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Proceedings: First International Conference on Recent Advances in Geotechnical Earthquake Engineering and Soil
Dynamics, April 26 - May 3, 1981, St. Louis, Missouri

A Constitutive Equation for Cyclically Loaded Sands

A. Szavits-Nossan
Docent, Faculty of Civil Engineering, Zagreb, Yugoslavia

P. Kvasnicka

Research Assistant, Faculty of Civil Engineering, Zagreb, Yugoslavia

SYNOPSIS A rate type constitutive equation with internal parameters is proposed for describing the
behaviour of cyclically loaded sands in undrained conditions leading to liquefaction., The mathemati-
cal model is checked versus experimental data on undrained cyclic triaxial test on Monterey No.0O
sand. General trends of real sand behaviour are captured. The equation is applicable for general

stress states too.

INTRODUCTION

The present state of computer technology and
the development of numerical methods enable com-
plex analyses of nonlinear soil behaviour under
dynamic conditions. Few such analyses have been
performed so far (Finn et al.l1976, 1978, Liou
et al. 1976, Zienkiewicz et al.l978, Szavits-
Nossan and Kovadi¢ 1980). Various types of cons-
titutive equations describing stiffness and
strength degradation of sand material under un-
drained cyclic loading were used. While the
knowledge of various factors influencing lique-
faction potential is well established (e.g.Seed
1976, Castro and Poulos 1976, Townsend 1978),
mathematical descriptions of the material beha-
viour, constitutive equations, are still in
their infancy.

The aim of the following study was to develop a
proper invariant constitutive equation of rate
type with internal parameters which could be
constructed on the basis of known features of
sand behaviour in static and cyclic conditions
with material constants determinable by undrai-
ned cyclic triaxial tests. A number of such
tests on Montercy No.0 sand were carried out as
the experimental basis of the study. The tests
were performed on a modified SBEL HX-100 dyna-
mic triaxial apparatus while satisfying stan-
dard test quality requirements (Silver 1976).
Pore pressure, vertical stress and strain measu
rements were taken continuously and plotted via
two x/y plotters. In this way the effective
stress paths and stress-strain curves were ob-
tained (Fig.3).

THE SHEAR STIFFNESS EQUATION IN TRIAXIAL
CONDITIONS

As the basis for the relationship between the
normalized deviator stress rate n (n=q/p, g=
oy-oy , PE1/3(0)f +204' ), o) and o3y being ver-

tical and lateral effective stresses respecti-
vely) and vertical strain rate é; in triaxial

test conditions, an equation similar to one
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developed earlier (Szavits—Nossan 1980) will be
used:

€1-mn|é; s,
1+m n!Sl

where g 1is a nondimensional constant depen-
dent on relative sand density Dr‘ s; is a me-

yE-1,

=g (p’/py (1)

mory parameter
s;=(2=m(n ~[n|)H" (2)

where ng, is defined as

nn
=g

s

d(—:l

(3)
1

with s;=1, p=const. and de;>0; P, is an arbi-

trary reference pressure. Approximating

r'1n=g(p/po)e—1 (1-mn) 2 £ (4)
and defining
X1
x1={ ldey | (5)

the following equation for n, is obtained:

X1
e T p 1= 6
" I E ) o, (6)

n would be equal to n if a sample is sheared

for
the

The proposed shear stiffness equation (1) has

the following features:

- close similarity to the Kondner’s equation
for fist loading (Kondner and Zalesko 1963)

~ 1rrecoverable strains in unloading-reloading

the first time monotonously from n=0 until
vertical strain e; reaches the value x;.



cycle due to the term [£;]|s; in eq.l
- average stress level dependency due to the

term (p’/p,)"”! (El-sonby 1969,
Those features are ilustrated on Fig.l.

Vermeer 1978).

p'= const.

straight
lines

3~

€;

Fig.l. Properties of eq.l.

VOLUME CHANGES IN TRIAXIAL SHEAR

Mean effective stress changes p’ in undrained
cyclic tests develop due to the tendency of the
sand to change it’s volume (Seed 1976, Finn et
al.1976,1978, Castro and Poulos 1976), The volu-
me changes in drained cyclic shear test happen
due to the stress dilatancy effects and the co-
lapse of the grain structure. Most stress dila-
tancy equations have in common that for some
n=1/mo<1/m, dv/de;=0, de;>0, v being volume-

tric strain (Cole 1967, Rowe 1972, Tokue 1977).
In the present study the following equation will
be adopted for the rate of volume change:

.(1—mon),del>0, i= 1 for n>1/mo

2 for n<1/mo (7)

where the term Fi will describe the colapse of
the grain structure and the second term in eq.7.
takes account of stress dilatancy effects. In
undrained test the described volume change
should be compensated by the volume change
to change in mean effective stress p'.
This volume change can be described by the
lowing equation (Rowe 1972, El-Sohby 1969).

due

fol-

dp

L ’
av, j= 1.for dp’>0

=K. (p"/p,)*
J 2 for dp’<o0

In undrained test conditions dv;+dv,=0

F.K,.
—d

éi - - EL a—1 _ .
b7 5.5 g (po) (1 mon)el (9)

where eq.9. applies for compression conditions.
As always dp’>0 for n>1/mo and dp’<0 for n<1l/m

(de,>0),
med.

the following constants will be rena-
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BiKy —p, , E2R2.,, (10)
P9 P9

Parameter A; will be assumed to be a material
constant dependent on relative density D _.As

will be later introduced, the parameter A; will
be taken to be stress path dependent.

INVARIANT CONSTITUTIVE EQUATION FOR TRIAXIAL
CONDITIONS

Having developed basic equations of sand defor-
mability in undrained cyclic triaxial tests the
following invariant form (independent of sign
of n and dq;) of the constitutive equation for
triaxial conditions is proposed:

4 _, (p'\8-1 E;-mnfé; s
oy =9 (po) —%;ET%Té%—* (11)
> roa-1 1 . .
gle —Alg (I;Lo)u 02 {(lEll—mof!El)—
~l &1 l-mnéy [ (12)
dz=npy’ (13)
5., ! ’a-1 1 . 1 . .
%%— = ~A,g (%;)a 5 Uler]- 5 m nér+[néy )+
KR ENCEIT LD (14)
where J=§;+J,, P'=p)’+pP,’. For the case né <0

ong)

is the inclination of the stress path from A to
B and D to E, Fig.2.

(15)

Values of the components of the constitutive
equation for various section of the cyclic
stress path are given in table I.

TABLE I. Values of components of the constitu-
tive equation

stress path sect. values of

from Fig.2 él P2 ) éz
AC , DE =0 <0 #0 =0
cD , FG >0 =0 #0 #0

It remains to define the stress path dependency
of the parameter A; from eq.l4. Parameter A,

determines the slope of the stress path when

p'<0 (Fig.2.). It can be seen from two charac-
teristic stress paths for two different stress
amplitudes (Fig.3.) that the stress path slope



is steeper for smaller stress amplitude test.

Fig.2. Various sections of the cyclic stress

path

D, =60%
dmax - 35
2po

Fig.3.

Effective stress pathes and stress—
strain curves for two different cyclic
stress ratios
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To take this feature into account a new internai
parameter X is introduced:

X = (l-bs;)|&;] (16)

where s; is defined in eq.2. and b is a material
constant. The parameter A; will be taken to be
dependent on internal parameter X by the follo-
wing relationship:

A2=A0 exp (-aXx) ’

-

ax) ’

A2=m—(m—Ao) exp ( %% 0 (17)

o
m-A
o

where a is a material constant. The development
of the internal parameter X during cyclic test
with smaller (S) and larger (L) stress amplitu-
des and it’s influence on the magnitude of Aj
is shown on Fig.4.

|

N-number of cycles

log N

M

x|

Fig.4. Internal parameter X and relationship

of A,vs.X

COMPARISON OF THE PROPOSED MODEL WITH TEST
RESULTS

The applicability of the proposed equations to
describe sand behaviour in undrained cyclic tri-
axial tests was checked on measured stress-
strain and stress path data. Three characteris-
tic undrained cyclic triaxial tests on Monterey
No.$ sand of relative density D =60 % were se-
lected. All sand samples were cbnsolidated iso-
tropically to 100 kN/m2. Three different devia-
tor stress amplitudes were applied: 55, 70 and



90 kN/mz. Stress strain curves and stress paths
of the first two tests are shown on Fig.3. Best
fitting soil constants were adopted but still
some improvements are possible. As the proposed
constitutive equation has a circular cone as a
failure surface in the stress space a compromise
cone to approximate Mohr-Coulomb failure surface
was used (Humpheson and Naylor 1975). The com-
parisen between computed and measured quanti-
ties is shown oh Figs.5. and 6. Selected mate-
rial constants are given in table II.

TABLE II. Best fitting material constants for
Monterey No.0 sand, Dr=60 %

m = 0,90 A1 = 0,324
m, = 1,11 A = 0,03
g = 680 n1 = 2,0
P, = 100 a = 165,7
a=8= 0,5 b = 2,60
Note: All constants are no&dimensional except
F, which is given in kN/m~“.
051 quX Dr=60 %
N 2po ...... e measured
-{}.-\\\\ ——o—— computed
"-u..\\ ————— after Silver (1976)
0,4 4 T
03 +
aa + + + I 3 +
5 10 20 30 50 70 100
N - . -number of cycles logN

Fig.5. Computed and measured numbers of cycles

to liquefaction

Although the computed values do not fit every-
where with a very good accuracy, the general
trends of the material behaviour are modeled.
The results seem encouraging.
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—— measured
——= computed

log N

N- - - number of cycles

Fig.6. Computed and measured values of x,

P

and
for two characteristic tests

EXTRAPOLATION OF THE PROPOSED MODEL TO GENERAL
STRESS STATES

The previously described constitutive equation
applies only for undrained triaxial conditions.
The equation can be extrapolated to general
stress and strain states to be applicable 1in
finite element computer programmes. By inter-
changing the following scalar stress and strain
measures by appropriate stress and strain ten-
sors and thelr corresponding rates in egs.

2, 5,11, 12, 13, 14 and 16:

Q,

o«dw

q—)

p’'~+ % tr T'

9
n "g—"‘—tr Tr Q,

N

1> 7¢ E,
. 2
x> 7z |EL,
. 3
ne ;- 73- tr (QE) (18)
where T’ is the effective stress tensor,
Q =T’- 1/3(tr T)I, (19)

tr denoting trace, I being the identity tensor,

E

D - 1/3(tr D)I, (20)

D being the strain rate tensor (Truesdell and
Noll 1965) the proper invariant constitutive
equation in tensorial form is obtained. To in-
corporate the sand behaviour for deformations
with volume changes the procedure used by



Szavits~Nossan (1980) can be adopted.

CONCLUSIONS

The proposed constitutive equation for constant
volume deformations has following constants: m,
m, Ay, g, A, n;, a, b. The first five con-
sBants can rgadily be determined from one undra-
ined triaxial cyclic test at least. The remain-
ing four constants (A _, n;, a, b) must be deter-
mined by trial and erfor from one to two other
cyclic undrained tests with different stress
amplitudes. This is probably the main deficiency
of the proposed equation. A computer programme
can be devised to perform a best fit determina-
tion of those constahts. The vomparison of com-
puted and measured results seem promising to
further develop and study the properties of the
proposed constitutive equation.

ACKNOWLEDGEMENT

The authors would like to thank Mr.T.Novosel of
the Geotechnical laboratory, Faculty of Civil

Engineering, Zagreb, for his support of the re-
search.

REFERENCES

Castro, G. and S.J. Poulos (1976), "Factors

Affecting Liquefaction and Cyclic Mobility",
ASCE National Convention, Philadelphia,
Speciality Session, Liquefaction Problems in
Geotechnical Engineering, Preprint No.2752,
pp.105-137.

Cole, E.R.L. (1967), "The Behaviour of Soils in
the Simple Shear Apparatus", Ph.D.Thesis,
University of Cambridge.

El-Sohby, M.A. (1969), "Deformation of Sands
Under Constant Stress Ratios®, Proc.7th Int.
Conf. SMFE, Mexico, 1, pp.111-119.

Finn, W.D.L., K.W. Lee and G.R. Martin (1976),
"An Effective Stress Model for Liquefaction",
ASCE National Convention, Philadelphia,
Speciality Session, Liquefaction Problems in
Geotechnical Engineering, Preprint No.2752,
PP.169-199.

Finn, W.D.L., K.W. Lee, P.M, Byrne and G,R.
Martin (1978), "Response of Saturated Sands
to Earthquake and Wave Induced Forces", in
Numerical Methods in Offshore Engineering,

Zienkiewicz, Lewis, Stagg ed., J.Wiley,
pPP.515-554.
Humpheson, C. and D.J. Naylor (1975), "The Im-

127

portance of the Form of the Failure Criterion",

Internal Report,
C/R/243/75.

University of Wales,

Kondner, R.L. and J.S. Zalesko (1963), "A Hyper-
bolic Stress-Strain Formulation for Sands",
Proc. 2nd Pan Am.Conf. Soil Mech., Brasil,

I, pp.289-324,

Liow,

C.P., V.L. Streeter and F.E.Richart (1976),

"A Numerical Model for Liquefaction, ASCE
National Convention, Philadelphia, Speciality
Session, Liquefaction problems in Geotechni-
cal Engineering, Preprint No.2752, pp.313-341.

Rowe, P.W. (1972), "Theoretical Meaning and
Observed Values of Deformation Parameters for
Soil", Roscoe Memor.Symp., Camb., G.T. Foulis,
Henley-on-Thames, pp.143-194.

Seed, H.B. (1976), "Evaluation of Soil Lique-
faction Effects on Level Ground During
Earthquakes", ASCE National Convention,
Philadelphia, Speciality Session, Liquefac~
tion Problems in Geotechnical Engineering,
Preprint No.2752, pp.1-104.

Silver, M.L. (1976), "Laboratory Triaxial
Testing Procedures to Determine the Cyclic
Strength of Soils", Report No.NUREG-31, U.S.
Nuclear Regulatory Commission, Washington,
D.C.

Szavits—-Nossan, A. (1980), "Endochronic Consti~
tutive equation for Soil", Proc.Int. Symp.
Soil Under Cyclic and Transient Loading,
Swansea, Balkema, pp.347-352.

Szavits-Nossan, A. and D. Kovadié (1980),
"Liquefaction Analysis of a Flexible Strip
Foundation", Proc.Int.Symp. Soils Under
Cyclic and Transient Loading, Swansea,
Balkema, pp.543-548,

Tokue, T. (1977), "Deformations of Dry Sand
Under Cyclic Loadings", Proc. Speciality
Session 9 on Constitutive Equations of Soils,
9th Int.Conf.Soil.Mech.Found.Eng., Tokyo,
PpP.263-270,

Townsend, F.C. (1978), "A Rewiew of Factors
Affecting Cyclic Triaxial Tests", Dynamic
Geotechnical Testing, ASTM STP 654, ASTM,
pPp.356-383,

Truesdell, C. and W. Noll (1965), The Nonlinear
Field Theories of Mechanics, in:Handbuch der
Physik, S. Flugge ed., Vol.III/3, Springer
Verlag.

Vermeer, P.A.

(1978), "A Double Hardening Model
for Sand",

Geotechnique, 28, pp.413-433.

Zienkiewicz, 0.C., C.T. Chang and E. Hinton
(1978), "Non-linear Seismic Response and
Liquefaction", Int.Journ.Numerical and
Analytical Methods in Geomechanics, Vol. 2
No.4 Oct-Dec. pp.381-404.



	A Constitutive Equation for Cyclically Loaded Sands
	Recommended Citation

	tmp.1444336301.pdf.ZO3TO

