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A PARALLEL ROBIN-ROBIN DOMAIN DECOMPOSITION
METHOD FOR THE STOKES-DARCY SYSTEM*
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Abstract. We propose a new parallel Robin-Robin domain decomposition method for the cou-
pled Stokes—Darcy system with Beavers—Joseph—Saffman—Jones interface boundary condition. In
particular, we prove that, with an appropriate choice of parameters, the scheme converges geomet-
rically independent of the mesh size.
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1. Introduction. The Darcy equation is a well accepted model for flow in porous
media such as often found in the subsurface. Thus, discretized versions of this equation
are often used to simulate both groundwater and petroleum flows. However, in these
settings, one often finds that the porous media do not completely cover subsurface
regions of interest. For example, in petroleum applications one often finds pockets
of oil, and in karst aquifers one finds conduits in which water flows freely. In such
regions, the flow of the liquid cannot be accurately modeled by the Darcy equation,
even though often, for expediency, that is exactly what is done in practice. A more
accurate description of the flow of liquids in cavities and conduits is given by the
Navier—Stokes equations. Due to the relative slow flows often encountered in such
situations, one can simplify matters and use the linear Stokes equations instead. Of
course, flows in conduits and cavities are coupled to the flow in the surrounding
porous media so that conditions along the interfaces separating free flows and porous
media flows must be imposed to affect the coupling. Several such interface conditions
have been proposed; see, e.g., [2, 36]. Once a coupled Stokes—Darcy system has
been defined, the remaining tasks are to first define discrete systems whose solutions
accurately approximate the exact solution of the continuous model, and then develop
efficient methods for solving the discrete equations. These are the tasks that we
address in this paper.

Here we consider a coupled Stokes—Darcy system on a bounded domain 2 =
Q,UQr C R (d = 2,3). In the porous media region 2, the governing equations are
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Porous media domain
Qp

_————— Interface T’
e

Fluid domain
t

F1G. 1.1. The free flow and porous media domains 2y and )y, respectively, an the interface I'.

the Darcy equations

u, = —KVo¢,,
V-u, =0,

where u,, is the fluid velocity in the porous media, K is the hydraulic conductivity
tensor, and ¢, is the hydraulic head. In the fluid region 2y, the fluid flow is assumed
to satisfy the Stokes equations

-V T(Uf,pf) = f,
V- ur = 0,

where uy is the fluid velocity, py is the kinematic pressure, f is the external body
force, v is the kinematic viscosity of the fluid, T(us,pr) = 2vD(uy) — psl is the stress
tensor, and D(uy) = 1/2(Vuy + VTuy) is the deformation tensor.

Let I' = Q,NQy denote the interface between the fluid and porous media regions;
see Figure 1.1. Along the interface I', we require

(1.1) uf-ny=—u,-n,
=7 (T(uy,pyg) -ny) = a7;-uy,

where ny and n, denote the unit outer normal to the fluid and the porous media re-
gions at the interface I', respectively; 7; (j = 1,...,d—1) denote mutually orthogonal
unit tangential vectors to the interface I'; and the constant parameter a depends on v
and K. The second condition (1.2) is referred to as the Beavers—Joseph-Saffman-Jones
(BJSJ) interface condition [25, 36], which is an approximation of the Beavers—Joseph
interface boundary condition [2]. The BJSJ boundary condition is also related to the
Navier slip boundary condition.

To enable direct comparisons with the results of [16], and for simplicity, we assume
that the hydraulic head ¢, and the fluid velocity u; satisfy a homogeneous Dirichlet
boundary condition except on I'; i.e., ¢, = 0 on the boundary 0Q,\I" and uy = 0 on
the boundary 0 \I'.
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The spaces that we utilize are

Xy ={vy e [H Q)" | vf=0o0nd\I'},
Qr = L*(Qy),
Xp = {wp €H' (Qp) | p =0 on 891)\1—‘}'

For the domain D (D = Q¢ or ), (-,)p denotes the L? inner product on the domain
D, and (-,-) denotes the L? inner product on the interface I' or the duality pairing
between H~1/2(T") and H/*(T).

With this notation, the weak formulation of the coupled Stokes-Darcy problem
is given as follows [6, 16]: find (uy,ps) € Xy x Qy and ¢, € X, such that

ap(up,ve) +bp(ve,pr) + gap(dp, ¥p) + (9bp, vy -nyg) — (gus -mp, 1)
(1.4) + a(Pruy, Prvy) = (f,vp)o, Vvye Xy iy € Xy,
(1.5)  bg(us,qr) =0  Vqr€Qy,

where the bilinear forms are defined as

ap(qbpv’lr/);ﬂ) = (KVQS;Dv v¢p)Qp7
af(ufﬂ Vf) = 2V(D(uf)7 ]D)(Vf))ﬂfﬂ
br(vy,q) = —=(V vy, @)y,

and P, denotes the projection onto the tangent space on I, i.e.,

d—1

Pu= Z(u ST

j=1

It is easy to see that the system (1.4), (1.5) is well posed for f € [L?(92;)]? [6, 16].

Because the governing equations are different for the fluid and the porous media
regions, it is natural to utilize a domain decomposition method (DDM) so that off-the-
shelf efficient solvers for the Darcy system and the Stokes system can be utilized [16].
The central issue is then to determine the convergence constraints or conditions and
to find the associated convergence rate. The main contribution of this paper is the
development and analysis of a new parallel domain decomposition method based on
Robin boundary conditions that converges with a rate that, for appropriate choices of
acceleration parameters, is independent of the mesh size.

For classical second-order elliptic problems, a Robin-type DDM was introduced
in [27], where it was also proved that the solution of the Robin DDM converges weakly
to the solution of the elliptic problems with respect to the H* norm. In [11, 12], new,
updated techniques for the Robin data were introduced, and it was proved that the
weak convergence in H' could induce strong convergence. In [18], it was pointed out
that a convergence rate 1 — O(h'/?) can be achieved in the case of two subdomains.
Recently, a rigorous analysis for the case of many subdomains was given in [31, 32]
where it was proved, in certain cases such as for a small number of subdomains,
that the convergence rate could be 1 — O(h'/2H~1/?), where H is the size of the
subdomain and h is the size of the finite element grid. In particular, the new term
“winding number” was proposed in [32] to describe the depth of subdomains, and
in the case of many subdomains, it was shown that the convergence rate not only
depends on the mesh size h and the size H of the subdomains, but also on the winding

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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number. Recently, in [41], it was also proved that optimized Schwarz methods with
Robin transmission conditions cannot converge geometrically in the case of continuous
second-order elliptic problems.

In [16], two Robin DDMs for the Stokes—Darcy equations, one a serial version
(sRR) and the other a parallel version (pRR), are considered and compared with
the Dirichlet~Neumann DDMs [14, 15]; mesh-independent convergence rates were ob-
served for serial Robin DDMs numerically but were not proved rigorously. In addition
to providing a rigorous analysis, in this paper we treat the more general case of the
BJSJ interface boundary condition instead of the further simplified interface boundary
conditions considered in [16]. However, the full Beavers—Joseph interface boundary
condition is not treated here, since well posedness in the steady state case is estab-
lished only for particular choices of parameters [6]. Other algorithms that combine
ideas from multigrid and DDMs can be found in [29], where the authors proposed
to solve the coupled problem directly on a coarse grid (with mesh size heoparse) and
then use the coarse solution to provide boundary conditions for the Stokes and Darcy
systems at the interface so that they may be solved separately on a finer mesh (with

mesh size of the order of h%o,me). For DDMs under other settings, and especially for
the parallel Robin—Robin DDMs, one may refer to [11, 12, 14, 15, 16, 27, 30, 31, 32,
33, 37, 38] and the references cited therein. Application of finite element methods
to the Stokes-Darcy system has been a very active research area recently. There
are many more interesting works besides the references mentioned above (see, for in-
stance, [1, 3,4, 5, 7,9, 10, 13, 17, 20, 21, 22, 24, 26, 28, 34, 35, 39, 40]). In particular,
the methodology in this paper has been generalized and modified to the develop-
ment of parallel DDMs for the Stokes—Darcy system with Beavers—Joseph interface
boundary condition in [4].

The rest of the paper is organized as follows. In section 2, we propose the Robin
boundary conditions at the interface for the Stokes and Darcy systems. A necessary
and sufficient condition on the equivalence of the Stokes—Darcy system with BJSJ
interface boundary condition and the new decoupled Stokes and Darcy systems with
Robin boundary conditions is derived. In section 3, we propose our new parallel
Robin-Robin DDM. We establish the convergence of the new scheme for the case of
equal acceleration parameters vy = 7, and the case of vy < ~,, with a convergence
rate for appropriate choices of the acceleration parameters. In section 4, we invoke
the von Neumann method (or semianalytic method) to analyze the detailed conver-
gence behavior of the proposed algorithms on a rectangular domain with appropriate
boundary conditions. We prove that the iteration cannot converge for v > ,, and
convergence results can be obtained for vy < «, cases similar to those obtained in
section 3. Finite element approximations are considered in section 5. In particular, we
derive a convergence rate of 1 —O(h) for the case of equal acceleration parameters and
the case of v¢ > v, (provided that v¢ and +, are close enough). Although the conver-
gence rate is derived for globally regular triangulations only, we may easily generalize
the result to mortar elements so that solvers with different mesh sizes may be utilized
for the fluid and the porous media regions. We present our results of some computa-
tional experiments in section 6. These results are in accordance with our analyses.

2. Robin boundary conditions. In order to solve the coupled Stokes—Darcy
problem utilizing the domain decomposition idea, we naturally consider (partial)
Robin boundary conditions for the Stokes and the Darcy equations because Robin
boundary conditions are more general and embody both the Neumann- and Dirichlet-
type conditions in (1.1)-(1.3).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Let us consider the following Robin condition for the Darcy system: for a given
constant vy, > 0 and a given function 7, defined on I',

(2.1) KV, -n, +gp, =mn, onl.

Then, the corresponding weak formulation for the Darcy system is given by the fol-
lowing: for n, € L*(T'), find ¢, € X, such that

71)%((;17’ Vp) + <9$pa Vp) = (Mpsp) Vb € X,

Similarly, we propose the following Robin-type condition for the Stokes equations:
for a given constant v; > 0 and a given function 7y defined on I',

(2.2) ny - (T(Uy,py) -ny) +ypUy -ng=np  onl.

Then, the corresponding weak formulation for the Stokes system is given by the
following: for ny € L*(T'), find Uy € Xs and py € @y such that

ap(Uy,vy) +bp(vy,Df) +vp(Uy-ng,vy-ny)
(2.3) + Oé<PTﬁf,PTVf> = (f, Vf)Qf + <T]f,Vf . nf> VVf S Xf,
br(Uy,qr) =0 Vg €Qy.

We can combine the Stokes and Darcy systems with Robin boundary conditions
into one system. Indeed, for any positive constant w, it is easy to see that if n, €
L*(') and ny € L*T) are given, then there exists a unique solution (;Z;p,af,l’)\f)
€ X, x Xy X Qy such that

(2.4)
ap(Up,vp) +bp(vy,Df) + wypap(dp, ¥p) +w(gdp, ¥p) + 75Uy -my, vy -np)

A"’ Q<P7.ﬁf,PTVf> = (fvvf)ﬂf + <77f7Vf : nf> +w<77pa¢p> Vi, € Xp, vy € Xy,
br(ur,qr) =0  Vgr € Qy.

Remark 2.1. Note that the solution (g/b\p, Uy, py) is independent of the parameter
w.

Our next goal is to show that, for appropriate choices of s, v,, 7y, and 7,
(smooth) solutions of the Stokes—Darcy system are equivalent to solutions of (2.4),
and hence we may solve the latter system (2.4) instead of the former.

LEMMA 2.2. Let (¢p,uy,py) be the solution of the coupled Stokes—Darcy sys-
tem (1.4)—(1.5), and let (QASP, Uys,ps) be the solution of the decoupled Stokes and Darcy
systems with Robin boundary conditions at the interface (2.4). Then, (g/b\p,ﬁf,ﬁf) =
(op,uy,py) if and only if v¢, vp, Nf, and np satisfy the following compatibility condi-
tions:

(2.5) Np = YplUys - 0yf + goyp,
(2.6) ng=Yuy - ng— gop.

Proof. For the necessity, we set 1, = 0 in the Stokes-Darcy system (1.4)—(1.5)
and deduce that (¢, ur,pyr) solves (2.3) if

(2.7) (M —yrup -np+ggp, vy -ng) =0 Vvye Xy,

which implies (2.6). The necessity of (2.5) can be derived in a similar fashion.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/17/23 to 131.151.26.204 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

PARALLEL ROBIN-ROBIN DDM FOR STOKES-DARCY SYSTEM 1069

o~

As for the sufficiency, by setting w = g/7, in (2.4) and substituting the com-
patibility conditions (2.5)-(2.6), we easily see that (
Stokes-Darcy system (1.4)—(1.5).

Since the solution to the Stokes—Darcy system is unique, we have (ap, uy,pr) =
((bpa ur, pf)' a

3. Robin—Robin domain decomposition methods.

¢p, Uy, py) solves the coupled

3.1. The Robin—Robin domain decomposition algorithm. Now we pro-
pose the following parallel Robin—-Robin DDM for solving the coupled Stokes-Darcy
system.

1. Initial values of 172 and n? are guessed. They may be taken to be zero.

2. For k = 1,2,..., independently solve the Stokes and Darcy systems with
Robin boundary conditions. More precisely, ¢;" € X, is computed from
(3.1) 7pap( ;nﬂr/)p) + <g¢glv’lr/)17> = <77;7;n77r/)p> Vb € Xp,

and uf" € Xy and p}' € Q5 are computed from

ap(uf',vy) +bp(vypf) + v (uf - np, vy -ng) 4+ alPruf, Prvy)
(3.2) :<’I77fn,Vf'l'lf>+(f,Vf)Qf Vvye Xy,
(3.3) by(uf',qr) =0 Vgr € Qy.

3. 772“‘1 and 77}”4'1 are updated in the following manner:
(3.4) NPt = an + bgoy,
(3.5) 0t = enf + du} - ny,

where the coefficients a, b, ¢, d are chosen as follows:

(3.6) a:ﬁ, b=-1-—a,

Tp
(3.7) c=—1, d="f+.

In the special case for which v¢ = v, = ~, we have

The relations (3.6)—(3.7) are necessary to ensure the convergence of the scheme.
Indeed, suppose that ny' and 7, converge to 77; and 7, respectively, and that ¢;*, u’’
also converge to the true solution ¢, and u}, respectively. Then, by (3.4)-(3.5) and
Lemma 2.2, we see that the following relationships hold:

(3.8) ny = an, +bgd, = yruj-ny — goy,
(3.9) Ny = cnp +du}-ny =yu}-ng+ go,.

This leads to
by, _ b 0 9o, _ 1 —a ny
duj -ny 0 d uj - ny —c 1 m,
' —c 1 1 v uj-ny )’

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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which implies the consistency equations (3.6)—(3.7) on the coefficients a, b, ¢, d and
V£ Vp-

These relationships (3.6)—(3.7) among the parameters are used in the convergence
analysis of the Robin—Robin DDM.

Remark 3.1. If the updating strategy (3.4)—(3.5) is changed to

NPt =)t + bigdy + ciuf - ny,
't = agnf 4 bagel)' + cou’f - my,

then the “consistency” conditions change to

—aq 1 1 Tp o b1 C1
1 ag —1 Yf - bQ Co ’

In this case, we have more flexibility. However, the convergence analysis is somewhat
more complicated and will be addressed elsewhere.

The parallel Robin-Robin domain decomposition algorithm proposed here is re-
lated to the serial version (sRR algorithm) of [16]. As a matter of fact, the sRR
algorithm can be obtained by implementing our algorithm serially as follows. Initial-
ize 172, and, for k =0,1,...,

L. find ¢ by solving the Darcy system (3.1);
2. set " = any' + bggy' and find u}" and p7' by solving the Stokes system
(3.2)-(3.3);
3. set gt = et + du’f - ny.

In [16], it is proved, for vy = 7, = 7, that the solution of the sRR algorithm
converges to the solution of the Darcy—Stokes system. Here, we are able to prove a
similar convergence result. Moreover, we are able to prove that the convergence could
be geometric for an appropriate choice of v < 7.

3.2. Convergence of the parallel Robin—Robin DDM. We follow the ele-
gant energy method proposed in [27] to demonstrate the convergence of the parallel
Robin-Robin DDM for appropriate choice of parameters vy, and ~y.

To this end, let (¢p,ur,ps) denote the solution of the coupled Stokes-Darcy
system (1.4)—(1.5). Then, we have that (¢,,uy,ps) solves the equivalent decoupled
system (2.4) with v¢, vp, 7p, Ny satisfying the compatibility conditions (2.5)—(2.6), with
the hats removed.

Next, we define the error functions

€ =Mp =My €f =np—nf, ey =dp— ¢y, e =up—uf, e =p;—p}.
Then, the error functions satisfy the following error equations:
(3.11) 7pap(e$v7/)p) + <ge$a7r/)p> = <€;na¢p> Vb € Xp,
ag(er,ve) +br(vy,ep') + ey -ng, vy -ng) + alPrey, Prvy)
(312) = <€7fn,Vf'nf> VVfEXf,
(3.13)  bs(er,qr) =0 Vg € Qy,

and, along the interface I', we have

(3.14) e’f”H = ae,’ + bgey’,
(3.15) et = e + de))’ - ny.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Equation (3.15) leads to
leg FHIE = e[l IE + d?|lel - ngl|f + 2cd(e]}, el - ny).

Setting vy = €]’ in (3.12), we deduce

m._

(€7, el -ny) = ag(el, en) +yrller g + ol Prel|?,
and, hence, combining the last two equations, we have
(3.16) [l 1B = P2+ (d*+2cdyy)|ler sl E+2ed ag (e, el )+2cd af| Pre |7
Similarly, (3.14) implies
leF IR = a®llep' 17 + b?[lges | B + 2abeyt, gei).
Setting 1, = ge' in (3.11), we have
<ezl, ger} = fypap(egf, gegf) + <ge$, gefﬁ).
Combining the last two equations, we deduce
(3.17) e+ = a2 + (67 + 2a) g€ |2 + 2abpg ap (el ).

Substituting (3.6)—(3.7) into (3.16) and (3.17), we have the following result.
LEMMA 3.2. The error functions satisfy

lleg ™7 = NP IE + (v —vP)llel - nglIf

—2(vr +)ag(ey,el) = 2(vs + ) af Prell |7,

2 2
v v
Jemtz = (Tf) ez + (1 - (Tf) ) lgerrIIz
P P

— 2v5 <1 + ::—f) gay(eq', eq).
2

We are now ready to demonstrate the convergence of our parallel Robin—Robin
DDM. The convergence analyses for vy = 7, and vy # v, are different and will be
treated separately.

Case 1: vy = v, = . In this case, we have

lleg ™7 = l€FlIf — dyayp(er, el — dyal Prell||?,

77 = g7 — 4vgan(eq’, eg)).

Adding the two equations and summing over k from k& = 0 to N, we deduce

N
N
lep™ HIE+ e M IE = leplE+IeFIE =47 Y (ar(er, e +g aplef, ef ) +al Prell|IF).
k=0
This implies that ||eév+1||12~+||e§cv+1|\% is bounded from above by [|€] |2+ [[€} (/£ and that
e, and e tend to zero in (H (€))% and H'(Q,), respectively. The convergence of

ey together with the error equation (3.11) implies the convergence of €)' in H —2(T).
Combining the convergence of €' and ey and the error equation on the interface

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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(3.14), we deduce the convergence of €} in H ~2(T). The convergence of the pressure
then follows from the inf-sup condition and (3.12)-(3.13). Note that we have no rate
of convergence here. Hence, we have proved the following result.

THEOREM 3.3. If v, = v5 =7, then

X Xy Qs
(bgl _P> ¢p7 u}n — ury, p}n — Pf,

and

Nf=

H~2(I)
n,  — yup-ng+ g, =—7KVe,-n,+ ghp,

[

H™2(T)
Ny —— " yup-ng— g, =ny - (T(ug,ps) -ny) +yus -ny.

Case 2: vy < 7p. In this case, because e’ € X, we deduce that, thanks to the
trace theorem and the Poincaré inequality, there exists a constant C), (independent
of K) such that

(3.18) leglIF < Col K™ [lap(eg', eg").
Thus, if vy < 7, and

1 1 2
v v~ 9CIK|

2
Fy m ’Y m m
1— L) )lgemlz — 29 1+ 2L ) gap(el, e)
Vo Tp

Vr 1 1 —1 m _m
§~yg<1—|——)(<— )gC’ K —2>a ey, e
f Y pH | p( ) ¢)

Tp P

(3.19)

we have

<0.

Similarly, thanks to the trace theorem and Korn’s inequality, there exists a con-
stant C'y such that

(3.20) el - my[f < Cf/Q ID(ey)|*dx.
!

Therefore, under the additional constraint
- 4v
’YP FYf —= Cf7

we have

(3.21) (v = vP)llel - ngllE < 20y +p)ag (el ell).

This combined with Lemma 3.2 gives

2
.
ler iz < PR, et < (W—f) e 2,
p
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which leads to

e e < 2L e e e < 2l e
» Tp
This implies the convergence of the 1, which further implies the convergence of the
velocity ey, the pressure )", and the hydraulic head ej' through the error equations
(3.11)—(3.13).
Hence we have derived the following geometric convergence result.
THEOREM 3.4. Assume that the parameters v, and v¢ are chosen so that

4v 1 1 2
(3.22) 0<mp—<=, — = — < —
: Cy W 9GIK
where C, and Cy are the constants in (3.18) and (3.20), respectively. Then, the
solutions of the parallel Robin—Robin DDM converge to the solution of the Stokes—
Darcy system. Moreover,

%]
)
ap(e ) + ap(el o) + e + [ + |2 < (7—1‘) (212 + 1€212).
P

m

The last inequality follows from the geometric convergence of €

relationship at the interface, and the error equations.

€5, the error

4. Von Neumann analysis. In this section, we use the von Neumann method
to analyze the convergence of the Robin—Robin DDM scheme for one special problem.
We will demonstrate that the convergence behavior is essentially the same as that
obtained in the previous section.

Let Q, = (0,7) x (=1,0), Q¢ = (0,7) x (0,1), and I' = {0 < = < 7w,y = 0}.
The normal directions are ny = (0, —1) and n, = (1,0). Along the interface I', the
interface conditions (1.1)—(1.3) can be rewritten as follows:

(4.1) ugs = —KV, -y,
) )
(4.2) ” (% + 78‘22> = auy1,
ou
(4.3) 21/% —p=—9¢p,

where uy 1 and uys o are the two components of the velocity uy. The right-hand force
f vanishes since only the error equations are needed in the analysis. For simplicity,
we assume that K = KT and g = 1 in this section. By using von Neumann analysis,
the solutions are assumed to be periodic in the z-direction and have single wave
formulations, that is

(44) (bp = eikmé(y% uy = eikwﬁ(y)a Py = eikwﬁ(y)a
where the integer k is the wave number and ¢ = /—1. The assumptions can hold if
the initial guesses of 7 and 7, have the same single wave formulations of n; = e™**7j;

and n, = e*%7,.
Note that if uy satisfies the divergence-free constraint, there exists a stream func-

tion ¥ (y) such that

(4.5) ti(y) = (-%{Ej’%i@f .
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From the Stokes equation, after substituting the single wave formulations of uy and
ps, Y(y) must satisfy
d*ep >
4.6 — —2kP—— + k=0,
(46) .
and therefore 1(y) = C1ek¥ + Coe ™™ + Cyye?¥ + Cyye™"Y. Similarly, ¢, satisfies the
Darcy equations, and then

(4.7) —o(y) + k*d(y) = 0,

which means that ¢(y) = Cse¥ + Cge . In order to determine the coefficients
Ci(i =1,...,6), the boundary conditions should be imposed. In the Stokes domain,
the Dirichlet boundary condition uyf|,—; = 0 leads to the conditions

dip
4. 1) = —7(1) =
(48) v = F 1 =0
The interface condition (4.2) becomes
d*y dvp 9
4. Gl QRPN & = 0.
(4.9) de2+ozdy+uk1/) 0

Instead of the condition (1.3) or (4.3), the Robin condition (2.2) is used in the DDM
iterations and can be simplified to

(4.10) —3vki— — ——y — ki = 7y.

In fact, we are interested in the relationship of ¥(0) and 7j¢, that is, in finding Ry
such that

(4.11) ¥(0) = Rfi”%.

And from the boundary conditions (4.8)—(4.10),

k —k k —k -1

e e e e 0

ke —ke ™k (1+k)eF (1—k)e* 0

(412) By =(1,1,0,0) wk? +ak 2wk?—ak Wwk+a —2k+a 0
—2vk +v5 20k + 7y 0 0 1

After careful computations, we deduce

1 de™ 4 eh)? —2a(e®r — e ?F) + 8+ 16k% — 82
(413) o :’Yf+l/ (e ‘ ) kV(e (c;, —)’C)2 <.
Ry 2(e2k — e=2k) — (P TP g4 ga

Let us denote the fractional part of the second term on the right-hand side as (y so
that Ry = m Since 88% > 0, ¢y monotonically increases with respect to a or 2,
so it is enough to set o = 0 if we want to obtain the minimal value of (;. (; takes
its minimal value at £ = 2 and o = 0, and min y ~ 6.408 for all positive o, v and
nonnegative integral k.
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Remark 4.1. In fact, o depends on v and K (see, for example, [6]) and may be

replaced by —Bar__ where o is a new parameter independent of the viscosity and

V/trace(K)’

hydraulic conductivity. Then (f is independent of v.
Note that uy - ny = —ik(0); then

(4.14) uy-ny = Ryiy.

Similarly, in the Darcy domain, we have the Dirichlet boundary condition ¢ = 0 at
the bottom boundary and the Robin condition at the interface I'

do - _
(4.15) ’ypKd_y + ¢ = 1.

We can also build up the relationship

(4.16) $(0) = Ryip,
and

1
(4.17) R,

L kRS

Obviously, R, and Ry are even functions with respect to k; then only nonnegative
integer k should be considered.
Now the parallel Robin-Robin DDM (3.4)—(3.5) can be written as

—m y —=m v m v 7 =m =m

P T T P
(4.19) gt = =i + (vp +)uF onp = (=14 (vs + ) Re)TF = psilf

So the convergence rate p of the iteration is p = /|pppy|. For large k, we have the
asymptotic expressions

1 1
4.20 Ry~ ——— d R~ ,
( ) f v + 2vk an P14+ kK
and then
vrkK —1 Vp — 2vk
4.21 ~ d .
(4.21) PP K+ 1 M P oo

So p, tends to z—i and py tends to —1 when £ tends to infinity. Combining the above
analysis with Theorem 3.3 and Theorem 3.4, we can obtain the following result.
THEOREM 4.2. The parallel Robin—Robin DDM (3.4)—(3.5) converges for any 7]})
and 172 if and only if v¢ < .
Moreover, even for vy < =,, further results can be obtained. For the case of
Yp = V¢ =7, and for large k, the convergence rate p has the asymptotic estimation

1
2 \? o 1 v\ 1
4.22 ~ (1= (1——) ol (— L) 2
( ) P < ’ykK) vk (’yK + 21/) k
The estimation implies that the convergence rate in the finite element context will
depend on the mesh size h.

=

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/17/23 to 131.151.26.204 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

1076 W. CHEN, M. GUNZBURGER, F. HUA, AND X. WANG

Now let us consider the case of s < «,. In this case, p, is bounded by

Vs |1—7le>
4.23 p §max< , —— vV k.
(1.23) o0 R

And |p,| < % if the following inequality holds:

1 1
(4.24) -2 <K

T
Recall that 0 < Ry < 5 and min ¢y < 6.41. Therefore if
(4.25) Yo — v < 21/mkin Cr = 12.82v,

then |pg| < 1 for all integral k. Hence for the problem under consideration, we have
stronger results than Theorems 3.3 and 3.4.
THEOREM 4.3. If v5 <, the parallel Robin-Robin DDM (3.4)—(3.5) converges
for any 77? and 7]2, and
e when v = 7p, the convergence rate has asymptotic expression 1 — O(%);
ali |1*wK\)§'

o when vy < 7yp and if (4.24) holds, the convergence rate is max(%, Ee

Moreover if (4.25) also holds, then the convergence rate is 1—2

Remark 4.4. In the serial Robin-Robin DDM, the iteration (4.18)-(4.19) is im-
plemented by

(4.26) T = ppiys = pgy

Then the convergence rate of the serial Robin-Robin DDM is p,pf, which means that
the serial Robin—Robin DDM is twice as fast as the parallel Robin—Robin DDM. In
sections 3 and 5, Ry and R, become operators, but this remark still holds.

5. Finite element approximations. We next consider finite element discretiza-
tion of the Robin DDM that was proposed in the previous section. One of the advan-
tages of considering finite element approximations is that we can then derive explicit
convergence rates, even for the case vy = v, = . Of course, the rate of convergence
will depend on the size of the element h. This is different from the case of vy < 7,
where the rate of convergence is independent of h. We will also demonstrate the con-
vergence of the finite element approximation even in the parameter region of v, < vy,
which may seem unlikely in view of Lemma 3.2. One of the key advantages of the
finite element setting is the availability of an inverse Poincaré-type inequality [8] that
allows us to control various terms.

We consider a regular triangulation 75, of the global domain Q,|JQy, which is
assumed to be regular and quasi uniform. We also assume that the triangulations
Tt.hs Tp,n induced on the subdomains €2y and €2, are compatible on I' and that the
mesh on the interface I' is quasi uniform. The induced triangulation on I'" will be
denoted Bj,. Nonmatching grid or mortar cases will be considered elsewhere. We
denote by X, C X, a finite element space on the porous media domain €2, and
denote by X7, C Xy and Qy, C Qy finite element spaces on the fluid domain €.
We use these spaces to approximate the hydraulic head in the porous media and the
fluid velocity and pressure.
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Specifically, we choose

Xph ={Upn € C°(Y) | Ypulr €Po(T) VT € Ty, %ﬁ\agp\p = 0},
Xpn={vin € (COQN | vinlr € Po(T)? VT € Tpn, Vf,h‘agf\r = 0},
Qrn={apn € C°Qf) | qrnlr €Pu(T) VT € Tpn}

The spaces X, and Q) ¢, are assumed to satisfy the discrete LBB or inf-sup condition
[19, 23].
We also define the discrete trace space on the interface

Zp = {nn € C°T) | mulr €Pa(r) V7€ Bn, nulor =0}
It is easy to see that Zj is the trace space in the sense that
Yph:= Xp,h|p = Zp,
Yf’h L= Xf’h‘r Ny = Zh.

The discrete weak formulation of the coupled Stokes—Darcy problem is then given
by the following: find (uyp,prn) € Xrn X Qfn and ¢, € X, such that

(5.1)

ar(upn, vi) +bp(vi,prn) + gap(dpn, Vp) + (9bp.n, Vi -ng) — (guypn - np, Pp)
+ a(PTuﬁh,Pva) = (f, Vf)Qf VVf S Xf,h,’t/Jp S Xp7h,
br(usn,ar) =0 Vg € Qpn.

The finite element approximation of the decoupled Stokes—Darcy system with
Robin boundary conditions (2.1)-(2.2) can be formulated in the following way: for

given Mp,h € L2(F) and UTRES L2(F), find (¢p7haﬁf,ha]/9\f7h) S Xp,h X Xf7h X Qﬁh such
that

(5.2)
af(Upn,ve) + (Vi Drn) + WYpap(dp.hs Vp) + w(gbpnsVp) + ve(Upn -0y, vy -ny)

+ a(Pgp, Prvy) = (£,vi)a, + Mpn, vi-ng) +wpn,¥p) Yp € Xpn, vy € Xpn,

br(Usn,qr) =0 Var € Qpn

Similarly to the continuous case, finite element approximations of the coupled
Stokes-Darcy system, defined by (5.1), and of the revised Robin approximation, de-
fined by (5.2), are related in the following fashion.

LEMMA 5.1. For Mp,h S Yp7h and ny S Yf’h, ((bp,h,ﬁf,h,ﬁf,h) = (d’p,h,uf,h,pf,h)
if and only if Ny n and nyn satisfy

Np.h = Ppn(Ypug,n - 0g + gdpn), nee = Pron(ypapn -0 — gopn),

where P, and Py, are L?(T')-projections onto the spaces Yy, and Yy respectively;
i.e., forve L*(T),

(Pp.pv,wp) = (v,wp) Ywp, € Ypp, (Prrv,wyp) = (v,wy) Vwy € Yyp.

Remark 5.2. Comparing with the Robin conditions (2.1) and (2.2), we see that
we have heuristically used

Py (v KNV @p -1y + 9Pp 1) = Mp.n,s
Prn(ng - (T(agn,psn) ng) +vypapn-ng) =nfn.
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The choices of the spaces Y, and Yy, are not unique; other choices are also
possible.
The parallel Robin—Robin domain decomposition finite element method is defined
as follows.
1. The initial values of 772,}1 € Y, and 77(},}1 € Yy are guessed; they may be
taken to be zero.
2. For £ = 1,2,..., solve the discrete Stokes and Darcy systems with Robin
conditions independently; i.e., ¢}, € Xp » is determined from

Vpp(Ppns ¥p) + <9¢Z,Lha1/’p> = (Mpins ¥p)  VUp € Xph,

and uf’, € Xy, and p7), € Qy,; are determined from

ap(Wiy, ve) +bp(vy,pfy) +ypaf, g, vi-ng) + o(Prully,, Prvy)
= veng) + (£, vy, Yvye Xpn,
br(ufy,qr) =0 Vg5 € Qpn.

3. 77;?; !and 77?; L are updated by

77}7;:1 = Py n(anyy, +bgdy's), 77;,1;[1 = Ppn(enfy, + duf -ny).

One important observation is that ngfh,n}’_lhﬁgh‘r,u? . nf|F € Zp for all k,

provided that the initial guesses belong to Z;. Therefore, the projections P, and
Py p, in the implementation of the algorithm are identity operators.

We now consider the error functions for finite element approximations, just as in
the continuous case studied in the previous section. Let

m m m m m m
€p,h = Nlp,h = Np.hs €f,0 = Tfh — Nf Ry €pn = bp,n — ¢p7h7

emh =Uufn — u}rfha Gth = DPf.h —p?fh-
It is straightforward to verify that

€pn € Zhs €5y € Zn, egnlr € Zn, e, -nf € Zp.
It is also easy to see that the error functions satisfy the error equations

(5:3) Wap(€gin Vo) +(9€50 Yp) = (€pnsUp)  Vop € Xpn,

ag(en, Vi) +bp(ve ephn) +vpleny, - ng, vy -ng) + a(Pref,, Prvy)
(5.4) = <€?,lhvvf : nf> VVf S Xf7h,
(5.5)  bplen'n,ar) =0 Yaqr € Qyn,
and, along the interface,

efnt = Pru(aeyly, +bgeiy), et = Bpnlcefy, +dely, - ny).

It is easy to verify the following relationship for the error functions, just as in the
continuous case.
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LEMMA 5.3. The error functions satisfy
lepsrtIE = el + (vp = vPllews - nll2 — 20y +p)ag ey, eiy)
f

= 207y + ) [ PreiulIt

2 2
Yf vf
Jemit 2 = (7) lemal2 + (1 - (7) ) lgemllz
p P
)
oy (1 n 7—!’) gy (s ).
p

The key ingredient in deriving an explicit convergence rate for the case of 75 = v,
is the following estimate.
LEMMA 5.4.

lepallE < CUKTHIY2 +ph ™2 KIY2) ap(egn, en)-

Proof. The key in the proof of this lemma is an extension operator. Let Np.n be
the set of nodes for the finite element triangulation on €, and let N, r = Ny alr.
Denote by E, ; the zero extension operator from Y, , = Z to X :

m ooy em(P) i PEN,,
Ep nepn,(P) { 0 if P € Npn\Np,r-

Then, we have

(5.6) [|Epnepiliao,) ® bt Y (Bpneg(P)>m bt > (en(P)” = hllep,E-
PeNyn PeN, r

Note that £ nep", € Xp,n due to the definition of the extension operator and the fact
that €)', € Z,. Hence, we may set ¢, = Ej pe)’, in (5.3) and utilize the Cauchy—
Schwarz inequality to deduce

HGZ,LhH% = Ypap(€g.ns Epn€pn) + (9€4 s €pn)
(5.7) < Ypap(efnedn) P ap(Epney'ns Bpnepi)''* + llgegpllvllens, -

On the other hand, thanks to the inverse inequality for finite element spaces and (5.6),
we deduce

ap(EpﬁeZ,thEp,heZ,Lh) < [K|IVE he;nh”%?(ﬂp)
(5.8) < Ch 2K Epnepill i,y < ChHIKIlepylI7-

Combining the inequality (3.18) with (5.7)—(5.8), we obtain

lepallf < Cyph ™2 IK[1Map (e, €50 2 llept e
+ 9011;/2HK71||1/2%(G$Mezl,h)l/zHeZ,LhHFa
which implies the lemma. a

Remark 5.5. Similar results are available for P; conforming and nonconforming
elements for classical second-order elliptic problems (see [31, 32]).
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Now for v = 7, = v, by Lemma 5.3, we have

lepia I = N€FnlE — dyap(enn, enn) — 4 Prei,If,
I erl||r = Hep hHF 4'79ap(e$haegl,h)'
Combining the above equalities with Lemma 5.4, we deduce

e IR < llefalles  Nera I < (0= Cy(IRTM M2 47k 2 [K]V2) ) epial-

Therefore, we have proved the following lemma.
LEMMA 5.6. For vy = v, = v, we have

llepie IR < (1= Cyh(hY2IKTHM2 +AIKIY2) ) llepty IR,
It IR < (1= Oyt 2KV + AKIY2) =) ller

This further implies convergence with convergence rate proportional to 1 — Ch
for the case of v, = vy = 1.
THEOREM 5.7. If v, = v5 =y, then

ap(egin, egn) +ar(eln, ern) + lepnlliza,) + lgnlt + lefull?
< O(1 = Chy(h'2IKTHM2 + KV 7)) (12 + Il IE) -

Remark 5.8. Now assume that hydraulic conductivity tensor K = KT; then the
convergence rate of the Robin—Robin domain decomposition finite element method
is 1 — Ch since (1 — ChK/(hY/? + vK)=2)z = 1 — O(h) for small h. This result is
consistent with the result (4.22).

In the case vy # 7vp, we have the same result as Theorem 3.4 with geometric
convergence with a rate independent of h.

THEOREM 5.9. If (3.22) is satisfied, then

ap(egins egon) +ag(en,, eny) + |\€g?h|\%2(9f) + ||6Z%H% + He}”hII%
m
g
<CQQ (€002 + eA12)
P

Now we consider the case vy > vy, which is counterintuitive in view of Lemma 3.2.
Nevertheless, at the discrete level, we are able to control the excessive growth term by
the decay terms so long as the parameters vy and -y, are chosen to be close (depending
on K and h). Indeed, thanks to Lemma 5.4, we have

2
Y m v m m
<(7f) - 1) lepnlle =y (1 + 7—f> gap(eg s egn)
D P
2
s(((%)—4>ch1w”+%hhﬂKW”V—w(1+$)g>%@$mﬂw
» p

¥ 1 1 m m
=WQ+$)«—— )UKHW+vhmmW% @%ww%m
P

Yo VS
<0

provided that the following condition holds:
1 1 gh

5.9 N —— — < .
(5:9) <% " = COEIRIE 1, KIV2)2
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An undesirable feature here is the dependence on the mesh size h, but this constraint
is natural since the scheme could be divergent for the continuous problem (see The-
orem 4.2). For every small h, the 4’s must be very close in order to have the above
inequality satisfied. This would lead to a very slow convergence rate.

We then have, when combined with Lemma 5.3 and under assumption (5.9),

etz < el = 2007 + p)ap(em,, en) < Iefl2 — rpar(ely, eiy),

f
et < gl =25 (14 22) gaplefinneti) < Il 2vsganletnn et
p

Summing the two inequalities for k& from 0 to IV, we deduce the convergence of
eg, and ey, that leads to the convergence (without rate) of all quantities involved.
A rate of convergence can be derived just as in the case of v, = 7. Indeed, we may
deduce, with the help of Lemma 5.4 and the last inequality above,

PR < (1= Cyph(h 2 [KHM2 + 2 1K) 72) ey 17
and hence we obtain

e IR < (1= Cyph(RM2 K2 4y 1K) 2) el IR,

IR < (1= Coph(hM 22 4 YY2)72) e

This further implies convergence with convergence rate proportional to 1 — Ch for the
case of 5 > 7, under the additional constraint of (5.9). Therefore, we have proved
the following theorem.

THEOREM 5.10. For v > v, assume that the additional constraint (5.9) holds.
Then, we have the following convergence result for our parallel Robin—Robin domain
decomposition finite element method for the coupled Stokes—Darcy system:

ap(egnseon) +ar(enr s, ery) + ||82?h”%2(9f) + Hﬁzth% + HafnhH%

< C(1 = Cyph(B2 K2 4+ 1K) ") UE (eplIR + [leFIR) -

6. Computational experiments. We present some preliminary computational
results based on the parallel Robin-Robin domain decomposition finite element method
for the coupled Stokes—Darcy system with the BJSJ interface boundary condition.

The following example is used in the parallel Robin-Robin DDM. Let Q, =
(0,m) x (=1,0), Q¢ = (0,m) x (0,1), and let I' = {0 < 2 < 7,y = 0}. Assume
that the hydraulic conductivity is homogeneous and isotropic, i.e., K = KI, and we
have the solutions

ugy = (y) cosz, uso =v(y)sinz, ps =0, ¢p = €eYsinz,

where v(y) = —K — 82 + (—3% + I(Tz)y2 Then these functions exactly satisfy the
Stokes—Darcy system with the BJSJ interface boundary condition.

We now consider the differences between iterations of the Robin-Robin DDM
and the exact solution of the discrete finite element problems; the convergence and

superconvergence behaviors have been analyzed in [7]. Specifically, in Figure 6.1, we
lu?y —uyrnll,2
llag.nlle2

the other three relative errors 125 —9nllez Imgn=nrrlle = q Wy =m.nlle2
onll2 7 Mg nllez 2 17p,n 11,2

the same. The computational results presented confirm our theoretical convergence
analysis.

plot the relative errors versus the iteration counter m; the results of

are almost
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Bl
100 | E,B/BB/E/E' Y12y Z/D/ZB/Z

0 E/B’E"E{'/B =77 10° 1 )
10 - B"BEE b +yf=2~(p
el g "
1 ot

K
'E—%aa)j++*+++*+’**'**'+* X
"
NSRS

luf'y —uy nll,2

F1G. 6.1. Relative errors
llag nllp2

of Robin—Robin DDM versus m. Left: parallel version.

Right: serial version.

By setting K = 1, v = 1, « = 1 and v, = 1, Figure 6.1 shows that, for the
Robin-Robin DDMs,
o if 75 < v(yr = 27 or 37p), convergence is very fast;
o if v¢ > v, (v = 37p or 2,), the iterative method diverges;
e if vy = ~,, the iterative method converges, but with a slow rate;
e the serial implementation is twice as fast as the parallel one.

7. Conclusions. The convergence behavior of Robin—Robin DDMs for the
Stokes—Darcy equations were studied. The geometric convergence can be obtained
for appropriate choices of the parameters both for the continuous PDE and the finite
element, and it is possible to get the convergence rate independent of the mesh size,
which is different from the recent results obtained in [41] for the classical second-order
elliptic problem.
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