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Abstract
We propose two mass and heat energy conservative, uncon-

ditionally stable, decoupled numerical algorithms for solv-

ing the Cahn–Hilliard–Navier–Stokes–Darcy–Boussinesq

system that models thermal convection of two-phase flows

in superposed free flow and porous media. The schemes

totally decouple the computation of the Cahn–Hilliard

equation, the Darcy equations, the heat equation, the

Navier–Stokes equations at each time step, and thus sig-

nificantly reducing the computational cost. We rigorously

show that the schemes are conservative and energy-law pre-

serving. Numerical results are presented to demonstrate the

accuracy and stability of the algorithms.
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1824 CHEN ET AL.

1 INTRODUCTION

1.1 The mathematical model

We investigate efficient schemes for the Cahn–Hilliard–Navier–Stokes–Darcy–Boussinesq system

(CHNSDB) for thermal convection of two-phase flows in a fluid layer overlying a porous media as

formulated in Chen et al. [1]. Since the problem involves two different fluid regions, we first fix some

notation. Assume that Ω ∈ R
𝑑

(𝑑 = 2, 3) is a bounded connected domain of smooth boundary. The

domainΩ is split into two non-overlapping regionsΩc,Ωm such thatΩ = Ωc∪Ωm andΩc∩Ωm = ∅.Ωc
represents the fluid layer where the fluids are subject to the Navier–Stokes equation, andΩm represents

the porous media where Darcy flow dominates the region. We denote 𝜕Ωc and 𝜕Ωm the boundaries of

Ωc and Ωm respectively. The domain interface between the two regions is denoted by Γcm, on which

ncm denotes the unit normal to Γcm pointing from Ωc to Ωm. We also denote Γc = 𝜕Ωc∖Γcm and

Γm = 𝜕Ωm∖Γcm with nc,nm being the unit outer normals to Γc and Γm. On the interface Γcm, we denote

by {𝝉 i} (i = 1, … , 𝑑 − 1) a local orthonormal basis for the tangent plane to Γcm. A two dimensional

geometry is shown in Figure 1 for illustration.

We denote by u the fluid velocity,𝜑 the phase field function and T the overall temperature. Further-

more, variables are distinguished by their subscripts (m or c) indicating where the variables operate,

that is, for j ∈ {c,m}
u|Ωj = uj, 𝜑|Ωj = 𝜑j, T|Ωj = Tj.

The CHNSDB system reads as follows:

𝜌0(𝜕tuc + (uc ⋅ ∇)uc) − ∇ ⋅ (2𝜈(𝜑c,Tc)D(uc)) + ∇Pc + 𝜑c∇𝜇c = 𝛼𝜌0g(Tc − T)z⃗, in Ωc, (1)

𝜌0

𝜒
𝜕tum + 𝜈(𝜑m,Tm)Π−1um + ∇Pm + 𝜑m∇𝜇m = 𝛼𝜌0g(Tm − T)z⃗, in Ωm, (2)

∇ ⋅ uj = 0, in Ωj, (3)

𝜕tTj + uj ⋅ ∇Tj = ∇ ⋅ (𝜅j(Tj)∇Tj), in Ωj, (4)

𝜕t𝜑j + ∇ ⋅ (uj𝜑j) = div(M(𝜑j)∇𝜇j), in Ωj, (5)

𝜇j = 𝛾
[

1

𝜀
(𝜑3

j − 𝜑j) − 𝜀Δ𝜑j

]

, in Ωj. (6)

FIGURE 1 A 2D illustration of the domain
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CHEN ET AL. 1825

where j ∈ {c,m}, D(uc) is the rate of strain tensor D(uc) = 1

2
(∇uc + ∇Tuc). Here 𝜌0 is the fluid

density, 𝛼 is the thermal expansion coefficient and T is the average temperature, g is the gravitational

acceleration, z⃗ is the unit vector pointing in the inverse direction of gravity, M denotes the mobility, 𝜒

is the porosity and Π is the permeability matrix of size 𝑑 × 𝑑, 𝜈 is the dynamic viscosity depending on

phase field function𝜑 and temperature T , 𝜅 is the thermal diffusivity of the fluid mixture dependent on

temperature T , 𝜇 is the chemical potential and 𝛾 is a positive parameter related to the surface tension.

We assume that the viscosity 𝜈, thermal diffusivity 𝜅 and mobility M are suitable functions such that

0 < c ≤ 𝜈, 𝜅,M ≤ C for positive constants c and C.

The CHNSDB system is subject to the following boundary and interface conditions.

Boundary conditions on Γc and Γm:

uc = 0, 𝜕Tc
𝜕nc

= 𝜕𝜑c
𝜕nc

= 𝜕𝜇c
𝜕nc

= 0, on Γc, (7)

um ⋅ nm = 0,
𝜕Tm
𝜕nm

= 𝜕𝜑m
𝜕nm

= 𝜕𝜇m
𝜕nm

= 0, on Γm. (8)

Interface conditions on Γcm:

𝜑m = 𝜑c,
𝜕𝜑m
𝜕ncm

= 𝜕𝜑c
𝜕ncm

, on Γcm, (9)

𝜇m = 𝜇c, M(𝜑m)
𝜕𝜇m
𝜕ncm

= M(𝜑c)
𝜕𝜇c
𝜕ncm

, on Γcm, (10)

Tm = Tc, 𝜅m
𝜕Tm
𝜕ncm

= 𝜅c
𝜕Tc
𝜕ncm

, on Γcm, (11)

um ⋅ ncm = uc ⋅ ncm, on Γcm, (12)

−2𝜈(𝜑c)ncm ⋅ (D(uc)ncm) + Pc +
1

2
𝜌0|uc|

2 = Pm, on Γcm, (13)

−𝜏i ⋅ (D(uc)ncm) =
𝛼BJSJ

2

√
trace(Π)

𝜏i ⋅ uc, i = 1, … , 𝑑 − 1, on Γcm, (14)

where 𝛼BJSJ is a parameter in the Beavers–Joseph–Saffman–Jones (BJSJ) condition. Here 𝛼BJSJ is

assumed to be a non-negative constant for simplicity.

There are two important identities associated with the CHNSDB system (1)–(6) under the boundary

and interface boundary conditions (7)–(14): an energy law and heat conservation-both established in

Chen et al. [1]. To introduce the energy law, we let 𝜆 be an upper bound of the largest eigenvalue of

Π, and Cp,Ck > 0 be the coefficients such that

||T − T||2L2(Ω) ≤ Cp||∇T||2L2(Ω), ||uc||
2

L2(Ωc)
≤ Ck||D(uc)||2L2(Ωc)

. (15)

For any constant A such that

A ≥ max

{
CpCk(𝛼𝜌0g)2

8c2
,

Cp𝜆(𝛼𝜌0g)2

4c2

}

, (16)

we define the total energy of the system as

A(t) ≔
∫Ωc

𝜌0

2
|uc|

2dx +
∫Ωm

𝜌0

2𝜒
|um|

2dx + A
∫Ω

1

2
T2dx + E(𝜑), (17)
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1826 CHEN ET AL.

where E(𝜑) ≔ 𝛾 ∫Ω

[
𝜀

2
|∇𝜑|2 + 1

𝜀
F(𝜑)

]

dx is the total free energy, and F(𝜑) = 1

4
(𝜑2 − 1)2 is a

double-well potential. Then the following identities hold

𝑑

dt
A(t) ≤ 0,

𝑑

dt ∫Ω
Tdx = 0, ∀t ≥ 0. (18)

Due to the conservation of the total heat energy, one can shift the temperature T by its average

value T
T∗ = T − T , T∗c = Tc − T , T∗m = Tm − T .

so that T∗ is of zero mean. The CHNSDB system (1)–(6) can then be equivalently expressed in terms

of T∗. From now on, we shall assume that the temperature has zero mean and retain the notation T in

place of T∗.

1.2 Previous works

Flows in a fluid layer overlying a porous media see important applications in contaminant transport in

karst aquifers, cardiovascular modeling and simulation, oil recovery, and in understanding the hydro-

dynamic and biochemical processes in hyporheic zone under a river bed [2], to name a few. In the past

decade intense research has been directed at the study of single phase flow in the coupled free flow and

porous media, compare References [3–9] among many others. Of particular interest in this context are

the phenomena of thermal convection in a fluid layer overlying a porous medium that has been inten-

sively studied by a number of authors in recent years [10–22]. The modeling of two-phase flows in

this setting is relatively new. A hybrid of a sharp interface model in porous media and a diffuse inter-

face model in the free flow is proposed in Chen et al. [23]. In Han et al. [24] we systematically derived

the Cahn–Hilliard–Stokes–Darcy model (CHSD) for two-phase flows in coupled conduit and porous

media based on Onsager’s extremum principle and the diffuse interface formalism. Well-posedness of

the CHSD system is considered in Han et al. [25]. The CHNSDB model (1)–(14) is recently introduced

in Chen et al. [1] for two-phase flows in superposed free flow and porous media taking into account

of thermal convection and inertia effect of free flow.

There are two major challenges in solving the CHNSDB system. The first one is the stiffness asso-

ciated with the diffusive interface between the two fluid components (sharp transition over a small

layer)—an issue intrinsic to diffuse interface fluid models. This issue is usually handled by the design

of energy-law preserving (hence unconditionally stable) numerical methods. Popular approaches

include the convex-concave splitting [26–29], the invariant energy quadratization (Lagrange mul-

tiplier) method [30–33], and the scalar auxiliary variable (SAV) approach [34, 35]. We refer to

References [36–45] for applications of these methods to diffuse interface fluid models. The second

challenge is the multi-physics coupling governed by the Cahn–Hilliard equation, the Navier–Stokes

equations, the Darcy equations, and the heat equation. Based on the ideas of operator splitting and pres-

sure stabilization we designed a totally decoupled unconditionally stable numerical scheme in Chen

et al. [46] for solving the CHSD system. The ideas are in turn inspired by those in References [46–49].

Extension of these ideas to the CHNSDB model leads to two uncoupled algorithms in a recent work [1].

It is important to note that the algorithms proposed in our earlier work [1] do not conserve the

total heat energy. In addition, the fluid velocity and pressure are still coupled in the computation

of the Navier–Stokes equations, resulting in a large linear system-especially in three dimension-to

be solved. The main contribution of this article is the design of two conservative, uncondition-

ally stable, decoupled numerical algorithms that allow for sequential uncoupling of the computation

of the Cahn–Hilliard equation, the Darcy equations, the heat equation, and the Navier–Stokes
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CHEN ET AL. 1827

equations. To realize conservation of heat energy the first scheme employs a modified velocity in the

convection-diffusion equation, while the second scheme undergoes a post-processing procedure for

the temperature field. In addition, the computation of velocity and the update of pressure are also

decoupled in the second scheme. We rigorously show that the schemes are mass and heat-energy

conservative. We establish that the numerical methods satisfy modified discrete energy laws and are

therefore unconditionally energy-stable. Properties of the schemes, including conservation, temporal

accuracy, and stability are further validated through numerical experiments.

We point out that the idea for decoupling Cahn–Hilliard equation from fluid equation in this article

does not seem to have a direct extension to second order scheme. Second order operator splitting

method such as Strang splitting (cf. Zhao [50]) can be applied, though the splitting scheme may not

satisfy an energy law. Recently developed SAV approach [51–54] is promising in the design of second

order unconditionally stable decoupled time-marching scheme. Application of the SAV approach to

our model with additional coupling via domain interface boundary conditions will be pursued in a

future work. We note also that error analysis of our methods, though not carried out in this work, is

possible, compare References [42, 55, 56] for the corresponding analysis in the case of single domains,

and Chen et al. [57] for error analysis of a similar scheme in the setting of coupled domains.

The rest of the article is organized as follows. In Section 2 we present the schemes and prove

that they are conservative and energy-law preserving. Numerical results are reported in Section 3. We

conclude the article with a few remarks in Section 4.

2 THE NUMERICAL SCHEME

2.1 Preliminaries

We introduce the following function spaces

H(div; Ωj) ≔ {w ∈ L2(Ωj) |∇ ⋅ w ∈ L2(Ωj)}, j ∈ {c,m},
Hc,0 ≔ {w ∈ H1(Ωc) | w = 0 on Γc},
Hc,div ≔ {w ∈ Hc,0 |∇ ⋅ w = 0},
Hm,0 ≔ {w ∈ H(div; Ωm) | w ⋅ nm = 0 on Γm},
Hm,div ≔ {w ∈ Hm,0 |∇ ⋅ w = 0},
Xm ≔ H1(Ωm) ∩ L2

0
(Ωm).

Here L2

0
(Ωm) is a subspace of L2

whose elements are of mean zero. We denote (⋅, ⋅)c, (⋅, ⋅)m the

inner products on the spaces L2(Ωc), L2(Ωm), respectively (also for the corresponding vector spaces).

The inner product on L2(Ω) is simply denoted by (⋅, ⋅). Then it is clear that

(u, v) = (um, vm)m + (uc, vc)c, ||u||2L2(Ω) = ||um||
2

L2(Ωm)
+ ||uc||

2

L2(Ωc)
,

where um ≔ u|Ωm and uc ≔ u|Ωc . We will suppress the dependence on the domain in the L2
norm if

there is no ambiguity.

For convenience of presentation we introduce the following linear forms:

B(u, v,w) = 1

2 ∫Ω
(u ⋅ (w∇v) − u ⋅ (v∇w))dx. (19)

Bc(u, v,w) =
1

2 ∫Ωc

((u ⋅ ∇v)w − (u ⋅ ∇w)v)dx + 1

2 ∫Γcm

((u ⋅ w)(v ⋅ ncm) − (u ⋅ v)(w ⋅ ncm))dS. (20)
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1828 CHEN ET AL.

ac(uc, vc) = 2(𝜈(𝜑c,Tc)D(uc),D(vc))c +
𝑑−1∑

i=1

𝛼BJSJ
∫Γcm

𝜈(𝜑c)
√

trace(Π)
(uc ⋅ 𝝉 i)(vc ⋅ 𝝉 i)dS. (21)

The trilinear terms Bc(u, v,w) and B(u, v,w) are antisymmetric formulation (in the weak form)

of the advection term in the Navier–Stokes equations and the convection term in the heat equation,

respectively, that is,

Bc(u, v, v) = 0, B(u,w,w) = 0. (22)

These two trilinear terms are defined differently in the integral domains, the presence of integrals along

domain interface, as well as the variables (vector vs. scalar).

The following weak form of the CHNSDB system (1)–(14) with temperature of zero mean is

introduced in Chen et al. [1], see also Chen et al. [46].

Definition 1 Suppose that 𝑑 = 3 and  > 0 is arbitrary (distinguish time  from tem-

perature T carefully). We consider the initial data 𝜑0 ∈ H1(Ω),uc(0) ∈ Hc,div,um(0) ∈
Hm,div,T0 ∈ H1(Ω). The functions (uc,Pc,um,Pm,T , 𝜑, 𝜇) with the following properties

uc ∈ L∞(0,  ;L2(Ωc)) ∩ L2(0,  ;Hc,0),
𝜕uc
𝜕t

∈ L
4

3 (0,  ; (Hc,0)′), (23)

um ∈ L∞(0,  ;L2(Ωm)) ∩ L2(0,  ;Hm,0),
𝜕um
𝜕t

∈ L
4

3 (0,  ; (Hm,0)′), (24)

Pc ∈ L
4

3 (0,  ;L2(Ωc)), Pm ∈ L
4

3 (0,  ;Xm), (25)

T ∈ L∞(0,  ;L2(Ω)) ∩ L2(0,  ;H1(Ω)),Tt ∈ L2(0,  ; (H1(Ω))′), (26)

𝜑 ∈ L∞(0,  ;H1(Ω)) ∩ L2(0,  ;H3(Ω)), 𝜑t ∈ L2(0,  ; (H1(Ω))′), (27)

𝜇 ∈ L2(0,  ;H1(Ω)), (28)

is called a finite energy weak solution of the CHNSDB system (1)–(14), if the following

conditions are satisfied:

(1) For any vc ∈ Hc,0 and qc ∈ L2(Ωc),

𝜌0⟨𝜕tuc, vc⟩c + 𝜌0Bc(uc,uc, vc) + ac(uc, vc) − (Pc,∇ ⋅ vc)c

+
∫Γcm

Pm(vc ⋅ ncm)dS + (∇ ⋅ uc, qc)c + (𝜑c∇𝜇(𝜑c), vc)c = (𝛼𝜌0gTcz⃗, vc)c, (29)

(2) For any vm ∈ Hm,0 and qm ∈ H1(Ωm),
𝜌0

𝜒
⟨𝜕tum, vm⟩m + (𝜈(𝜑m,Tm)Π−1um, vm)m + (∇Pm, vm)m − (um,∇qm)m

+ (𝜑m∇𝜇(𝜑m), vm)m −
∫Γcm

uc ⋅ ncmqm ds = (𝛼𝜌0gTmz⃗, vm)m. (30)

(3) For any W ∈ H1(Ω),

⟨𝜕tT ,W⟩ + B(u,T ,W) + (𝜅(T)∇T ,∇W) = 0. (31)
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CHEN ET AL. 1829

(4) For any v, 𝜙 ∈ H1(Ω),

⟨𝜕t𝜑, v) + (M(𝜑)∇𝜇(𝜑),∇v) − (u𝜑,∇v) = 0, (32)

𝛾

[
1

𝜀
(f (𝜑), 𝜙) + 𝜀(∇𝜑,∇𝜙)

]

− (𝜇(𝜑), 𝜙) = 0. (33)

(5) 𝜑|t=0 = 𝜑0(x), T|t=0 = T0(x), uc|t=0 = uc(0), um|t=0 = um(0).

Let 𝜏 > 0 be the time step and K = [ ∕𝜏]. Set tk = k𝜏 for 0 ≤ k ≤ K. We introduce the difference

quotient operator 𝛿𝜏 such that 𝛿𝜏𝜑
k+1

h = 𝜑
k+1

h −𝜑k
h

𝜏
. Let Ωh

c and Ωh
m be the quasi-uniform triangulation

of the domain Ωc and Ωm with mesh size h respectively. We assume that Ωh
c and Ωh

m coincide on the

interface Γcm. Then Ωh
≔ Ωh

c ∪ Ωh
m forms a triangulation of the whole domain Ω. Let Pr() be the

space of polynomials of degree equal to or less than r on triangle ∈ Ωh
. Then Yh refers to the finite

element approximation of H1(Ω) based on the triangulation Ωh
, such as

Yh = {vh ∈ C(Ω)|vh|K ∈ Pr(),∀ ∈ Ωh}.

Denote by Xh
c and Mh

c the finite element approximation of Hc,0 and L2(Ωc) for the Navier–Stokes

velocity and pressure respectively. We assume that Xh
c and Mh

c satisfy the inf-sup condition, or so-called

LBB condition, that

sup

vh∈Xh
c

(∇ ⋅ vh, qh)c
||vh||H1

≥ c||qh||L2 , ∀qh ∈ Mh
c . (34)

The classical Taylor–Hood finite element spaces and the Mini finite element spaces are often used

for Xh
c and Mh

c [58]. Similarly, we define Xh
m,Mh

m to be the finite element spaces of Hm,0,Xm for Darcy

velocity and pressure respectively. In addition, we assume Xh
m and Mh

m satisfy a non-standard inf-sup

condition such that

sup

vh∈Xh
m

(vh,∇qh)m
||vh||L2

≥ c||qh||L2 , ∀qh ∈ Mh
m. (35)

This condition is also supported by the Taylor–Hood finite element spaces.

It is important to note that the element in Mh
m—conforming finite element space of Mm for Darcy

pressure–is of zero mean, while the element in Mh
c for the approximation of the pressure of the free flow

is not subject to this constraint. Well-posedness of a related model (CHSD) with similar conditions

imposed on the pressure is discussed in Han et al. [25].

2.2 The scheme based on a modified velocity (Scheme MV)

The schemes designed in Chen et al. [1] are not heat-energy conservative because of the loss of

(weak) incompressibility in the numerical solution of the Darcy velocity, compare Equation (42),

and the implicit–explicit discretization of the domain interface terms. To compensate the loss of

incompressibility, we add back the stabilization terms used in the divergence-free condition, compare

Equation (44) below. This leads to the following scheme based on a modified velocity (Scheme MV):

Step 1 Find 𝜑
k+1

h ∈ Yh and 𝜇
k+1

h ∈ Yh such that for any vh, 𝜙h ∈ Yh,

(𝛿𝜏𝜑k+1

h , vh) + (M(𝜑k
h)∇𝜇k+1

h ,∇vh) − (uk+1

h 𝜑
k
h,∇vh) = 0, (36)

𝛾

[
1

𝜀
(f (𝜑k+1

h , 𝜑
k
h), 𝜙h) + 𝜀(∇𝜑k+1

h ,∇𝜙h)
]

− (𝜇k+1

h , 𝜙h) = 0, (37)

 10982426, 2022, 6, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/num

.22841 by M
issouri U

niversity O
f Science, W

iley O
nline L

ibrary on [21/02/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



1830 CHEN ET AL.

where f (𝜑k+1

h , 𝜑
k
h) = (𝜑k+1

h )3 − 𝜑k
h, and the intermediate velocity uk+1

h is defined as

uk+1 =

{
uk+1

m,h , x ∈ Ωm,

uk+1

c,h , x ∈ Ωc,
(38)

with uk+1

m,h and uk+1

c,h defined via operator-splitting:

𝜌0

𝜒

uk+1

m,h − uk
m,h

𝜏
+ 𝜑k

m,h∇𝜇k+1

m,h = 0, (39)

𝜌0

uk+1

c,h − uk
c,h

𝜏
+ 𝜑k

c,h∇𝜇k+1

c,h = 0. (40)

Step 2 Find uk+1

m,h ∈ Xh
m and Pk+1

m,h ∈ Mh
m such that for any vm,h ∈ Xh

m and qm,h ∈ Mh
m,

(
𝜌0

𝜒
𝛿𝜏uk+1

m,h +
𝜈(𝜑k

m,h,Tk
m,h)

Π
uk+1

m,h + ∇Pk+1

m,h + 𝜑k
m,h∇𝜇k+1

m,h , vm,h

)

m
= (𝛼𝜌0gTk

hz⃗, vm,h)m, (41)

𝛽𝜏(∇Pk+1

m,h ,∇qm,h)m − (uk+1

m,h ,∇qm,h)m −
∫Γcm

uk
c,h ⋅ ncmqm,hdS = 0, (42)

where 𝛽 is a stabilization parameter to be specified later on.

Step 3 Find Tk+1

h ∈ Yh such that for any Wh ∈ Yh,

(𝛿𝜏Tk+1

h ,Wh) + B(ũk
h,Tk+1

h ,Wh) + (𝜅(Tk
h)∇Tk+1

h ,∇Wh) = 0, (43)

where

ũk
h =

{
uk+1

m,h − 𝜏𝛽∇Pk+1

m,h , x ∈ Ωm,

uk
c,h, x ∈ Ωc.

(44)

Step 4 Find uk+1

c,h ∈ Xh
c and Pk+1

c,h ∈ Mh
c such that for any vc,h ∈ Xh

c and qc,h ∈ Mh
c ,

𝜌0(𝛿𝜏uk+1

c,h , vc,h)c + 𝜌0Bc(uk
c,h,uk+1

c,h , vc,h) + ak
c(uk+1

c,h , vc,h) − (Pk+1

c,h ,∇ ⋅ vc,h)c

+ (∇ ⋅ uk+1

c,h , qc,h)c + (𝜑k
c,h∇𝜇k+1

c,h , vc,h)c +
∫Γcm

Pk+1

m,h (vc,h ⋅ ncm)dS

= (𝛼𝜌0gTk
hz⃗, vc,h)c. (45)

We first establish that the scheme (36)–(45) is conservative.

Theorem 1 We have the following theorem. The numerical scheme (36)–(45) is
conservative in the sense that for k = 1, … , (K − 1) there holds

∫Ω
𝜑

k+1

h dx =
∫Ω

𝜑
k
hdx = · · · =

∫Ω
𝜑

0

hdx, (46)

∫Ω
Tk+1

h dx =
∫Ω

Tk
hdx = · · · =

∫Ω
T0

h dx = 0, (47)

where 𝜑
0

h and T0

h are the finite element approximation of the initial phase field function

and the initial temperature, respectively.

 10982426, 2022, 6, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/num

.22841 by M
issouri U

niversity O
f Science, W

iley O
nline L

ibrary on [21/02/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



CHEN ET AL. 1831

Proof. The mass conservation (46) follows immediately by taking vh = 1 in

Equation (36).

Introduce the average temperature over Ωm: Tk+1

m,h = 1

|Ωm|
∫Ωm

Tk+1

h dx. Taking qm,h =

(Tk+1

h − Tk+1

m,h )|Ωm in Equation (42), one obtains

(uk+1

m,h − 𝛽𝜏∇Pk+1

m,h ,∇(Tk+1

h − Tk+1

m,h ))m = −
∫Γcm

uk
c,h ⋅ ncm(Tk+1

h − Tk+1

m,h )dS, (48)

Evaluating Equation (45) at time level tk, taking vc,h = 0 and qc,h = Tk+1

h − Tk+1

m,h , and

performing integration by parts, one derives

(uk
c,h,∇(Tk+1

h − Tk+1

m,h ))c =
∫Γcm

uk
c,h ⋅ ncm(Tk+1

h − Tk+1

m,h )dS. (49)

Summation of (48) and (49) gives

(uk+1

m,h − 𝛽𝜏∇Pk+1

m,h ,∇(Tk+1

h − Tk+1

m,h ))m + (uk
c,h,∇(Tk+1

h − Tk+1

m,h ))c = 0.

Hence it follows from the definitions (19) and (44) that

B(ũk
h,Tk+1

h , 1) = 1

2 ∫Ω
ũk

h ⋅ ∇Tk+1

h dx

= 1

2 ∫Ω
ũk

h ⋅ ∇(Tk+1

h − Tk+1

m,h )dx

= 0.

Conservation of the total heat energy (47) then follows from taking Wh = 1 in

Equation (43). This completes the proof. ▪

Recalling the definition of A from Equation (16), we introduce a modified energy as follows

̃
k
mv =

∫Ωc

𝜌0

2
|uk

c,h|
2dx +

∫Ωm

𝜌0

2𝜒
|uk

m,h|
2dx +

∫Ω

A
2
(Tk

h)2dx + E(𝜑k
h) + Ac𝜏

∫Ω
|∇T

k
h|

2dx. (50)

with E(𝜑k
h) ≔ 𝛾 ∫Ω

[
𝜀

2
|∇𝜑k

h|
2 + 1

𝜀
F(𝜑k

h)
]

dx. Following the same line of proof as in Chen et al. [1] one

can establish the unique solvability and the energy stability of the scheme as follows.

Proposition 1 The numerical scheme (36)–(45) with sufficiently large 𝛽 (depending on
the domain and 𝜌0, compare Lemma 1 and Theorem 2 in Chen et al. [46]) is uncondi-
tionally uniquely solvable at each time step, and it satisfies the following modified energy
law,

̃
k+1

mv − ̃
k
mv + 𝜏||

√
M∇𝜇k+1

h ||2L2 +
𝜏

2

4𝜌0

(𝜒||𝜑k
m,h∇𝜇k+1

m,h ||
2 + ||𝜑k

c,h∇𝜇k+1

c,h ||2)

≤ −𝛾𝜀
2
||∇(𝜑k+1

h 1 − 𝜑k
h0)||2L2 −

𝜌0

12
||uk+1

c,h − uk
c,h||

2

L2 −
𝜌0

6𝜒
||uk+1

m,h − uk
m,h||

2

L2 −
A
2
||Tk+1

h − Tk
h ||

2

L2 , (51)

where M = M(𝜑k
h), and A is a constant satisfying (16).

2.3 The scheme based on a modified temperature (Scheme MT)

We note that the algorithm (36)–(45) is sequentially decoupled, allowing the Cahn–Hiliard equation,

the Darcy equations, the Navier–Stokes equations, and the heat equation to be solved separately but
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1832 CHEN ET AL.

in an orderly fashion at each time step. Nonetheless the velocity and pressure of the Navier–Stokes

solver are still coupled together. The decoupling of the viscous step and pressure gradient is particu-

larly important for solving the Navier–Stokes equations in 3D. On the other hand, due to the domain

interface boundary condition (13), the classical pressure projection/correction methods as reviewed in

Guermond et al. [59] are not directly applicable. Here in Scheme MT below we adopt a special form

of the artificial compressibility method [48, 60] that avoids boundary conditions in the update of pres-

sure, see also DeCaria et al. [61]. Due to the usage of artificial compressibility the temperature field

is no longer conservative even with a modified velocity. To maintain the conservation of heat energy,

we modify the temperature via a step of post-processing. Specifically the numerical scheme based on

a modified temperature (Scheme MT) for solving the CHNSDB model (1)–(14) reads as follows.

Step 1 find 𝜑
k+1

h ∈ Yh and 𝜇
k+1

h ∈ Yh such that for any vh, 𝜙h ∈ Yh,

(𝛿𝜏𝜑k+1

h , vh) + (M(𝜑k
h)∇𝜇k+1

h ,∇vh) − (uk+1

h 𝜑
k
h,∇vh) = 0, (52)

𝛾

[
1

𝜀
(f (𝜑k+1

h , 𝜑
k
h), 𝜙h) + 𝜀(∇𝜑k+1

h ,∇𝜙h)
]

− (𝜇k+1

h , 𝜙h) = 0, (53)

where f (𝜑k+1

h , 𝜑
k
h) = (𝜑k+1

h )3 − 𝜑k
h, and the intermediate velocity uk+1

h is defined as

uk+1 =

{
uk+1

m,h , x ∈ Ωm,

uk+1

c,h , x ∈ Ωc,
(54)

with uk+1

m,h and uk+1

c,h defined via operator-splitting:

𝜌0

𝜒

uk+1

m,h − uk
m,h

𝜏
+ 𝜑k

m,h∇𝜇k+1

m,h = 0, (55)

𝜌0

uk+1

c,h − uk
c,h

𝜏
+ 𝜑k

c,h∇𝜇k+1

c,h = 0. (56)

Step 2 Find uk+1

m,h ∈ Xh
m and Pk+1

m,h ∈ Mh
m such that for any vm,h ∈ Xh

m and qm,h ∈ Mh
m,

(
𝜌0

𝜒
𝛿𝜏uk+1

m,h +
𝜈(𝜑k

m,h,Tk
m,h)

Π
uk+1

m,h + ∇Pk+1

m,h + 𝜑k
m,h∇𝜇k+1

m,h , vm,h

)

m
= (𝛼𝜌0gTk

hz⃗, vm,h)m, (57)

𝛽𝜏(∇Pk+1

m,h ,∇qm,h)m − (uk+1

m,h ,∇qm,h)m −
∫Γcm

uk
c,h ⋅ ncmqm,hdS = 0, (58)

where 𝛽 is a stabilization parameter to be specified later on.

Step 3 Find T̃k+1

h ∈ Yh such that for any Wh ∈ Yh,

(
T̃k+1

h − Tk
h

𝜏
,Wh

)

+ B(uk
h, T̃k+1

h ,Wh) + (𝜅(Tk
h )∇T̃k+1

h ,∇Wh) = 0, (59)

and obtain the temperature update via post-processing

Tk+1

h = T̃k+1

h − 𝑑k+1
, (60)

with 𝑑
k+1 = 1

|Ω|
∫Ω T̃k+1

h dx. This ensures that Tk+1

h has zero mean.
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CHEN ET AL. 1833

Step 4 Find uk+1

c,h ∈ Xh
c and Pk+1

c,h ∈ Mh
c such that for any vc,h ∈ Xh

c and qc,h ∈ Mh
c ,

𝜌0(𝛿𝜏uk+1

c,h , vc,h)c + 𝜌0Bc(uk
c,h,uk+1

c,h , vc,h) + ak
c(uk+1

c,h , vc,h) − (2Pk
c,h − Pk−1

c,h ,∇ ⋅ vc,h)c

+ s
𝜏
(∇ ⋅ (uk+1

c,h − uk
c,h),∇ ⋅ vc,h)c + (𝜑k

c,h∇𝜇k+1

c,h , vc,h)c +
∫Γcm

Pk+1

m,h (vc,h ⋅ ncm)dS

= (𝛼𝜌0gTk
hz⃗, vc,h)c, (61)

where s is an arbitrary positive stabilizing parameter.

Step 5 Find Pk+1

c,h ∈ Mh
c such that

(Pk+1

c,h − Pk
c,h, qc,h)c = −

s
𝜏
(∇ ⋅ uk+1

c,h , qc,h)c, ∀qh ∈ Mh
c . (62)

Given that Tk
h ∈ L2

0
(Ω), it follows from Equation (59) that the constant 𝑑

k+1
is of order 𝜏. Hence

Tk+1

h is an order 𝜏 correction of T̃k+1

h , which justifies the consistency of the post-processing step (60).

It is clear that the scheme (52)–(62) is conservative.

Proposition 2 The numerical scheme (52)–(62) is conservative in the sense that for
k = 1, … , (K − 1) there holds

∫Ω
𝜑

k+1

h dx =
∫Ω

𝜑
k
hdx = · · · =

∫Ω
𝜑

0

hdx, (63)

∫Ω
Tk+1

h dx =
∫Ω

Tk
hdx = · · · =

∫Ω
T0

h dx = 0, (64)

where 𝜑0

h and T0

h are the finite element approximation of the initial phase field function
and the initial temperature, respectively.

To establish the energy stability, we recall two lemmas.

Lemma 1 (Chen et al. [46]). Suppose w ∈ Xm, and vc,h ∈ Xh
c satisfy

(∇ ⋅ vc,h, qc,h)c = 0, ∀qc,h ∈ Mh
c , (65)

then |
|
|
|
|
∫Γcm

vc,h ⋅ ncmwdS
|
|
|
|
|

≤ C||∇w||L2(Ωm)||vc,h||L2(Ωc). (66)

Lemma 2 (Chen et al. [1]). Suppose (𝜑k+1

h , 𝜇
k+1

h ,Tk+1

h ,uk+1

c,h ,P
k+1

c,h ,uk+1

m,h ,P
k+1

m,h ), 0 ≤ k ≤
K − 1, is a solution to the numerical scheme (52)–(62), and that A satisfies (16). Then for
every 0 ≤ k ≤ K − 1 there holds

𝜏(𝛼𝜌0gTk
c,hz⃗,uk+1

c,h )c + 𝜏(𝛼𝜌0gTk
m,hz⃗,uk+1

m,h )m
≤ Ac𝜏||∇Tk

h ||
2

L2 + 𝜏ak
c(uk+1

c,h ,uk+1

c,h ) + 𝜏||
√
𝜈m∕Πuk+1

m ||2L2 . (67)

Recalling the definition of A from (16), we introduce a modified energy as follows

̃
k
A =
∫Ωc

𝜌0

2
|uk

c,h|
2dx +

∫Ωm

𝜌0

2𝜒
|uk

m,h|
2dx +

∫Ω

A
2
(Tk

h)2dx + E(𝜑k
h)

+ s
2 ∫Ωc

|∇ ⋅ uk
c,h|

2dx + 𝜏
2

2s ∫Ωc

|Pk
c,h|

2dx + Ac𝜏
∫Ω

|∇Tk
h |

2dx. (68)

with E(𝜑k
h) ≔ 𝛾 ∫Ω

[
𝜀

2
|∇𝜑k

h|
2 + 1

𝜀
F(𝜑k

h)
]

dx.
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1834 CHEN ET AL.

The following theorem establishes the unique solvability and the energy stability of the scheme.

Theorem 2 The numerical scheme (52)–(62) with sufficiently large 𝛽 (depending on
the domain and 𝜌0) and arbitrary s > 0 is unconditionally uniquely solvable at each time
step, and it satisfies the following modified energy law,

̃
k+1

A − ̃
k
A + 𝜏||

√
M∇𝜇k+1

h ||2L2 +
𝛽𝜏

2

2
||∇Pk+1

m,h ||
2

L2 +
𝜏

2

4𝜌0

(𝜒||𝜑k
m,h∇𝜇k+1

m,h ||
2 + ||𝜑k

c,h∇𝜇k+1

c,h ||2)

≤ −𝛾𝜀
2
||∇(𝜑k+1

h 1 − 𝜑k
h0)||2L2 −

𝜌0

12
||uk+1

c,h − uk
c,h||

2

L2 −
𝜌0

6𝜒
||uk+1

m,h − uk
m,h||

2

L2 −
A
4
||Tk+1

h − Tk
h ||

2

L2

− 𝜏
2

2s
||Pk

c,h − Pk−1

c,h ||2L2 . (69)

where M = M(𝜑k
h), and A is a constant satisfying (16).

Proof. The unique solvability of the scheme follows the same arguments as in

References [1, 46]. We omit the details here for conciseness.

We proceed to prove the discrete energy law (69). It follows from convexity that

F(𝜑k+1

h ) − F(𝜑k
h) ≤ f (𝜑k+1

h , 𝜑
k
h)(𝜑k+1

h − 𝜑k
h).

Taking vh = 𝜏𝜇k+1

h in Equation (52) and𝜙h = 𝜑k+1

h −𝜑k
h in (53), summing the resultant

gives

E(𝜑k+1

h ) − E(𝜑k
h) + 𝜏||

√
M∇𝜇k+1

h ||2L2 +
𝛾𝜀

2
||∇(𝜑k+1

h − 𝜑k
h)||2L2 ≤ 𝜏(uk+1

h 𝜑
k
h,∇𝜇k+1

h ). (70)

In view of the definitions (55) and (56), Equation (70) can be written as

E(𝜑k+1

h ) − E(𝜑k
h) + 𝜏||

√
M∇𝜇k+1

h ||2L2 +
𝛾𝜀

2
||∇(𝜑k+1

h − 𝜑k
h)||2L2

+ 𝜏
2

𝜌0

(𝜒||𝜑k
m,h∇𝜇k+1

m,h ||
2 + ||𝜑k

c,h∇𝜇k+1

c,h ||2) ≤ 𝜏(uk
h𝜑

k
h,∇𝜇k+1

h ). (71)

Next, setting vm,h = 𝜏uk+1

m,h in Equation (57) and qm,h = 𝜏Pk+1

m,h in (58), summing up

the results, one obtains

𝜌0

2𝜒
{||uk+1

m,h ||
2

L2 − ||uk
m,h||

2

L2 + ||uk+1

m,h − uk
m,h||

2

L2} + 𝜏||
√
𝜈m∕Πuk+1

m,h ||
2

L2 + 𝛽𝜏2||∇Pk+1

m,h ||
2

L2

+ 𝜏(uk+1

m,h𝜑
k
m,h,∇𝜇k+1

m,h )m − 𝜏 ∫Γcm

uk
c,h ⋅ ncmPk+1

m,h dS = 𝜏(𝛼𝜌0gT
k
m,hz⃗,uk+1

m,h )m. (72)

Taking Wh = A𝜏T̃k+1

h in (59), by the anti-symmetry (22) one has

A
2
{||T̃k+1

h ||2L2 − ||Tk
h ||

2

L2 + ||T̃k+1

h − Tk
h ||

2

L2} + A𝜏||
√
𝜅∇T̃k+1

h ||2L2 = 0.

It follows from the post-processing step (60).

A
2
{||Tk+1

h ||2L2 − ||T̃k+1

h ||2L2 + ||T̃k+1

h − Tk+1

h ||2L2} = 0,

where one has utilized the fact that Tk+1

h is of zero mean. Hence

A
2
{||Tk+1

h ||2L2 − ||Tk
h ||

2

L2 + ||T̃k+1

h − Tk
h ||

2

L2 + ||T̃k+1

h − Tk+1

h ||2L2} + A𝜏||
√
𝜅∇T̃k+1

h ||2L2 = 0,
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CHEN ET AL. 1835

which implies that

A
2
{||Tk+1

h ||2L2 − ||Tk
h ||

2

L2 + ||T̃k+1

h − Tk
h ||

2

L2} +
A
4
||T̃k+1

h − Tk+1

h ||2L2 + A𝜏||
√
𝜅∇T̃k+1

h ||2L2 ≤ 0. (73)

Likewise, taking vc,h = 𝜏uk+1

c,h in Equation (61) gives

𝜌0

2
{||uk+1

c,h ||2L2 − ||uk
c,h||

2

L2 + ||uk+1

c,h − uk
c,h||

2

L2} + 𝜏ak
c(uk+1

c,h ,uk+1

c,h )

+ s
2
[||∇ ⋅ uk+1

c,h ||2L2 − ||∇ ⋅ uk
c,h||

2

L2 + ||∇ ⋅ (uk+1

c,h − uk
c,h)||2L2]

+ 𝜏
∫Γcm

Pk+1

m,h (uk+1

c,h ⋅ ncm)dS + 𝜏(uk+1

c,h 𝜑
k
c,h,∇𝜇k+1

c,h )c

= 𝜏(𝛼𝜌0gTk
c,hz⃗,uk+1

c,h )c + 𝜏(2Pk
c,h − Pk−1

c,h ,∇ ⋅ uk+1

c,h )c. (74)

Now one takes qc,h = 𝜏
2

s
Pk+1

c,h in Equation (62) to obtain

𝜏
2

2s
[||Pk+1

c,h ||2L2 − ||Pk
c,h||

2

L2 + ||Pk+1

c,h − Pk
c,h||

2

L2] = −𝜏(∇ ⋅ uk+1

c,h ,P
k+1

c,h )c. (75)

Similarly one takes qc,h = − 𝜏
2

s
(Pk+1

c,h − 2Pk
c,h + Pk−1

c,h ) in Equation (62) to derive

− 𝜏
2

2s
[||Pk+1

c,h − Pk
c,h|||

2

L2 − ||Pk
c,h − Pk−1

c,h |||2L2 + ||Pk+1

c,h − 2Pk
c,h + Pk−1

c,h ||2L2]

= 𝜏(∇ ⋅ uk+1

c,h ,P
k+1

c,h − 2Pk
c,h + Pk−1

c,h )c. (76)

On the other hand, Equation (62) implies that

(Pk+1

c,h − 2Pk
c,h + Pk−1

c,h , qc,h)c = −
s
𝜏
(∇ ⋅ (uk+1

c,h − uk
c,h), qc,h)c, ∀qh ∈ Mh

c . (77)

Since Pk+1

c,h − 2Pk
c,h + Pk−1

c,h ∈ Mh
c , it follows that

𝜏
2

2s
||Pk+1

c,h − 2Pk
c,h + Pk−1

c,h ||2L2 ≤
s
2
||∇ ⋅ (uk+1

c,h − uk
c,h)||2L2 . (78)

Taking summation of (74), (75), (76), and (78), one obtains that

𝜌0

2
{||uk+1

c,h ||2L2 − ||uk
c,h||

2

L2 + ||uk+1

c,h − uk
c,h||

2

L2} + 𝜏ak
c(uk+1

c,h ,uk+1

c,h )

+ s
2
[||∇ ⋅ uk+1

c,h ||2L2 − ||∇ ⋅ uk
c,h||

2

L2] +
𝜏

2

2s
[||Pk+1

c,h ||2L2 − ||Pk
c,h||

2

L2 + ||Pk
c,h − Pk−1

c,h ||2L2]

+ 𝜏
∫Γcm

Pk+1

m,h (uk+1

c,h ⋅ ncm)dS + 𝜏(uk+1

c,h 𝜑
k
c,h,∇𝜇k+1

c,h )c

≤ 𝜏(𝛼𝜌0gTk
c,hz⃗,uk+1

c,h )c. (79)

Recall the definition of A from Equation (17). Combining the estimates (71), (73),

and (79), we obtain


k+1

A − k
A + 𝜏||

√
M∇𝜇k+1

h ||2L2 + 𝜏ak
c(uk+1

c,h ,uk+1

c,h ) + ||
√
𝜈m∕Πuk+1

m,h ||
2

L2 + A𝜏||
√
𝜅∇T̃

k+1

h ||2L2

+ 𝛽𝜏
2||∇Pk+1

m,h ||
2

L2 +
𝜏

2

𝜌0

(𝜒||𝜑k
m,h∇𝜇k+1

m,h ||
2 + ||𝜑k

c,h∇𝜇k+1

c,h ||2) + A
4
||Tk+1

h − T
k
h||

2

L2

+ s
2
[||∇ ⋅ uk+1

c,h ||2L2 − ||∇ ⋅ uk
c,h||

2

L2] +
𝜏

2

2s
[||Pk+1

c,h ||2L2 − ||Pk
c,h||

2

L2 + ||Pk
c,h − Pk−1

c,h ||2L2]

+ 𝛾𝜀

2
||∇(𝜑k+1

h 1 − 𝜑k
h0)||2L2 +

𝜌0

2
||uk+1

c,h − uk
c,h||

2

L2 +
𝜌0

2𝜒
||uk+1

m,h − uk
m,h||

2

L2
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1836 CHEN ET AL.

≤ −𝜏(uk+1

h − uk
h, 𝜑

k
h∇𝜇k+1

h ) − 𝜏
∫Γcm

(uk+1

c,h − uk
c,h) ⋅ ncmPk+1

m,h dS

+ 𝜏(𝛼𝜌0gT
k
c,hz⃗,uk+1

c,h )c + 𝜏(𝛼𝜌0gT
k
m,hz⃗,uk+1

m,h )m. (80)

Estimates of the four terms on the right-hand side of the inequality (80) follow the same

lines as those in Chen et al. [1]. We reproduce the arguments here for completeness. By

the Cauchy–Schwarz inequality there holds

− 𝜏(uk+1

h − uk
h, 𝜑

k
h∇𝜇k+1

h ) ≤ 𝜌0

3
||uk+1

c,h − uk
c,h||

2

L2 +
𝜌0

3𝜒
||uk+1

m,h − uk
m,h||

2

L2

+ 3𝜏
2

4𝜌0

(𝜒||𝜑k
m,h∇𝜇k+1

m,h ||
2 + ||𝜑k

c,h∇𝜇k+1

c,h ||2). (81)

Lemma 1 yields that

− 𝜏
∫Γcm

(uk+1

c,h − uk
c,h) ⋅ ncmPk+1

m,h dS ≤ C𝜏||uk+1

c,h − uk
c,h||L2 ||∇Pk+1

m,h ||L2

≤
𝜌0

12
||uk+1

c,h − uk
c,h||

2

L2 + C1𝜏
2||∇Pk+1

m,h ||L2 , (82)

where C1 depends only on Ωm, Ωc, and 𝜌0. In light of the estimates (81)–(82), and the

estimate (67) in Lemma 2, the inequality (80) then becomes


k+1

A − k
A + 𝜏||

√
M∇𝜇k+1

h ||2L2 + 𝜏ak
c(uk+1

c,h ,uk+1

c,h ) + 𝜏||
√
𝜈m∕Πuk+1

m,h ||
2

L2 + A𝜏||
√
𝜅∇T̃k+1

h ||2L2

+ 𝛽𝜏
2

2
||∇Pk+1

m,h ||
2

L2 +
𝜏

2

4𝜌0

(𝜒||𝜑k
m,h∇𝜇k+1

m,h ||
2 + ||𝜑k

c,h∇𝜇k+1

c,h ||2) + A
4
||Tk+1

h − Tk
h ||

2

L2

+ s
2
[||∇ ⋅ uk+1

c,h ||2L2 − ||∇ ⋅ uk
c,h||

2

L2] +
𝜏

2

2s
[||Pk+1

c,h ||2L2 − ||Pk
c,h||

2

L2 + ||Pk
c,h − Pk−1

c,h ||2L2]

+ 𝛾𝜀

2
||∇(𝜑k+1

h 1 − 𝜑k
h0)||2L2 +

𝜌0

12
||uk+1

c,h − uk
c,h||

2

L2 +
𝜌0

6𝜒
||uk+1

m,h − uk
m,h||

2

L2

≤ Ac𝜏||∇Tk
h ||

2

L2 + 𝜏ak
c(uk+1

c,h ,uk+1

c,h ) + 𝜏||
√
𝜈m∕Πuk+1

m ||2L2 + C1𝜏
2||∇Pk+1

m,h ||
2

L2 . (83)

Since

𝛽 ≥ 2C1, Ac𝜏||∇Tk
h ||

2

L2 ≤ A𝜏||
√
𝜅∇Tk

h ||
2

L2 , ||
√
𝜅∇T̃k+1

h ||2L2 = ||
√
𝜅∇Tk+1

h ||2L2 ,

we obtain the following modified discrete energy law

̃
k+1

A − ̃
k
A + 𝜏||

√
M∇𝜇k+1

h ||2L2 +
𝛽𝜏

2

2
||∇Pk+1

m,h ||
2

L2 +
𝜏

2

4𝜌0

(𝜒||𝜑k
m,h∇𝜇k+1

m,h ||
2 + ||𝜑k

c,h∇𝜇k+1

c,h ||2)

≤ −𝛾𝜀
2
||∇(𝜑k+1

h 1 − 𝜑k
h0)||2L2 −

𝜌0

12
||uk+1

c,h − uk
c,h||

2

L2 −
𝜌0

6𝜒
||uk+1

m,h − uk
m,h||

2

L2 −
A
4
||Tk+1

h − Tk
h ||

2

L2

− 𝜏
2

2s
||Pk

c,h − Pk−1

c,h ||2L2 .

This completes the proof. ▪

3 NUMERICAL RESULTS

In this section, we present numerical evidence that our schemes are conservative, unconditionally

stable, and accurate. All the numerical experiments are performed using the software FreeFem++
[62]. For convenience, we test the algorithm in a two-dimension domain: Ωm = [0, 1] × [0, 1], Ωc =
[0, 1] × [−1, 0], Ω = Ωm ∪ Ωc = [0, 1] × [−1, 1], and Γcm = [0, 1] × {0}. Throughout we take 𝜈(𝜑,T)
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CHEN ET AL. 1837

TABLE 1 Value of parameters in conservation test

Parameters 𝜿 𝝆0 𝝌 𝝂c 𝝂m 𝚷 M (Mobility) 𝜸 𝜺 𝜶BJSJ 𝜷 𝜶 g

Value 0.001∕(4𝜋2) 1 1 0.1 0.1 0.1 I2 0.1 0.1 0.1

√
0.1 1 0.01 10

Note: I2 represents the two-dimensional unit matrix.

TABLE 2 Comparison of the non-conservative

scheme from [1] to Scheme MV in terms of the

absolute value of the relative error (84)

𝝉 Scheme [1] Scheme MV
1

4
1.03E − 01 8.16E − 17

1

8
2.49E − 02 4.20E − 16

1

16
5.65E − 03 3.97E − 17

1

32
1.36E − 03 3.33E − 16

1

64
3.39E − 04 5.62E − 16

1

128
8.55E − 05 1.25E − 16

1

256
2.15E − 05 5.82E − 16

1

512
5.41E − 06 2.94E − 16

1

1024
1.36E − 06 3.82E − 16

to be constant, and the stabilization parameter s = 1. We have tested both Scheme MV and Scheme

MT where Scheme MV is also employed for initialization of Scheme MT. Qualitatively similar results

are obtained for both schemes. For conciseness, we only report results generated by Scheme MV. We

refer to our earlier work [1] for more extensive results of numerical simulations.

3.1 Conservation of the total heat energy

We numerically verify that Scheme MV (36)–(45) is conserving the total heat energy under the condi-

tion of no differential heating at the boundary. The value of parameters in the PDE system are showed

in Table 1.

The manufactured solution is constructed as follows.

𝜑 = 0, T = 2 + exp(−0.0001t) cos(2𝜋x),
um = uc = 0,

Pm = Pc = exp(−0.0001t) cos(2𝜋x).

In the numerical experiment we set h = 1

64
, vary the time-step 𝜏 = 1

4
,

1

8
, … ,

1

1024
, and calculate

the relative error

|
|
|
|
|

∫Ω T2

h − T0

h dx
∫Ω T0

h

|
|
|
|
|

. (84)

The results computed using Tj
h, j ≥ 2 are similar. In Table 2, we compare the results generated by the

scheme in Chen et al. [1] to those by the conservative scheme (36)–(45). It shows that the relative error

of the total heat energy by the current conservative scheme remains within machine accuracy, while

the scheme in Chen et al. [1] is not conservative though the relative error is decreasing as the time-step

size refines.
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1838 CHEN ET AL.

TABLE 3 Convergence test 𝜏 = h, final time T = 1

h 1/8 1/16 1/32 1/64 1/128

Pm L2
error 0.516059 0.347221 0.196211 0.104213 0.0538113

Order 0.571682 0.823448 0.912871 0.953554

Pc L2
error 0.630284 0.409013 0.224568 0.116382 0.0591389

Order 0.623855 0.864994 0.948284 0.976689

𝜑 L2
error 1.06778 0.619019 0.341222 0.180327 0.0928443

Order 0.786559 0.859273 0.920095 0.957730

T L2
error 0.0107169 0.00651675 0.00366849 0.00195186 0.0010073

Order 0.717663 0.828966 0.910337 0.954356

uc L2
error 0.0198353 0.00918967 0.00496118 2.81E-03 1.52E-03

Order 1.10999 0.889330 0.819672 0.883234

um L2
error 0.28469 0.119129 0.0534077 0.0255947 0.0126277

Order 1.25687 1.15740 1.06120 1.01925

3.2 Convergence test

Now we demonstrates the accuracy of Scheme MV by methods of manufactured solution. The

parameters in the PDE system mostly take identical values as in Table 1, except 𝜅 = 0.001.

The manufactured solutions are the same as in Chen et al. [1]: for t ∈ [0,  ],

𝜑 = e−t
cos(𝜋x) cos(𝜋y), (x, y) ∈ Ω, (85)

T = 2 + e−t
cos(𝜋x) cos(𝜋y), (x, y) ∈ Ω, (86)

⎧
⎪
⎪
⎨
⎪
⎪
⎩

uj = e−t
⎛
⎜
⎜
⎝

− 1

2
sin

2(𝜋x) sin(𝜋(y + 1))
sin(2𝜋x)sin

2

(
𝜋(y+1)

2

)
⎞
⎟
⎟
⎠

, (x, y) ∈ Ωj,

Pj = 1

𝜋
e−t

sin
2(𝜋x)sin

2(𝜋y), (x, y) ∈ Ωj,

j ∈ {c,m}. (87)

We test the temporal convergence setting 𝜏 = h. The P2 − P1 finite element pair is used for

velocity and pressure, and P1 finite element is employed for the approximation of order parameter and

temperature. We calculate the relative error of the numerical solution at t =  = 1. The L2
error and

the convergence order is reported in Table 3. First order convergence rate is observed for all variables

which is further illustrated in Figure 2.

3.3 Stability

In this section we numerically validate that Scheme MV satisfies a discrete energy law. The parameters

in the PDE system are set as in Table 4. The initial conditions are 𝜑0 = 0.2 + 0.4y, T0 = −xy, and.

uj(0) =
⎛
⎜
⎜
⎝

− 1

2
sin

2(𝜋x) sin(𝜋(y + 1))
sin(2𝜋x)sin

2

(
𝜋(y+1)

2

)
⎞
⎟
⎟
⎠

, (x, y) ∈ Ωj, j ∈ {c,m}, (88)

which satisfies ∇ ⋅ u0 = 0. We take the mesh size h = 1

64
and the time step 𝜏 = 1

64
. We let the constant

A to be 100 so that it satisfies the condition (16). In Figure 3, we compare evolution of the discrete
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CHEN ET AL. 1839

FIGURE 2 Plot of the L2
error as a function of time-step size: 𝜏 = h, final time T = 1

TABLE 4 Parameters in the discrete energy experiments

PDE parameters 𝜶 𝜿 𝝆0 𝝌 𝝂c 𝝂m 𝚷 M (Mobility) 𝜸 𝜺 𝜶BJSJ 𝜷 g

Value in test 0.5 1e−3
1 1 0.1 0.1 0.1I2 0.1 0.1 0.1

√
0.1 1 10

Note: I2 represents the two-dimensional unit matrix.

FIGURE 3 Evolution of discrete energy with the constant A = 100. The three energy curves are visibly identical and

monotonically deceasing

energy computed by the scheme (36)–(45) (referred to as S3) to those by the two schemes proposed in

our earlier work [1] (referred to as S2) where the buoyancy term is discretized explicitly (F = Fk
) and

implicitly (F = Fk+1
), respectively. We observe that the discrete energy curves are virtually identical

and monotonically decreasing.

4 CONCLUSIONS

We proposed two mass and heat energy conservative, unconditionally stable, decoupled numerical

algorithms for solving the CHNSDB system that models thermal convection of two-phase flows
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in superposed free flow and porous media. The schemes totally decouples the computation of the

Cahn–Hilliard equation, the Darcy equations, the heat equation, and the Navier–Stokes equations at

each time step, thus significantly reducing the computational cost. The second scheme also decouples

the computation of the velocity and the pressure of the Navier–Stokes equations. The key ideas in the

design include operator splitting, pressure stabilization and artificial compression, and div-grad stabi-

lization. We rigorously show that the schemes are conservative and energy-law preserving. Numerical

results confirm the properties of conservation, accuracy and stability of the algorithms. The devel-

opment of a second-order, unconditionally stable, decoupled scheme will be dealt with in a future

work.
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