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INTRODUCTION 
 

A number of research studies have shown that p-y behavior in 

liquefied sand exhibits a concave-up, inverted S-shaped be-

havior that is also characteristic of the stress-strain response 

of sand in undrained cyclic loading.  Wilson et al. (2000) 

demonstrated that liquefied medium dense sand could exert 

larger subgrade reaction forces than predicted by the drained 

API (1993) relations for piles in sand (Fig. 1).  This is con-

trary to the common expectation that liquefied sand is soft 

and weak, and that p-y behavior must therefore be much 

weaker in liquefied ground than in non-liquefied ground.  

This behavior was subsequently verified by static load tests 

(e.g. Ashford Rollins 2002; Fig. 2) and numerical simulations 

(e.g., Iai 2002; Fig. 3).  In all three cases shown herein, the p-

y behavior exhibited a displacement-hardening response in 

which the tangent modulus increased as displacement in-

creased.  This hardening response is often called concave-up 
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ABSTRACT 
 
Concave-up p-y behavior in liquefied sand has been observed by many researchers due to the dilatant tendency of sand that is dense 
of its critical state being suppressed in undrained loading.  However, static analysis method often scale down the concave-down p-y 
curves that characterize drained loading, thereby missing the potentially important influence of concave-up behavior on pile re-
sponse.  For lateral spreading problems, large shear strains are typically assigned to the liquefied layer, which presupposes that the 
liquefied sand is soft and weak. This assumption is incompatible with the strengthening, stiffening concave-up p-y material.  This 
paper presents a static lateral spreading analysis of a pile using concave-up p-y materials to demonstrate how this incompatibility can 
lead to unrealistic results. 

(a)

15.9-16.9 sec
Figure 1: p-y behavior recorded during a centrifuge model 

of a pile in liquefied medium-dense sand (Wilson et al. 
2000).  The red line shows the drained API (1993) sand rela-

Figure 2: p-y behavior recorded during a static load test of a 
pile in liquefied medium-dense sand (Ashford and Rollins 

2002). 
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or inverted S-shaped behavior.  The cause of the behavior is 

that sand that is dense of its critical state exhibits a dilatant 

tendency that is suppressed in undrained loading and mani-

fests as a drop in pore water pressure.  This drop in pore pres-

sure causes an increase in effective stress that produces the 

strain hardening response.  The experimental studies in Figs. 

1 and 2 contained medium dense sand, and similar behavior 

has also been documented for loose sand in some studies 

(e.g., Brandenberg et al. 2005), while other studies have 

shown that p-y behavior remains soft and weak in loose sand 

(e.g., Wilson et al. 2000).  Loose sand that is initially loose of 

its critical state may become dense of its critical state when 

the effective stress decreases during liquefaction, which can 

help explain the dilatant tendency at large displacements in 

such material. 

Earthquakes can induce strains in the soil due to lateral de-

flection of the pile and also by free-field ground shaking.  

Static load tests (e.g., Ashford and Rollins 2002) show that 

near-field soil strains mobilized by pile movement can induce 

the dilatancy response.  Brandenberg et al. (2005) showed 

that free-field shaking can also induce the dilatancy response 

in the sand, which combines with the near-field dilatancy 

response to alter the p-y behavior. 

Concave-up p-y behavior has been widely acknowledged by 

many researchers, yet p-y materials commonly used in analy-

sis of piles in liquefied ground are typically scaled versions of 

non-liquefied concave-down p-y relations.  For example, 

Brandenberg (2005) suggested multiplying API (1993) 

drained p-y relations by a constant p-multiplier that is smaller 

than 1.0 (e.g., around 0.05 to 0.1 for loose sand) to approxi-

mate the effects of liquefaction on pile foundations.  Many 

other researchers have suggested similar measures, and in 

some cases researchers have suggested neglecting the lique-

fied ground altogether (e.g., Dobry et al. 2003).  Rollins et al. 

(2005) suggested a functional form for concave-up p-y be-

havior based on results of static load tests in blast-induced 

liquefied ground, and the functional form provided a better fit 

with measured bending moment distributions than concave-

down p-y materials scaled by a p-multiplier.  This study 

clearly shows that concave-up p-y materials can provide more 

accurate solutions in liquefied ground in the absence of lateral 

spreading, but it is unclear how such materials affect static 

analysis results when lateral spreading occurs.  In this study, 

an example analysis is presented in which concave-up p-y 

materials are used in combination with a static beam on 

nonlinear Winkler foundation analysis of a single pile in a 

laterally spreading soil profile.  The following analysis was 

originally presented by Kashighandi (2009).   

EXAMPLE ANALYSIS 

Consider a profile of 5m of liquefiable loose sand (=18kN/

m3, ’=32°, h=9,500kN/m3) over dense sand (=20kN/m3, 

’=38°, h=32,600kN/m3) with a single 10m long 0.61m 

(24”) diameter cast-in-drilled-hole pile (My=400kN·m, 

EI=5.8·104kN·m2)  embedded in the profile (Fig. 4).  A design

-level earthquake is anticipated to cause 0.5m of lateral 

spreading at the ground surface, and the lateral spreading 

displacement is assumed to be attributed entirely to uniform 

strain in the liquefiable sand layer. 

Figure 3: Predicted p-y behavior from FEM analysis of pile 

Figure 4: Profile for example analysis. 
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Drained p-y materials are computed at each depth along the 

pile, and the p-y material at a depth of 2.5m is shown in Fig. 

5.  This p-y material is then adjusted to account for the effects 

of liquefaction in several different ways.  First, the p-y mate-

rial is scaled down by a factor of 0.05 in loose sand using the 

p-multiplier procedure recommended by Brandenberg (2005).  

Second, concave-up p-y materials are implemented in which 

the mobilized value at y=0.25m is adjusted to be 0.5, 1.0, and 

2.0 times the capacity of the drained p-y relation.  The con-

cave-up p-y materials are reasonably consistent with the 

shape of the curves that have been measured in model studies 

and field tests.  For comparison, the concave-up form by 

Rollins et al. (2005) is superposed on Fig. 5, with the maxi-

mum value set to 15 kN/m to be consistent with their recom-

mended range of use based on experimental validation.  This 

curve is consistent with the 0.5*puAPI curve.  Similar adjust-

ments to the API drained sand curves were performed at each 

depth along the pile (i.e. concave up curves were generated 

with 0.5, 1.0, and 2.0 times the capacity predicted by API 

equations), and a p-multiplier of 0.05 was used in the loose 

sand and 0.5 was used in the dense sand layer (to account for 

some generation of excess pore pressure) for the p-multiplier 

method. 

The pile was analyzed using the finite element platform 

OpenSees, and the concave-up p-y materials were imple-

mented using a variation of the PyLiq1 material in which the 

mean effective stress was input directly to the element rather 

than being read from an adjacent liquefiable continuum mesh.  

This material is currently under development and is not yet 

available in the release version of OpenSees.  The pile was 

modeled using 20 nonlinear beam column elements with p-y 

elements attached at each node.  The free-field ground dis-

placement was imposed incrementally.  The resulting profiles 

of pile displacement, bending moment, and subgrade reaction 

load are shown in Fig. 6. 

The load cases with the concave-up p-y materials (Fig. 6a-c) 

predict significant displacement at the top of the pile, and 

predict that the pile would yield at the interface between the 

loose and dense sand layer.  The amount of pile top displace-

ment and the curvature ductility mobilized in the pile are very 

sensitive to the selection of the ultimate mobilized value of 

the concave-up p-y material, and in general strong p-y materi-

als place larger demands on the pile.  The displacement at the 

top of the pile was 0.35m, 0.25m, and 0.15m using the con-

cave-up p-y materials with ultimate mobilized values equal to 

2.0, 1.0, and 0.5 times the API sand drained capacity.  In con-

trast, the load case that applied a p-multiplier to the concave-

down drained API sand relation (Fig. 6d) predicts much 

smaller demands on the pile.  The pile remains in the elastic 

range, and the displacement at the pile head is only about 

0.02m. 

Rollins et al. (2005) suggested that the functional form of the 

concave-up p-y materials should not be extrapolated beyond 

p=15 kN/m or y=0.15m because that was the range of experi-

mental validation.  The numerical study in this case drives 

some of the springs beyond this range of experimental valida-

tion, so assumptions would need to be made to utilize their 

suggested p-y materials.  One assumption would be to extend 

the functional form beyond the range of experimental valida-

tion, in which case the curve would be similar to the 

pu=0.5*puAPI curve in Fig. 5.  Another assumption would be 

that the material becomes perfectly-plastic when it reaches 15 

kN/m.  In this case, the curve would lie in between the 

0.5*puAPI curve and the 0.05*API curve in Fig. 5.  It is un-

clear how such a relation would affect the analysis result.  

Wilson et al. (2000) showed that mobilized values could ex-

ceed drained API capacity, which lends some credence to 

extending the Rollins et al. (2005) concave-up functional 

form beyond the range of experimental validation. 

This is a purely numerical study that cannot be compared 

with test data for validation, but nevertheless the general 

trend is clearly illustrated that static analyses that utilize con-

cave-up p-y materials that are capable of mobilizing signifi-

cant loads are more demanding on piles in laterally spreading 

ground compared with concave-down p-y materials adjusted 

by a p-multiplier.  The concave-down p-y materials provided 

reasonable predictions of the measured bending moments 

from the centrifuge test study presented by Brandenberg et al. Figure 5: Various p-y materials adopted in static analyses. 
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Figure 6: Results of finite element simulations using concave up p-y materials with ultimate capacity of 
(a) 2.0x API drained relation (b) 1.0x API drained relation, (c) 0.5x API drained relation, and concave 

down p-y material obtained by applying a p-multiplier of 0.05 to the drained API relation.. 
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(2007), despite the fact that dilatant behavior was observed in 

the liquefied layer in that study.  An inconsistency between 

the large shear strains assumed in the lateral spreading profile 

and the strain-hardening p-y capacity renders the concave-up 

p-y materials inappropriate for static analysis of lateral 

spreads, as discussed in the next section. 

DISCUSSION 

Lateral spreads can be caused by two distinct mechanisms.  

Either shear strains accumulate in liquefied layers, or a dis-

tinct slip develops at an interface where a low-permeability 

layer overlies a higher permeability layer.  This discussion is 

concerned with the former mechanism, which is consistent 

with the free-field displacement pattern imposed on the pile 

in Fig. 6.  Accumulation of shear strain in a liquefied layer 

during cyclic loading (i.e. cyclic mobility) is characterized by 

a low-stiffness, low-strength region where shear strains and 

shear stresses are small, and excess pore pressures are high, 

followed by a higher stiffness region where strains become 

large enough to mobilize the dilatancy response in the sand.  

The strain required to mobilize the dilatancy response in-

creases with each cycle as the fabric of the sand becomes 

remolded, which results in accumulation of permanent dis-

placement in the direction of static driving shear stress. 

In the context of this paper, the important distinction is that 

permanent ground displacements accumulate primarily during 

times of high excess pore water pressure, and not during 

times of dilatancy.  Rather, shear strain increments during 

dilatancy cycles are small due to the temporarily increased 

stiffness of the liquefiable sand.  The free-field displacement 

profile imposed on the pile in Fig. 6 does not capture this 

important feature of site response.  Rather, the free-field dis-

placement profile is simply increased incrementally, and 

strain increments are constant and are not decreased as the 

dilatancy response in the p-y material is mobilized.  The 

strain hardening p-y material implies that the sand is becom-

ing stiffer and stronger as loading progresses, but the free-

field displacement pattern does not reflect this stiffening.  

Hence, the a displacement pattern that is consistent with a 

soft, weak liquefiable layer is being imposed on a p-y mate-

rial that is consistent with a stiffening, strengthening liquefi-

able layer.  As a result, the soil grabs hold of the pile and dis-

places it downslope, whereas soft, weak lateral spreading soil 

would be anticipated to flow around a strong, stiff pile. 

The large strains in the free-field displacement pattern are 

inconsistent with a dilatancy response in the free field.  How-

ever, a more complicated case could arise wherein the strain 

increment in the free-field is large while the sand is in the soft 

and weak portion of the cyclic mobility behavior, but large 

shear strains imposed on the soil by the pile generate the dila-

tant response in the near field.  This mechanism was clearly 

demonstrated by Gonzalez (2005), where an inverted cone of 

dilatant soil formed, thereby increasing the effective diameter 

of the pile.  Clarifying this mechanism is beyond the scope of 

this paper. 

The studies in which concave-up p-y behavior has been ob-

served for piles with reasonable flexural stiffness all involved 

cases where the pile was loading the soil at the time that large 

subgrade reaction loads were recorded, and none have in-

volved cases where the soil was loading the pile.  The large 

subgrade reaction loads are reactions against other external 

loads imposed above the ground surface by an actuator (static 

load test), inertia loading (dynamic model test), or kinematic 

demands from a laterally spreading crust.  For example, Bran-

denberg et al. (2005) recorded large upslope subgrade reac-

tion loads in liquefied sand that reacted against downslope 

kinematic demands from the laterally spreading clay crust.  In 

that case, the crust slipped on top of the liquefied sand due to 

void redistribution and the liquefiable layer exhibited very 

little shear strain.  The literature is void of a case wherein a 

large downslope subgrade reaction force was mobilized 

against a pile with reasonable flexural stiffness by laterally 

spreading soil.  However, large downslope loads have been 

measured against very stiff, essentially rigid piles (Haigh and 

Madabhushi 2006), which could have implications for cais-

son foundations or buried bulkheads. 

Concave up p-y materials have been successfully imple-

mented in dynamic analyses that couple the p-y behavior to 

the response of a liquefying free-field soil mesh (e.g., Chang 

2007).  The site response analysis inherently accounts for the 

strain increments that occur during dilatancy cycles, and im-

pose correspondingly small displacement increments on the 

pile during these cycles.  Hence, the mismatch between p-y 

strength/stiffness and the imposed displacement profile does 

not exist in dynamic analyses that appropriately model the 

dilatancy response of liquefied sand.  However, these models 

do not capture the near-field dilation response due to strains 

induced on the soil by the pile. 

Concave-up p-y materials may be appropriate for static analy-

ses without lateral spreading, where inertia demands are im-

posed on the foundation and zero or very little free-field shear 
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strain is assumed in the liquefied layer.  For example, Rollins 

et al. (2005) showed better agreement between predicted and 

measured bending moment distributions when concave-up p-

y materials were used than when the p-multiplier approach 

was used. 

Concave-up p-y materials with a relatively low ultimate value 

that is proportional to the strain in the liquefied soil layer may 

be appropriate.  For example, the ultimate value of a concave-

up p-y material could be capped at 15kN/m [the range of ex-

perimental validation specified by Rollins et al. (2005)], or at 

some specified small p-multiplier value.  Limiting the capac-

ity of the concave-up material would be consistent with the 

soft, weak behavior implied by the large shear strains im-

posed in the layer.  Exploring this approach is beyond the 

scope of this paper. 

CONCLUSIONS 

Concave up p-y behavior has been observed in a many recent 

physical and numerical studies of pile foundations in lique-

fied ground, with measured subgrade reaction loads some-

times exceeding the drained capacity predicted by equations 

for p-y material behavior in nonliquefied ground.  However p

-y materials for analysis of lateral spreads are typically scaled

-down versions of concave-down drained p-y relations.  A 

mismatch between the large free-field ground displacement 

and the high strength and stiffness implied by a strong, dila-

tant p-y material can render unrealistically large predictions 

of pile displacement and flexural demand, at least for cases 

where the mobilized value of the p-y material is a significant 

fraction of the drained resistance.  Limiting the capacity of a 

concave-up p-y material to a small value in layers with sig-

nificant imposed soil shear strains would be consistent with 

the assumption that the soil is soft and weak.  Concave-up p-y 

materials may be appropriate for dynamic analysis of lique-

fied laterally spreading ground, or for static analysis in the 

absence of lateral spreading. 
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