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Abstract

We extend a recently proposed stochastic loss reserving model for liabilities from incurred
but not reported (IBNR) micro-level claims. We propose viewing the number of claims
from an event as a measure of catastrophic severity. This view covers catastrophes with
arbitrarily many classes of magnitude. Our Markovian model allows the time between dis-
asters to depend on the previous event’s level of severity. Simultaneously, we let the dis-
count rate vary in the same manner. First, we find the moments of IBNR liabilities in our
model. Then, we permit a later time horizon for IBNR claims when considered jointly with
incurred and reported claims.

Keywords IBNR - Markov renewal models - Markovian discount rates - Random
thresholds - Catastrophes

1 Introduction

Tarbell (1934) introduced the idea of insurance claims being “incurred but not reported”
(IBNR) and created the “chain ladder” to model reserves. Tarbell multiplied the previous
year’s IBNR claims amount by the ratio of change in the incurred losses amount. Con-
tinuing to reserve aggregated claims, Bornhuetter and Ferguson (1972) advocated calling
“IBNR” future developments on reported claims. Of course, modeling individual (micro-
level) claims could be more detailed than aggregated claims. Micro-level claims used to
be studied separately from IBNR reserving, like via compound random sums. For exam-
ple, Léveillé and Garrido (2001a, b) found the moments of a “compound renewal present
value process” with a non-zero force of discount.

Micro-level modeling of IBNR claims has recently received increasing attention.
See Landriault et al. (2017) for a review of the literature on such modeling. They con-
sidered a compound renewal claims process, incorporating reporting lags and the time
value of money at a constant discount rate. Importantly, they introduced events with claim
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batches to address the intuitive fact that many claims may result from catastrophes like nat-
ural disasters or a pandemic. They primarily studied the discounted IBNR claim amounts.
They also modeled these jointly with the discounted incurred and reported (IR) claim
amounts.

In this paper, micro-level claims with IBNR dynamics interest us rather than earlier,
classical aggregated approaches. We build upon the main results of Landriault et al. (2017)
for IBNR and IR liabilities. For motivation, consider clusters of record-breaking hurri-
canes. In 2017, the USA experienced hurricanes Harvey, Irma, and Maria. In 2020, Central
America faced hurricanes Eta and Iota. Seasonal patterns aside, such storms challenge the
assumption that interevent times are independent and identically distributed (iid). Storms
such as hurricanes and typhoons come in several categories of severity. Yet not even all
category 5 hurricanes are equal.

In light of the foregoing, we propose to let the interevent times for bulk claim arrivals
depend on the severity of the previous event. The claim batches are the main source of cat-
astrophic insurer losses in this model. So, we measure the severity of a catastrophic event
by the number of claims the event caused. But we follow the actuarial modeling convention
of keeping separate the frequency and severity of the individual claims themselves. Within
our approach, we further reflect the fact that natural disasters may occur within more than
two orders of magnitude. While we specifically mentioned hurricanes, extreme weather
events are not the only such natural disasters. For another example, consider earthquakes
and their associated after-shocks, which may not be iid events. Our model allows any num-
ber of categories, or orders of catastrophic magnitude.

We articulate now precisely how we extend the claim-batch feature of Landriault et al.
(2017). For every k in the nonnegative integers N, they let C, be the number of claims from
event k. Extending this assumption, we partition N into (possibly random) intervals. To
do so, we let v from the positive integers N* represent a number of classes of severity. For
each event k, we introduce a row vector @, = (Ql,/w R Qv,k) of integers. For all k in N, we
assume that

0=01, <0y < <Oy 14, <0y < €))

almost surely. Hence, the vector Q) associates v increasing thresholds with event k. For all
kin N, we assume C, and Q,, are independent. Then the random variable J, defined by

Jy=sup{l : Q;, £ C} )

represents the level of catastrophic magnitude of event k, with severity increasing from lev-
els 1 to v. Notice that defining J, does not require explicitly specifying the joint distribution
of the components in Q,.

We let the distribution of the time 7, between events k — 1 and k depend on the value of
Jy._; for k in N*. This idea previously appeared in a ruin-theoretic context, without batches
of claims. Albrecher and Boxma (2004) and Li and Sendova (2015) adjusted the claim
arrival rate by comparing the size of each individual claim to a random threshold. They
only modeled two risk classes, albeit hinting at the possibility of more classes. Our inno-
vation, then, uses claim counts as an analogue and indeed allows many risk classes. Our
approach turns the random threshold into random intervals. This Markovian relaxing of the
usual renewal assumption in modeling IBNR liabilities from catastrophes is our primary
contribution to the reserving literature.

Usually, the literature assumes money grows compounded continuously at a constant
rate 6. In other words, a unit payment at time ¢ has the present value exp(—ét¢). Stochastic
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discount rates have received some attention, such as Léveillé and Adékambi (2011);
Léveillé and Hamel (2019). However, they still ignored multi-claim events. We assume a
particular stochastic discount rate structure. Consider central banks cutting interest rates
early in the current COVID-19 pandemic; catastrophic scenarios can change discount rates.
On the occurrence of event k at time T}, for k in N, we assume a constant discount rate 6,
takes effect until event k + 1. The rate §, is possibly random, and its distribution depends
on the value of J,_, in the same manner as the distribution of the interevent time z,. This is
our secondary contribution.

Some other approaches to micro-level reserving have recently appeared in the literature.
Wahl et al. (2019) assumed the number of individual claims followed an overdispersed
Poisson distribution with each claim resulting in multiple payments by a Poisson process
in discrete time. Lindholm and Zakrisson (2022) extended the model of Wahl et al. (2019)
to allow claims to close and reopen. Like Wahl et al. (2019), Bischofberger et al. (2020)
extended the chain ladder to individual claims. However, they used hazard rates associ-
ated with payment-producing claims to develop a continuous-time version of the chain lad-
der. In a completely different approach, Wiithrich (2018) applied regression trees to predict
how many payments are made. For a parametric model, see Yanez and Pigeon (2021); for
variations on the expectation-maximization algorithm, see Verbelen et al. (2018) and Fung
et al. (2021). For other examples of the burgeoning interest in individual-level reserving,
see Avanzi et al. (2021), Boucher (2021), Chaoubi et al. (2022), Duval and Pigeon (2019),
and Delong et al. (2021). For surveys we refer readers to Taylor (2019) and Blier-Wong
et al. (2021).

We organize the paper as follows: Sect. 2 articulates how we make our model Markovian,
and we derive a generalized form of the renewal function. In Sect. 3, we give recursions for
the finite-time moments of claims in our proposed model. We look at IBNR moments alone
in Sect. 3.1, and the joint IBNR/IR moments in Sect. 3.2. Finally, we discuss some distribu-
tional assumptions allowing tractable computation and fitting our model to data in Sect. 4.

2 A Markov Renewal Model
2.1 Dependence Structure

Now we specify the Markovian structure we impose on the quantities defined in the intro-
duction. We will use v in N* to mean the number of severity levels throughout the rest of
this paper. Likewise, [ will indicate the severity class, and k will refer to the event number.
Recall the quantities {Cy };»¢ and {Q };-o from the introduction. Landriault et al. (2017)
assumed {C; }; are iid. Including their assumption, we suppose that the random vectors
{(Ce- Qs> - » Qu i) Yiso are iid, which makes {J } ;¢ iid.

Let T, be the time of event k, and assume 7;, = 0 almost surely. Then the interevent
times are 7, = T; — T;_, (almost surely) for k > 1. We assume that T}y and the {7, };,, are
mutually independent. For any given k, we assume that Q,, as a vector-valued random vari-
able, Cy, and 7, are mutually independent. Similarly to Albrecher and Boxma (2004), for
k>0and1 << vwelet7,, depend on C, and @, according to

Pr(tg, <x|Jy=1)=Pr(r; <x|Jy=1) := F)W). 3)

Each F; is a proper distribution function (df) with F,(0) = 0.
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As mentioned previously, we assume discount rates follow the same structure. Let
{6;}1>1 be a sequence of random variables. For k>0 and 1 </ <v, we assume &,
depends upon C, and Q, according to

Pr(6, <z|Jy=1)=Pr(6,<z|Jy=1) := D). )

Each D/(z) is a proper df with D,(z) = 0 for z < 0. Note that we do not say D,;(0) =0, to
permit discount rates of 0. Apart from J, 6, is independent of all other model quanti-
ties. Permitting each &, to be random leads to expressions containing terms of the form
Dl(s) = /0°_° e™%2D,(dz). Here, 0— means to include any jump in D,(z) at z = 0.

2.2 A Generalized Markov Renewal Function

We define the standard counting process as N(f) = sup{k : T, <t}, ie. the number of
claim-causing events by time ¢z. We denote the “Markov renewal function” given J, =1
by H(t)=E (N(t) | Jo= l) for 1 <I<v. Meanwhile, we will write the “delayed”
Markov renewal function as H,(f) in Corollaries 2 and 3. More generally, we denote
E,X)=E (X | Jo = l) for a given random variable (rv) X.

For our purposes, we prefer to define the function H,,(z) for n € N, given by

k
N()
H, ()= E (Zkzl exp <— Z najf_,.) | Jy = 1).
j=1

The reason for the 7 is because terms of the form exp (—n6 1) appear in the recursion rela-
tions given in Theorems 1 and 2. We interpret H, () (Where n = 1) as the expected present
value of the sum of unit payments made at each event time until z. More generally, H,,(t)

can be interpreted the same as H,(r) except with discount rates nd; instead of 6. Let I(A)
be the indicator function of a set A. Notice that when n =0 or D,(z) = I(z > 0) for all
1 <1< v, Hy,(¢)is simply the Markov renewal function H,(r) = (N(t) | Jo = l).

We need the following proposition in order to express our main results in Sect. 3 with-
out requiring the conventional constant force of discount. To express H,(¢) in Proposi-
tion 1, we introduce some more notation first. We write y¢(z) = E (21 (J, = 1)) for all
kin N. The y(z) form a discrete analog to the functions introduced by Albrecher and
Boxma (2004). We use the subscript C in the () to emphas1ze the importance of the
claim batch sizes. For 1 <[/ <v, we denote G, () = /0 Dl(nx)F,(dx) Then we write
G, () = xc(1)G,(®), in which the v-dimensional row vector y (1) has yc,(1) in entry /,
and the v-dimensional column vector G, (¢) has G,,,(¢) in entry /. We adopt the convention
of suppressing the subscript / when v = 1 (as in 7;, ~ F). So our definition of G, () makes
sense. We write the convolution of two df’s F and G as F % G. For g > 1, F*4 is the g-fold
convolution of F with itself. When g = 0, F*9(¢) becomes I (t > 0).

Proposition 1 For all n € Nt and each 1 <1< v, the function H 1 may be expressed as
Hy () = Gy + X2, Gy % G(0).

Proof (Proof of Proposition 1) To obtain H, (1) for 1 <I<v, we use iterated expecta-
tion conditioning on 7, 6;, and J,. The key observation is that N (t + Tl) —1|J,=1and
N(t) | J, = [ have the same distribution. This follows from the regenerative form of F;
(c.f. Janssen and Manca (2006)). First we find
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Hn|1(t) = Gn|l(t) + Z ;(C|m(1)/ Hn|m(t - X)Gn|[(dx)~ (5)
m=1 0

Let I be the identity matrix with v rows and columns. Now, take the Laplace-Stieltjes trans-
form IT:I,,I i(s) of H,,(7) in Eq. (5). Writing the result in matrix form and rearranging, we get

I- Gn(s) Xc() iln(s) = Gn(s). Here, ﬁn”(s) is in row [ of the v-dimensional column vec-
tor H 2 (8).

We solve for I~1n(s) next. By the Sylvester determinant theorem, the matrix
I- Gn(s)xc(l) has the determinant 1 — )(C(I)Gn(s) =1- Gn(s). For all s with posi-
tive real part, this determinant is non-zero, verified as follows. For each 1 <m <v,
1G ()| < F,,(0) = 1 because |D,,(nx)| € (0,1) for all x with positive real part. Hence,
lxc(DF, ()] < X _, Xcim(1) = 1, implying that I — G, (s) ¥ (1) is invertible in the posi-
tive half-plane. Finally,

[oe]

i, = (1-6,02c)) G, = )y (6.62c0) 6, .
6,0 Y (2c08,0) = 6,6/(1 - 2c0E,0) "

q=0

From Eq. (6), we can write

~ > ~ = 1
2c(DG,(s) = G,(s) = Hy(s) = G"”(s)l——f;n(s)’

where Hnl ,(s) is the entry in row [ of fln(s). Inverting the Laplace-Stieltjes transforms leads
to

H,y(0) = G0 + Gy x Y G0 = G(0) + Y, Gy x GR(0).

g=1 g=1

O

To address the “delayed” Markov renewal case, we suppose that 7; ~ F; and 6, ~ D,,.
Without assuming the proper df F|, to be one of the F, for 1 <1 <v, we will still impose
Fp(0) = 0. Let G, o(1) = fot Dy(nx)Fy(dx) to express Corollary 1.

Corollary 1 Let F,, and D, be arbitrary proper df' s with support on (0, ) and [0, ),
respectively. The function H, (1) = E (Zgi? exp <— 211;1 n6j7j> | Jo = 0> may be
expressed H,o(1) = Go(0) + X2, G, % G (0.

Proof (Proof of Corollary 1) We condition on 7,, §,, and J, again. This time, we have O
instead of / in Eq. (5). Taking Laplace-Stieltjes transforms, we notice
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H,0(8) = Gpyo(8) + 2 «(DH ()G, (5)
~ ~ ~ -1 _
= G + xc1G,O(1 = %16, Go(o) %
= Gpo() + G (1 = Go(s)) ™ G(s).

In the second equation of Eq. (7), we substituted the last equality of Eq. (6). Recall that
xc(1G,(s) = G,(s) is scalar. Laplace-Stieltjes inversion completes the proof. O

3 Modeling IBNR Liabilities for Several Severity Classes

This section contains the main results for our model. Section 3.1 addresses IBNR claims
alone, while Sect. 3.2 covers IBNR and IR claims jointly.

Now we recall some quantities from Landriault et al. (2017). First, we introduce the claim
severities and reporting lags. Consider the event & at time 7. For claim i, denote the corre-
sponding deflated severity and reporting lag by X;, and W;, respectively. We assume {X;, }
and { W, } are both iid, with respective df’s P and K. Further, let X; ,, and W, , be independent
whenever either i # j or m # n.

We denote the conditional df of W, |z, =t by Ky, (w|?), and of X; |7, =1, W;, = w by
Py, w(x|t,w). Thus, the joint distribution of (7, W;;,X;,). conditioned upon J,_, =1, is
Fi(0OKy,(w[t)Py, w(x|t, w), extending Landriault et al. (2017). We will later use the func-
tions which they called &, (x, ) and #,,(x, ). As they did, we say £(-) is some nonnegative func-
tion of the lag W; ;. This #(-) is meant to incorporate scenarios around the lags, such as infla-
tion at rate e: that is, £(w) = e~". Note that when we speak of claim liabilities in this paper,
we mean ¢ (W, )X, . Then, with u,(t,w) = E (kalrk =1, Wy, = w) for n € N*, the func-

tions &, and #,, are

E,(x, )= / @ W), (x, w)KWlT(dwlx), 0<x<t, (8)

—X

n,(x, 1) = / (W), (X, WKy (dwlx), 0 < x < 1. )
0—

By assumption, (7, Wi, X, ) IJ,_, = [ and (z;, W, |, X, )|/, = [ have the same joint distri-
bution for all k > 1. So, it is easy to see from Egs. (8) and (9) that

&0y = E([£(W )X I"T(Wy; >t =x)|7y =x),
0,0 = E([£(Wy )X 1" T(Wy, <1—x)|7, =x).

Therefore, we may interpret &,(x, f) (respectively #,(x,?)) as the nth moment of the non-
discounted IBNR (respectively IR) liability from one claim at the first event time, given
T, =x<1.
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3.1 Moments of IBNR Claims

We want to study the total IBNR liabilities valued at time 0. Incorporating the Markovian dis-
count rate structure, we write these IBNR liabilities Z(7) as

N()

k Cy
Z(t) =Y exp <— D 5].1].) D (W) (Wi + T, > 1) X,
j=1 i=1

k=1

With y >0, we write the Laplace transform of Z(r) given J,=1[, for 1 </ <v, as

y”(t) = E (exp(— yZ(t))) Further, we signify the Laplace transform of the rv X (condi-
tioned upon = and W) by Py, y(rIx,w) = E (7% | ¢ = x, W = w). Before analyzing Z(1),
first let the function ¢, (x, £;7) be given by

) =1+ / (PXlT’W(ye_”f(w)lx, w) — I)KW|T(dw|x), 0<x<t
1—x

This g, is the Laplace transform of the (discounted) IBNR liability from one claim at the
first event time, given 6, = z and 7, = x < ¢. Extending (Landriault et al. (2017), Eq. (3.1))
we find, for each1 <[ < v, that

Lo =F@+ / / xc(&,061:2)) L (t = x)Dy(d2)F (). (10)
0 0-

Now, Eq. (10) is “Markov renewal-like”, but not truly of Markov renewal form. On
the right-hand side, x appears in the Laplace transform parameter value ye™. Similar
comments apply to ¢, (x, ;z). But if we differentiate Eq. (10) n times with respect to (wrt)
y and set y = 0, we do get a Markov renewal-form equation for the nth moment of Z(z).
So, we find a Markovian extension of the renewal-form Eqs. (3.2) and (3.3) of Landriault
et al. (2017). According to our notational conventions, E ,(Z"(¢)) signifies the nth moment
of Z(z), given J, = [. For matrix usage, we also denote M, (1) = E (Z"(¢)). We continue
writing / = 0 to mean the delayed Markov case (7, ~ Fy and 6; ~ D).

Forl <k <r<n,leté&(x,1)bea(r—k+ 1)-dimensional row vector with the ith entry
given by Eq. (8). Denote the Bell polynomial in &(x, 1) by B, ,(&(x, ). This function B,
arises when applying “Faa di Bruno’ s formula” (e.g. (Johnson (2002), Eq. (2.2))) to
2c(,(x.10). Define By (x,1) = Yies ;(Cl )()B, ((£(x, 1)) for | <1< vand 0 <x<r. Then
let B*(x t) be the v- d1mens1onal row vector with B (x,7) in entry /. Equations (3.2) and
(3.3) of Landriault et al. (2017) extend to our delayed Markov renewal model as follows:

M, @) = [) X (DM, (1 = )G 1o (dx) + v,,0(D);

n

vnlO(t) = Z <}: > /0 Bj(X, I)Mn—r(t - X)Gn|0(dx)-

r=1

Y

In Eq. (11), M,,(¢) is the entry in row [ of the v-dimensional column vector M, (¢). For all
0 <1< v wesetE, (Z0) = 1for; 5 . Now we may solve for E ((Z"(1)) as a certain inte-
gral with respect to the generalization H,, of the Markov renewal function introduced in
Corollary 1. The following theorem generalizes (Landriault et al. (2017), Theorem 1), their
main result for the IBNR moments. The v-dimensional column vector v,(¢) has the entry
Vu(8) in row L.
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Theorem 1 Letn € N*, v, ~ Fy, and 6, ~ D,. Then, we have:

E(Z"(1) = v, () + / Xy, (1 = )H,, o(dx). (12)
0

Proof (Proof of Theorem 1) Setting F,, = F, for each1 < 1 < v, we express Eq. (11) in matrix
form as

t
M, = / Xc(HM, (t — x)G,(dx) + v, (D).
0
We follow the arguments regarding Eq. (6) to solve for the Laplace transform Mn(s) of
M, (1). We get
L X996, (5)
1= xc(DG, ()

Notice in Eq. (13) that the matrix product y~(1)¥,(s) is scalar. Therefore, we can premulti-
ply Eq. (13) by (1) to get

M, (s) = ,(s) (13)

2c(DG,(s)

Xe(DM,(5) = xc(D)P,(5) + 2 (1P, (5) 2
1 - xc(1)G,(s)

14
_ xcDh,®) (o

1-G,(s)

since Xc(1)G,(5) = G,(5). Now we substitute Eq. (14) into the Laplace transform of
Eq. (11):

Myo(8) = D,10(5) + 2 (DM, ()G, 1o(5)

- n N (15)
= Dy0(8) + X (VP ()H,, o (5).

The second step of Eq. (15) uses Eq. (7). Laplace transform inversion gives Eq. (12).
O

Note that E ;(Z"(¢)) depends on E (Z'()) for all 1 <1 <v and | < r < n. This shows
that the distributions F, for all v risk classes collectively affect the IBNR moments. We can
simplify Theorem 1 in two ways. First, let the discount rate be constant. Second, assume
there is only one risk level, meaning the renewal assumption of Landriault et al. (2017).

Corollary 2 Letn € N*. Let 7, and 5, have arbitrary df’s Fy and D, respectively.

1. Assume the discount rate is constant, namely D,(-) = 1(- > §) for 0 <1 < v. Then,

Eo(Z" (1)) = v,0() + / e y (1w, (t — x)Hy(dx). (16)
0

2. Assume for k > 2 that T, are iid with df F and 6, are iid with df D, equivalent to setting
v = 1. Then,
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BoZ0) = v+ [ 3,0 =t a7
0

Both cases of Corollary 2 subsume (Landriault et al. (2017), Theorem 1). In Eq. (16),
first set Fo = F) for each 1 <1 < v to get the ordinary Markov renewal case. The result-
ing matrix equation is M, (¢) =v,(t) + fo —néx Xc(y,(t —x)H(dx). Now let there
be only one risk level. When v = 1, recall Xc(1) becomes xc(1) = E (1€) = 1. Each
of M,, v,, and H becomes scalar, retrieving (Landriault et al. (2017), Theorem 1).
In Eq. (17), imposing the additional assumption Dy(-) = D(-) = I(- > 6) means that
/Ooo e G, (dx) = F(s + né). Setting F,; = F, Corollary 1 implies that

F(s + né)

- =H(s+né) = / e~ ™ H(dx).
1—F(s+nd) 0

H,o(s) =
We have again found (Landriault et al. (2017), Theorem 1).

Proof (Proof of Corollary 2) For both cases, the proof involves Laplace transformation of
Eq. (11), rearrangement, and Laplace inversion.

1. Under a constant discount rate 6, we see that G lo(dx) = e "XF o(dx)- This GnlO has

Laplace-Stieltjes transform F (s + n6). The Laplace transform of Eq (11) becomes
Mn|0(s) =Fy(s+ né))(c(l)l\'\ln(s) + Dpjo(8)- (18)

Setting Fo = F} for each | </ < v, we may write Eq. (18) as a matrix equation for M (s)-
So, follow the derivation of f, 11(8)in Sect. 2 to solve M (s) = F(s + né) )(C(I)M (8) + 9,(5)
for Mn(s) As aresult, Mn(s) satisfies

M, (5) = 9,(5) + xc(1)P,(s)H(s + né).

Substitute this solution for Mn(s) into Eq. (18) and repeat the steps used to derive
Eq. (15) in the proof of Theorem 1. Then Eq. (16) follows upon Laplace transform
inversion.

2. Whenv = 1, the vectors in Eq. (11) revert to scalars. Now Eq. (11) possesses the Laplace trans-
form 1,4 () = M,,(5)G () + P, (s). Letting Fy = F,we get M, (s) = M,,(5)G,,(s) + 9,,(s).
This “ordinary renewal” case has the solution M, (s) = ,(s) oo (G, (9))". We insert 17, (s)
into #1,,,(s) and recall by Corollary 1 that H,5(s) = Gpyo(s) ZZ" o (G,(5))". Then Eq. (17)

corresponds to Laplace inversion of M, 110(8) = Dyj0(8) + D, (9)H o (s). O

3.2 Joint Moments of IBNR and IR Claims

We shall similarly generalize the main result of Landriault et al. (2017) for the IBNR and
IR joint moments. As a counterpart to Z(¢) in Sect. 3.1, we define

N(1)

Zir(t):zexp( Z‘“)Zf L(Wiy+ T < 1) Xy

k=1
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Then Z;.(f) represents the total liabilities incurred and reported by time ¢, discounted to
time 0. Letting A > 0, for g,y > 0 we define a joint Laplace transform, given Jo=1
namely ZM”(:;A) = El(exp (—ﬂZi,,(t) —yZ(t+ A))). Now, to begin analyzing Z,},H,(t;A),
we need not only ¢, 12) but also a function C,;,y (x;tl, lz;Z). Forallg < x < t, <ty WE will
find the function ¢, , (x;tl, tz;z) is given by

Cﬂ,y(x;t,,tz;z) = E(exp (—e"“z,”(W,’])X]YI{ﬂI (W],1 <t —x) +yI (Wu >t —x)}) | 7, :x).

In contrast to {p, 8y is the joint Laplace transform of the discounted IR liability and
the discounted IBNR liability from one claim at the first event time, given 6; =z and
7 = x <1} < f,. By conditioning on 7y, 6,, and J,, we express the delayed case Lg,10@:A)
in “Markov renewal-like” form:

+A 0
Ly 0(t:A) = Fy(t + A) + / / xc(8, et + As2))L, o (t + A — x)Dy(d2)Fy(dx)
t 0-

t [+S)
+ /0 /0 Xc(8p, (et t 4 Ai2))Lgy o (t = x:8)D(d2) Fy (d).

19)
We denote the moments of Z;,(f) and Z(¢ + A), given the initial risk class Jo=1,by
M, (t:8) = E((Z(DZ"(t + A)). As before, M,, . indicates 7, ~ Fj and 6; ~ D;. Recall
the function B:‘l(x, fH)forl1 <I<v,1<k<r<n,and 0 <x <t from Sect. 3.1. For two
numbers m and n, we denote m A n = min (m, n). In the present bivariate situation, now
consider the indices 0 S 1Ag<j<g<mand0 <1 Ar<k<r<n Letthe(g—j+ 1)
dimensional row vector ﬂ(X, t 1) have the ith entry according to Eq. (9). Once again, let the
ith entry of the (r — k 4 1)-dimensional row vector §(x, fz) be Eq. (8). Instead of B:‘l [0,
we define B;,ru(x;’l’tZ) for 1 <I<vand 0 <x<r <t This B;,r“(x;tl,tz), which we

write in column / of the -dimensional row vector BZJ (x;tl, t2), satisfies

q r .
Blwtion) = 2 X ey 0B (1)) Bra(6(x.))
J=1Aq k=1Ar

Now we are equipped to analyze Eq. (19) via Markov renewal equations. We take the
partial derivative of Eq. (19) m times wrt § and n times wrt y. Then we set (8,7) = (0,0).
If m = 0 here, setting g = 0 simplifies Eq. (19) to Eq. (10) evaluated at r + A. So, we
assume m > 1 in the following. Analogous to v, o(?) in Sect. 3.1, we have the function
Vimao(:8) | given by

n m t
Vo (t:A) = Z Z ( ’Z ) ( ’: > /0 B, (it 1+ DM, (8 = 58)G 910 (A).

r=0 g=0
q+r>0

Finally, we have the following extended version of the renewal-form (Landriault et al.
(2017), Eq. (3.17)):

t
Mm,n|0(t;A) = / XC(I)Mm,n(t - X;A)G(m+n)|0(dx) + vm,nlO(t;A)' (20)
0
Using Eq. (20), Theorem 2 generalizes (Landriault et al. (2017), Theorem 3).
Theorem 2 Letn € N,m € NY, and t; ~ Fyand 6, ~ D,. Then, we have:
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EO(Z;:’(t)Z”(t + A)) = Vyao(BA) + / X, , (1 = X 8)H 4 y10(dX). (@3]
0

Establishing Eq. (21) in Theorem 2 from Eq. (20) is analogous to the proof of The-
orem 1. We may specialize Theorem 2 in the same fashion that we simplified Theo-
rem 1. Both cases of Corollary 3 continue to generalize (Landriault et al. (2017), Theo-
rem 3). Our comments in Sect. 3.2 about how Corollary 2 contains (Landriault et al.
(2017), Theorem 1) equally apply here.

Corollary3 Lern € Nand m € N*. Let T, and §, have arbitrary df' s F, and D, respectively.

1. Assume the discount rate is constant, namely D,(-) = 1(- > §) for 0 £ 1 < v. Then,

t
Eo(Z](Z"(t+ B8)) =v,,,0(:4) + / e x (1), (1 = x;8)Ho ().
0
2. Assume for > 2 that T, are iid with df F and 6, are iid with df D, equivalent to setting
. Then
v=1 >

t
EO(Z;:’(I)Z”(I + A)) = Vyao(BA) + / V(8 = X38)H 410 (dX).
0

The proof of Corollary 3 is essentially the same as that of Corollary 2, so we omit it.
In Theorem 2 and Corollary 3 (1), the joint moments EO(ZI.’;‘(t)Z"(t + A)) depend on the
lower-order conditional joint moments for all risk classes1 <[ < v.

4 Computational Aspects

Landriault et al. (2017) suggested using Erlang mixtures for the interevent time and
reporting lag distributions. They observed that this allowed tractable computation of the
moments E (z"(¢)) and E (ZInZ"(t + A)). Now, one might expect less tractable computa-
tions with multiple orders of severity and our Markovian discount rates. But certain distri-
butional assumptions still provide some tractability.

We discuss computation under multiple risk classes first. Now, recall that we never fully
specified the joint distribution of @, to define J, in Eq. (2). We only assumed the condition
Eq. (1) and that {Q, },, are iid. One natural choice for the distribution of Q,, is deter-
ministic thresholds. For random thresholds, one could let the {OQ1x — Qi_14},_, be inde-
pendent. (Recall Q,; = 0 almost surely.) Another choice would be to define iid random
variables {I', },., on the positive integers. Then let Q;; = a,I'; for constants @, in N with
le{l,...,v} sétisfying O=aq <a<- <a, < oo Both of these random choices gen-
eralize the deterministic thresholds choice. For the distributions of the {Q;x — Qi-14}/_,,
we suggest using discrete phase-type distributions, which are closed under convolution
(see Bladt and Nielsen (2017)).

Now let us consider general distributions D, for the discount rates ,. One obvious
choice would be a constant rate x, > 0 when in severity class /, namely D;(z) = 1 (Z > K,).
Then the distribution functions G, would maintain the Erlang-mixture form suggested for
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the F;. The same would be true for any discount-rate distributions D; taking a finite number
of values each. One interesting such choice is to let the discount rates 6, be a common con-
stant k,, > 0 with probability 1 — p or the value k; > 0 with probability p. In other words,
the distribution function p,is D,(z) = (1 = p)1(z > «,) + p1 (2 > K)).

We look at independent discrete phase-type distributions for {Qx — Q1 4},_, next.
For all j < . let Ry = Qpy 14 — Oy almost surely for I </ <v —1. 1In the following, e
is a column vector of 1’s, 0 is a matrix of 0’s, and I is an identity matrix. The dimen-
sions of e, 0, and ; may be inferred from the context. Let {R;;}'=! be independent and
assume for 1 <1 <v — I that R;; has the discrete phase-type distribution DPH (7,,0,). The
row vector m; satisfies e = 1 and has the same number of columns as the matrix ©,. This
@, is a subtransition matrix with corresponding vector 6, = (I - 91)8. Then (Bladt and
Nielsen (2017), Theorem 1.2.65) tells us that for 1 </ <v -1, Ok has the distribution
DPH(a,,,S,,,). For2 <1< v —1, the row vectors a,,, and matrices S, are given by

S, s,
a1 = (@.0) and Sy, = (01 (la:ll>’

where @, = m; and §, = @,. The column vector s, corresponding to §, is §; = (I - S,)e,
and §, = 6,. The following lemma is straightforward.

Lemma 1 Ler C and Q be independent mndom variables on . If Q has the distribution
DPH(a,S), then E (:°1(C < 0)) = E(a(z5)‘),

Because of assumption Eq. (1), it is clear that Zl LV Xei(@ = ( Gl (Ck <O k)) for
1 <I<v-— L Recall that 3 _, x¢i(2) = ( ) Then by Lemma 1 we have the following
proposition.

Proposition 2 For all ke N, let R, = Q)1 — Oy almost surely for | <I<v—1. Let
{Rih ! be independent. If R, has the discrete phase-type distribution DPH (7[1, 91) for
1 <1< v—1,thenthe {)(CU(Z)};: may be expressed as

Xen@ = E (az(zSz)Cke>,
teu@ = E (a,ﬂ(zs,ﬂ)cke) _E (a,(zS,)C‘e), for2 <i<v—1,
Xon@ = E (%) - E (“v(zsv)%)'

The importance of Proposition 2 is that the y¢,(z) are expectations wrt C; only. This is
just like the case of deterministic thresholds Q; . For some choices of the distribution of the
C,» we can therefore make the Xc1i(@) entirely explicit. One example would be the so-called
“Panjer class”. Since (Sundt and Vernic (2009), Theorem 2.6) reminds us the Panjer class
is the Poisson, Negative Binomial, and Binomial distributions, we can specialize Lemma 1.
We ignore the distribution degenerate at zero.

Lemma 2 Let C and Q be independent random variables on % has the dzsmbunon
DPH(a, S) and the nondegenerate C is from the Panjer class, then E(“1(C < Q) is given
as follows:
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1. E(z1(C < Q)) = aexp (A(zS —I))e, when C is Poi(A).
2. E(z°I(C < Q) = =p)'ad — pzS)"e, when C is NB(n, p).
3. E(°I(C < Q) = a((1 = p) + pzS)"e, when C is Bin(n, p).

Proof (Proof of Lemma 2) We can apply Lemma 1 to the expectation E (zc I(C < Q)). Then
the proofs of (1) and (3) are straightforward. For (1), we just point out the series expan-
sions of matrix exponentials are known to be convergent (Asmussen and Albrecher (2010),
A3). The proof of (2) is slightly more involved, but still simple. By (Bladt and Nielsen

(2017), Corollary 1.2.63), all the eigenvalues of § are strictly inside the unit circle. Since p
o [n+c—

is a probability, the expansion (I —pzS)™ =3,

l)(pzS)” converges for
lzl <1,

O

We have the following corollary to Proposition 2.

Corollary 4 For all ke N, let R = Q)1 — Q) almost surely for | <<y —1. Let
{R,’k}lvz_lI be independent. If Rix has the discrete phase-type distribution DPH (n:,, @,) for
1 <1<v— 1 thenthe{yc,(2)},_, may be expressed as

ayexp (A(zS, —1I))e  if C, ~ Poi(4)
Xen@ =4 -p)'a, (I —pZSzz "e if C, ~ NB(n,p)
a,((1 = p) +pzS,)"e  if C; ~ Bin(n, p)

g exp (A(zSu, —1))e
—a,exp (A(zS,—1))e  if C, ~ Poi(4)
@) =4 (A =p)ey, (I _pZSl+1) ne_n
Xen ~(1=pY'a,(I-pzS;) e it C, ~NB(n,p), for2<i<v-1
am((l —-pl +pZS,+1)ne ’
—a,((1 =p) +pzS;)"e  if C; ~ Bin(n, p)

exp (Az— 1)) — a, exp (A(zS, —1))e if C; ~ Poi(/)
Xep@ =1 A =p)' (L =p)™ =1 =p)a,(I —’{)sz) "e if C, ~ NB(n,p)
(I=p+p2)" —a,((1=pI+pzS,)e if C, ~ Bin(n, p)

To apply our model to claim reserve data, note the particular features which we use
beyond the model of Landriault et al. (2017). We just have to concern ourselves with fit-
ting the functions G,,|1 and Xc;. Due to our model assumptions, the rest is simply a matter
of fitting the Landriault et al. (2017) model, which is beyond the scope of our paper. The
Laplace-Stieltjes transforms D, are quite general. But if we limit the distributions D, to
take a finite number of values each as we suggested earlier, then one could use the usual
expectation-maximization algorithm to fit the G, provided the F, were assumed all phase-
type. See (Bladt and Nielsen (2017), Theorem 12.7.1) for a formulation of the expectation-
maximization algorithm.

Next we address fitting the Xcj;. One could say our model’s definition of categories
does not correspond to things like the categories of a hurricane, where these levels are
not determined by insurance claim counts. So, whether one first fits the distribution of C,
or of @;, we recommend fitting these so that y¢,(1) = Pr (Jk = l) equals the probability
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of a hurricane being category [ (for example). Now, Lemma 1 and Proposition 2 serve to
emphasize the centrality of the distribution of Cy in the functions yc;, since this Cy is the
only rv to specify. Thus, we recommend fitting the distribution of C, first, then finding the
distributions of Q, second.

Estimating the distribution of the C,, whether through a bootstrap or otherwise, would
require counts of claims from individual events. This would not be possible from tradi-
tional aggregated claim reserving triangles. Those do not attribute how many claims from
each origin/development cell correspond to a particular event. With sufficient data granu-
larity, one could use bootstrapping for nonparametric estimation of the batch-size distribu-
tion. But greater care would be required if we allow the C, to be heavy-tailed, which is of
interest in catastrophic situations. We also comment that data on claim counts per event
would by necessity be for IR claims only. This would require further care, which we do not
discuss here. We observe that the insufficient granularity of aggregated claims triangles
prevents application of the traditional chain ladder method and its associated bootstrapping
techniques to achieve the objectives of our model.

5 Conclusion

We have extended the methodology of Landriault et al. (2017). We allow insurers to
change the distribution of the interevent time based upon the number of claims arising
from the current event. We also permit modeling the IBNR and IR claims with a severity-
class dependent discount rate.

Both Landriault et al. (2017) and our generalized form of their model implicitly assume
claim count moments are finite. This implies a certain degree of light-tailedness in the
claim count distribution. However, batch arrivals of claims are meant for catastrophic
scenarios, so heavy-tailed properties may be more appropriate. Other methods may
become necessary for modeling such IBNR liabilities. Furthermore, our model could be
improved by incorporating context-specific modeling elements, like from meteorology or
epidemiology.

Other useful directions to take our extension of Landriault et al. (2017) would include
examining the performance of our model when fitting to data or estimating parameters.
While we found the moments of total liabilities in this paper, finding their distributions
should also be possible. Namely, choose D,(z) and F(r) to make G, (7) phase-type, and let
X; . and W;, have phase-type distributions.
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