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CLASSES OF L'-CONVERGENCE OF
FOURIER AND FOURIER-STIELTJES SERIES

CASLAV V. STANOJEVIC

ABSTRACT. It is shown that the Fomin class ¥, (1 <p <2) is a subclass of
C N BV, where C is the Garrett-Stanojevic class and B °V the class of sequences
of bounded variation. Wider classes of Fourier and Fourier-Stieltjes series are
found for which a, Ig n = o(1), n — oo, is a necessary and sufficient condition for
L'-convergence. For cosine series with coefficients in BV and nAa, = O(1),
n — oo, necessary and sufficient integrability conditions are obtained.

1. Introduction. Telyakovskii [1] extended the classical result of Kolmogorov [2]
concerning the L'-convergence of the cosine series

a, had
=+ > a coskx (1.1)
2 5
with {a,} in the class of quasi-convex null-sequences (. ,(k + 1)|A%,| < o).
Paraphrasing a sufficient integrability condition of Sidon [3], Telyakovskii [1]
obtained a new class S containing the class of quasi-convex null-sequences. A
sequence {a,} belongs to S if there exists a monotonically decreasing sequence
{A,} such that F_, 4, < oo, and |Ag,| < A,, for all k. Let B V be the class of all
null-sequences of bounded variation. It is plain that & c B V.
Telyakovskii [1] proved that if {a,} € S, then (1.1) is a Fourier series of some
f € L'(0, ) and that
s, = fll = o(1), n—oo, (12)
if and only if
a,lgn = o(l), n— oo, (1.3)
where s, are the partial sums of (1.1) and || - || is the L'(0, #)-norm.
Garrett and Stanojevi¢ [4] introduced the following class € of null-sequences.
DEFINITION 1.1. A null-sequence {a,} belongs to the class C if for every ¢ > 0,
there exists § > 0, independent of n, and such that

C,(8) = ;lr'j: § Aa, Dy(x)

k=n
for all n, where D, is the Dirichlet kernel.

dx <, (1.4)
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210 C. V. STANOJEVIC

Let
gn(x) = S”(X) - an+an(x)’ (1'5)
where {q,} € B V. Garrett and Stanojevi¢ [4] proved that || g, — f|| = o(1), n -
o0, if and only if {a,} € C.
The next theorem is a corollary to that result.

THEOREM A. Let {aq,} € C N B V. Then (1.1) is a Fourier series of some
f € LY, 7) and (1.2) & (1.3).

Redefining the class & and using the Sidon-Fomin lemma [1], Garrett, Rees and
Stanojevi¢ [5] proved that
ScCnaV.

Recently Fomin [6] extended the class $ in the following manner.
DEFINITION 1.2. A null-sequence {a, } belongs to the class %, if for some p > 1,

0 L P\1/
» (——Ek‘"lAa"I ) < . (1.6)

n=1 n

Notice that the class ¥, is wider when p is closer to 1. Hence, without loss of
generality we may assume that 1 <p < 2, in all subsequent considerations. It can
be also shown that
ScF chV.
The following theorem of Fomin [6] generalizes the Telyakovskii result [1].

THEOREM B. For some 1 <p < 2, let {a,} € F,. Then (1.1) is a Fourier series of
some f € L'(0, 7) and (1.2) & (1.3).
In this paper we shall show that
5,CcCndY,
and give necessary and sufficient conditions for L'-convergence for certain larger
classes of Fourier and Fourier-Stieltjes series. As a by-product we shall obtain
necessary and sufficient conditions for (1.1) to be a Fourier series.

Most of our results can be adapted for the sine series either directly or after
appropriate modifications.

2. Classes of L'-convergence. A closer scrutiny of the proof of our first theorem
will reveal some new classes of Fourier coefficients for which (1.2) < (1.3). Such
classes of Fourier (or Fourier-Stieltjes) coefficients we call classes of L'-conver-
gence.

THEOREM 2.1. Let 1 <p < 2. Then
g, cenBY.
PrOOF. From (1.4) we have
C.(8) <Cy(m) = C,.

Hence, it suffices to show that from {g,} € &, it follows that C, = o(1), n — oo.
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Before we proceed, we notice two consequences of {a,} € F,, i.e
f € LYo, n), 2.1

-]
> kP7NAg ) < . 22)
k=1

In the rest of the proof we shall show that (2.1) and (2.2) imply that C, = o(l),

n— oo.
Consider

i Aa, D, (x)| dx

k=n+1

=1|—-

n+l

J
l
— - dx.

INCORF O
Because of {a,} € B V, fis the pointwise limit of s, in (0, 7], and because of (1.5)

fis also the pointwise limit of g, in (0, =].
The integral C,, , we split in the following way.

:1

Cor= 3 [ 8@ - s e+ 1 [0] B aapo|ar @)
The first integral in (2.3) we estimate as
L[ gy(x) = f) de <+ [0, () - f(x)] dx
7 Jo mJo

1 ri/n
o [ 18 = 0,(x)]
where g, is the Fejér sum of s,. It is plain that
1 rv/
— [ l0u(9) = f(x)| dx = Olllo, = I}, n—>co.
0

From (1.5) we get

1
BT k% a, D, (x).

&KX)" 'n
Hence
1 pi/n 1 1 L 1/n
2 18,0 = o, dx < oy B kiaay [ D) dx
L1

ﬂ

Y| Dy(x)] dx

or

1 ri/n 1
L[ lguo) — o) dx = o(; s k|Aa,,|), noo,

where the trivial o(1) term is omitted. (Trivial o(1) terms will be omitted from here
on.)
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Altogether, for the first integral in (2.3) we have
1 r1/ 1 &
— [ 7|g() = fx)] dx = O(llo, - fI) + O~ = klAg)]), n— .
T Jo nogat
The second integral in (2.3) we write as

1 p~ had
2 Aa, Dy (x)

I, ==
T /nkmn+1

1l 1

LRV} sin§

dx

dx.

> Ag, sin(k + l)x
k=n+1 2

Applying the Holder inequality we get

1/
fﬂ dx p(fﬂ
1/n 2P sinf’% 1/n

where 1/p +1/4=1.0r
w

I, < 4,((n + 1)"")""([1/

(4,, B, and C, are absolute constants depending on p).
For {a,} € BV and fixed n, the sequence Z}_,, Aq, sin(k + 3)x converges
uniformly to 2., ,Aq, sin(k + 3)x, as N — co. Thus

<=+
T

2 1
S Ag sin(k + —)x
k=n+1 2

q 1/q
dx) :

had 1
> Ag, sin(k + -2-)x
k=n+1

q 1/q
dx) , (24)

- 0 q9 1/q
( [ | 3 Aagsin(k+§)x dx)
1/n| k=n+1
s N l q l/q
= lim Aa sin(k+—)x ax| .
N—-»oo(-l;/,, k-%_’_l k 2 )

Applying the Hausdorff-Young inequality to the last integral we get

. N n I? /¢4 N 1/p
( [] S g sin(k + —)x dx) < B,( » IAak|’) .
1/nl k=n+1 2 k=n+1
For the integral (2.4) we now have the estimate

) 1/p © 1/p
1,,<c,((n+1)"")‘/"( > |Aak|P) <c,,( > k”"lAa,‘l") . (2.5)

k=n+1 k=n+1

Combining all estimates we obtain

n o0
Cos1 = O(||o, — fI) + 0(l > k|A0k|) + 0( > k”-'IAa,‘I"), n— 0.
m k=1 k=n+1
However the first term is o(1) because of (2.1), the second because of {a,} € B V,

and the third because of (2.2). Finally
C, = o(1), n— oo.

This completes the proof of Theorem 2.1.
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The right-hand side of the first estimate for I, in (2.5) can be rewritten as

Zians1lAg [P\ VP
(4 D Zg) ™
Since (1.6) implies (2.2), it follows that (1.6) implies (2.6). That motivates a new
class of L'-convergence.
DEFINITION 2.1. A null-sequence {a,} belongs to the class C, if for some
1<p<2

(26)

% 1Ag |P\1/p
n(—————z"'"l % ) =0(l), n-ooco.

The following theorem corresponds to the class C,.

THEOREM 2.2. Let (1.1) be a Fourier series of some f € L'(0, 7) and let {a,} € (3
N B V. Then (1.2) = (1.3).

The class C, has an interesting subclass C,*.
DEFINITION 2.2. A null-sequence {a,} belongs to the class C* if for some
1<p<2

o0
kzl kP 'Ag, P < oo. 2.7)

The next theorem is a corollary to Theorem 2.2.

THEOREM 2.3. Let (1.1) be a Fourier series of some f € L'(0, 7) and let {a,} € (Chs
N B V. Then (1.2) = (1.3).

The proofs of both Theorem 2.2 and Theorem 2.3 are similar to the proof of
Theorem 2.1.

Relations defining classes ¥,, C* and C, are not explicit enough, although each
of them tells in an obscure way something about the nature of possible gaps of
{a,}. The following corollary to Theorem 2.3 makes that gap condition quite
explicit.

COROLLARY 2.1. Let (1.1) be a Fourier series with {a,} € B V, and let

nAa, = O(1), n—oo. (2.8)
Then (1.2) = (1.3).
PrOOF. The condition (2.8) together with {a,} € B V implies that {a,} € C}*.

A natural extension of % V is the following class.
DEFINITION 2.3. A null-sequence {4, } belongs to the class & if

n
% S kAg| = o(l), n— 0. 2.9)
k=1
The class @ extends not only B V, but the class 290 of quasi-monotone

(a,/k°}0, for some a > 0) sequences, as well. Combining the class ¥ with the
condition (2.8) we obtain a theorem for L'-convergence of Fourier-Stieltjes series.
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THEOREM 2.4. Let (1.1) be a Fourier-Stieltjes series with {a,} € 9, and let (2.8)
hold. Then it converges in L' if and only if

a,lgn=o0(), n-oo.
PROOF. Observe that if f € L'(0, 7) and || g, — o,|| = o(1), n —> o, then
lls, — fll = o(1), n— oo,
if and only if

Is, = oull = o(1),  n—> 0.

On the other hand, if || g, — a,|| = o(1), n > oo, then ||s, — a,|| = o(1), n — o0, is
equivalent with a, Ig n = o(1), n — oo. Thus it remains to show that from {g,} €
% and (2.8) it follows that || g, — a,]| = o(1), n — 0. Using the same technique as
in the proof of Theorem 2.1 we get

l n
" gn - on” = 0(_ 2 kIAakI)’ n— oo,
n gy

and the proof of Theorem 2.4 follows.

A corollary to Theorem 2.4 is a slightly weaker form of a theorem of Telyakov-
skii and Fomin [7], (for a different proof see [8]), concerning the L'-convergence of
Fourier series with coefficients in 2 M.

COROLLARY 2.2. Let (1.1) be a Fourier series with {a,} € 29N, and let (2.8) hold.
Then

s, = fll =o(1), n—oo,
if and only if

a,lgn=o0(), n-oo.

The interest of this corollary lies in the fact that both the necessity and
sufficiency parts of the proof are obtained using the same technique, i.e. the sharp
estimates of ||s, — a,]|.

3. Necessary and sufficient integrability conditions. Throughout this section we
shall consider (1.1) with {a,} € B V. Since in this case the pointwise limit f of s,
exists in (0, 7], to prove that (1.1) is a Fourier series, it suffices, by a standard
argument, to show that f € L'(0, ).

THEOREM 3.1. Let {a,} € BV and let nAa, = O(1), n > 0. Then (1.1) is a
Fourier series if and only if {a,} € C.

PrOOF. Let {a,} € B V. Then {a,} € C is always a sufficient condition for
f € LY(0, 7). Thus it remains to show that under the condition of Theorem 3.1
from f € LY(0, =), it follows that {a,} € C.

Notice that for || g, — o,|l = o(1), n— oo, from |6, — f|| = o(1), n —> oo, it
follows || g, — fll = o(1), n— oco. But f € L'(0, 7) implies that ||a, — f|| = o(1),
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n— oo, and || g, — f|| = o(1), n —> oo is equivalent to {@,} € C. However {aq,} €
B V implies that {a,} € ?. Hence from

l n
o= ol = o £ ksal).  noco
k=1

it follows that || g, — a,|| = o(1), n > oo. This completes the proof of Theorem 3.1.

As a corollary of Theorem 3.1, we have a partial answer to the classical
outstanding question: Let {a,} be a monotone null-sequence. What are the
necessary and sufficient conditions for (1.1) to be a Fourier series?

COROLLARY 3.1. Let {a,} be a monotone null-sequence and let nAa, = O(1),
n — co. Then (1.1) is a Fourier series if and only if {a,} € C.

REFERENCES

1. S. A. Telyakovskil, On a sufficient condition of Sidon for integrability of trigonometric series, Mat.
Zametki 14 (1973), 317-328.

2. A. N. Kolmogorov, Sur I’ordre de grandeur des coefficients de la serie de Fourier- Lebesgue, Bull.
Acad. Polon. Sci. Ser. Sci. Math. Astronom. Phys. (1923), 83-86.

3. S. Sidon, Hinreichende Bedingungen fur den Fourier-charakter einer trigonometrischen Reihe, J.
London Math. Soc. 14 (1939), 158-160.

4. J. W. Garrett and C. V. Stanojevic, Necessary and sufficient conditions for L'-convergence of
trigonometric series, Proc. Amer. Math. Soc. 60 (1976), 68-71.

5. J. W. Garrett, C. S. Rees and C. V. Stanojevic, L!-convergence of Fourier series with coefficients of
bounded variation, Proc. Amer. Math. Soc. 80 (1980), 423—430.

6. G. A. Fomin, 4 class of trigonometric series, Mat. Zametki 23 (1978), 213-222.

7. S. A. Telyakovskil and G. A. Fomin, On convergence in L metric of Fourier series with quasi-mono-
tone coefficients, Trudy Mat. Inst. Steklov, 134 (1975), 310-313. (Russian)

8. J. W. Garrett, C. S. Rees and C. V. Stanojevic, On L'-convergence of Fourier series with
quasi- tone coefficients, Proc. Amer. Math. Soc. 72 (1978), 535-538.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MISSOURI-ROLLA, ROLLA, MISSOURI 65401



	Classes Of L¹-convergence Of Fourier And Fourier-stieltjes Series
	Recommended Citation

	tmp.1689001834.pdf.XhcDU

