MISSOURI

Missouri University of Science and Technology

&I Scholars' Mine

Physics Faculty Research & Creative Works Physics
01 Oct 1970

Doppler Shift in Frequency in the Transport of Electromagnetic
Waves through an Underdense Plasma

Jerry Peacher
Missouri University of Science and Technology, peacher@mst.edu

Kenneth M. Watson

Follow this and additional works at: https://scholarsmine.mst.edu/phys_facwork

b Part of the Physics Commons

Recommended Citation

J. Peacher and K. M. Watson, "Doppler Shift in Frequency in the Transport of Electromagnetic Waves
through an Underdense Plasma," Journal of Mathematical Physics, vol. 11, no. 4, pp. 1496-1504, American
Institute of Physics (AIP), Oct 1970.

The definitive version is available at https://doi.org/10.1063/1.1665286

This Article - Journal is brought to you for free and open access by Scholars' Mine. It has been accepted for
inclusion in Physics Faculty Research & Creative Works by an authorized administrator of Scholars' Mine. This work
is protected by U. S. Copyright Law. Unauthorized use including reproduction for redistribution requires the
permission of the copyright holder. For more information, please contact scholarsmine@mst.edu.


http://www.mst.edu/
http://www.mst.edu/
https://scholarsmine.mst.edu/
https://scholarsmine.mst.edu/phys_facwork
https://scholarsmine.mst.edu/phys
https://scholarsmine.mst.edu/phys_facwork?utm_source=scholarsmine.mst.edu%2Fphys_facwork%2F1331&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/193?utm_source=scholarsmine.mst.edu%2Fphys_facwork%2F1331&utm_medium=PDF&utm_campaign=PDFCoverPages
https://doi.org/10.1063/1.1665286
mailto:scholarsmine@mst.edu

JOURNAL OF MATHEMATICAL PHYSICS

VOLUME 11, NUMBER 4 APRIL 1970

Doppler Shift in Frequency in the Transport of Electromagnetic
Waves through an Underdense Plasma*

JErRRY L. PEACHERT
Space Sciences Laboratory, University of California, Berkeley, California

AND
KENNETH M. WATSON
Department of Physics and Lawrence Radiation Laboratory, University of California, Berkeley, California

(Received 3 July 1969)

In an earlier publication, the validity of the radiation transport theory was studied for the calculation
of multiple scattering of electromagnetic waves by a turbulent plasma. In the present paper, we extend the
transport theory to include a description of the Doppler shift in frequency caused by electron motion.

1. INTRODUCTION

In Part I of this series' the classical radiation
transport equation was derived from Maxwell’s
equations for the study of scattering of electro-
magnetic waves by a turbulent plasma. In Part II*
some techniques for using the transport equation were
discussed. In both of these papers the Doppler shift
in frequency caused by the motion of the scattering
electrons was neglected. In the present paper we
extend the transport theory to include any frequency
shift of the scattered waves.

An exhaustive analysis of the relation between a
wave equation and the corresponding classical trans-
port approximation has yet to be made. The first such
analysis seems to have been given by Foldy,® who
discussed the scattering of scalar waves by a set of
uncorrelated point scatterers, obtaining a transport
equation. The quantum theory of scattering by a
“weakly bound medium” was related to a classical
transport theory by Watson.* It was an adaptation of
the methods used in this work to Maxwell’s equations
which was given in I. A different approach was used
by Barabanenkov and Finkel'berg,” who derived a
transport equation from the scalar wave equation
using a “‘Bethe-Salpeter”” type of equation.

In Sec. II, we summarize the results derived in this
paper. These lead to a radiation transport equation of
conventional form,® the scattering kernel being explic-
itly expressed in terms of plasma density fluctuations.
The reader who is not interested in the details of the
derivation will probably find the account in Sec. II
adequate for using the transport equation.

2. SUMMARY OF RESULTS

The phenomena which we wish to describe are
illustrated in Fig. 1. A plasma of finite extent is
illuminated by an electromagnetic wave emitted by a
distant source S and propagating in the direction k.

The intensity of the waves scattered by the plasma is
measured with a receiver R, also a great distance away.
(The restriction to a distant source and receiver is,
of course, not required for a derivation of the trans-
port equation.)

Several assumptions concerning the plasma were
introduced in I. We shall accept these here and, in
addition, explicitly suppose the plasma electrons to
have nonrelativistic energies. The assumed turbulence
properties of the plasma will be reviewed later in this
section. The nonrelativistic assumption will be
expressed by the inequality

(kR)(@,[0) K 1,

which we will call NR. Here k/2r is the wave number
of the radiation, R, a measure of the distance over
which plasma motions are correlated, v, the mean
speed of the plasma electrons, and c the speed of light.

As in I, we suppose the plasma to be underdense
(Assumption B3) and that kRg 3> 1 (Assumption
B4), where Ry is the “size” of the plasma. Assumption
B4 allows us to ignore diffraction scattering from the
entire plasma (in all but a small cone with axis
parallel to k).

In the classical theory of radiation transport, the
flow of radiant energy at a point X per unit area, per
unit time, and traveling in the direction p is

I(x, p, w) dQ, do. 2.1)

The notation here implies that the radiation has an
angular frequency w, within the interval dw, and is
confined to propagation directions lying within the
solid angle d€2;.

For waves which have some degree of polarization,
it is necessary to generalize (2.1). This was done by
Chandrasekhar® and, in a similar manner, in I. To do
this, we shall follow the notation of I and introduce
the two unit vectors &(i), i = 1,2, for a plane
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Fic. 1. Illustration of scattering from a plasma.

electromagnetic wave traveling in the direction p. The
electric field vector for such a wave is of the form

The unit vectors &(i) are defined in terms of k, the

direction of propagation of the incident wave before

entering the plasma.” These are
&(2) = C(Mh x k,
&(1) = &(2) x k,

(22)

2.3)
where

C®) = (Ip x k). (2.3

To define the polarization vectors for the incident
wave, we orient the z axis of a rectangular coordinate
system to be parallel to k and choose (1) and &/(2)
to be parallel to the x and y axes, respectively. For
backscatter we define®

& (1) = &),
€4(2) = —&(2). (2.4)
The electric field at any point can be represented as
a sum of waves of the form (2.2). If we fix our atten-

tion on a single “bundle” of wavelets propagating
within dQ; and dw, we may define the intensity as

I;i(x, p, ) = const X (EF(DEj)), (2.5)
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i,j =1,2. Here “(---)” represents an ensemble (or
statistical) average over the plasma (and any source)
fluctuations. The “constant” in Eq. (2.5) is defined by
the following condition. We suppose that a filter at x
passes only the component of E parallel to some
direction & Then, the power per unit area passed by
the filter, corresponding to propagation within d€2;
and frequency within dw, is

2

é- [ > &1, b, w)éf,(j)} +8dQydo. (2.6)
i,i=1

We suppose the statistical properties of the plasma

to be represented as a stationary random process. If

the plasma contains N free electrons with coordinates

Z,,%,," ", Zy, we take the probability that electron 1

is at z, within d3z, at time #,, etc., to be
Py(zy, 152y, 8550+ 2.7

The statement that this is a stationary distribution
function is equivalent to®

;ZN, tN)d321 M dazN.

=PN(zlatl;zz7t2;”' (28)

We further suppose that from Py we can define a
hierarchy of distribution functions as follows:

Pyz,) = J Pyd'zy - d’zy, (2.9a)

Pyzy, t); 23, 1) = f Pyd’zy - dzy, (2.9b)
etc. Here
Po(zy, 8,525, 1) = Py(2,,0; 25, t, — 1),
etc.
Following the notation of I, we assume that P,,

Py, - -+ may be developed in terms of correlation
functions. Thus, for example,

Py(zy, 113 2o, 1) = Py(z))Py(Z)[1 + g(z4, 1 2o, 12)).
(2.10)
Here the ““pair correlation function” g is considered
to-vanish for [z, — z,] >> R,, the “correlation range,”

or for [t; — t] > ¢t,, the “‘correlation time.” Again,
we write Py in the form

Py(zy, 1152, 13} 25, 1)
= Py(2,) P1(22)P1(z5)
X [1 + gz, 11522, 1) + g(22, 135 24, 13)
+ g(za, 135 21, 1) + g3(2y, 15 2o, 15 25, 1))
(2.11)

The “triplet correlation function” g, is assumed to
vanish when any pair of the three coordinates is
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separated by a distance large compared to R, or any
pair of times, by an interval large compared to ¢,.

Continuing as above, we can express the probability
functions P;, P, -+ in terms of correlation func-
tions.!® The n-particle correlation function

gn(zb o Zn,t”)

vanishes unless all # coordinates lie within a volume
characterized by the linear dimension R, and all n
times within an interval of order ¢,.

In the absence of significant effects from external
magnetic fields and/or Coriolis forces, time-reversal
invariance implies several symmetry relations for the
P’s and g’s.1*-13 For the pair correlation we have, for
example,

8(z,1,2,,0) = g(z,, —1;2,,0). (2.12a)

Because we have assumed a stationary random process,
we may conclude that

gz, t; 25, 0) = g(z,, 0; 25, ~1)

=g(z,0;2,1),  (2.12b)
using (2.12a). On setting ¢, — #; = 7, we obtain

8z, 152y, 1) = g(21, 255 7)

= g(2y, Z; —7). (2.13)
We finally assume, following I, that
g(zl’zz’T) g(Zl,lll —22' T)
o g(2y; |2y — 25|35 7). (2.14)

[The assumption (2.14) is not required for the deriva-
tion of the transport equation. It does permit us to
write the scattering kernel (2.19) in “prettier’”” form,
however.]

The mean plasma electron density at a point z is

p(z) =

The electron collision frequency at z will be written
as »,(z) and the plasma frequency as

w,(z) = [4mep(z)[m].

NP,(2). (2.15)

(2.16)

The refractive index n(z) of the plasma was discussed
in I. The first approximation to this was written as n,
and is given by the familiar expression

nj(@) =1 — oifo(w + v )1 (2.17a)

We shall, as in I, suppose the imaginary part of n(z)
to be negligible for propagation over distances
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comparable to R,. This permits us to take
ni(@) = 1 — wi(w® + »¥*

in Eqgs. (2.20) and (2.22) below.
The absorption length /(z) caused by electron
collisions is expressed as

(2.17b)

1 2
~— % Y

L@ @+’
where c is the speed of light.

We now define the scattering kernel M for scattering
a wave from the direction ' to direction p as

I M(p, p'; Q) |sr) = o,(P, P’; Q)(ij] m |sr), (2.19a)
where
(ijl m|sr) =

(2.18)

[8(0) - &()11&(J) - &(n] (2.19b)

and

oy, B'; @) = ( @5 f dre®r

1+ ( c/ w)® )
xfdaRg(z; R, 7)
'~ §)-R]. (2.20)

For later reference we observe that because of the
time reversal invariance property (2.12a) o, is even
in Q.

The absorption length /,(z) for scattering is defined
by the equation

X exp [iny(z)k(p

1 Y 2
o= i [d0p0p- 9201 + -9, @20
where
oo )= [ 00,1 O
r2 2 3
()@ orss
x exp [ink(p’ — p) - R] (2.22)
and
g(z; R) = g(z; R, 0). (2.23)
An elementary calculation yields
> f aQ f A0, (ij] M(B, p'; Q) [ss) = - (2.24)

The net absorption length /(z) is defined, finally, as

P =400 (2.252)
We note that this is equivalent to the equation
7' =2k Imn, (2.25b)

where n is the refractive index given to the order of
accuracy obtained in L.
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The transport equation for I; (to be derived in
Sec. V) is

1 A
ﬁ * VI(X, ﬁ’ w) + l(X) I(X, p, w)

- j de’ J dQM(B, '3 0 — 0)I(x, P, @) (2.26)
0

Here we have written [;; as a column matrix with four
elements and (ij| M [sr) as a 4 X 4 square matrix
(evaluated at the point x, of course). The product MI
is then the column matrix with elements

2
> I M|st),,, i,j=1,2.
s,r=1
We see from Eq. (2.20) that M will vanish for
o — '] > t;1. If Tis nearly constant over a frequency
range of order ¢!, we can rewrite Eq. (2.26) in the form

R B
ﬁ * VI(X’ P, 6()) + l(X) I(X, P, )

- f dQM(P, D)X, P, ). (2.27)
Here

M. 8) = [ daMGp.pi ). 229

Alternatively, if the radiation is confined to a
sufficiently narrow frequency interval Aw, we can
integrate Eq. (2.26) over frequencyto obtain Eq. (2.27),
as satisfied by the integrated intensity

I(x, p) Ef dol(x, P, w). (2.29)
0
It was this equation which was obtained in I.
The fundamental assumption required to derive the
classical transport equation (2.26) is that

R, &1y, (2.30a)

where (we recall) R, is the correlation length. When R,
may be taken as k™!, we may rewrite (2.30a) as the
condition that

{wylo®) L1, (2.30b)

where
{ = 38p°/p",

with dp? the mean-square electron density fluctuation.

In the derivation of Eq. (2.26), it was also assumed
that the paths of geometrical optics for rays propaga-
ting with the refractive index n(z) could be approxi-
mated by straight lines. More generally, Eq. (2.26)
must be integrated along curved ray paths.

(2.31)
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3. THE POWER SPECTRUM

We consider an electric field variable E(z) defined
over the “long” time interval —3T <t < }T and
vanishing outside this interval. In representing a
scattered wave, E will depend parameterically on the
electron coordinates z, ,- - -, zy and on any random
variables characterizing the source. It will be con-
venient to use a complex representation for E, so the
‘“power density” is

To = @mHE*(DE()), 3.0

in a suitable system of units.’* Here the average
(- +) represents an average over both plasma electron
coordinates and over source fluctuations. That is,

(EX(OE(D)) = f Pyd2, - P2y (EXDE®D))g, (3.2)

where (--:)o represents an average over source
fluctuations only. We extend the assumption (2.8)
that we are dealing with a stationary random process
to include the source. Thus, for example,

1 [ir
(E¥(OE@®)) = % J;Tdt(E*(t)E(t». 3.3

The field E(r) is expressed in terms of its Fourier
transform E(w) as
50 == [ Bwpeiera
ty=——= w)e ' do.
@mt Jir

The power spectrum of E(t) is then

(3.4)

L f (EX(OE(t + 7)) S—dr,  (3.5)
87 2
normalized to

fw F(w)do =7,. (3.6)

It should be noted that we are here defining the
power spectrum over the interval —o0 < w < + .
We shall see that our transport equation is even in ,
so I may be defined on the interval 0 < @ < o0.

The incident plane wave emitted by the distant
source (see Fig. 1) is assumed, for the present, to be
plane polarized® and of the form

E (r, 1) = &(1)E(r, 1),
1 £ i(Ker—wt
Efr,f) = o f E@)e® o0 4oy (3.7)

The power spectrum of the incident wave is

Trw) = T H|E()*/8m) = T(—w), (3.8)
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which must be even in w if it is to correspond to a
physical wave. The incident intensity, representing
flow of power per unit area, is then (here ¢ is again
the speed of light)

I’(w) = 2T (), 0< w < 0. 3.9

The total intensity is then
I° Ef Iw) do. (3.10)

0

4. THE BORN APPROXIMATION

It is instructive to first calculate the scattered power
in the Born approximation.’® The scattered waves
at a point r far from the plasma can then be written
in the form [see Egs. (2.3)]

2
Esc(ra t) = gléf)(j)Esc(ja t),

N
Esc(j’ t) =azlcl?afil(f)’ I"‘)El(zm’ t)' (41)
Here E; is the incident field (3.7) and z, = z,(¢,),
a=1,2,---,N,is an electron coordinate evaluated
at the retarded time
t, =1 — Rjc, 4.2)
where
R,=r—1z(t) 4.3)
and p = f.
For a plane wave having wave number k/27 and
angular frequency o = kc,
Ry
G = —,

(4.4)

and
£ &, @) = —ro(l + ,_) &) - &) (4.5)
w

is the Thomson amplitude (here r, is the classical
electron radius). Since E; contains a spectrum of
plane waves, we interpret (4.1) as follows:

Ggaf:il(f)’ i\()El(zm’ t)
kR, . . ]
=fﬂii—mmh@&mwmﬂﬂ<%)
@m)* R,
Here k = k(k) is the wave number after s_cattering
for an incident wave number k. Now, |k — k| =
O(kv,/c) K k by assumption NR made at the begin-
ning of Sec. II. We shall interpret this to mean, for
example, that

.fh‘(ﬁ; f(, w) = f}i(f)a ﬁa (D),

where @ = kc.

(4.7)

J. L. PEACHER AND K. M. WATSON

On setting t' = ¢t + 7, using Egs. (4.1) and (4.6),
and writing R, >~ r — p - z,, etc., we obtain

(Eg(j, DEs (1, 1))

= 1 dt{E} E, (I
t £ 14 " t sc\"? t’
T f (J, DE (1, 1))

Y1~ o
= Z 2 dwf:‘l(i” ﬁ’ w)fll(ﬁa k, w)

ap=1r" J—w
X (T~ | Ey(w)|? exp (—iwr)
x exp {il(z(t) — z,(t)) - (kD — K)I}). (4.8)

According to Eq. (3.2) the average (- - -) here implies
the integration

f Pz, d2,Py(z,, 125, 1) . (49)

From Eq. (2.10) we see that the term not involving the
pair correlation function does not involve the times
t, and t,, which could be taken to be any two times
in the interval —}7T < t < 1T. Also, for this term we
have k = k, corresponding to coherent scattering.
For the other term, involving the pair correlation
function, we have |z, —z;/~ O(R,). Since the
distribution function is stationary, we may set

z,(t:) — 2g(tg) = 2,(tz + r/c) — z5(ts + r/c)
= z,(t') — z4(t) + O((v,/0)R,) (4.10)

within the average in Eq. (4.8). The term of O((v,/c)R k)
may be dropped in the exponential, using assumption
NR. Also, since k — k =~ (kv,)/c, we may use assump-
tion NR to set k = k in (4.8). Finally, then, we may
write this equation in the form

(E&(j, DE(I, 1))
N ®
=2 lz do’f }(, k, @) fu(B, k, 0")[87T ()]

af=1F — a0
X o f PP + g(x, X5 7)]
x exp [i(k' — p)+ (x — x)d®x d®’, (4.11)

where p’ = k'f.
The power spectrum of the scattered waves is then

—_ L Ko ’ eiu)f T
ﬂ..ﬂ(w) - 877 f<Esc(]: t)Esc(ls t )> 277 d
=L 50, & ) fulh &, ) f do'(e) f dr
r 27

x f &% &% p(X)p(x)[1 + g(x, X'; 7)]

x exp [i(w — w')r] exp [i(k — p)-(x — x)].
(4.12)
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We have here used the relation (4.7) to remove the
scattering amplitudes from the o’ integrand.

The coherent scattering in Eq. (4.12) is given by the
term that does not involve g. This is immediately seen
to reduce to

2 ()oon = 1 £, &, 0)ful, &, )7 ()

X

f dx exp [ik — p) - xlp) |, (4.13)

where p = kf.

The remaining part of (4.12) represents the in-
coherent scattered power. This may be written in the
form

1 v A T ’ !
T = f doo’ GI| M(p, k: 0 — o) 11T (e,
(4.14)

where M is defined by Eqs. (2.19) and (2.20) and the
refractive index ny is replaced by unity.

To derive the transport equation, we must consider
a sequence of scatterings, just like the single one just
described. In I it was shown that all coherent scatter-
ings result in propagation with the refractive index n.
The incoherent scatterings lead to the transport
equation.

A sequence of coherent scatterings will not lead to a
frequency shift. On the other hand, a long sequence of
incoherent scatterings may lead to a large frequency
shift in the wave. For each single scattering in such a
sequence, we can continue to assume that the fre-
quency shift (®@ — w) = O(wv,/c) is small, because
of the assumption NR. In particular, we can continue
to use the relation (4.7), where w and & are the
respective frequencies before and after a given single
scattering.

5. DERIVATION OF THE TRANSPORT
EQUATION

The derivation of the transport equation, as given
in I, needs only minor modifications to take account
of the frequency shift. In this section we shall, there-
fore, rely heavily on the development given in I.

Following the discussion given in I, we write a
particular component of the scattered electric field
vector in the form

Em=3 3

n=1 ay,ag,' ",

Qur;z,, - ,2,). (5.1)
an
Here Q, represents the contribution from a wave
multiply scattered by electrons at z,,--*,2, and
the sum is over all electrons and numbers of scatter-
ings.
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To find the scattered power, we must evaluate such
quantities as

ﬂ‘.'nm = <Q'r:(r’ z[h sy T T zﬁm)Qn(r; zaly T, za,,)>

using the notation of Eq. (3.2). We suppose the
probability function P, ., to be decomposed into a
cluster expansion of correlated coordinates, as in
Egs. (2.10) and (2.11). For each term of this expansion,
each coordinate is a member of a correlated cluster of
coordinates. First, a given coordinate z, may be
uncorrelated with another coordinate. If not un-
correlated, z,, is correlated with other members of the
setzg -, 2z, in (5.2).

Let us suppose that z, belongs to the correlated
clustersetz, , - -, z,,, which consist of only z, . In this
case the integral over z, ," -, z,, involves only Q,,.
This was called a ““coherent part” of the average in I.
Such *‘coherent part” averages may clearly be per-
formed on each factor of E(r) before squaring. It was
shown in I that the effect of the “coherent part”
averages is to give the plasma a refractive index.
This result may be taken unchanged for our present
analysis.

To see this, we note that the introduction of the
time-dependent correlation functions does not modify
the expressions obtained in I for the refractive index.
This is obvious [because of the stationary property
(2.8)] for scatterings which are uncorrelated. Scatter-
ings which are correlated are separated by distances
of the order of R,. During the time R,/c required for
propagation across a correlated cluster, a typical
electron will have moved a distance (R,v,)/c. The
resulting change of phase in the exponentials is,
therefore, of order

(kR)v,[c L 1, (5.3)

by assumption NR, and can be neglected.
The resulting equations for the multiply scattered
waves are [see Eqgs. (1.3.31), (1.3.32), (1.3.33)]

N 2
E(zu’ t) = Ec(zaa t) + Z éaﬂ(j)Eaﬂ(j3 t)! (54)
Bl#a)=1 j=1
Eaﬂ(i’ t) = Gaﬁﬁl(aﬁ9 ﬂO)Ec(zﬂ)
N 2
+a(;§)=l ;Ganfu'(aﬂ’ Bo)Eg,(j, D). (5.5)

Here

&.5()) = &), (5.6)

where § is the unit vector parallel to (z, — z,). The
quantity E (z,,t) represents the coherent wave [see
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Egs. (3.7]
Ec(zu’ t) = ék(l)Ec(za’ t),
1 s
Ble = o f dwE(w)e et (5.7

where S, is the eikonal for the coherent wave [Eq.
(I.3.34)]

Sa

S(z,) = f_ [n(x) — 1]ds + k-z,. (5.8)

Here n(x) is the refractive index and the constant of
integration has been chosen to be consistent with Eq.
(3.7). The Thomson amplitude (4.5) for scattering has
been rewritten in Eqs. (5.5) to indicate scattering
from the direction of (z; — z,) to that of (z, — z,),
etc. For a monochromatic wave, the Green’s function
[see Eq. (1.3.29)] is
&*Sap
af = ’
Z, aﬂ
Sap =f an(x) ds,
g
the integral being taken along the straight line path
from z, to z, and
R,=12,—1.

(5.9)

(5.10)

(5.11)

We have used the notation of Eq. (4.6) on the right-
hand side of Eq. (5.5), writing

Gaﬂf;i:i(aﬁ’ ﬂU)Eﬂa(j’ t)

do e*Sep . .
=] et R, filo, Bo; )Eg,(j, w)e™™" (5.12)
in terms of the Fourier transform Ej, of E, .

The argument given, following Eq. (4.6), lets us
set k = k in the exponential in (5.12).

The “coherent part” averages in the expressions
(5.2) permitted us to derive the multiple scattering
equations (5.4) and (5.5). On performing the remaining
averages, after using Eqgs. (5.4) and (5.5), we must
omit “‘coherent part” averages. This means that every
coordinate z, must be now correlated with at least
one of the z, in (5.2).

Continuing to follow I, we define [a generalization
of Eq. (I.5.6)]

U{j(“’ /3 5 w)
=L fd7e+iwffdazv d’z,0[4(z, + z,) — 2]
2

X P28 20 7) 2 (BB DEasJst 4 T

i (5.13)

Here the notation (- * +),,, means an average over all

coordinates except for z,, z,, and z,, which are held
fixed."

We now follow the derivation of Eq. (L.5.11).

Equations (5.5) are substituted into the right-hand

J. L. PEACHER AND K. M. WATSON

side of Eq. (5.13). Equations (I.5.9) and (1.5.10) are
used to write Ej., in terms of E;, etc., for 1zg — zg| =
O(R,). There finally results

Usi(e, B; w)
= Q) f dre f 'z, dz, 83z, + 2,) — 25)
X p(z,)p(2,)8(2y 5 2,5 7) | Gopl®
x (f:;(aﬂ, BO) S u(ap, FO)(8m)™
X (EX25, DE(25, 1 + )g
x exp [iny(zg)(k,p — k) - (R, — R,p)]
+ i d°z, d°24p(2,)p(25)8(26 » 263 7)

X [f&(«B, Bo)fis(aB, Bo)]
x exp [iny(zg)(k,5 — Kg,) * Ryy'](g’”)_l
X (E,(s,)Eg,(5', t + T))p,q + CTOSS terms).

(5.14)
To simplify the first term above, we write

(2m) f dre By N EX (2, DE(2y 1 + 7))
— [(26)—-110(0))}eik(sﬁ—5ﬂ' )

= [(2c) I (z5, ®)], (5.15)
where [see Eq. (3.9)],

125, 0) = I(w) exp (_f

’ is—) (5.16)
I(x)

and the integral is taken along the straight line

parallel to k.

On making use of the assumption that R/l K 1, we
may neglect the cross terms in Eq. (5.14) and express
the second term in terms of U. In so doing, we make
use of our conclusion of Sec. IV that the change in
frequency on a single scattering may be neglected in
the Thomson amplitude and in the exponentials.

To simplify the second term in Eq. (5.14), we write
it in the form

J ar - f &z, P2, 00(z, + 2,) — 7,)
v
X P(zy)P(zy')g(zy ’ zy'; T) IGaﬂl2

2 e—iw’r L,
X > fdw’ fdr'e"‘”
m™

8,8'=1 2

x f &z, &z, f P28z, + 2,) — 2)p(z)p(Z)

X g(zo s Zg's T,)[f:;(aﬂ’ ﬁa)fjs’(aﬂ’ BO’)]
x exp [iny(zp)(kys — kg) - R,
X (B ER (5, DEpu 'y + ™ Vpor
= 3 [ [dor 16l 6 Mo, B35 0 — ) 1)

$,8'=1
X U(B, 4; ). (5.17)
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In writing the exponential involving R ., we have
replaced k,, in Eq. (5.14) by kg, . This is permissible
since we assume / 3> R, . The quantity Min Eq. (5.17)is
defined by Eqgs. (2.19), with the obvious notational
change of indicating directions of propagation as 1
and af.

The results (5.15) and (5.17) permit us to write
(5.14) in the form

Uiila, B; w)
- j doo’ [Gyl* ((ijl M@, B0; 0 — ') lll)ilc(zp,w')

+ 3 [, ] MG, o @ — ) [s5')

8,8'=1

X UylB, 0; w')). (5.18)

Since M is even in (w — ') [see remark following
Eq. (2.20)] and I, is even in o', it follows that U is
even in w. This lets us define the intensity /; for
o > 0 with the equation

Ii:i(za’ ﬁ’ w) = Ic(za ’ w)dil(s:ilaf(,b
42 f RE, dR U, (o, ;). (5.19)
—b

The d function here is defined by the condition that

f QB = F &)

for a function f() which is regular at k = p. The
integration in Eq. (5.19) is performed over z, along
the semi-infinite straight line beginning at z, and
directed parallel to —p.

Using Eq. (5.19), we can express (5.18) in terms of
I;. If we write

|Gaﬂ 2=

T (_Llfx))

2
Ry

we obtain [in the matrix notation of Eq. (2.26)]

I(x, p, »)

= I(X, ©)3 1 +f_bds(") cXp (_-fl?::))

x f do’ f dQM@, P'; 0 — )z, P, o),
0
(5.20)

where now w > 0 and
I(x, w) = I%w) exp (-—f t_flE)

The path integral in Eq. (5.20) extends along the
straight line from z to co in the direction —§.
Differentiation of Eq. (5.20) along a ray path leads

(5.21)
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to Eq. (2.26). Equation (5.20) is evidently valid for
arbitrary incident polarization, to be specified by the
choice of I(w).

6. RADAR BACKSCATTER

It was pointed out in I that the transport equation
is not valid for backscatter. The reason for this is
illustrated in Fig. 2. To each ray path defined by a
particular sequence of multiple scatterings there
corresponds a path obtained by reversing all propaga-
tion vectors. These pairs of paths can interfere
coherently, and this is not included in the transport
equation. As was shown in I, this effect can be
accounted for, however, by choosing a certain linear
combination of solutions of the transport equation.
The specific expression for backscatter was given in
Egs. (I1.7.7) and (1.7.10).

When there is a frequency shift, Eqs. (I.7.5a) and
(I.7.5b) are modified. These now read, respectively,

eikﬂ"'lsrn
Q,,,(l, S) = z
PNEETIR A r
X ﬁjn—l(—ﬁ’ in—l) te .f}'ls(il s R)eiklslf,
(6.1a)
~ eikn+1S,l
0.,3,8) = z

P VRN MU S o

X f;-"'l(_—ﬁ’ —Al) v 'f.’f,._ls(—in—l s R)eiklsm'

(6.1b)

Here k, is the incident wave number, k, that after the
first scattering, * * -, and k,,,, that after the nth scatter-
ing.

For 0, and §, to interfere coherently, the fre-
quency (wave-number) spread must be small enough
that the phase differences [S,_,(k, — k,_,.,)] are
small compared to unity. The criterion for this is that

(Awhe L 1, (6.2)

Z, Zs

Fic. 2. Illustration of back-
scattering.
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where Aw is the total spread in frequency because of
scattering. If condition (6.2) is satisfied, the expres-
sions (1.7.7) and (1.7.10) may be used.
On the other hand, when
(Awbfe > 1, (6.3)
Q, and J, will not interfere. Then, the transport
equation (2.26) [or (5.20)] does tend to be valid for
backscatter, without the special correction of Eqgs.
(1.7.7) and (1.7.10).
In intermediate cases it is not anticipated that the
transport equation will be applicable to the calcula-
tion of backscatter.
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