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Received July 27, 1977

1. INTRODUCTION

Although the analytic theory of linear difference equations dates back to an
1885 memoir of Poincaré, continuing work essentially began around 1910 with
publication of several papers of G. D. Birkhoff, R. D. Carmichael, J. Horn,
and N. E. Nérhund; see, for instance, [1, 2, 4, 5]. Since that time, C. R. Adams,
W. J. Trjitzinsky, and others have carried on the development of the theory;
numerous contributions have been made in recent years by W. A. Harris, Jr.,
Y. Sibuya, and H. L. Thurrittin; see, for instance, [7-9, 16-17]. The monographs
of Nérlund [14] and L. M. Milne~Thomson [13] give a comprehensive account
of earlier work, and references to more recent literature are given in the survey
paper of Harris [8].

The similarity between difference equations and differential equations has
been noted by many investigators; for instance, Birkhoff [3] pointed out that the
analytic theory of linear difference equations provides a “methodological pattern”
for the “essentially simpler but analogous™ theory of linear differential equations.
In this paper, we apply a projection method which has been useful in the treat-
ment of analytic differential equations [6, 10] to obtain existence theorems for
convergent factorial series solutions of analytic difference equations. Qur setting
1s similar to that used by Harris [7] in the development of 2 Frobenius method
for constructing solutions of difference systems of the form

(z — 1) d_13(2) = A(2) y(2), (1.

Pt
e’

where
Ay(z) = y(z) — y(z — 1),

and A(z) is an # X » matrix whose elements admit convergent factorial series
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expansions. Our methods are completely different from those used in [7], and
our results include existence theorems for solutions of a class of g-difference
equations [2] as well as for equations of the form (1.1).

2. PRELIMINARIES: FACTORIAL SERIES

In this paper, factorial series play a role similar to that of power series in the
theory of ordinary differential equations. Since computations with factorial
series are neither so familiar nor so elementary as the corresponding computa-
tions with power series, we summarize results which we shall use from the
theory of factorial series. Further details and additional results may be found in
the monograph of Nérlund [15]. We also define here a Banach space of functions
with convergent factorial series representations.

A series of the form

.y Jirak!

is called a factorial series. The domain of convergence of the series (2.1) is a
half-plane, {z: Re z > y}; v is called the abscissa of convergence of f. The series
converges absolutely in a half-plane {2: Re 2 > ¢}, where o, the abscissa of
absolute convergence, satisfies y <{ o <{y + 1. The series (2.1) represents a
holomorphic function in the interior of its half-plane of convergence, with the
possible exceptions of poles at the nonpositive integers.

The form of series (2.1) can be simplified by introducing the factorial function,
2® | defined by

2 =zz—1)z—2) " (z—k+2(—Fk+1)
if k& is a positive integer, and
2B =1/(z — k)P

if k is a negative integer. Thus the series (2.1) can be written as

FE) = fot 3 friablls — 1D, (.)

By a theorem of unique development [13], any function which has a factorial
series expansion of the form (2.2) has a unique expansion of this form.

The transformation (2, z + 1). The function f defined by (2.2) also admits

a representation of the form

F&) =y + 2 o b o b b o) RlahD), 2.3)
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If y; denotes the abscissa of convergence of the transformed series, then y; <y,
if y > 0. Equation (2.3) is a special case of the transformation (z, z -+ m);
see [13].

The transformation (z/q, 2). Let o > 1 be the abscissa of absolute conver-
gence of (2.1) and let ¢ > 1. Then

5 Jrark!
(gz) = fo+ ;éo g 2(z + 1/q) - (2 -+ klq)

is well-defined for Re z > y, where y represents the abscissa of convergence
of (2.1). It is advantageous to express f(¢z) as a factorial series of the form {2.2).
To this end, note that for each nonnegative integer k (see [15]),

(1 — M =5 4P o)1 — v, (2.4)
s=k
where
(¢3] __*1_ k __1y\stm ko _E{_\ (8 o
W@ =g X0 (L)) 25)

For each € > 0, there exists a positive constant M such that

") M
0 < s (q) << ;-Tﬁ/—q—_s’ § = 1, 2, (26}

Using the binomial expansion, a straightforward calculation shows that

(1/g)*R!
2z -+ lig) - (2 + klg)

1
= [ #1 — iy an, @7
v

Because of the inequality (2.6), it is permissible to substitute (2.4) into the
integral of (2.7) and to integrate term by term. This yields

(1/q)*&! RN st .
: =y g . {28
TR V) Ry CEa B LG i ey  pery s R

Thus

1 0 w0 e .
f@) =fo+=3 fia 3 #9(g) stz — 1), (2.9)
4150 3=k
For Rez > o,

(@) sWz — DTV | < fon | 68(0) 1o — 1),
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and from (2.8) it follows that

= (k) Ve _ 1\(-s=1 g | fra | B!
sgk foatbs (@) stz — 1) < (g0)go + 1)+ (go + k)
The series
i [ frsa | R

Z a1 o )

converges, since ¢ > 1. Hence the double series

i ¥ sz — 1) (2.10)

nMs

is absolutely convergent for Re 2 > o. Interchanging the order of summation
in (2.9), we arrive at

fe) =fot-; T grkllz — )Y, @.11)
where
Zor1 = Jib(g) + S () + - F Fradh P (9)- (2.12)

A Banach space for factorial series. Let X(8) denote the set of all complex-
valued functions which have factorial series expansions absolutely convergent
for Re z 2= 8 > 1. For ke X(9),

h(2) = hy 4+ 3 kRl (z — 1), (2.13)
k=0

define
WAl =1t + Y | Ay | RIS — 1)5D,
k=0

With addition and scalar multiplication defined on X{(8) in the usual way,
(X(8), Il - 1)) is 2 Banach space isomorphic to /1. Let X,(8) represent the set of all
n-vector functions f = f(2) whose components are elements of X(3). For

F(&) = (fY=), fA(=),..., f(2))7, define

j=1

It follows that (X,(8), || - ||,.) is also a Banach space.
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The product of factorial series. 'The product of two factorial series is also
representable by a factorial series. In particular, suppose f and g are elements of
X(8). Then k, defined by A(z) = f(2) g(2), also belongs to X{(8), and will have
an expansion of the form (2.13) with coefficients satisfying the equations

ho :fogo ’
by = hforn fir 8o gn), RZ1

Here h,, represents a function linear in each of its arguments. For our purposes,
only the explicit form of %, is needed. The explicit form of the remaining
coefficients is given by Norlund [15]. For convenience, we shall write

By = (f8)e -

Remark. A different formula for the coefficients of the product function
appears in [I3ﬁ. However, the formula stated there on page 295 is in error.
For example, it yields the expansion

@ =%y

3. CoNVERGENT FACTORIAL SERIES SOLUTIONS

In this section, we obtain existence theorems for convergent factorial series
solutions of linear difference systems. As corollaries, we obtain results for a class
of g-difference equations analogous to functional-differential systems treated by
Grimm and Hall [6]. The principal result is the following theorem, the proof of
which uses a method developed by Harris, Sibuya and Weinberg [10] for
singular differential systems.

Treorem 1. Let A(z) and B(z) be n X n matrices whose elemenis belong to
X{(8), & > 1. Let D = diag(d, , d, ,..., d,,), with each d; equal to 1 or 2, and let
g > 1. Denote by (z — 1)\ the matrix diag((z — 1)99,..., (2 — 1)@}, For everv
N sufficiently large and every vector-valued function ${z) with (z — 1)(P 4_,¢(2}
a factorial polynomial of degree N, there exists a factorial polynomial f(z;4)
(also depending upon A, B, q, and N) of degree N — 1 such that the linear difference
system

(z — P A_;3(z) = A(2) ¥(2) + B(2) y(g3) + f(#: ) G-1)

has a factorial series solution belonging to X, (3). Further, f and y are linear and
homogeneous in, and (z — 1)'P(y — ¢) = O((z — )" asz — winRe z = &
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Proof. For N a sufficiently large positive integer, define Ly: X ,(8) — X ()
by
LN—y =4 y = (yl,...,y")T, g = (gl,_._,gn)T’
P& =35+ Y yhakls — D,
k=0
3 kRl s
) = Z ygi e — ) (3.2)
If d; =1, then
gl == Z ) Iiia kIS — 1)-*D
PESS
3 _ 1)(—k~1)
Vi 3.
<g7Iv 3
If d; = 2, use the transformation (2.3) on the right side of (3.2) to get
)= — Y (I Bz — DEED. (3.4
) = 7c=§V:+1 ((N+ )N +2) o k(k _|_ 1) ) ( ) (3.4)
Thus
i s yfv+1 o
= wrherTy |t sy ) He =
& k=§v:+1( N+ DV +2) k(k + 1) )
— i Iy§:+1 ] k'(S . 2)(—]6—2)’
iy k2

; 37|

Define $(z) = (¥{g2), ¥%(q?),..-» y"(g=))T, where

Vissk!
) =30+ z e T DGR

Use the transformation (2.11) to obtain

A A P g
P =2+ T baablle — 1D,
k=0

(3.5)
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where

1 j i (k)
bla = 379009) + 3:00(g) + - + vt (g)-
For each 4 € X(3), define

h*(z) = | hy | + i | By | BNz — 1)F0),

k=0

By the transformation (2.11), we obtain

PHR) = |y 1+ }: chiokl(z — 1Y,

=0

where
cher = 137 1) + 135" [ + - + | v | 45700
Since all §'5)(g) are nonnegative, ¢, == | by, |. Thus
19711 < $7(8) = 37(g8) < y7°(8) = 1197 . (3.6)

Note that if the elements of the # X » matrix () = (a¥(2)) are in X(8), then
for fe X,(8), Af € X,(8) and

| Al < 2 max | a7
From the form of the product coefficients [15], we have
a7 < at™(8) £°(8) = [l & Il £ .
Hence
I Aflle < #* max i a” {1 { /1], - (3.7

Let ¢ = (¢%, ¢2,..., $”)T be the function with components

N—-2+d;

F) = ¢, -+ z R ¢l a(x — d;) Y, (3.8)

Note that if (3 — 1)® 4_,¢(2) is a factorial polynomial of degree N, the com-
ponents ¢/ of ¢ must be of the form (3.8).
Consider the functional equation in X,,(8),

y=¢+ Ty[yl, (3.9)
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where Ty[y] = Ly{4y + B9). For N chosen sufficiently large, according to
(3.3) and (3.5)—(3.7), we have || Ty || < 1. Hence (3.9) has a unique solution
y e X,(8), where

58 = — Ty ¢ (3.10)

It follows from the form of the functional equation (3.9) that its factorial series
solution (3.10) satisfies the linear difference system

(z — )P A1 9(=) = A(2) (=) + B(=) 5(¢2) + f(=: 4),

where

N-1

f(z:4) = (2 — 1)DA_d(z) — (Av)y — 2 (Ay)es kN (z — 1)+

— Bo— Y (B)eikl(z — 1), @3.11)

Since the coefficients of y(z; $) are linear in the coefficients of ¢, the coefficients
of f are linear in the coefficients of ¢ also. This completes the proof of the
theorem.

CoroLLARY 1. Let d denote the number of d; which equal 2. Then the system
(z — 1) 4_y3(2) = A(2) (=) + B(2) ¥(g?) (3.12)

has at least d linearly independent factorial series solutions in X ,(3).

Proof. Factorial series solutions of (3.12) may be inferred from solutions of
the determining equation

F(:4) =0, | (3.13)

This equation represents n{N + 1) linear homogeneous algebraic equations in
aN + Z;;l d; unknowns. Hence the corollary follows.

Remark. (i) Corollary 1 is a partial analog of a theorem of F. Lettenmeyer
for ordinary differential systems; see [6].

(i) If d;=2, j=1,2,.,n then (3.12) has # linearly independent
factorial series solutions. In this case, the solutions of (3.12) are analogous to
solutions of a linear differential system which has z == c0 as an ordinary point.

(iii) By the use of Waring’s formula (sec Section 4), the case where some
d; > 2 can be reduced to the case d; = 2 before application of Theorem 1. Thus
Theorem 1 can be used in all cases where each d; is a positive integer.
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(iv) A result of Harris and Turrittin [11] on factorial series representation
of reciprocals of factorial series permits reduction of a system of the form

FF(z) 4, 5(3) == A(2) ¥(%) + B(=) y(g2),

where F, .4, and B have factorial series representations, and % is a positive
integer, to a system of the type we are considering here.

Formal factorial series solutions. We now seek a solution of the equation

(= — 1) A13(z) = A(=) 3(=) + B(=) 3(g#) (3.14)

of the form
¥E) = 30+ Y penlls — D,
r=0

where 4, B, and ¢ are as in Theorem 1.
After substituting the formal solution into {3.14) and equating coefficients, we
obtain the relations

(4o + Bo) yo = 0,
and for & > 0,

—ralk + D= [43ei0 + (1/g) Bobpa] & + Un(3g 5o Y2)s

where for each &, Uy is a linear function in each of its arguments. Further, recall
that

by = )’k+1¢g:)(Q) + ot }’1‘,&;:0 )(9)-

From (2.5) it follows that ¢{(q) = 1/¢*. Hence
L iar o I .
[(k S Ay + q,ﬁBO] Virr = 1Ay vy s By ooy Bug s Vo yoees Vi),

where /. is a linear function in each of its arguments; [ is the 7 X = identity
matris.

These are the equations which are satisfied by each formal factorial series
solution. If a formal solution exists, the following corollary holds.

COROLLARY 2. Let ¥(2) = 3o + Sio Ykl (2 — DD be a formal solution
of (3.14). Then v € X ,(8).
Proof. Ifd;=1,j=1,..,n, then ¢ takes the form

N-1

$(z) = do + Z brikl(z — 1D,
E=0
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In this case, the determining equation (3.13) is the system

(‘40 + Bo) ¢0 =0,

(%)

(et 01+ A+ 22 B g,
= 1Ay sy Axss s By reos Busg s s ba)s B =0,1,2,, N — 1.

These are the first NV + 1 equations for the existence of a formal solution. Since
the matrices 4, + B,/g*+! are uniformly bounded in norm for all &, the matrices
on the left are nonsingular for % sufficiently large. For all such &, the coeflicients
Y41 are determined uniquely by the preceding coeflicients; thus every formal
solution is convergent.

4. More GeNERAL CONVERGENT SOLUTIONS

The results of the preceding section are applied and extended here to yield
existence theorems for more general convergent solutions of (1.1). The gamma
function and the reciprocal gamma function [12] will be useful in representing
such solutions. Define the reciprocal gamma function by

(A/I)(2) = 1I'(z).
This is an entire function of 2, which satisfies the functional relation
(T)=) = 21/ T) (= + 1) (4.1)
The reciprocal gamma function is important here in light of the equation
(7 — 1) d_45(z) =1, (4.2)
which has a solution
Q=) = —T'(=)(1/T) ().
The digamma function £2(z) plays essentially the same role in the theory of
linear difference equations as that played by the solution log z of 2y’ = 1 in the

theory of linear differential equations.
Now consider the equation

(z — 1) d_13(2) = A(2) ¥(2), (4.3)
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where A is as in Section 3. Suppose A is an eigenvalue of -, . Make the change
of variables y(z) = I'(z)(1/I")(z — A) w(z). Then

o — 1) dy(e) = (& — 1) TEAD)E — ) (@)
— (g — DIz — DAY= — 2 — 1) 2(z)
+ (g — 1) I'(z — Y1)z — A — 1) 4_;0(2).

Using (4.1), together with well-known properties of the gamma function, we
write

(z — 1) d43(z) = AL/ T)(z — A) w(z)
+ (3 = A = D) TRz — ) 4_y2(2).

Hence, (4.3) becomes

(z — A — 1) d_jw(z) = (A(z) — M) w(z). (4.4)
The function (g — 1)/(z — A — 1) has a factorial series expansion absolutely
convergent for Re > Re A - 1; in fact,

z—1

LD ALY |
z—A—1 )

2(z + 1) | &z + )z F2)

A
=1+5+
P4

This expansion is known as Waring’s formula [13].
Multiply (4.4) by (2 — 1){(z — A — 1). Equation (4.4) then has the form

(z — 1) d_yw(z) = ( dg— M+ Y A, k(= — 1)(f7-—1>) w(z).  (4.5)
X k=0 /

The components of the factorial series in (4.5) are elements of X{(8), where
B8 > max{8, Re A + 1}. The form of (4.5) coupled with Theorem 1 yields the
following corollary.

CoROLLARY 3. Let n, be the number of linearly independent vectors y satisfying
Ayy = dy. The number N, of linearly independent solutions of system (4.3) of the
form y(=z) = F(2)(1/T)(z — A) w(3), where w(2) = wy -+ ¥ g Wyiakl(z — 1)
is in X (B), satisfies max(n, , n,_y ,...) SNy <my +m_4 + .

The proof parallels the proof of Corollary 3 in [10].

Existence of the formal solution. For the time being, assume that .4, has no
eigenvalues which differ from A by a negative integer. In this case, Corollary 3
yields n, = N, . If n, is strictly less than the algebraic multiplicity of the eigen-
value A, then we can show the existence of solutions of a more general type than
those mentioned in Corollary 3.
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Without loss of generality assume that, for equation (4.3), zero is an eigen-
value of A, . For the present, also assume that 4, has no other integer eigen-
values. Suppose that the eigenvalue zero does not have a full complement of
linearly independent eigenvectors. We will look for a solution of the form

¥(2) = yM(=) + (=) y*)(=), (4.6)

where y[1, y[2l e X, (8). Write

P =n'+ Y ALk - DT, =12
k=0
The substitution of (4.6) into (4.3) yields

(x — 1) A_91(=) + (= — D(ARA(=) y2e) + (= — 1) Az — 1) 431(2)
— A(z) y(=) + A(z) A=) y(z).

If we recall (4.2), and use the identity £(2) = 1/(z — 1) + £(z — 1), the
preceding equation becomes

(2 — 1) 45,9"(2) + 3™(2) + (2 — 1) 2z — D 4.15"()
— A(z) y'(z) —|—A(z)( 1 - 1)) §9z), 47

2 —

Equate the coefficients of 2(z — 1) to obtain

(z — 1) A_y*(z) = A(2) y**I(2).

As shown before, this equation has a formal factorial series solution. In fact,
since A, is singular, there is a formal solution of the form

W+ Yyl — 1D

k=0
where
g 21
Ayyve =0.
Equate the remaining terms in (4.7) to obtain

(2’ _ 1) Aﬂly[ﬂ(z) == A(Z) y(l)(z) + (z E_ 1

A(z) — 1) yR).  (@.8)

Set
1

z—1

A(z) = C(2) = i Cpuakl(z — 1),

k=0



-3

SOLUTIONS OF DIFFERENCE EQUATIONS 35

Then equation (4.8) takes the form

— ¥ ¥k + DIz — )T
k=0

— [—AO + z AHlk‘(z _ 1)(—1 1)][:},[1] + Z 'V[l} k‘(z _ 1)(——7;——1)]

k=0
|t E Contite 0O F s - 1)
=0

Equate coefficients in the above expression. First we obtain y[! = A4y, By
the hypothesis on A, , there exists a generalized eigenvector y§!! satisfying this
equation. For & > 0, we obtain

[do + (b + DITst = B4y oy Apey s ¥ 95, 58 92

where %;, is a linear function in each of its arguments. By assumption, the
matrices A, - (k + 1) 1, & = 0, are nonsingular. Hence the equation (4.3) has a
formal solution of the form (4.6).

Convergence of the formal solution. We now introduce a new Banach space
in order to prove the convergence of (4.6). Let oI, 221 e X (8). Then

[1](2) _ uh] + Z u[ﬂ Az — l)(—k—ﬂ,

[2](2,) Z u[2] k' 1)[——76—1)‘

With #['} and #2] we can associate the sequences {#i™} | and {ul’} . Define
H2(8) = {u: u = {(uf], ul)}2 ), where alt, ul?le X,(8)}. H,2(5) is a set of
sequences of ordered pairs of complex vectors of dimension #, i.c., a sequence of
elements from C,% On H *38) define a norm by

ol = 1ut ], 4 (| aT, .

Under this norm, H,2(3) is a Banach space.
We write out (4.7) in detail.

Y D — G+ Dy R - DO
k=0

—Q(z—1) z yiEh(k + Di(z — DY (4.9)
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= (AyM)y + Y. [(AM)ses + (CY)sia] Bils — 1)+

k=0

+ (= — 1) [(Aym)o + f (A1) 1k (= — 1)<—k_1)]_

k=0

We will express (4.9) as a functional equation in H,*8). Define the operator
A': H2(8) — H,%(8) by A'u = v, whete

o = (4, + (Cu?,
and
o = (4™, .

From (3.7), it follows that there exist constants K; and K, such that

A = o™, 41 ),
< K[| al]], + Ky | a1, + K, || ul? |,
< QK+ Ky |ull.

Thus 4’ is a bounded operator.
Define J,,: H,*8) — H,*(8) by v = Jnu,

v, =0, k <m,
= Du,lk, kZ>=m,

where D,:C,2— C,2 is defined by Dyp = —(pl + pi2ljk, pi2l) and p =
(pt, pl21). If r = (v, #12)) is in C,2, and 7 = (1/k) Dyp, then

(2, 0) — R(rl, 72y = (ri2 - P - pl2l/k, P3N,
But #21 = —p[?l/%, hence
(412, 0) — k(i rI4) = (p11, pE2);

ie., D, has the property that » = (1/k) Dyp = (12, 0) — kr = p. From the
form of D,,, it is clear that there exists a constant K such that

| Tt 3 < (Kgfm) 12117 -

Let 2t(2) + Q(2) 212(2) be a formal solution of (4.3), and set

7 = {(@f), P = Ot -
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Consider the functional equation
v = [ A0+ (Ty, Oy g reers Tpy » 0,0, 0,.00). (4.10)

Now || J.4'2 |2 < (2K, + Ky) Ky/m)||v | . Thus for m sufficiently large,
J A" is a contraction mapping. Hence equation (4.10) has a unique solution in
H,3(8). Equating coefficients in (4.9), we have

(¥% [2] ky[ﬂ) _ Q(z 1) ky[ﬂ
— (A, + (O + Qs — DA, (1)

The solution of (4.10) also satisfies (4.11) since v, = @ for & <m, and for
k>m, v, =(1/k) Dyp, with p=(4'v),. Hence (¢}, 0)— k(v o) =
((Azitly, + (Coi2Y),, (Aofl),). Thus v(z) = olt(z) - Q) o?(z) is also a
formal solution of (4.3). Since the coeflicients v;, of a formal solution are uniquely
determined by the preceding ones for k sufficiently large, v, = &, for all A
Since ve H,(8), the formal factorial series oltl(z) and 2[2}(z) are absolutely
convergent for Re 2 > 8.

If this procedure does not yield a full complement of solutions (corresponding
to the multiplicity of the zero eigenvalue of 4,), we can obtain still other solutions
of the form

(=) == yM(=) + yBI(z) Q=) + yBYz) 2y(=) + - = yUT(R) £,(2),
where

Qz) = (— 1>fP(z)d,(F)(>

The procedure is similar to that above, but the Banach space is now HitY(8},
i.e., the elements are ordered (§ 4 1)-tuples.
‘We summarize the results of this section in the following theorem.

TueoreMm 2. Let A(2) be an n X n matrix whose components are elements of
X{(8). If the distinct eigenvalues of Ay, Ay 5oy Ay, B < 1, do not differ by integers,
then (4.3) has n linearly independent solutions of the form

(T — AHHR) + vBI() Q) + - + 382, ().

Here s; < algebraic multiplicity (A,), and each yWiz) is in X (B;), where B; >
max{6, Re A; + 1}.

The case in which A, has eigenvalues which differ by integers may be reduced
to the above case by the following theorem, proved in [7].

505/29/3-3
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THEOREM 3. Let the distinct eigenvalues of A, in (4.3) be Ay ,..., A, , k < n.
There exists a matrix function V of 2, nonsingular for 1]z 5= 0, and linear in 1]z,
such that the transformation y —= Vw transforms (4.3) into a system with the samé
properties as (4.3),

(¢ = 1) 40 = (4 + 3 Dyobl(e ~ 140 ) ),

B=0
and where A, has eigenvalues A+ 1L A LA,

By using sufficiently many transformations V; of the type mentioned in
Theorem 3, we finally obtain a system satisfying the hypothesis of Theorem 2.
Hence n linearly independent solutions may be inferred no matter what the
form of 4, is.

Remark. A result for ordinary differential equations similar to Theorem 2
was obtained by W. Walter [18] by extending the Harris-Sibuya-Weinberg
procedure to logarithmic solutions.
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