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Proceedings: First International Conference on Recent Advances in Geotechnical Earthquake Engineering and Soil
Dynamics, April 26 - May 3, 1981, St. Louis, Missouri

Dynamic Behaviour of Sandy Soil and Liquefaction

Tadanobu Sato, Associate Professor
Toru Shibata, Professor

Disaster Prevention Research Institute, Kyoto University, Uji, Kyoto, Japan

Ryoji Ito, Construction Engineer
Shimizu Kensetsu Co. Ltd., Tokyo, Japan

SYNOPSIS
cyclic loading.

A mathematical model is formulated to present constitutive relation of sandy soil under
The fundamental concepts of kinematic and isotropic work-hardening plasticity theory
are utilized here to obtain the relationship between rate of strain and rate of stress,

in which the

yield function, hardening function and plastic potential are proposed from experimental evidence and

theoretical considerations.

The predicted inelastic behaviour is compared with available experimental

results of conventional cyclic triaxial tests, paticularly of ligquefaction phenomena.

INTRODUCTION

The object of this paper is to make clear the
stress-strain characteristics of sandy soil under
cyclic and transient loading which will permit
non-linear analysis while taking account of lig-
uefaction phenomena. The prediction of stress-
strain behaviour of soil based on the theory of
plasticity has been developed by Roscoe's re-
search groupllusing the concept of associated

flow rule, whereas there has been another approach
based on the non-associated flow rule. However,
it has been difficult to present the deformation
characteristics under cyclic loading condition
because these theories have treated only the mon-
otonic loading conditon. To remove this difficul-
ty the plasticity theory, considering the kine-
matic work-hardening concepts, has been a%plied

to the soil behaviour by several authors. In
this paper, we propose a more realistic consti-
tutive law based on the experimental results and
the kinematic work-hardening plasticity theory.

To verify the theory it is necessary to measure
the behaviour of sandy soil under small strain
accurately. We put a load cell into the triaxial
cell and placed two non-contact deformation sen-
sors at both sides of the piston to measure the
strain of order 10~2. The saturated test samples
are formed in a cylindrical mold and frozen for
ease of setting.

A STRESS-STRAIN RELATIONSHIP

The plastic strain increment is calculated based
on the non-associated flow rule proposed by Hill}

ae? :h—i—g ar (1)
a0, |
ij
where c€4 and o, ; are plastic strain and stress
tensors % is a hardening function, ¢ is a plastic
potential and drf is the total derivative of the
function f which defines the yield locus.
The following explanations provide information
for the functions f, g and h.
(1) Yield Function
The yielding behaviour for shear deformation
and consolidation can be treated independently,
and the functions f, and f  specifying a yield
locus for shear and consolidation are given as
follows:
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f*=f -f =0 £ =0'-0 =0 (2)

s s sy C+ m my .
where fo=n=(T,oe/0p), f£5y=Ny=(T5.e/OR)y, O} 1is the
effective mean stress, fgy, and Oy are hardening
parameters for shear and consoildation, respec-

tively.

The octahedral shear stress 1,.. and strain
Yoct are positive definite variables, therefore,
the ratio n 1is positive for compression and ex-
tension. To explain the dilatancy phenomenon
of sand for both compression and extension it is
necessary to define a negative n. We treat the
N-vyoct relation as shown in Fig.l as having the
meaning in the negative n and y,. domain.
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Fig.l =Y, ot Relation Fig.2 Yield Function

The yield surface for shear being assumed as
a circular cone in T,..-07; space moves in the
stress space as expanding. Fig.2 shows the
yield surface. Innerpart enclosed by the yield
surface n§ and n; is the elastic region. The
kinematic” hardening is expressed by the movement
of the center axis of the cone and the enlarge-
ment of the conic angle is taken as the measure
of the isotropic hardening. Using the notations
shown in the figure the hardening parameters

for shear deformation are given as follows:
+ 3

L

N~ = tan(y ‘U, ) =SB (3)
y ¢ s} 1Fup
a=tan0a ’;}ztan@8

where o and f are measures of the isotropic and
kinematic hardening, respectively.

(2) Plastic Potential

The plastic potential g_ for consolidation
process is given by




6K

g = (d)

< m
The potential has meaning only of the condition
fe-foy=0 and df >0 are satisfied.

The plastic potential g, for shearing process
(in which f_ -fg,=0 and dfg>0 are satisfied) and
its partial derivative with respect to 1,_., and
oy are derived from the relationship between the
effective stress ratio n and the strain increment
ratio dvg/dygct (called the stress-dilatancy re-
lation).

JdvP

loct 2 dvd
ol = AMm-g_BV&A:; (5]
m dvyi

oct
and the assumption of the normality rule
p

Tocr 2 MVa y

- T3 6)
dU,;) dcht

where dvE is the volumetric strain increment due
to dilatancy.

Substituting Eg. (5) into Eg. (6}, we can get
the differential eguation of plastic potential
as follows:

dt

M -7 g’ o=
OCt+B(AIm 1) d m 0

(7)

Comparing this eguation with the total deriva-
tive of the plastic potential function, the par-
tial derivatives of plastic potential are calcu-
lated as follows:

Ngg 3
o =1 (8) IS opiam —)  (9)
oct g m
iw ;>M or
; o m
[ ‘/;\ - |
| o 1m and |u!>Mm
B = AM (10)
.M ,2 except above

Ao N, Mo
where v is the value of 1,../0, at dvi being
equal to zero, a is +1 for loading towards the
critical state in compression (dn»¢) and -1 for
extension (d%<0), and ng, 1s the effective stress
ratio at which the plastic strain becomes predom-
inant in the cyclic loading condition as shown
in Fig.l.

The general view of the stress dilatancy rela-
tion given by Eqg. (5) and accompanying undrained
stress path were given in Ref. (4). A brief ex-
planation, however, 1s given in Fig.3. 1If the
effective stress ratlio is smaller than and 1its
initial value ', 1s on the compression the
stress~dilatancy relation is expressed

domain

M
side,
by the

Toct

m , o
HM

line (3 above the dashed linc, which expresses the

stress dilatancy relation for normally consoli-
dated sand. On the other hand, 1f the nitial
value is on the extension side, the stress
dilatancy relation is expressed by the line Q) be-
low the dashed line. The symbols in the figure
show the experimental results. Taesc results

are consistent with that the slope of the un-
drained stress path in the casc of Q) 1s steeper
than that of a normally consolidated sand, on the
contrary, in the case of () its slope bucomes gen-
tle. The paramcter B in Eqg. (10), therefore, con-
tains the effect of anisotropic consolidation.

(3) Tne Isotropic Hardening Rule

We assume an exponential function of .5
the isotropic hardening parameter .. On the
drained condition, . increases until the region
enclosed by the compression and extension failure
line (Mgoopmp and Mp,..) becomes a_pgrfectly Q}as—
tic state. " On the undrained condition, assuming
the softening behaviour cased by the liquefaction
as the decrease of the elastic region, «« decreases
sharply when the effective stress ratio is beyond
the Mp-linec. Depending on these assumption, the
following functions of : are defined.

I. In the case that the elastic region expands

for

l:/"<)+(‘f‘_K())J‘l‘“xl)(:' [yl -

14
i et o

byt
r:‘upxl’(—fgyo) e
tr
IT. In the case that the elastic region shrinks
(This has a meaning only for the case of

undrained and |-|>m, conditions)
N
[ < IS O R (12)
l—,xmcxp( Lfl{oct ‘m‘)

where ., is the value
direction changes, 7,

of + at which the shecaring

is the plastic shear strain
at the point i, being defined, .y 1s glven by
ufg=tan. y as shown in Fig.5 1in which Meiom and
Mroxe arc the effective stress rations at ghe fail-

ure state for compression and extension, respec-
tively, ., is the value of . at w=y_, v, 1s the
plastic shear strain at r=#,, 7, nd “ % are the

paramcters which define the magnitude of expansiorn
and shrinkage of clastic regions. In the case
of cyclic loading, the increase of . dependent on
the plastic strain is calculated by folding the
monotonic loading curve I-I as shown in Fig.4.
Fig.6 shows the experimental results obtained
from the drained cyclic triaxial test of normally
consolidated sand. The full lines snow the most
likely exponential curve fitted to the experimen-
tal results which are shown by symbols. The ini-
tial tangent of curve, that is So becomes larger

as the void ratio of sample becomes smaller. This

. Fig.4 Isotropic
Fig.3 Stress-Dilatancy Relation

P Toct »
- fcomp
- I
&

P :
dvd :
dyP v

Yoct Yo YP

oct

Hardening Function Fig.5 Definition of u

£
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means that the rate of enlargement of the elastic
region is larger in the case of denser sand and
£o 1s expressed as a function of density. At
the beginning of shear deformation, o has a non-
zero value. This suggests that the normally con-
solidated sand is not on the virgin consolidation
line but it is on the over consolidated state.

(4) The Kinematic Hardening Rule

To define the measure of kinematic hardening,
it is necessary to introduce another assumption
of n-vB_, relation which is expressed by a hyper-
bolic function as follows:

- v p
(AMf N,/ ¢ (Yoct

- ryP -
(aM, ﬂo)+G (Yoct YO)

=Y )
o

n-n

(13)

where G'—(OCR)*Gc G- 1s the initial tangent mod-
ulus in n- YP curve of a normally consolidated
sand.

There are no firm experimental results for
expressing the n-y§.. curve by a hyperbolic func-
tion. However there is an advantage that the
hardening function can be easily formulated in
terms of two basic parameters of soil.

The restriction of continuing the plastic
deformation is given by dff=0. Substituting the
relation f*=n-n_ in this equation, the following
equation result

ant

o Ygye
dn-z-Yda 53 (14)

Considering the relationship given by Egs. (11l),
(12) and (13), we can get the differential equa-
tion for the kinematic hardening parameter B
with respect to the plastic shear strain:
nt an—
=PI =) 1)
a d'Yp aB
oct

(5) Hardening Functions

The hardening function h. for
consolidation is expressed by the
assumption of isotropic hardening
and non-recoverable volumetric

)
dBO

dan
p
dYoct

= =
p
dYoct

0.2

g

p _2, °S -2
dYoct"3hsaToctdfs‘3hsdn (17)
Substituting Egs. (14) and (15) into Eg. (17), the

hardening function results as follows:
2 1

h == -
s 3(3n§da
30 j2
a dyo

(18)
_Q aB

*3

B avg oct
UNDRAINED CYCLIC TRIAXIAL STRESS PATH

For the undrained
put a restriction

condition it is necessary to
for deformation so that the

total incremental volumetric strain should be
zero:
dv = dvg dvi (19)
where dvg and va are calculated from Egs. (1), (16)
and (18) as foll8ws:
P _
dv®, = h_B(AM_-n)dn
d s m (20)
D _ [
dvg = h.dop
Substituting Eqg. (20) into Eg.(19), the effective

stress increment do, can be obtained
h
= —Ep(an_-n)dn
hc m
Because Eg.(2l) generally can not be integrated
directly, a simple numerical procedure has been
used in calculating the behaviour. Eq.(21) de-
fines doj/dn at the current value of n. The value
of o' at the adjacent point n+dn is calculated as

o TAMNNA
NV

do! (21)

£,=25

Eo=14

Eo=12

i Fig.7 Effective Stress Path
strain component o (E,=10, unit:kg/cmz)
G'
h, = A-K ETE (16) ~
l+e Op 0.1 o
where ) and k are the slope of the
virgin compression line and of the b
swelling line in the e-1nc} plane .0 < T —
and e is the void ratio. 1.0
The hardening function for shear ~ SR
deformation hg is derived from Egs. N 1 o
(1) and (14). Using Egs.(l) and 0 1.0 2.0 b ,
(8), we can get the following ex- cht ) Fig.8 Effective Stress Path
pression for plastic octahedral (£,=20, unit:kg/cm?)
shearing strain increment Fig.6 G‘Yg . Relationship
[#4
< i A
X L ) . e af
o © LR e o
~ < ~
) 43 +
U~ 8 N 8 SL
Q—-O c;" e o I o
H 3 1 L
0 0.4 0.8 0 0.4 0.8 0 0.4 0.8
YoCt Yoot Yoct
Fig.9 n-yoct Relationship Fig.l0 n-y,c¢ Relationship Fig.1ll n-y,_., Relationship

(Simulation, £o=l4)

(simulation, §,=25)

(Experlmental result)



686

do}
, _ , m
(Om)ie1 = (om)i+(gﬁ—)idn

The undrained cyclic triaxial stress paths under the
condition of constant T,.: amplitude are shown in Figs.?7
The dynamic properties used for the calculation
From these figures it is clear
that the proposed model can express the generally recog-
nized experimental phenomenon that the excess pore pres-
Moreover,
if the effective stress ratio exceeds the phase transfor-
mation line (M_,~line), which is obtained from the angle
of phase transformation ¢,, the accumulation pattern of 0
excess pore pressure changes drastically (called as the
After this phenomenon appears,

The straight

line parts of stress path parallel to the vertical axis

elastic regions which expand as the number of repe-
increases and shrink after the occurence of the T
The accumulation of pore pressure
cycle decreases as the value of {, increases. m

and 8.
are listed in Table 1.

sure accumulates as the cyclic process proceeds.

initial liquefaction).
the large excess pore pressure is developed.

are the
titions
initial
in each

liguefaction.

DRAINED CYCLIC TRIAXIAL TEST
In the
assume
stress
in the
ly the

is mainly from the plastic deformation.

process.

Figs.9 and 10 show the simulated stress-strain rela-
tionship of the drained triaxial cyclic loading test for
The material properties

£, as 14.0 and 25.0, respectively.
used for calculation are the same given in Table 1.

results bear an encouraging similarity to the experimental
The numerical results overestimate
the expanding process
of elastic region with the increase of the repetition are

results shown in Fig.ll.
the recovering shear strain, however,

expressed precisely.

THE STRESS-DILATANCY RELATIONSHIP UNDER CYCLIC LOADING

In this analysis, the effective stress ratio ¥, is
assumed as a unique property of sand unaffected
by stress history. This is admissible for the
case of monotonic loading. We check here the
validity of this assumption by using cyclic load-
ing test results. Fig.1l2 shows a typical experi-
mental results in which the amplitude of octahed-
ral shear stress was changed five times. On each
stress level five cycles of repetition were ap-
plied to the specimen. This figure shows the
volume change-T,., relation. The stress ratio
applied to the specimen exceeds M, around point
4, so the characteristic of volume change turns
from shrinkage to expansion. This phenomenon be-
comes more predominant in the first loading cycle
of the next stress level (5-6-7). However, the
volume change at the end of the fifth repetition
becomes very small because the elastic region ex-
pands to the stress level of point 8. This means
that the value of My is pushed up by the cyclic
stress history exceeding the initial Mmp-line.

To make clear this argument, the stress-dila-
tancy relationship is shown in Fig.13, The inter-
section with the vertical axis, which defines the
value of My, becomes large as the stress level

Table 1.
Go=600, Ge=800, A=0.0015, k=0.005

Material Properties

0.837
0.538

0.576
0.409

comp.
ext.

comp.

Mn {ext.

Me {

case of monotonic loading, it might be possible to
that the strain developed by the increment of
However,
case of cyclic loading, we have to evaluate correct-
magnitude of recovering strain on the unloading
process and of residual strain at the end of the unloading

.0
()}

VOLUME CHANGE (%)
0. 1
1
nylw
I

—
L i 1

0.4 0.8 1.2
Toct (kg/sz)

Fig.1l2 Volume Change-t__

- . t
Relationship

The

dvg

dyP
Yoct
1 1 1

-1.0 0

Fig.1l3 Stress-Dilatancy
Relationship

of cyclic loading increases. In this figure we
can also see the effect of anisotropic consoli-
dation on the stress-dilatancy relationship,
that is, the slope of the relationship becomes
gentle as the stress ratio n becomes large.

CONCLUSION

A new mathematical model has been proposed to
present the stress-strain behaviour of sandy soil
under cyclic loading conditions. The theory was
based on a non-associated flow rule. The kine-
matic and isotropic hardening rules were funda-
mental concepts to formulate the yield and hard-
ening function. The plastic potential was derived
from the stress-dilatancy relationship including
the effect of anisotropic consolidation. The
results of numerical calculations showed the ad-
vantage of providing a highly unified treatment
of stress-strain behaviour of saturated sand.
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