shown in Fig. 6. The load-deflection curves of
these beams are plotted in Fig. 7. As shown, the high-strength
SFRC beams show a good ductility in the failure stage, the fail-
ure deflections at 80% ultimate capacity are more  than five
times to the deflections at the ultimate capacity.

3.3.  Failure  picture  and  crack  patterns  of  the  beam
under fatigue  loading

In the fatigue test, all of the beams were failed by a sudden
fracture of the tensile reinforcement (except the beam BS1.0-
5 which did not fail after undergoing 2 million fatigue cycles).
The final failure pictures and crack patterns of these beams are
presented in Fig. 8. In the figure, the blue numbers represent
the number of fatigue cycles when the crack develops to this
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Fig. 6 – Final failure pictures of the beam failed by static test.

Fig. 7 – Load-deflection curves for static load failure beam.

height, the red lines are the failure locations of the beams, and
the circled numbers below the beam indicate the appearance
sequence of the cracks under fatigue loading. As shown in
Fig. 8, all cracks had almost appeared in the first loading cycles,
and the crack widths and heights enlarged with the increase of
fatigue cycles. The fatigue damage was accumulated with the
increasing fatigue cycles. The stresses of the tensile reinforce-
ment gradually increased as well. When the stresses of the
steel bars in the crack locations exceeded the failure strength
of the reinforcement, the brittle fracture of beams occurred.
The fatigue failure mode of tensile reinforcement in the high-
strength SFRC beam is same as the steel reinforcement tested
in air [30,31].

3.4.  Maximum  and  average  crack  widths  of  the  beam
under  fatigue  loading

One of the most important advantages for adding steel fibers
into concrete is the restrained crack development [32,33],
which contributed directly to the enhancement of fatigue life
for high-strength SFRC beams. According to the experimental
results, the maximum and average crack widths of the beam
versus the percentage of fatigue life are presented in Fig. 9.
Numerous researches had been demonstrated the represen-
tative fatigue parameters such as crack width and deflection
present three-stage developing pattern versus the percentage
of fatigue life, both for the single materials such as concrete
[34,35] and steel reinforcement [28,36,37], and the composites
such as RC structures [38,39]. In this experiment, owing to the
crack widths were measured for every 105 cycles during each
interval, the final stage of the crack development was not cap-
tured. So, only the first two stages of the development trend
were presented herein.

As shown in Fig. 9a-c, the maximum crack width increases
with increasing stress level. The increasing rate of maximum
crack width for the beams with fibers is much slower in com-
parison with those without fiber. In the first stage (N/Nf < 5%),
it experiences a rapid increase with the increasing of fatigue
cycles. The second stage (N/Nf ≥ 5%) of maximum crack width
is relatively stable with almost no growth. The evolution of
the average crack width follows the same trend as the maxi-
mum crack width, as depicted in Fig. 9d-f. However, the first
stage (N/Nf < 10%) of the average crack width evolution is a
little longer.

The results of average crack widths for the beams with dif-
ferent fiber contents at different fatigue cycles are presented
in Table 4. It is observed that the beam with 0.5% fiber volume
fraction has shown little reduction in average crack width even
at 200,000 cycles compared to non-fiber reinforced concrete
beam. For the beams with 1.0% and 1.5% fiber volume fraction,



j m a t e r r e s t e c h n o l . 2 0 2 0;9(3):6143–6159 6149

Fig. 8 – Final failure pictures and crack distributions of the beam under fatigue loading.
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Fig. 9 – Maximum crack widths and average crack widths versus percentage of fatigue life.
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Table 4 – Average crack width reduction for series of different fiber content beams.

Specimen ID At 100,000 cycles At 200,000 cycles At 300,000 cycles

Average width (mm) Decrease (%) Average width (mm) Decrease (%) Average width (mm) Decrease (%)

BF0-6 0.221 - 0.226 - 0.238 -
BF0.5-6 0.213 3.6 0.231 -2.2 0.235 1.3
BS1.0-6 0.153 30.8 0.166 26 0.175 26.5
BF1.5-6 0.143 35.3 0.152 32 0.154 35.3

the average crack width decreases significantly. This indicates
a better bonding between rebar and concrete for beams with
1.0% and 1.5% fiber content. It indicates that the fiber con-
tents have a significant effect on the crack width of the beams
under fatigue loading due to the enhanced tensile strength of
the concrete through the addition of steel fibers, which allows
more  stress transferring from the rebar to concrete, finally
leads to the increasing of crack numbers and the decreasing
of average crack widths and maximum crack widths.

3.5.  Deflections  and  residual  deflections  of  the  beam
under  fatigue  loading

In this experiment, the multi-channel dynamic data acquisi-
tion device worked continuously to record the deflection data
of the beam under fatigue loading. The maximum deflections
under upper limit fatigue load and residual deflections ver-
sus the percentage of fatigue life for each beam are presented
in Fig. 10. As discussed above, the development of maximum
and residual deflections for all the beams with the increas-
ing of fatigue life is characterized by three stages. In the first
stage of N/Nf < 10%, the deflections increase rapidly with the
increasing of fatigue cycles. Then, a stable development stage
of maximum deflection and residual deflection begins and
the deflection of beams increases gradually, which is named
as the second stage with 10% ≤ N/Nf < 90%, and accounts for
about 80% of whole fatigue life. In third stage with N/Nf ≥ 90%,
the maximum deflection and residual deflection enter into the
unstable stage, the deflection of beams increases significantly
until the beam fails in brittle fracture.

It can also be observed from Fig. 10 that the maximum and
residual deflections increase with increasing stress level and
decrease with fiber content, which has the same tendency as
that of the crack widths. This is mainly owing to the addi-
tion of steel fibers, which contributes to the enhanced tensile
strength of the concrete that eventually increases the stiff-
ness of the beam. Therefore, the effects of steel fiber should
be considered in the deflection calculation of SFRC beam sub-
jected to fatigue loading. The residual deflection, which can
be defined as the unrecoverable part of fatigue deformation
and represents the damage degree of the beam subjected to
fatigue loading, is also an important index to evaluate the
accumulation of internal defects in the beam. The results of
the residual deflection measured in the experiment also con-
firmed the reduced fatigue damages by introducing the steel
fibers. Taking an instant data for different fiber contents group
at 50,000 cycles, the residual deflections of high-strength SFRC
beams with 0.5%, 1.0%, and 1.5% volume of fiber were 12.8%,
23.5%, and 39.6% less than that of non-fiber reinforced beam,
respectively. The bridging stress of steel fiber enhances the

bond stress between SFRC and steel bars, thus reduces the
bond-slip under fatigue loading, and the internal damage of
concrete is also reduced.

3.6.  Flexural  Stiffness  degradation  analysis  of  the
beam  under  fatigue  loading

According to the theory of mechanics of materials, the flexural
stiffness of beam under four-point-bend loading is calculated
through the following equation [40]:

B = PmaxS

48f
(3L2 − 4S2), (2)

where B is the flexural stiffness of the beam, Pmax the maxi-
mum fatigue load applied to the beam, L the span length of the
beam, S the shear span of the beam, f the mid-span deflection
under Pmax.

Based on the Eq. (2) for the calculation of beam stiffness,
the flexural stiffness degradation is defined as the normalized
ratio of the beam stiffness B at certain fatigue cycle to the
beam stiffness B0 at the first static cycle. It is discovered that
the stiffness degradation of SFRC beam follows the three-stage
development, as shown in Fig. 11. In the first stage (N/Nf < 10%),
the stiffness of SFRC beam degraded rapidly. The second stage
(10% ≤ N/Nf < 90%) is the more  stable degenerative one, the
stiffness degradation of the beam is approximately propor-
tional to the percentage of fatigue life. It is noted that when
the stiffness degenerates to about 60% of the initial stiff-
ness of each beam, the specimen enters the unstable stage
(N/Nf ≥ 90%), the stiffness degrades quickly, and finally the fail-
ure happens. The same stiffness degradation mode was also
reported for normal reinforced concrete beam [39].

The similar tendency and stages observed for the crack
widths and stiffness degradation have revealed that the main
effect of the added fiber can be attributed to the stiffness
enhancement of the beam structures. All of the increased
tensile strength of the concrete, the bonding between rein-
forcement and concrete, as well as the creep performance can
be contributed to this stiffness enhancement. Therefore, it is
possible to derive an analytical model to predict this stiffness
enhancement brought by the addition of the steel fibers and
convert it to a mechanism-based deflection prediction.

4.  Deflection  Prediction

The typical load versus the mid-span deflection responses for
the beam, BS1.0-6, under static and fatigue loading are pre-
sented in Fig. 12. As illustrated in Fig. 12a, the deflections of
the beam can be divided into two parts under fatigue load-
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Fig. 10 – Mid-span deflections under maximum fatigue load and residual deflections versus percentage of fatigue life.
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Fig. 11 – Normalized stiffness degradation versus percentage of fatigue life.

ing: residual deflection and elastic deflection [41]. The residual
deflection is mainly owing to the effect of initial cracking,
creep of concrete and bond slip between steel bar and con-
crete. The elastic deflection is due to the applied load, which is
also called instantaneous deflection. In order to calculate the
mid-span deflection, a diagram about the deflection analysis
under fatigue loading is presented in Fig. 13.

From Fig. 13, the total deflections can be written as,

fN = frN + fiN (3)

where fN, frN, and fiN are the total, residual and instan-
taneous deflection at N cycles, respectively. The residual
deflections and instantaneous deflections are calculated
through the following method respectively.

4.1.  Static  deflections  in  the  first  static  cycle

According to the American Concrete Institute code, the deflec-
tion prediction of the reinforced concrete beams often uses the

effective moment of inertia method. The effective moment of
inertia can be calculated using the following equation [25]:

Ie =
(

Mcr

Ma

)3
Ig +

[
1 −

(
Mcr

Ma

)3
]

Icr, (4)

where Mcr is the cracking moment, Ma the maximum
moment applied to the beam under fatigue loading, Ig the
moment of inertia of gross section, Icr the moment of inertia
of cracked section.

This empirical equation is based on test data for rein-
forced concrete beams without fibers, which cannot be directly
applied here. Zhu et al. [42] investigated the flexural behav-
ior of partially fiber-reinforced high-strength concrete (FRHSC)
beams reinforced with FRP bars, the results showed that the
modified effective moment inertia method is applicable to pre-
dict the static deflections of FRHSC beams reinforced with FRP
bars, whereas the steel fiber influences should be considered
when calculating the moment of inertia of the beams. There-
fore, the moment of inertia of gross section Ig and cracked
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Fig. 12 – The load deflection curves at different fatigue
cycles under different loading condition for BS1.0-6.

Fig. 13 – Deflections analysis of the beam under fatigue
loading.

section Icr of high-strength SFRC beams should be calculated
using the following equations, respectively:

Ig = b

3

[
x3

0 + (h − x0)3
]

+ (ns − 1)As(h0 − x0)2

+ (n′
s − 1) A′

s(x0 − a′
s)2 + nsf − 1

3h
Asf

[
x3

0 + (h − x0)3
]

(5)

Icr = bx3
cr

3
+ nsAs(h0 − xcr)

2 + (n′
s − 1) A′

s(xcr − a′
s)2

+ nsf Asf (h0 − xcr)
3

3h
+ (nsf − 1)Asf x3

cr

3h
, (6)

where x0 and xcr are the depth of neutral axis for un-cracked
and cracked section, respectively; the detailed computational
process is shown in Appendix A. b and h are the width
and height of beam section, respectively; n′

s = E′
s/Ec; ns = Es/Ec;

nsf = Ef/Ec; E′
s, Ef, and Es are the elastic modulus of the com-

pressive reinforcement, steel fiber, and tensile reinforcement,
respectively; A′

s and As are the section area of compressive and
tensile reinforcement, respectively; Asf is the total area of steel
fibers in section; a′

s is the distance between the center of com-
pressive reinforcement and the compressive edge of beam; h0

is the effective depth of beam. The conceptual diagrams are
presented in Fig. 14.

The cracking moment of the beam can be calculated using
the following equations [25]:

Mcr = frIg

yt
(7)

fr = 0.62�
√

f ′
c (8)

yt = h − x0, (9)

where f ′
c is the cylindrical compressive strength of con-

crete; according to the literature [43], f ′
c = 0.89fc, fc is the cube

compressive strength of concrete as list in Table 2; � is the
modification factor and is taken as 1.0; x0 is the depth of neu-
tral axis for un-cracked section.

According to Eqns. (4) to (9), the deflections of high-strength
SFRC beam in the first static cycle can be calculated. Since the
maximum fatigue load of the beam BS1.0-8 was 80% of its ulti-
mate bearing capacity, the yielding of tensile reinforcement
occurred in the first cycle, as well as the static beams BJ1.0-
4 and BJ1.0-5. The effective moment of inertia method can
only be used before the beam yield according to the American
Concrete Institute code [25], hence, the experimental data of
the beams BJ1.0-4, BJ1.0-5, and BS1.0-8 were not considered
herein. The expression of the mid-span deflections of high-
strength SFRC in the first static cycle load is given as follows:

f1 = PS

48EcIe
(3L2 − 4S2) (9)

A close agreement was found between the predicted and
experimental results as shown in Fig. 15. The average normal-
ized ratio between the predicted and the true value, is 0.957
with a 0.059 coefficient of variation.
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Fig. 14 – Conceptual diagram of un-cracked and cracked sections of SFRC beams.

4.2.  Residual  deflection  analysis

As discussed above, the initial cracking has a significant effect
on the residual deflection. Therefore, the residual deflection
consists of two components. The first is the residual deflec-
tion at the first cycle (N = 1) due to initial cracking. The second
(N > 1) is mainly caused by the subsequent fatigue cycles.

Existing researches [44] proposed that the residual deflec-
tions in the first cycle were closely related to the maximum
fatigue bending moment, the cracking moment, the span and
height of beam, and the materials properties. It can be calcu-
lated by the following equation:

frN = a1 + a2
MaL

Mcrns�h
(N = 1),  (11)

where a1 and a2 are undetermined parameters; � is the ten-
sile reinforcement ratio; L and h are the span and height of the
beam, respectively.

The parameters a1 = −0.1826 and a2 = 0.0019 were obtained
by fitting the experimental data. A close agreement is found
between the predicted and experimental results, as shown in
Fig. 15. The average normalized ratio between the predicted
and true value, is 1.019 with a 0.064 coefficient of variation.

After the beam cracked, the creep of concrete and bond
slip between steel bar and concrete were main factors that
induce the increase of residual deflections under fatigue load-
ing. The residual deflections after the first cycle (N > 1) are
found to be almost linearly proportional with the logarithm
of the fatigue life (LgN), as shown in Fig. 16. This proportional
relationship remains until the beam enters the unstable stage
(N/Nf ≥ 90%). Therefore, an empirical expression which con-
sidered the influences of beam dimensions to calculate the
residual deflections after the first cycle (N > 1) are given as
follows:

frN = (K1LgN + K2)
L

h
(N > 1),  (12)
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Fig. 15 – Predicted and experimental results of total
deflections and residual deflections in the first static cycle
load.

where K1 and K2 are undetermined parameters; L and h are
the span and height of the beam, respectively.

Through analyzing the experimental results it is found that
K1 is mainly influenced by stress amplitude applied to the
specimen and steel fiber volume fraction of the specimen, and
K2 is mainly influenced by steel fiber volume fraction. Based on
the experimental data, a least-squares method was employed
to fit the model. The expressions are given as follows:

K1 =
(
−19.134V2

f + 0.394Vf + 0.0063
)

e3.23�S (13)

K2 = −7.376Vf + 0.0776, (14)

where �S = Smax − Smin; Vf is the fiber volume fraction. The
residual deflections ratio between the experimental measured
to the predicted at different logarithm of fatigue cycles (LgN)
are presented in Fig. 17, which showed a good agreement
between each other. The large deviation for beam BH1.0-4 is

Fig. 16 – Residual deflections after the first cycle versus the logarithm of fatigue life.
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Fig. 17 – Ratio of the experimental measured residual
deflections to the predicted residual deflections at different
logarithm of fatigue cycles.

owing to the experimental error and the scatter of the fatigue
test data.

4.3.  Instantaneous  deflection  calculation

As shown in Fig. 12, the increase of residual deflection plays an
important role in increasing the total deflection under fatigue

loading. The instantaneous deflection is mainly contributed
by the first static cycle part. The secant slope of the instan-
taneous deflections gradually decreases with the increase of
fatigue cycles. A least-square method was employed to fit the
instantaneous deflections calculated with the experimental
values. According to Eq. (3), the instantaneous deflection can
be calculated as follows:

fiN =
{

fN − frN (N = 1)

0.996N0.014fi1 (N > 1)
, (15)

where fi1 is the first cycle instantaneous deflection.

4.4.  Model  validation

Based on the Eqns. (3), (11), (12), and (15), the mid-span deflec-
tions of 9 high-strength SFRC beams in this experiment and
12 SFRC beams conducted by Parvez et al. [17] were calculated
by the proposed model (two series beams were designed in
Parvez’s experiment with different specimen size). The ratio
between the experimentally measured to the predicted at dif-
ferent logarithm of fatigue cycles (LgN) are presented in Fig. 18,
and it showed a close agreement between the experimental
measurements and calculation results.

Fig. 18 – Ratio of the experimental measured mid-span deflections to the predicted mid-span deflections at different
logarithm of fatigue cycles.
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4.5.  Model  discussion

The deflection prediction model proposed in this paper is
based on the mechanism analysis of the experimental results.
The concept of residual and instantaneous deflection under
fatigue loading was also proposed by other researchers [41,44],
and the similar model was also used to predict the deflection
[44,45] and fatigue life [46] in the open literatures, which fur-
ther verified the rationality of the model. In addition, some of
the equations in the model were empirically fitted, while few
experimental results are available for SFRC beams subjected
to fatigue loading as so far. Hence, more  experimental tests
are encouraged to make the further validation for the model.

5.  Conclusions

The effects of stress level, steel fiber content, and tensile
reinforcement strength on the fatigue performance of high-
strength SFRC beam were investigated. An analytical method
was proposed to predict the total and residual deflections of
the beam under fatigue loading. Based on the experimental
and analytical results, the following conclusions can be drawn:

• The fatigue life decreased with the increase in stress level
and increased with the increase in fiber volume fraction.
The strength of steel reinforcement does not show signifi-
cant effect from the experimental data and observations.

• The maximum and average crack width, total and resid-
ual deflections of the beam decrease with the addition of
steel fibers under fatigue load. The addition of steel fibers
also significantly restrained the crack development of the
beams.

• An effective moment of inertia calculation approach had
been proposed to consider the effects of steel fibers. The
total mid-span deflections of the beams under fatigue load-
ing were decomposed into two components and calculated
separately. The degrading stiffness of the beams was con-
sidered in this proposed analytical approach. The predicted
deflections were compared with the experimental measure-
ments. A close agreement was reached, which validated
the proposed approach. This mechanism-based analytical
approach provided a rational design approach for deflection
behaviors of high-strength SFRC beams.

Conflict  of  interests

The authors claim no conflict of interests.

Acknowledgments

This research was financially supported by The National Nat-
ural Science Foundation of China (Grant No. U1704254).

Appendix  A

The depth of neutral axis for un-cracked and cracked section
can be obtained through the following derivation:

As shown in Fig. 14, the average distance between steel
fibers and neutral axis in tensile zone and compression zone
is considered 0.5 times of the depth of tension zone and
compression zone, respectively. The primary and transformed
un-cracked section of SFRC beams are shown in Fig. 14a and
Fig. 14b. The depth of neutral axis for un-cracked section of
high-strength SFRC beam can be calculated as follows:

bx2
0

2
+ (n′

s − 1) A′
s (x0 − a′

s) + (nsf − 1)Asf x2
0

2h

= b(h − x0)2

2
+ (ns − 1)As(h0 − x0)+

(nsf − 1)Asf (h − x0)2

2h

(A.1)

x0 =
1
2 bh2 + (n′

s − 1) A′
sa′

s + (n′
s − 1) Ash0 + 1

2 (nsf − 1)Asf h

(n′
s − 1) A′

s + bh + (ns − 1)As + (nsf − 1)Asf
(A.2)

The total area of steel fibers in SFRC beam could be calcu-
lated through the following equation [47]:

Asf = �bhVf , (A.3)

where Vf is steel fiber volume fraction; � is the effective
coefficient of steel fibers, which is related to the distribution
and orientation of steel fibers in beam section. According to
Zhang [47], the value of effective coefficient � is taken as 0.33.

The primary and transformed cracked section of SFRC
beams are shown in Fig. 14c and Fig. 14d. The depth of neutral
axis for the cracked section of SFRC beam can be calculated as
follows:

bx2
cr

2
+ (n′

s − 1) A′
s (xcr − a′

s) + (nsf − 1)Asf x2
cr

2h

= nsAs(h0 − xcr) + nsf Asf (h − xcr)
2

2h
(A.4)

xcr =
−

[
(n′

s − 1) A′
s + nsAs + nsf Asf

]
b − Asf

h

+

√[
(n′

s − 1) A′
s + nsAs + nsf Asf

]2 + 2
(

b − Asf

h

)[
(n′

s − 1) A′
sa′

s + nsAsh0 + nsf Asf h

2

]
b − Asf

h

(A.5)
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