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Summary

Temperature-profile distributions in a wellbore during drilling operations might take different forms when applying the energy balance
in the overall system. For steady-state conditions, wherein the wellbore is considered a closed system, adding any source of additional
energy to this system can influence the predicted temperature profiles. This study presents a new analytical model to investigate the
influence of rotational energy arising from the drillstring operation on the wellbore-temperature behavior.

A significant part of the drilling operation is rotation of the drillstring. Depending on the drilling rig, various equipment provides
this kind of energy, such as the rotary table or topdrive. In addition, downhole motors or turbines can add additional rotation to the drill
bit. This type of energy source can be construed as a supplemental heat source that could be added to the formulations of drillpipe- and
annular-temperature profiles.

Overall, this study presents two models involving frictional and rotational energy. These models yield the same solution if we do not
include the energy source, and they can apply equally well for any energy-balance system. The proposed mathematical models provide
new insights into different energy terms that can be included to compute the temperature profiles in the drillpipe and annulus.

Introduction

The importance of temperature profiles for both tubular and annular conduits in wellbores underlies the influence of those temperatures
on further operations and fluid properties. Moreover, an additional heat source might also influence the tools’ longevity.

In drilling operations, the frictional forces originate from pressure losses or the contact area between the drilling tool and the drilled
formation. Furthermore, the torque-and-drag forces result from rotating the drillstring, as reported by Samuel (2007), Aadnoy and
Djurhuus (2008), Aadnoy et al. (2010), and Mirhaj et al. (2016). These factors might influence the drilling-fluid-temperature profiles by
incorporating the necessary heat/energy-system model as presented by Kumar et al. (2012a, b) for drilling operations, and for casing-
while-drilling operations by including the plastering effect, as in Kumar and Samuel (2012).

Historically, many studies provided the necessary mathematical tools to describe the temperature distribution inside the wellbore.
Earlier studies presented the basic analytical models and provided the physical understanding of the steady-state and transient-flow
problems, as in Edwardson et al. (1962) and Tragesser et al. (1967). Raymond (1969) provided the first numerical model for computing
circulating-fluid temperatures during unsteady- and pseudosteady-state conditions to handle multiple casing strings.

Furthermore, improvements to this model have been made by Keller et al. (1973) by adding new forms of energy as a result of fric-
tional pressure losses throughout the drillpipe and annulus to the heat/energy system with the limitations of the provided data. This
model was further investigated by Marshall and Bentsen (1982) using a full set of data. Subsequently, analytical solutions became feasi-
ble for less-complicated systems, such as that for a single casing string. For example, Holmes and Swift (1970) presented a solution for
the steady-state heat transfer in a drillpipe and annulus surrounded by the formation. In contrast, Kabir et al. (1996) and Hasan et al.
(1996) obtained solutions for forward- and reverse-circulation cases for a variable mud-tank temperature of the circulating fluid. Kumar
and Samuel (2013) expanded the scope of the previous models by including well deviation and heat generated by wellbore friction.
They validated their fluid-temperature model with field data involving deviated and horizontal wellbores.

The primary aim of this study is to offer a comparison between two analytical fluid-temperature models with two sources of energy.
Initially, we considered the frictional heat that has been available for some time, and then one involving the rotational kinetic energy.
Both of these models might influence the drillpipe- and annular-temperature profiles during different wellbore operations. We used lim-
ited field data to validate the performance of both models.

Mathematical Models

For completeness, this section presents models for two sources of energy: frictional energy (FE) and rotational kinetic energy (RKE).
To gain clarity on the difference between these two models, see the schematic shown in Fig. 1. The heat generated from the RKE
depends on the rotational speed of the drillstring, regardless of its physical contact with the wellbore. Consequently, the increase in fluid
temperature will distribute gradually all around the drillstring. In contrast, the heat generated by frictional energy is caused by the con-
tact points between the drillstring and the wellbore wall. Such contact might occur in some areas of the borehole in a vertical well, but
more so when the well starts to deviate from vertical.

FE. Keller et al. (1973) suggested an analytical model of the heat/energy-balance system for determining the temperature profiles for
both drillstring and annular temperature. The energy-system calculations are performed for steady-state and transient conditions using
finite-difference equations for eight solution points in the presence of multiple casing strings. The calculations begin with the energy
balance inside the drillstring and continue successively through the drillstring, the flow annulus, the first casing string, the second annu-
lus, the third annulus, the fourth annulus, and into the formation. New energy sources added to the system involve the frictional flow in
the drillpipe, wherein the shear work is performed by rotating the drillstring, and the frictional work at the drill bit. The validation of
this model was performed by adopting the Holmes and Swift (1970) data.
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Marshall and Bentsen (1982) further investigated the Keller et al. (1973) model using the entire data set required for the different
casing sizes installed. Kumar and Samuel (2013) suggested a mathematical model for estimating the heat generated from the frictional
forces of the drillstring and incorporated this model into an energy system to determine the final mathematical form that represents the
drillpipe- and annular-temperature profiles. The energy system in this model was the same as that of Keller et al. (1973) and Marshall
and Bentsen (1982), with one crucial difference. The Kumar and Samuel (2013) formulation presupposes that the steady-state heat
transfer occurs from the drillpipe to the annulus and from the annulus to the adjacent formation.

The complete mathematical model for the Kumar and Samuel (2013) study did not appear in the paper, presumably for brevity. We
attempted to fill in that perceived void in this study. For the steady-state condition, the mathematical forms of the energy-balance
system for the annulus and the drillstring, respectively, can be expressed as

qqCp
dTa

dz
þ 2prpUðTdp � TaÞ þ 2prwhoðTf � TaÞ þ Qa ¼ 0; ð1Þ

qqCp
dTdp

dz
þ 2prpUðTdp � TaÞ ¼ Qp: ð2Þ

Eq. 2 can be rewritten as

Ta ¼ Tdp þ
qqCp

2prpU

dTdp

dz
� Qp

2prpU
: ð3Þ

The solution of the ordinary-differential equations (Eqs. 1 through 3) for the drillpipe temperature can be written as

TdpFE ¼ C1er1z þ C2er2z þ gTzþ TS þ
Qp

2prpU
þ Qa þ Qp

2prwho
� AgT ; ð4Þ

and for the annular temperature as

TaFE ¼ C1ð1þ Ar1Þer1z þ C2ð1þ Ar2Þer2z þ gTzþ TS þ
Qa þ Qp

2prwho
; ð5Þ

where

A ¼ qqCp

2prpU
: ð6Þ

The integration constants C1 and C2 can be found by applying the first kind of boundary condition (BC), or the Dirichlet BC. This BC
implies that at the surface drillpipe temperature is the same as the inlet drillpipe temperature, whereas the annular and drillpipe tempera-
tures are equal at total depth (TD), as given in Powers (2010). We note that this BC represents the industry standard, exemplified by
Raymond (1969), Holmes and Swift (1970), Keller et al. (1973), Marshall and Bentsen (1982), Arnold (1990), Kumar and Samuel
(2013), and Gao et al. (2017). With the Dirichlet BC, the two constants can be written as
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Fig. 1—Wellbore schematics: (a) vertical well; (b) deviated well. DC 5 drill collar; DP 5 drillpipe; HWDP 5 heavy-weight drillpipe.
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C2 ¼ Tdpi � TS �
Qp

2prpU
� Qa þ Qp

2prwho
þ AgT � C1; ð7Þ

C1 ¼
Tdpi � TS �

Qp

2prpU
� Qa þ Qp

2prwho
þ AgT

� �
Ar2er2L � Qp

2prpU þ AgT

� �
ðAr2er2L � Ar1er1LÞ : ð8Þ

Appendix A provides the details of these derivations.

RKE. Replacing the energy source in the proposed model with the energy sources caused by the RKE for both the annular and drillpipe
temperature can be presented as

A
dTa

dz
þ ðTdp � TaÞ þ BðTf � TaÞ þ Rra ¼ 0; ð9Þ

Ta ¼ Tdp þ A
dTdp

dz
� Rrp; ð10Þ

where A is given by Eq. 6, and the other symbols are defined as

B ¼ rwho

rpU
; ð11Þ

Rra ¼
1:75�10�8ðqpApÞðr2

po þ r2
piÞ � ðRsÞ2

ðrpUÞt ; ð12Þ

Rrp ¼
3:48�10�8ðqpApiÞðr2

piÞ � ðRsÞ2

ðrpUÞt : ð13Þ

The final mathematical forms for the drillpipe and annular temperatures can be obtained from the solution of the ordinary-
differential equations (Eqs. 9 and 10) as

TdpRKE ¼ Caer1z þ Cber2z þ gTzþ Ts þ Rrp þ
Rrp

B
þ Rra

B
� AgT ; ð14Þ

TaRKE ¼ Caer1zð1þ Ar1Þ þ Cber2zð1þ Ar2Þ þ Ts þ gTzþ Rrp

B
þ Rra

B
; ð15Þ

where

Ca ¼ Tdpi � Ts � Rrp �
Rrp

B
� Rra

B
þ AgT � Cb; ð16Þ

Cb ¼
Tdpi � Ts � Rrp �

Rrp

B
� Rra

B
þ AgT

� �
r1er1L � Rrp

A
þ gT

� �
ðr1er1L � r2er2LÞ : ð17Þ

Appendix B presents the details of these derivations.

Verification of Models

The original model proposed by Keller et al. (1973) used the data set of a vertical wellbore presented by Holmes and Swift (1970).
Using those data, we applied the FE model and the RKE model with assumed U and ho values of 3.2 and 1 Btu/ft2-hr-�F, respectively.
The outputs of both models for the annular temperature, without including any bottomhole energy source, provide good agreement with
that offered by Keller et al. (1973), as shown in Fig. 2. In this example, the RKE model shows the annular temperature to be approxi-
mately 1�F higher than the FE model at both well-bottom and surface conditions. The distributed energy presented by Fig. 2 refers to
the data set from Keller et al. (1973).

Although the Holmes and Swift (1970) data indicated that all the properties are applicable for the entire well depth, circulation is the
only assumption that can trigger the RKE model. Usually, no or low rotational speed of the drillstring might be applied to avoid stuck
pipe. Therefore, we assumed 5 rev/min for 2 hours only. That is because, after tens of hours of mud circulation, the system will behave
as though no energy source exists, thereby reflecting the steady-state circulation. To verify the proposed FE and RKE models, we
adopted the data of Kumar and Samuel (2013) for the deviated well case, as shown in Table 1.

In this case, the drillstring stems from the bottom depth with an 81=2-in. bit, measurement-while-drilling (MWD) tool, reamers, stabi-
lizer, a rotary-steerable system, and 5-in. heavyweight drillpipe (HWDP). The kickoff depth was reported as true vertical depth (TVD)
of 7,685 ft, followed by the buildup section at measured depth (MD) of 4,149 ft, and then extended with a tangent section at MD of
2,431 ft.

The Kumar and Samuel (2013) model was applied for the long tangent section from 11,834- to 14,265-ft TD by using 26 stands for
48 hours. On the basis of these data, the length of each stand equals 93.5 ft, the rate of penetration occurred at 50.64 ft/hr, and the time
required to drill each stand was equal to 1.84 hours. These considerations collectively led to a high rotational speed used to drill
this section. We used the data in Table 1 and assumed other data, such as flow rate of 210 gal/min or 1,685 ft3/hr, mud density of
10.015 lbm/gal or 74.81 lbm/ft3, Tpi of 102�F, U¼ 2.5 Btu/ft2-hr-�F, and ho¼ 1.6 Btu/ft2-hr-�F. Some of these data came from the
Marshall and Bentsen (1982) study. Fig. 3 shows the results of the application of the FE model, the same output as from the Kumar and
Samuel (2013) model.

The variation in the geothermal gradient along with MD was assumed using the formation temperature of offset wells. We empha-
size that in all well-control calculations, especially for the pressure gradient, we used the TVD. Therefore, we assumed a different value
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of geothermal gradient to match its variation after the kickoff-point depth. An approximate linear expression of Tf ¼ Ts þ gT � z can
represent the formation temperature of interest at a given depth. Calculations with the FE model then followed at each stand, leading to
an inlet temperature for Stand 1 at 80.33�F and for Stand 26 at 107�F; Fig. 4 presents these results.

The bottomhole temperature was measured from the bottom by 37 ft for MWD2 and 95 ft for MWD1. Fig. 5 represents the result of
applying the FE model for the annular temperature compared with the digitized temperature measurements for MWD1. The agreement
between the digitized Kumar and Samuel (2013) model results and those from the FE model developed in this study is reassuring.

Now, let us consider two cases to verify the RKE model.

Case 1. In this case, we assumed that the heat generated from the RKE is added to the annular temperature only; that is, Qrp¼ 0. We
used the same data presented in Table 1, the same inlet temperature for the first and last stand at 80.33 and 107�F, respectively, and the
same fluid properties with the constant rotational speed of 100 rev/min from Kumar et al. (2012a). The heat-transfer calculations from
the formation to the annulus and then to the drillpipe presupposed U¼ 3.6 Btu/ft2-hr-�F and ho¼ 1.5 Btu/ft2-hr-�F. The reported time
required to drill this section was 48 hours; therefore, we started at 110 hours in the first stand, referring to all the previous operations
until reaching this depth, and then increased the time for each stand until reaching 158 hours for Stand 26. Fig. 6 shows the two temper-
ature profiles of interest for the two stands.

Let us compare the results of the RKE model with the real-time temperature data while drilling. The calculated temperature trend
appeared less than the MWD1 and MWD2, measurements resulting from the RKE in the annulus not being adequate to replace the FE
sources, as suggested by Kumar and Samuel (2013). Moreover, applying the heat-energy model without accounting for the FE sources
will result in a temperature that is approximately 20�F lower than with the inclusion of FE. Fig. 7 presents the relevant results.

Drilling Parameters Values

Mud specific gravity 1.2

Plastic viscosity (cp) 20

Yield stress (lbm/100 ft2) 15

Inlet temperature at drillpipe (°F) 80.33

Coefficient of friction in open hole 0.35

Surface temperature (°F) 59

Geothermal gradient (°F/ft) 0.013725

Openhole ID (in.) 8.5

Drillpipe OD (in.) 5

Drillpipe ID (in.) 3

Drillpipe weight (lbm/ft) 40

Drill collar OD (in.) 6.5

Drill collar ID (in.) 2.81

Drill collar length (ft) 520

Drill collar weight (lbm/ft) 100.8

Bit-nozzle total flow area (in2) 1.2
Bit-nozzle velocity constant, Cd 0.95

Heat capacity of pipe/collar (Btu/lbm-°F) 0.0956

Thermal conductivity of pipe/collar (Btu/ft-hr-°F) 25.26

Table 1—Drilling parameters of Bingham plastic mud for a deviated

well (Kumar and Samuel 2013). ID 5 inner diameter; OD 5
outer diameter.
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Fig. 2—Calculated annular temperature: (a) FE model; (b) RKE model. The term “distributed energy” refers to data from Keller
et al. (1973).
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The drilling process in a deviated well provides a contact area of the drillstring with the wellbore, which might affect the value of
the overall heat-transfer coefficient from the annulus to the drillpipe U. The overall heat-transfer coefficient from the formation to the
annulus ho remains constant with the steady-state assumption. Therefore, we retained the same data, and by changing U for each stand,
we can obtain a good match with the measured data for MWD1 and MWD2. As shown in Fig. 8, invoking the RKE model causes a tem-
perature difference of approximately 15�F.

We emphasize that the wellbore lacks uniformity as a result of the deviated-drilling operation, with an average inclination of approx-
imately 10 to 11� in the tangent section. Therefore, the heat generated by frictional energy caused by the contact between the drillstring
and the wellbore wall, as described by Kumar and Samuel (2013), might not occur uniformly on the inside area of the entire wellbore.
In contrast, the application of RKE depends on the rotational speed of the drillstring, regardless of its contact with the wellbore. As a
result, the temperature profiles from the RKE will be higher than the temperature profiles obtained by the FE model.
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Case 2. In Case 2, the rotational energy working as the heat source can be added both to the fluid in the annulus Qra and to the drillpipe
Qrp, as given by the RKE model. The same data assumed in Case 1 were used to obtain an increase in temperature profile for each stand
as a result of the new source added to the fluid inside the drillpipe, as given in Figs. 9 and 10.

Figs. 9 and 10 suggest that the amount of heat generated from the rotational energy inside the drillpipe was fully accounted for,
which we refer to as the heat inside the drillpipe and from the drill bit. Therefore, one can assume that the heat source inside the drill-
pipe takes only 60% of the total generated heat, and the remaining 40% goes to the bit. Keller et al. (1973) initially suggested this
assumption, which Marshall and Bentsen (1982) used. The use of this energy split will cause the annular-temperature profile to increase
more than that in Case 1, and the comparison with the measured data suggests an improved match, as shown in Fig. 11.

Model Validation

We applied the proposed RKE model for 13 stands from 6,900- to 7,977-ft MD of a 121=4-in.-hole buildup section in a recently drilled
deviated well. The required drilling time involved 53 hours, with the bottomhole assembly (BHA) consisting of a 121=4-in.
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polycrystalline-diamond-compact bit, rotary-steerable system, MWD tool, 1�5-in. HWDP, drilling jar, and 7�5-in. HWDP. The tem-
perature measurement was obtained using the MWD tool, located at 27 ft, which was the reference depth of measurement from the drill
bit. Not all the required parameters for this field example were available; therefore, some required data were assumed from the litera-
ture. Table 2 presents the drilling and fluid parameters, and Table 3 presents drilling-measurement data.

We used the Hasan et al. (1996) model to estimate the required inlet-temperature data for this field case, given their unavailability.
Table 4 presents those estimated temperatures at each stand. The MWD tool provided the measured temperature; the assumed geother-
mal gradient of 0.013725�F/ft allowed conversion to the measurement depth. Fig. 12 presents the application of the proposed RKE
model for both the drillpipe temperature and the annular temperature.
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Fig. 10—Adding RKE to the annulus and drillstring vs. measured data: (a) MWD1; (b) MWD2.
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All temperature measurements recorded by the MWD tool occurred at MDs after the kickoff point. We can assume one value for the
geothermal gradient for the vertical section only, although a variation in geothermal gradient might occur because of a change in sedi-
ments. Although not shown here, our findings suggest that the small differences in gT produce insignificant results given the short
drilling intervals.

By using the same field data given in Table 2 and the calculated inlet temperatures given by Table 4, we applied the FE model with
Qa and Qp at 80 and 45 Btu/ft-hr, respectively. Fig. 13 compares the model response with the measured temperature profiles for both
the annulus and the drillpipe. The variation of the geothermal gradient produced no perceptible change in the model performance, simi-
lar to what was seen previously.

Well and Mud Data Values

Section depth (ft) 7,977

Drill-bit size (in.) 12¼

Drillstem OD (in.) 6⅝

Drillstem ID (in.) 3

Mud viscosity (cp) 21

Mud density (lbm/gal) 10.8

Circulation rate (gal/min) 750

Inlet-mud temperature (°F) 125

Formation density (lbm/gal) 20.86

Rotational speed (rev/min) 130

Section length (ft) 1,077

Table 2—Well and mud data. ID 5 inner diameter; OD 5 outer diameter.

Stand Depth (ft)
Drilling Time 

(hours)
Inclination 
(degrees)

Azimuth 
(degrees) TVD (ft)

Dogleg 
(°F/100 ft)

Vertical 
Section (ft)

Temperature 
(°F)

1 6,900 28.00 2.81 171.24 6,899.16 1.18 38.97 139.75

2 6,994 31.55 4.47 165.39 6,992.96 1.81 44.87 146.80

3 7,089 34.78 6.92 163.11 7,087.49 2.59 54.28 152.10

4 7,183 37.70 9.29 161.85 7,180.54 2.53 67.52 157.39

5 7,277 40.75 11.44 160.78 7,273.00 2.30 84.42 159.15

6 7,371 42.30 13.42 162.97 7,364.79 2.16 104.64 148.57

7 7,464 45.63 15.46 164.87 7,454.85 2.25 127.77 153.86

8 7,571 49.25 17.97 163.28 7,557.32 2.38 158.46 153.86

9 7,663 59.23 20.48 161.81 7,644.19 2.78 188.72 159.15

10 7,759 63.18 23.11 162.34 7,733.32 2.75 224.34 166.21

11 7,853 66.80 25.79 162.48 7,818.88 2.85 263.21 171.50

12 7,946 78.82 27.99 161.14 7,901.82 2.45 305.24 164.44

13 7,977 81.02 28.01 160.71 7,929.19 0.65 319.79 171.50

Table 3—Measured drilling data.

Stand Depth (ft) Inlet Temperature (°F)

1 6,900 125

2 6,994 132

3 7,089 140

4 7,183 146

5 7,277 149

6 7,371 137

7 7,464 143

8 7,571 143

9 7,663 152

10 7,759 160

11 7,853 166

12 7,946 160

13 7,977 167

Table 4—Estimated inlet temperature.

DC194209 DOI: 10.2118/194209-PA Date: 29-May-19 Stage: Page: 135 Total Pages: 15

ID: jaganm Time: 15:04 I Path: S:/DC##/Vol00000/180034/Comp/APPFile/SA-DC##180034

June 2019 SPE Drilling & Completion 135



The heat generated by FE relates to the contact area between the drillstring and the wellbore, which depends on the survey measure-
ment available at each depth. The inclination and azimuth gradually increase from the kickoff-point depth to the target depth. Also, at
early drilling time, the directional survey is relatively smaller than the late-time survey measurements. Therefore, heat generated at ear-
lier times becomes insufficient to match the MWD measurements. In contrast, at late drilling times, the drilling-survey measurement
will show more contact area required for generating the heat added to the drilling fluid, which could explain the improved match with
the MWD measurements.

Discussion

The primary objective of this paper was the investigation of the sources of energy that might affect temperature profiles in both mud
conduits in a drilling operation. To that end, we have explored development and applications of both FE and RKE models. Analytical
formulation underpins both models. The amount of rotational energy depends on the type of technology used in drilling. The prospect
of these models provides some new insights that could be included in future studies in challenging environments.

The heat generated from the FE resulting from the frictional force contact between the drillstring and the wellbore was assumed to
be constant along the entire wellbore depth. This underlying assumption could be open to debate because the actual contact occurs in
some areas of the borehole in a vertical or nearly vertical setting. However, in deviated wells, this assumption becomes a reality, as
high torque readings will suggest. In contrast, the RKE depends on the rotating speed of the drillstring, regardless of the physical con-
tact with the formation. Therefore, the temperature profiles generated with the RKE model will be higher than those produced with the
FE model. We also note that the variation between TVD and MD, as a result of directional drilling, might lead to a change in geother-
mal gradient. However, this difference is likely to be small because of the short length of the drilling interval.

Validation of the proposed models with field data supports the application of the rotating energy. The RKE caused by rotation of the
drillstring was assumed in two cases (Cases 1 and 2) and was presented previously to cover all possible temperature ranges in a typical
drilling operation. The performance of the model when compared with the drillpipe- and annular-temperature data provided confidence
in the solution approach pursued in this study.

One can observe that the results of the FE and RKE models appear similar for the problems discussed here despite their different for-
mulations. During a drilling operation, temperature measurement can be obtained by the MWD sensor, which is usually at least 30 ft
above the drill bit, followed by the BHA. Therefore, in a deviated well, the contact area with the formation by the BHA promotes thermal
energy caused by friction, leading to the proper application of the FE model; a similar situation might arise while encountering a tight
spot in a vertical well. Of course, frictional energy becomes the primary driver while drilling a horizontal well. In contrast, the RKE
model depends only on the rotation of the drillstring, which occurs continuously through all operations, regardless of the well deviation.

We note that the BC (condition of the first kind or Dirichlet condition) used in the solution of the FE and RKE models leads to the
reported results. However, a different set of results will appear when the BCs differ. For instance, if we assume the Neumann condition
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Fig. 12—Validation of the RKE model with MWD: (a) Ta; (b) Tdp.

130

135

140

145

150

155

160

165

170

175

180

24 36 48 60 72 84

Time (hours)
(b)

130

135

140

145

150

155

160

165

170

175

180

24 36 48 60 72 84

T
em

pe
ra

tu
re

 (
°F

)

T
em

pe
ra

tu
re

 (
°F

)

Time (hours)
(a)

MWD (TD = 27 ft)
Ta (FE model)

MWD (TD = 27 ft)
Tdp (FE model)

Fig. 13—Validation of the FE model with MWD: (a) Ta; (b) Tdp.
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(dTa/dz¼ 0 at z¼L) or the Robin condition (dTt/dzjz¼ 0¼ dTt/dzjz¼ L¼ 0) to solve the fundamental equations, then increased tempera-
ture profiles occur in both conduits. Al Saedi et al. (2018) made this point.

Conclusions

Our conclusions from this text are the following:
1. This study presents a new analytical model involving the RKE, which can be included in any energy-balance system of equations,

fluid-temperature profiles during drilling, and fluid-circulation operations in the wellbore.
2. This study also explored the development and use of the FE model (Kumar and Samuel 2013) to generate the temperature profiles in a drill-

ing operation. In general, the RKE model tends to produce somewhat-higher temperature profiles than the FE model, as field data suggest.
3. The maximum temperature occurs at a depth above the well bottom for both models. This outcome is a consequence of the use of

the first kind of BC, or Dirichlet condition. Field examples suggested that both the FE model and the RKE model tend to produce the
necessary energy needed to replicate the field measurements. They appear case dependent; therefore, both of them merit considera-
tion while estimating temperature profiles.

Nomenclature

A ¼ parameter defined by Eq. 6, ft
Ap ¼ outer-drillpipe area, ft2

Api ¼ inner-drillpipe area, ft2

B ¼ parameter defined by Eq. B-20, dimensionless
Ca ¼ integration constant defined by Eq. B-28, �F
Cb ¼ integration constant defined by Eq. B-30, �F
Cd ¼ bit-nozzle-velocity constant
Cp ¼ heat capacity of mud, Btu/lbm-�F
C1 ¼ integration constant defined by Eq. A-18, �F
C2 ¼ integration constant defined by Eq. A-16, �F

f ¼ frequency, rev/sec
gT ¼ geothermal gradient, �F/ft
ho ¼ overall heat-transfer coefficient across wellbore wall, Btu/ft2-�F-hr

I ¼ moment of inertia, lbm-ft2

KE ¼ kinetic energy, lbm-ft2/sec2

L ¼ TD (MD), ft
mp ¼ tubular mass, lbm
N ¼ parameter defined by Eq. A-9, �F
q ¼ mud-flow rate, ft3/hr

Qa ¼ heat source in annulus, Btu/ft-hr
Qfa ¼ heat flow from formation to annulus, Btu/ft-hr
Qp ¼ heat source inside drillstring, Btu/ft-hr

Qpa ¼ heat flow from pipe to annulus, Btu/ft-hr
Qra ¼ heat source in annulus caused by rotational energy, Btu/hr
Qrp ¼ heat source inside drillstring caused by rotational energy, Btu/hr

r1, r2 ¼ exponent coefficients defined by Eq. A-10, ft�1

rp ¼ outer radius of the drillstring, ft
rpi ¼ average inner radius of the drillstring, ft
rpo ¼ average outer radius of the drillstring, ft
rw ¼ wellbore radius, ft

Rra ¼ parameter defined by Eq. B-21, �F
Rrp ¼ parameter defined by Eq. B-14, �F
Rs ¼ rotating speed, rev/min

t ¼ drilling or circulation time, hours
Ta ¼ mud temperature in annulus, �F

TaFE ¼ annular fluid temperature by frictional energy, �F
TaRKE ¼ annular fluid temperature by rotational kinetic energy, �F

Tdp ¼ temperature of drillstring fluid, �F
Tdpc ¼ complementary solution for drillstring fluid temperature, �F
Tdpi ¼ inlet fluid temperature, �F
Tdpp ¼ particular solution for drillstring fluid temperature, �F

TdpFE ¼ drillstring fluid temperature by frictional energy, �F
TdpRKE ¼ drillstring fluid temperature by rotational kinetic energy, �F

Tf ¼ formation temperature, �F
Tpi ¼ inlet fluid temperature, �F
Ts ¼ surface temperature of Earth, �F
U ¼ overall heat-transfer coefficient across drillpipe, Btu/ft2-�F-hr
W ¼ angular velocity, rad/sec
z ¼ any vertical-well depth, ft
q ¼ drilling-fluid density, lbm/ft3

qp ¼ drillpipe density, lbm/ft3
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Appendix A—FE Model

The assumptions and all the mathematical details of this model were presented by Kumar and Samuel (2013). Application of the energy
balance for the steady-state condition leads to the differential form of the forward circulation in a drillpipe, which is given by

qqCp
dTdp

dz
þ 2prpUðTdp � TaÞ ¼ Qp; ðA-1Þ

or

Ta ¼ Tdp þ
qqCp

2prpU

dTdp

dz
� Qp

2prpU
: ðA-2Þ

Differentiating Eq. A-2, we obtain

dTa

dz
¼ dTdp

dz
þ qqCp

2prpU

d2Tdp

dz2
; ðA-3Þ

and for the annulus,

qqCp
dTa

dz
þ 2prpUðTdp � TaÞ þ 2prwhoðTf � TaÞ þ Qa ¼ 0: ðA-4Þ

Substituting Eqs. A-2 and A-3 into Eq. A-4 and simplifying, and considering Tf ¼ Ts þ gT � z, we obtain

ðqqCpÞ2

2prpU

d2Tdp

dz2
� 2prwho

qqCp

2prpU

dTdp

dz
� 2prwhoTdp ¼ �2prwhoTs � 2prwhogTz� 2prwho

Qp

2prpU
� Qp � Qa: ðA-5Þ

The solution of the left-hand side of Eq. A-5, which represents the homogeneous (complementary) part, is given by

Tdpc ¼ C1er1z þ C2er2z: ðA-6Þ
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The right-hand side of Eq. A-5 refers to the particular part, and its solution is given by

Tdpp ¼ gTzþ N: ðA-7Þ

Therefore, the final solution of Eq. A-5 can be obtained by summation of Eqs. A-6 and A-7, which is given by

Tdp ¼ C1er1z þ C2er2z þ gTzþ N; ðA-8Þ

where

N ¼ TS þ
Qa þ Qp

2prwho
þ ½Qp � ðqqCpÞgT �

2prpU
ðA-9Þ

and

r1; r2 ¼
ð2prwhoÞ6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2prwhoÞ2 þ 4ð2prpUÞð2prwhoÞ

q
2qqCp

: ðA-10Þ

Eq. A-8 can be rewritten as

TdpFE ¼ C1er1z þ C2er2z þ gTzþ TS þ
Qp

2prpU
þ Qa þ Qp

2prwho
� AgT ; ðA-11Þ

A ¼ qqCp

2prpU
: ðA-12Þ

Differentiating Eq. A-11, we obtain

dTdp

dz
¼ r1C1er1z þ r2C2er2z þ gT : ðA-13Þ

Substituting Eqs. A-11 and A-13 into Eq. A-2 and simplifying, we obtain

TaFE ¼ C1ð1þ Ar1Þer1z þ C2ð1þ Ar2Þer2z þ gTzþ TS þ
Qa þ Qp

2prwho
: ðA-14Þ

To find the integration constants C1 and C2, we need to apply the first kind of the BC (or the Dirichlet BC), as discussed after Eq. 6,
as follows.

At surface, z¼ 0 and Tdp¼ Tdpi; therefore Eq. A-11 is given as

Tdpi ¼ C1 þ C2 þ TS þ
Qp

2prpU
þ Qa þ Qp

2prwho
� AgT ; ðA-15Þ

C2 ¼ Tdpi � TS �
Qp

2prpU
� Qa þ Qp

2prwho
þ AgT � C1: ðA-16Þ

At well TD or z¼ L, TdpL¼ TaL, and Eqs. A-11 and A-14 are given as

Ar1C1er1L þ Ar2C2er2L ¼ Qp

2prpU
� AgT : ðA-17Þ

Substituting Eq. A-16 into Eq. A-17 and simplifying, we obtain

C1 ¼
Tdpi � TS �

Qp

2prpU
� Qa þ Qp

2prwho
þ AgT

� �
Ar2er2L � Qp

2prpU
þ AgT

� �
ðAr2er2L � Ar1er1LÞ : ðA-18Þ

Appendix B—RKE Model

The kinetic energy of a rotating object is analogous to linear kinetic energy and can be expressed by the moment of inertia and angular
velocity. During a drilling operation, the total kinetic energy resulting from the rotation of the drillstring can be transferred to two kinds
of heat source added to the drilling fluid inside the drillstring (Qrp) and in the annulus (Qra). Giancoli (2013) provides the RKE, which
is given by

KE ¼
1

2
� I �W2; ðB-1Þ

where I refers to the moment of inertia (in lbm-ft2) and W is the angular velocity (in rad/sec). Then, the moment of inertia can be calcu-
lated for the annulus as

I ¼ mp

2
r2

po þ r2
pi

� �
; ðB-2Þ
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I ¼
qp � ðA� dzÞp

2
r2

po þ r2
pi

� �
; ðB-3Þ

where rpo and rpi sequentially represent the tubular outer diameter (OD) and inner diameter (ID) (in ft) and m refers to the tubular mass
(in lbm).

For the angular velocity, W ¼ cycle� f , where f is the frequency or rev/min in drilling; by converting rev/min to rev/sec,

f jsec ¼ Rs ¼ rev=min ¼ rev

min
� min

60 seconds
¼ rev

60 seconds
: ðB-4Þ

One cycle of any tubular will be equal to 2p/rev. Thus, the angular velocity will be equal to

W ¼ 2p� Rs

60
; ðB-5Þ

where W is in rad/sec. Now, after calculating the angular velocity and the moment of inertia, the kinetic energy in Eq. B-1 can be rewrit-
ten as

Qra ¼ KE ¼
1

2
�

qp � ðAp � dzÞ
2

r2
po þ r2

pi

� �
� 2p� Rs

60

� �2

: ðB-6Þ

Eq. B-6 represents the total RKE transferred to heat in the annulus (in lbm-ft2/sec2). By converting this energy to Btu and dividing
Eq. B-6 by the total time for drilling or circulating, we obtain the final mathematical form as

Qra ¼
ð1:098�10�7Þqp � ðAp � dzÞ r2

po þ r2
pi

� �
� ðRsÞ2

t
; ðB-7Þ

where Qra represents the amount of heat added to the inside of the annulus system as a result of rotation of the drillstring (in Btu/hr),
and t is the total drilling or circulating time (in hours). The heat added to the inside of the drillstring as a result of rotating the drillstring
Qrp is given by

Qrp ¼
ð2:2�10�7Þqp � ðApi � dzÞ r2

pi

� �
� ðRsÞ2

t
: ðB-8Þ

The difference between Eqs. B-7 and B-8 is because of the change in the moment of inertia for the inside of the drillstring, given as

I ¼ qp � ðAp � dzÞðr2
piÞ.

Replacing the heat sources in the energy system in Appendix A with the new heat source suggested by RKE provides a new analyti-
cal model to determine the fluid-temperature behavior in the drillpipe and annulus. The heat source added to the system by the RKE is
Qrp and Qra (in Btu/hr). In contrast, the heat source in Keller et al. (1973), Marshall and Bentsen (1982), and Kumar and Samuel (2013)
has a different unit, Btu/ft-hr.

Therefore, we need to rederive the energy system proposed in Appendix A in the following manner. The heat-energy balance for the
steady-state condition in the drillpipe is given by

QpðzÞ � QpðzþdzÞ � Qpa þ Qrp ¼ 0: ðB-9Þ

Substituting each term in Eq. B-9, we obtain

qqCp TdpðzÞ � TdpðzþdzÞ
	 


� 2prpUðTdp � TaÞdzþ
2:2�10�7 qpApdz

	 

r2

pi

� �
� ðRsÞ2

t
¼ 0: ðB-10Þ

Simplifying Eq. B-10 as

qqCp

2prpU

dTdp

dz
þ ðTdp � TaÞ �

2:2�10�7 qpAp

	 

r2

pi

� �
� ðRsÞ2

2prpUt
¼ 0; ðB-11Þ

or

Ta ¼ Tdp þ A
dTdp

dz
� Rrp; ðB-12Þ

where

A ¼ qqCp

2prpU
ðB-13Þ

and

Rrp ¼
3:48�10�8 qpAp

	 

r2

pi

� �
� ðRsÞ2

rpUt
: ðB-14Þ
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Differentiating Eq. B-12, we obtain

dTa

dz
¼ dTdp

dz
þ A

d2Tdp

dz2
: ðB-15Þ

The mathematical form of the annular energy balance is given by

QaðzþdzÞ � QaðzÞ þ Qpa þ Qfa þ Qra ¼ 0: ðB-16Þ

Eq. B-16 with the mathematical representation of each term can be written as

qqCp TaðzþdzÞ � TaðzÞ
	 


þ 2prpUðTdp � TaÞdzþ 2prwhoðTf � TaÞdzþ
1:098�10�7ðqpApdzÞ r2

po þ r2
pi

� �
� ðRsÞ2

t
¼ 0: ðB-17Þ

Rearranging Eq. B-17,

qqCp

2prpU

TaðzþdzÞ � TaðzÞ
	 


dz
þ ðTdp � TaÞ þ

2prwho

2prpU
ðTf � TaÞ þ

1:098�10�7ðqpApÞ r2
po þ r2

pi

� �
� ðRsÞ2

2prpUt
¼ 0; ðB-18Þ

or

A
dTa

dz
þ ðTdp � TaÞ þ BðTf � TaÞ þ Rra ¼ 0 ðB-19Þ

where

B ¼ rwho

rpU
ðB-20Þ

and

Rra ¼
1:75�10�8qpAp r2

po þ r2
pi

� �
� ðRsÞ2

rpUt
: ðB-21Þ

Substituting Eqs. B-12 and B-15 into Eq. B-19 and simplifying, and considering Tf ¼ Ts þ gT � z, we obtain

A2 d2Tdp

dz2
� AB

dTdp

dz
� BTdp ¼ �BTf � BRrp � Rrp � Rra: ðB-22Þ

The summation of the homogeneous and inhomogeneous solutions of the second-order ordinary-differential equation (Eq. B-22)
leads to

TdpRE ¼ Caer1z þ Cber2z þ gTzþ Ts þ Rrp þ
Rrp

B
þ Rra

B
� AgT ; ðB-23Þ

where

r1; r2 ¼
B

2A
16

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4

B

r !
: ðB-24Þ

Differentiating Eq. B-23, we obtain

dTdp

dz
¼ r1Caer1z þ r2Cber2z þ gT : ðB-25Þ

Substituting Eqs. B-24 and B-23 into Eq. B-12 and simplifying yields

TaRE ¼ Caer1zð1þ Ar1Þ þ Cber2zð1þ Ar2Þ þ Ts þ gTzþ Rrp

B
þ Rra

B
; ðB-26Þ

and Ca and Cb depend on the Dirichlet BC, at surface depth or z¼ 0, and Tdp¼ Tdpi. Justification of the Dirichlet BC is discussed after
Eq. 6. Eq. B-23 can be written as

Tdpi ¼ Ca þ Cb þ Ts þ Rrp þ
Rrp

B
þ Rra

B
� AgT ; ðB-27Þ

or

Ca ¼ Tdpi � Ts � Rrp �
Rrp

B
� Rra

B
þ AgT � Cb: ðB-28Þ
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At well TD or z¼ L, TdpL¼ TaL, and Eqs. B-23 and B-25 yield

Ar1Caer1L þ Ar2Cber2L ¼ Rrp � AgT : ðB-29Þ

Substituting Eq. B-28 into Eq. B-29 and simplifying, we obtain

Cb ¼
Tdpi � Ts � Rrp �

Rrp

B
� Rra

B
þ AgT

� �
r1er1L � Rrp

A
þ gT

� �
r1er1L � r2er2Lð Þ : ðB-30Þ
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