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CONJUGATE TYPE BOUNDARY VALUE PROBLEMS
FOR FUNCTIONAL-DIFFERENTIAL EQUATIONS

P. W. ELOE AND L. J. GRIMM

Dedicated to Professor Lloyd K. Jackson
on the occasion of his sixtieth birthday.

1. Introduction and preliminaries. Two-point boundary value problems
(BVP’s) for delay differential equations have been studied extensively,
beginning with the work of G. A. Kamenskii, S. B. Norkin and others
(see [5], [7]) which was motivated by variational problems and problems
in oscillation theory. L. J. Grimm and K. Schmitt [4] and Ju. I. Kovacd
and L. I. Savéenko [6] employed solutions of various differential ine-
qualities for the study of two-point problems with retarded argument.
In this paper, we show how a bilateral iteration procedure can be de-
veloped to yield existence and inclusion theorems for multipoint boundary
value problems of conjugate type for nonlinear functional-differential
equations.

Letn > 1,1 = [a, b] be a real compact interval, leta = x; < x5 < - - -
< x, = b, let py(x), pa(x), ..., p,(x) be continuous on I, and define the
linear differential operator L by

1.1 Ly = y™ 4 py(x)y™D + -+ + p,(X)y.

A Ju. Levin (see Coppel [1]) has obtained the following result which
will play a central role in our work.

THEOREM 1.1. Let L and I be as above, and suppose that L is disconjugate
on I. Then the Green’s function G(x, s) for the k-point conjugate type
boundary value problem

(1.2) Ly = 0’
(1.3) yO(x)=0,i=0,...,m,—=1,j=1,...,k,
where Y34, n; = n, satisfies the inequality

(1.4) G(x, )(x — x)(x — x)2 + . (x—x)* 2 0, x; < § < X
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628 P.W. ELOE AND L.J. GRIMM

2. Multipoint problems. Let I be as above, with L defined by (1.1) and
disconjugate on I; let f: I x R2— R and g: I —» R be continuous,
and let ¢;;, i =0,...,n;— 1, j=1, ..., k, be real constants, where
2k n; = n. Define ¢ = min(min,; g(x), @), § = max(max,, g(x), b),
J1 =I[a, a], and J, = [b, §].

Consider the conjugate type BVP
@n Ly(x) = f(x, y(x), y(g(x))),

y(i)(xj) = CU’O éiénf_ 1,j= 1, ...,k,

y(x) = gx),xeJ,, /=12,
where ¢/x) is continuous on J, and ¢y(a) = cp, ¢2(b) = cp. We shall
denote (2.1) by

(2.3) Ly = fIx, y),
and the boundary conditions (2.2) by

2.2)

2.4) Ty = {;}

Assume that f satisfies the uniform Lipschitz condition

(2'5) If(xa Y1 Zl) —f(x9 Y2, Zz)l é P(lyl - y2| + Izl - z2|)

for all (x, y1, z1), (x, ya, z5) in I x R2, where P is a constant. Suppose
there exist functions v;(x) and wy(x) continuous on J; U I J J, and n
times continuously differentiable on 7, such that

Tvy = Tw; = {;},

and such that, for x € I,

Lvy — fIx, ]l + 41(x) =0,

Lwy — fIx, wi] — 43(x) = 0,
where Ay(x) = P(lvi(x) — wi(x)| + [v1(g(x)) — wi(g(x))]). Let L(x) de-
note the unique solution of the problem Lu =0, u®(x;) = ¢;;, i =0,

»n;—1,j=1,...,k, and construct sequences {v,(x)} and {w,(x)}
as follows:

(2.6)

$1(x), x € Jy,
Vi1(%) = 04%) + [1G(x, s)STS, V] — An($))ds, x €1,
$ax), x € J3;
2.7
¢l(x)’ X € Jl,
wm+1(x) = c(x) + _“IG(x’ S)(f[S, wm] + Am(S))dS, X€ I’
¢Z(x)’ xel, 2
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where

28)  A4,(%) = P(Ivu(x) = wp(D)] + [v,(g(x)) — w,(g(xD]), m = 1.

THEOREM 2.1. Let L be given by (1.1) and be disconjugate on I = [a, b).
Letf: 1 x R2— Rand g: I x R — R be continuous and let f satisfy (2.5).
Suppose there exist functions vi(x) and wy(x) which satisfy (2.4) and (2.6),
and define the sequences {v,(x)} and {w,(x)} by (2.7). Then the BVP (2.1)-
(2.2) has a solution y(x) such that, for each m = 1,

Vm(X) g vm+1(x) ; y(x) ; Wm+1(X) —Z— Wm(X), X EII,
vm(x) é vm+l(x) é y(x) é wm+1(x) é wm(x), X € IZa
where I| = {xeI: G(x,s) < 0} and I, = {xeI: G(x, s) = 0}.

PROOF. Set u,,(x) = v,(x) — w,(x), m = 1. By (2.6), Lu; < Ofor x e,

and
0
Tu, = ;
“ {0}

thus, uy(x) = [;G(x, s)Luy(s)ds has sign opposite to that of G(x, s) for
x € I. Similarly, for each m > 1,

(2.9)

() = [ GG, )(ST5, vl = 115, Wl = 24,(5))s,

for each x € I. Noting that f[x, v,] — f[x, w,,] — 24,,(x) < 0 for x e/,
it follows that, for each m = 1,

(2.10) Vi(X) Z Wi(X), X € I1; V,(X) £ Wp(X), x € I

We now show the monotonicity of the sequences {v,(x)} and {w,(x)}
on I; and on I,. From (2.6), note that L(v; — v,) < 0and L(w; — wy) = 0
for x € I. Since

0
T0y = v = Ton - w) = { o}
(1 = v)(x) 20 2 (w; — wy)(x), xel) and (v; — v2))(x) <0 = (w; —
wy)(x), x € I,. For each m = 2,

L(vy = V) = fI%, Vil = fIx, vl — 4pa(x) + A4,(x)

STxs Vil = f1%, vl = P(vpu1(X) = v,s(x))

+ P(Wp1(x) = Wp(X)) — P|v,,_1(8(x)) — w,_1(8(x))
+ P, (8(x)) — wu(g(X))l, x € I;

T vl = f1%, Vil + P(vp_1(X) — v5(x))

= P(Wp1(%) = Wu(X)) = P|v,,_1(8(x)) = Wp_1(g(x))|
+ P|v,(8(x)) — wn(g(X))|, x € I.
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(2.11)
LWy — Wpi1) = fIX, Wyl = fIx, Wyl + Ay 1(x) — A4,,(x)
f [xs wm—l] —f [x’ wm] —P (wm—l(x) - wm(x))
+ P(vm—l(x) - vm(x)) + Plvm—-l(g(x)) - wm—l(g(x))l
_Plvm(g(x)) - wm(g(x))L X € Ila
f [x’ wm——l] _'f [x’ wm] + P (wm—l(x) - wm(x))
= P(v,—1(%) = V(%)) + Py, 1(8(X)) — W, 1(8(X))
—P|v,(g(x)) —w(g(x)), x € L.

Assume now, as induction hypothesis, that for m > 1,
(vm——l - vm)(x) g 0 _Z. (wm—l - wm)(x)9 X € Il’
1 — V)(X) £ 0 = (W — W)(X), xE Iy,

Consider Lv,, — Lv,,,, for x € I. Suppose first that x € I;. From (2.11),
it follows that

Lv,, — Lvyi1 S Plvy,1(8(x)) — v + P(Wy1(x) — (X))
= Plv,_1(8(x)) — Wp1(8())| + Plv,(g(x)) — w,(g(x))I.
If g(x) is in J; or J,, then
Lvm - Lvm+1 = P(wm—l(x) - wm(x)) = 0.
If g(x) is in I, then
Ly — Lvpyy £ P(Wp1(X) = wp(x)) + P(W,,1(8(x)) — w,(g(x)) < 0.
If g(x) is in I,, then
Lvy, — Lvpyy S PWpa(X) — wy(x)) + P(W,(8(x)) — wp1(g(x))) =< 0.

Thus, for xe I, Lv,, — Lv,,; < 0. Similarly, for xel,, Lv,, — Lv,,.; < 0.
Since

0
T(vm - vm+l) = {0}’

Vyy — V120, xel, and v,, — v,y £ 0, x € I,. Analogously, we find
that Lw,, — Lw,,;; = 0 on I and that w,, — w,;; < 0,xel; and w,, —
Wni1 = 0, x € I,. Hence,

Vm(X) ; vm+l(x) .Z_ wm+1(x) .Z_ Wm(X), X € 119
vm(x) é vm+1(x) é wm+l(x) é Wm(X), X € IZ, m g L.

It remains to show that there is a solution y(x) of (2.1)-(2.2) which
satisfies (2.9). Note that, on I, I, J; and J,, the sequences {v,,(x)} and
{w,(x)} are monotonic, bounded, and equicontinuous. By Ascoli’s
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theorem, they have uniform limits v(x) and w(x) with v(x) = w(x), x € I,
v(x) < w(x), x eI, and v(x) = w(x) = ¢(x) on J,, 7 =1, 2. It follows
from (2.7) that, for xe I,

Lv(x) =f[x: V] - A(x)a

Lw(x)= fIx, w] + A(x),

where A(x) = P(lv(x) — w(x)| + |v(g(x)) — w(g(x))]), and that

c
Tv=Tw= { }
¢
Now, for each function y(x) e C(J; U I U J,), define 7 by

d1(x), if x e Jy,

v(x), if y(x) > v(x),

y(x), if v(x) 2 y(x) Z w(x), } xel,
w(x), if y(x) < w(x),

v(x), if y(x) < v(x), l

y(x), if v(x) £ y(x) £ w(x), ;, xel,,
w(x), if y(x) > w(x), J

@o(x), if x € Jy,

() =

and define F(x, y(x), y(g(x)) = f(x, y(x), #(g(x))). The function F is
continuous and bounded on I x R2 and it follows from the Schauder
Fixed Point Theorem that the problem

Ly = F(x, y(x), ¥(g(x))),

-

has a solution y(x). We now show that y(x) satisfies
(212)  w(x) £ y(x) S v(x), x €D, w(x) 2 ¥(x) 2 v(x), xelp,

and hence that y(x) is a solution of (2.1)-(2.2) which satisfies (2.9).
Consider w(x) — y(x). Using the definition of y, we find that

Lw — Ly = f[x, w] + P([v(x) — w(x)| + [v(g(x)) — w(g(x))])
— f(x, 7(x), 7(8(x))) 2 0,
and

Tw — y) = {g}
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Thus, w(x) < ¥(x), xel;, wx) = y(x), x el,. Similarly, v(x) = y(x),
xel, v(x) £ ¥(x), x el,. Hence, y(x) satisfies (2.12) and the proof is
complete.

REMARKS. (2) The procedure developed here can be applied to addi-
tional kinds of boundary value problems, including k-focal problems
with retarded argument, see [2]. We obtained an analogous result for
k-focal problems for ordinary differential equations in an earlier paper
[3]. The computations in the two-point k-focal case are simpler because
the Green’s function is of constant sign on the entire interval.

(b) If G = max,|[,G(x, s)ds| and if 2PG < 1, a contraction mapping
argument may be used to prove the existence and uniqueness of a solution
of (2.1)-(2.2). If, in fact, 6PG < 1, then A4,,(x), defined by (2.8), tends to
zero as m — oo. Thus, v(x) = w(x) is the unique solution of (2.1)-(2.2).

(¢) If Gis as in (b), 2PG < 1, and |f(x, y, z)| is bounded by a constant
B for all (x, y, z) € I x R?, the functions v;(x) and w;(x) can be chosen as

¢1(X), xel 1
v(x) = {4(x) — % LG(x, s)ds
¢2(x), xelJ. 23

¢1(X), X € Jl,
B

WiX) =140 + 1ape j G, s)ds

Po(x), x € J,.

(d) The requirement that v(x) and w;(x) satisfy the boundary condi-
tions (2.2) can be relaxed somewhat. If v; and w; satisfy conditions
analogous to the conditions (3.1)-(3.4) of Theorem 3.1 of [8], a modifi-
cation of the iteration procedure leads to the conclusion of Theorem 2.1.

(e) As an example, consider the BVP

(2.13) y'=1=xyx) +y2x — 1),

yx)= —x,xeJ; =[-1,0],
(2.19) y(0) = y(1) = ¥(2) =0,
yx)=x-2,xel, =12, 3]

For this problem, P = 2. Let wy(x) = x(x — 1)(x — 2), vi(x) = —wy,
for x € I. Then it is easy to see that

Lv; — flx, v1] + 4;(x) = —6 — fIx, v1] + 43(x) < 0;
Lwy — fIx, wi] — 4y(x) 2 0, xe L.
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Hence the problem (2.13)-(2.14) has a solution y(x) between v; and w;.
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