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1 | INTRODUCTION

| Xiaoming He?

| Xiaonian Long® | Shipeng Mao*

Abstract

In this paper, we develop and analyze a finite element
projection method for magnetohydrodynamics equations in
Lipschitz domain. A fully discrete scheme based on Euler
semi-implicit method is proposed, in which continuous ele-
ments are used to approximate the Navier—Stokes equations
and H(curl) conforming Nédélec edge elements are used to
approximate the magnetic equation. One key point of the
projection method is to be compatible with two different
spaces for calculating velocity, which leads one to obtain
the pressure by solving a Poisson equation. The results
show that the proposed projection scheme meets a discrete
energy stability. In addition, with the help of a proper regu-
larity hypothesis for the exact solution, this paper provides
a rigorous optimal error analysis of velocity, pressure and
magnetic induction. Finally, several numerical examples
are performed to demonstrate both accuracy and efficiency
of our proposed scheme.

KEYWORDS

error analysis, finite element method, magnetohydrody-
namics, Nédélec edge element, projection methods

In recent years, the significance of magnetohydrodynamics (MHD) has increased with respect to sci-
entific and engineering problems. Many interesting MHD flows involve a viscous, incompressible,
conductive fluid that interacts with electromagnetic inductions, compare [1-4] and references therein.
Therefore, a significant amount of research works have been carried out for numerical methods for the
MHD equations, see, for example [2, 5-20] and the references therein.
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Among all the developed methods for the MHD equations, here we are particularly interested in
the projection methods, whose original versions were proposed by Chorin and Temam in [21, 22],
because of its efficiency and simplicity features [23-25]. The most attractive feature of projection
methods is that, at each time step, one only needs to solve a sequence of decoupled equations for
velocity and pressure. Rannacher in [26] derived improved optimal first order error estimates for the
original projection scheme introduced by Chorin and Temam (see also [27] or [28]). Some rigorous
error analysis of projection methods in temporal discretization were also carried out for incompressible
Navier—Stokes equations [29-35].

However, it is not an easy job to prove the error analysis of fully discrete scheme based on projection
methods, because it must be compatible with two different spaces when calculating velocity. Com-
pared with the numerous articles on the temporal discretization for projection methods, there are only a
relatively small number of papers on the analysis for the finite element projection methods with a fully
discrete scheme. For example, a fully discrete velocity-correction scheme for Stokes problem was pro-
posed in [36]. A fractional-step projection method for calculating incompressible Navier—Stokes flows
by using finite element method was developed in [37], and it laid a foundation for our research in this
paper. For the time-dependent incompressible MHD problems, the authors in [38] developed several
efficient numerical schemes and proved the error estimates for the semi time-discrete case. Recently,
a linear, unconditionally stable projection methods and the error estimates for the time-discrete MHD
system had been proved in [39]. A fully discrete projection methods with unconditional energy stable
scheme for MHD problem had been developed in [40], in which the magnetic induction was approx-
imated by Lagrange element and the numerical experiments were carried out in a two-dimensional
convex domain. We remark that all these articles assume that the domain is either convex or has a C!!
boundary and the magnetic induction B € H'(Q), so that the magnetic induction can be discretized
by continuous Lagrange finite element method by adding div B to the Maxwell equation. However,
it is well known that continuous Lagrange finite element discretization may not converge to the cor-
rect magnetic induction for non-convex domain or Lipschitz polyhedral domain (see, e.g., [41-44]),
which is frequently encountered in practical engineering computations. A possible way to overcome
these difficulties was proposed in [45] by virtue of Nédélec finite elements for the magnetic induc-
tion B. On the other hand, Nédélec finite elements approximation to the magnetic induction in MHD
system seems to be a natural choice since it can treat the boundary conditions of magnetic induction
B casier than continuous finite element discretization. For the unsteady system, a semi-implicit finite
element scheme based on Nédélec edge elements for the incompressible MHD equations was studied
in [46], in which the energy preservation is proved and an optimal error estimate under low regularity
assumption is derived. The study of Nédélec finite elements approximation to the magnetic induction
in MHD system is attractive and it has been employed in [16, 47-49]. We also mention the recent
papers [6, 19], where different formulations were proposed to maintain the divergence free magnetic
solutions in the numerical schemes.

In this paper, we will propose and study an effective projection numerical method for three dimen-
sional MHD flows by using continuous elements to approximate the Navier—Stokes equations and
Nédélec edge elements to approximate the magnetic equation. The proposed scheme can be used for
the domain may be a non-convex polyhedra and the magnetic induction B has regularity lower than
H'(Q) since the Nédélec edge element discretization can capture the physics solutions, which is a nat-
ural choice to solve the Maxwell equations in the field of scientific computing. One key requirement
of projection method is that it must be compatible with two different spaces for calculating velocity,
which makes the error estimation quite technical. What is more, the low magnetic induction regularity
and loss of divergence control will bring new difficulties to theoretical analysis and some special tech-
niques need to be developed. As a result, a rigorous optimal error analysis of velocity, pressure, and
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magnetic induction is presented in this article. In addition, we carry out numerical experiments on the
projection scheme for three dimensional MHD flows to verify to illustrate its stability and accuracy,
which agree well with the theoretical results.

The outline of this work is organized as follows. In Section 2, we describe the MHD model, the
notations and the basic facts to be used throughout the paper. We propose a proper weak solution for
the MHD model and provide the energy estimates. In Section 3, we design a fully discrete scheme
based on projection method. The unconditional energy stability of the fully discrete scheme is shown.
In Section 4, we derive the error estimates for velocity, pressure, and magnetic induction. In Section 5,
some numerical experiments are carried out to test the behavior of the numerical solution. Finally, we
close the paper with some concluding remarks in Section 6.

2 | THE MHD MODEL

Let Q be a bounded domain with Lipschitz boundary 9€2 in IR?, we consider the following incompress-
ible MHD equations:

u,—vAu+ w-Vyu+Vp+«B xcurlB=f inQy, 2.1
B, +R;' curlB—curlu xB)=0 in Or, 2.2)
divu =0 in Qr, 2.3)
divB =0 in Qr, 2.4)

where Oy = QX% (0, T), T > 0 is a given finite final time, # denotes the velocity field, p the pressure, B
the magnetic induction, v the kinematic viscosity, k¥ the coupling number, R,, the magnetic Reynolds
number, and f the given source term. The system (2.1)—(2.4) is considered in conjunction with the
following boundary conditions and initial values,

u=0, Bxn=0 on St,
u (ty) = u’, B (1)) = B° in Q, (2.5)

where S = 0Q X (0, T), n is the outer unit normal of 0Q and the initial magnetic induction BO satisfies
div B® = 0. Our results are also valid for another frequently used set of boundary conditions of the
magnetic induction B:

B-n=0, nXcurlB=0 on St.

But we shall mainly consider the boundary conditions (2.5) in this paper.

For mathematical setting of the problem (2.1)—(2.5), we first introduce some notations that will
be used throughout the paper. For all m € N*, 1 < p < oo, let W"?(Q) denote the standard Sobolev
space and it is written as H™(Q) when p = 2. The norm in W™?(€2) is defined by || - ||, such that

1/p 1/p
[Vl = ( > ||D“v||s,,,> with [[v]lo, = ( / |v|pdx> 1 <p<o,
Q

|a|<m
[IVllm.co = max [[D*v]lg o with [[v][o.c = ess sup [v(x)],
|| <m XEQ

where
D — glal
T oM oxoxd’
| 0Xy70X3

35USD17 SUOLUWLOD SAIES.ID) 3ot |dde ay) Aq pausenob /e SO ILE YO ‘8SN JO S3|NI 104 ARIQ1T UIUQ AB|IAA UO (SUOIIPUOD-PUR-SLUBYLLIOD A3 | 1A Re.q 1 BUI|UO//STIY) SUORIPUOD PUe SWIB | 84} 38S *[£202/T0/0E] U0 AfigiT auljuo A8]IM 90UB10S JO AISIBAIUN LINOSSIAL AT TH622 WNU/Z00T OT/I0P/W0d" A3 1M ARe1q 1 pUI|UO//SANY WO} popeo|umoq ‘Z ‘€202 ‘92yZ860T



1452 Wl LEY DING ET AL.

for the multi-index @ = (a1, a2, a3) and lal = a; + a» + a3, with a;, a,, a3 > 0. For the function spaces
[P0, T;X), 1 < p < o0, the norms are denoted as

T 1/p
Vllzr.r:%) = </ ||V(f)||§(dl> for1 < p < oo,
0
[IVllz=0.7:x) = €ess sup |[v(D]x,
0<t<T

where X is a real Banach space with the norm || - ||x. The inner product will be denoted by (-, -), that is
(P, w) = /Q ¢y dx and the norm in L2(Q) defined by || - ||o. Vector-valued quantities will be denoted
in boldface notations, such as u = (i1, ua, u3) and L2(Q) = (L*(Q))?. We use C and ¢, with or without
subscripts, bars, tildes or hats, to denote generic positive constants independent of the discretization
parameters, which may take different values at different places.

We introduce the following classical Sobolev spaces:

X =H\(Q), Xy = {u € X,divu = 0}, M = L3(Q),
W={CeL*(Q),culCeL*Q)}, Wy={CeW,Cxn o =0
Here and in what follows, we define the norm
ICllw = ICllarusey = (ICIE + llewrl €)' vCew.

It is well known that the following Poincaré type and embedding inequalities are valid in bounded
polyhedral domains (see chapter 3 of [50] for more details),

Wllom < cillVPllo,  mel[l6] WreX, (2.6)
[lcurlv|los < caflcurlv];, WYWweW Vs> 1/2, 2.7
Pllo.co < cslvllies2 Vs> 1/2, (2.8)

I3 < callvlliss2 Vs> 1/2. (2.9)

We denote |
clw,u,v) = 5[((w -Vu,v) — ((w- Vv,u)] VYw,u,v € X.

It can be checked that the following identity holds by the divergence theorem
cw,u,v)=(w-Viu,v)+ %((divw)u,v).

We now introduce the operators which will be used below, & : X - M, BT : M — X', for any v
€ X, g € M such that (Bv, q) = (v, BTq) = —(divv, ).

2.1 | Weak solution of the MHD model
We describe the definition of weak solution to problem (2.1)—(2.5) as follows [16].
Definition 1 Letu® € X, and B’ € W,,. The triple (u, p, B) is called a weak solution of

the system (2.1)—(2.5), if it satisfiesu € L*® (0, T;LZ(Q)) NL*(0,T;Xy),p € L®(0,T; M)
and B € L* (0, T;L*(Q)) N L? (0, T; Wp) such that

s, v) +v(Vu, Vv) + c(u,u,v) + (%T , v) + k(B X curl B,v) — (Bu,q) = (f,v), (2.10)
(B;,C) + Ry (curl B, curl C) — (u X B, curl C) = 0, (2.11)

for any (v, g, C) € (Xo X M X W) and almost all ¢ € (0, T].
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The existence of the solution to (2.10)—(2.11) was proved in [2, 16]. In this paper, we mainly analyze
the error estimate by using finite element projection methods. The system (2.10)—(2.11) enjoys the
following energy law and the main feature of the MHD system is that it is a dissipative system.

Theorem 1  For any u(t), B(t) and p(t) that satisfy (2.10)—(2.11), the following energy
stability result holds

t t
- 1 1
/ (vVIVa@IG + Ry lleurl BOIF) di+ > @Il + 5 IBOI = 3 ()l + 2 IBO)IF + / (fw)dr.
0 0

Proof. By choosing v =u, g = p in (2.10), C = kB in (2.11) and adding up the two
equations, we can deduce that

10 K d -
59,121 + 5 = IBIIG + VIVallg + Ryl xllcurl BIIG = (f,w). (2.12)

Integrating (2.12) from O to ¢, Theorem 1 is proved. L]

Remark 1 Under the external force (f, u), the total energy contains the fluid kinetic
energy %llu(t)ll% and the magnetic energy §||B(f)||(2), while the dissipation of energy
includes the friction losses v||Vu(#)||3 and the Ohmic losses R;!«|[curl B()||3.

3 | AFULLY DISCRETE FINITE ELEMENT PROJECTION METHOD FOR
MHD SYSTEM

As we can see from the contents of the previous section, MHD is a system with nonlinear full coupling
of velocity, pressure and magnetic field variables. Especially, the velocity and the pressure are coupled
by the incompressible constraint, which brings great difficulties to the actual numerical calculation. In
this section, we introduce a fully discrete projection finite element method for problem (2.10)—(2.11)
based on Euler semi-implicit scheme. This scheme enables us to solve only a sequence of decoupled
linear equations at each time step.

Let Q be a Lipschitz polyhedral domain and let 7;, be a regular, quasi-uniform triangulation of
Q. where A is the maximal diameter of the element in the mesh [51, 52]. Let P;(K) be the space of
polynomials of total degree at most k>0 on K and IN’k(K) the space of homogeneous polynomials k&
on K. Let X, C X and M), C M be a pair of mixed finite element spaces based on the triangulation 7j,.
We assume X}, is the k order vectorial Lagrange finite element space and M), is the k — 1 order scalar
Lagrange finite element space.

The space D;(K) denotes the polynomials ¢ in ;’k(K ) that satisfy g(x) - x =0 on K. For 1 <k, we
define the space

Ni(K) = P-1(K) © Di(K).

To approximate the magnetic induction, we use Nédélec H(curl)-conforming finite element space
(see [50, 53]), which is defined by

Wh={C€W0,C|KGJ\fk(K) VKGTh}

Note that the above definition is the first family H(curl)-conforming discrete space. We can also
employ the second family finite element spaces with N;(K) chosen by Pi(K). They are natural choice
to discrete the Maxwell equations.
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Setting S, = {C e H(Q)n L%(Q), C e P\(K),VK € Th}, we introduce the discretely solenoidal
function space Wy,
W()h = {Bh S Wh,(BhVSh) =0 Vs, € Sy, } .

Furthermore, the space Wy, is known to satisfy the following discrete Poincaré—Friedrichs
inequality:
[IChllp < cx |lcurl Cyllg for C;, € Wy, 3.1

where ¢+ > 0 independent of the mesh-size & (see theorem 4.7 of [54] or [45]).
Let Z;, be finite dimensional subspace of L?(Q) and satisfy X, C Z;,. Furthermore, we assume that
Z;, and M}, are compatible in the sense that either Z, is conformal in

Hy(divQ) = (v e LX(Q), divv € L*(Q), v-n|;o=0)

or M), is conformal in H!(Q).
We recall the following inverse estimate from theorem 3.2.6 of [55]. On a quasi-uniform mesh
there holds
1Villng < Comh' ™"V ]|, V¥4 € X, (3.2)

where C;,, > 0 is a generic constant independent of the mesh-size /, 1 and m are two real numbers with
0<:1<m<1, pand q are two integers with 1 <p < g < 0.

We assume the finite element pair X, and M, is inf-sup compatible. That is to say, the following
discrete inf-sup condition (see, e.g., chapter 2 of [51, 52, 56]) holds.

Lemma 1 Forany q, € My, there exists v, €X,, satisfies the discrete inf-sup condition

(divvy, g1)

> pi, (3.3)
0#q, €M 0.2v,ex,, [Vall 12 1gnllo

where 1 is a generic positive constant depending on the domain £2.

We introduce the linear operator &), : X, — M), and its transpose 95’[ : My — Xj,. For any vy
€X}, g, € M}, one can obtain (B,vy, q) = (vh, %’,fqh) . We assume 9B}, is surjective, which means that
9B, satisfies the inf-sup condition (3.3). In order to analyze the spatial error of the projection methods,
a discrete divergence operator €, needs to be introduced, where €, : Z;, — M, and its transpose
<‘ghT : My — Z,,. For any vy, €Z,, q;, € My, either (€v14,qn) = — (divvyy, q) if Z;, C Hy(div;Q) or
(Grvins qn) = W1n, Vap) if M;, ¢ H'(Q). In addition, we define the continuous injection .7, : X, — Zj,
and .7, is the transpose of .7}, namely, the L?-orthogonal projection onto Xj,.

The relationship between 98;, and &), can be described as follows.

Lemma2 The operator € is an extension of By and F,1 € = B, namely, we have
the following commutative diagram (see [37] for more details),

Mh
h
Zhﬂ;lT—>Xh

Remark 2 If X;, = Z,,, the operators 98), and €, involved in Lemma 2 are identical,
namely, %), = €. We know that 98, is assumed to be surjective, so &), is also surjective.
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In the following analysis, we consider the fully discrete finite element method based on Euler
semi-implicit scheme. Let N > 0 be a fixed integer number and At = T/N be the time-step size. Then
t,=nAt,n=1,2, ..., N denote the discrete time levels. For convenience, we introduce the notation
dw" = (W' —w' /At with w" = w(t,).

With the above notations, we now propose the fully discrete variational scheme of (2.10)—(2.11)
via the following two-steps.

Step 1 Given @} ', pi~! and B}~!, for any (v, C,) € (X, x W),), find &, € X, and
Bj, € W, such that

g Tyn-1 ~n—1 ~ ~i
(M,vh> +c (uZ l,uZ,vh) +v (Vay, Vi) + (B oy vn)

Ar
+x (B xcurl By, vy) = (f',vn) 3.4
(d,B",Ch) + RL (curlB",curl Ch) - (ﬁz x B1~1, curl Ch) =0. (3.5)

Step 2  Given uj, pZ‘l, for any (vi, gn) € (Z), X M}), find uj, € Z), and pj, € M), such

that
(525 ) + (&7 (=) vs) =0, (36
(Ghuf,qn) = 0. 3.7

With initial values satisfy ) = u}) to approximate u(f), B! to approximate B(ty), and Ju
to approximate p(t = 0) such that satisfy (4.5).

Remark 3 The original Chorin-Temam projection method does not contain 7 pf~! in
(3.4) and only contains the unknown pf in (3.6) (see, e.g., [26, 57, 58]). Applying div
operator on both sides of (3.6) simultaneously, the system (3.6)—(3.7) is equivalent to
solve a discrete Poisson problem for the pressure. When the pressure is solved, by virtue
ofuj = .7 Wl + At‘ghT (pZ - pz_l ) then we arrive at uj;,. Note that the scheme (3.4)-(3.7)
is just a projection algorithm framework and may use various forms chosen by the users.
Specifically, we will show how this method can be implemented in the particular situation
Z, =X, + VM, in Section 5.

Remark 4  When Q is a non-convex polyhedron or non C'*! smooth boundary, the dif-
ficulty comes from the fact that the magnetic induction is in general not in H'(Q) (see
remark 3.3.1 of [2] for an explanation). The approximation of the magnetic induction with
classical nodal element may miss singularities in the physical solution, due to re-entrant
corners. This is the reason why we choose Nédélec edge elements to approximate the
magnetic induction in (3.5) (cf., for instance, [2, 42, 44] etc).

Remark 5  The scheme (3.5) satisfies a weakly divergence free property. That is to say,
by choosing C;, = Vs, in (3.5), where s, € Sj, thanks to curl V =0, we can obtain
(dtB;’l, Vsh) = 0, namely, ((BZ - BZ‘I) /AL, Vsh) = 0. Due to (32, Vsh) = 0, it is easy
to deduce (BZ, Vsh) =0, foralln > 1.

A fully discrete energy law of the solution to problem (3.4)—(3.7) is given, which plays an important
role in proving the subsequent error analysis.
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Lemma3 Let (uZ, ﬂZ,pz, BZ) be the solution of (3.4)—(3.7), then the following stability
result is obtained

2
i =y ”0

e (12 + 2(At)2“%{p’/?”z + KBl + 2<|
n=1

+«||B; - B! ”(2) +2A0| VL[ + 2A1cR;,! ||curle||§)

= ||J,fu2“i + 2(Az)2||%,fp2||z + K”Bgﬂz + 2Ati (", .
n=1

Proof.  Taking v, = 2Afu), in (3.4), C;, = 2AtxB] in (3.5) and adding up the two

~n—1 ~n ~n

equations, using ¢ <u'h JUp, u;,) = 0and 2(a — b, a) = a*> — b*> + (a — b)?, there holds

1 2
5, +]

~n2 T, n-1||? ~] T, n-1||? 2 -1])?
s = o [ = o o = o+ -

+ 2VAL||ViEh |5 + 2 AR, (lcurl By IS + 241 (BIpi~" ah) = 241 (f,305) . (3.8)

By choosing vy, = 2(A1*@[p}~! in (3.6) and applying 2(a—b, b) = da*—
b* — (a — b)?, combining with (3.7), we can derive that

2 2 2 ~n n—
(an? [H%{pz =gt - leiten - sl HO] =281 (S Elp) . (39)
Thanks to Lemma 2, there holds
(Tt €y py~") = (@h, T3 Gy pi") = (wh, Biipi™") - (3.10)

In addition, for any vy, €Z;, we can rewrite (3.6) as follows

up + At (€ pp — Gl py") = Il (3.11)
Taking square on both sides of (3.11) and by (3.7), we can obtain
2 ~n
laills + 02| €l pr - €l pi |, = 7l (3.12)
Plugging (3.9) into (3.8), using (3.10) and (3.12), and noting that ||f;ﬁ;’,||(2) = ||ﬁZ||(2),
we have
n||2 T, ,n—1 2 ~n T, n—1 2 ny 2 n—1 2 n n—1 2

+ 2vAl| Vs |2 + 2 ARy [[curl By |2 + 2(Ar)? (“%,fpz z - Hfg{pg—l ||(2)> —2A¢ (', )) .
(3.13)

Summing up (3.13) from n = 1 to m, so we can conclude the proof. [

4 | ERROR ANALYSIS OF THE FULLY DISCRETE MHD SYSTEM

In this section, we will establish the error estimates for the numerical solution (uZ, Djs BZ) . Particularly,
we are concerned with the H(curl)-conforming edge elements for discretizing magnetic induction B
which may be not in H'(2). Some new techniques need to be developed in the subsequent analysis.
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To obtain the optimal error estimate for pressure, we need to give an elaborate and fine estimate for
the error of velocity and magnetic fields.

We will use a discrete version of the Gronwall inequality in a slightly more general form than the
traditional one in the literature, and its detailed proof can be found in [59].

Lemma 4 (Gronwall lemma) Let C+, At, a,, b,, ¢, and d,, be non-negative numbers
with n > 0 such that

m—1 m

am + Atibn < AtZd,,an + Athn +C, Vm > 0.
n=0 n=0 n=0

For all At> 0, then

m m—1 m
am + AthH < exp (AtZdn) {Athn + C*} Vm > 0.
n=0 n=0 n=0

In order to obtain the error estimates for all variables, we need to make the following regularity
assumption for the weak solution of (2.10)—(2.11).

Assumption 1  Suppose that solution (u, p, B) satisfies the following regularity,
u €L (0,T; ' (QnHAQ)), u, € L* 0, T; H(Q)n L™ (0, T; H(Q))
u, € L*(0,T;H'(Q), pel”(0,T;H (@ nH(Q),
p€L®(0,T;H'(Q)), BeL®0,T;H'(Q), B, eLl*0T;H ),
B,€L*(0,T;L*(Q)), curlB € L*(0,T; H'(Q)),

where the exponent s > 1/2 depends on the regularity of the domain Q.

Remark 6  Here, the regularity assumption of B is weaker than [39, 40] and it is minimal
in the sense that it is satisfied by the strongest singularities of the Maxwell operator in
polyhedral domains, compare [42, 43], which are often used in the analysis of finite ele-
ment methods for incompressible MHD problems, see [2, 45] and the references therein.
The regularity assumption on u, u, and p;, is the same as [36, 37, 39, 40] and the refer-
ences therein. We can not weaken it since the Chorin projection method decouples the
pressure from the momentum equation and it usually amounts to solve a Poisson type
equation with the pressure p as unknown. It is very difficult to get an error estimate for
Poisson problem with only H* (1/2 < s < 1) assumption. On the other hand, we have to
use the H? regularity assumption on u since it needs an estimate the H' stability of Stokes
projection operator Q;p in the later proof.

To facilitate the subsequent analysis, we will assume there exists a constant Cy depends on f, u°,
B and Q such that
||z ”L°° (0.7:H'" (QnHA(Q)) + |lu ”LZ(O,T;HX(Q))nL‘x’ (0.7:H* ()
Pl o 0.7 m5@nm @) + 1Pl (0,701 @) + ull 20787 ) + Ul Bll 20,780

+ I1Bllz=o.rar @) + 1Billzo 1m0 @) + 1Bull2(or.22@) < G- 4.1
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We first introduce the Stokes projections: given (u, p) € (Xo X M), for any (vj, qn) € (X; X M},),
find Pyu € X, and Q;,p € M,, such that

v (VPuu, Vvy) + (B Owp.vi) — (ByPuu,qn) = v (Vu, Vvy) — (p, divey) + (gn, dive) . (4.2)

We need to define the Fortin operator 7, from W, to W, (cf. [60]): given B € W, for any
C,eW,andy;, €8), C Hé(Q), find F,B € W, such that

R (curl F,B, curl C;) = R} (curl B, curl Cy,), (FuB, V) = (B, V). 4.3)

We suppose these projection operators satisfy the following approximation properties (see, e.g.,
(37, 58]),

Wl = Pually + Nl = Paally 2+ llp = Qupllo < Ceh” [llullzanz + lipllez] -
1B = FiBllo + llcurl (B = FiB)lly < Cch” [|IBllc2 + llcurl Bl 2] . 4.4

with £ = min{k, s}, where k > 1 is the order index of the finite element spaces, s > 1/2 is the index of
regularity of the exact solution and C, is a generic constant depending on the regularity of the domain
Q. Note that the highest approximation error order for L> norm and H(curl) norm of the chosen Nédélec
finite element space are both order &, see, for example, [50, 53].

Assume that the initial values have a good approximation, namely:

“B (to) — 32' (2) + (At)zn%hT (p (o) — p3) |z < Ch¥ + C(AD™. (4.5)

In addition, we can deduce the uniform stability of the projection operators by using inverse
inequality (3.2) and Assumption 1. That is to say, there exists a constant C, >0 depending on the
regularity of mesh such that

2 0
0 + ||u (to) — u,,

IPhttllo.co + IPatelly 5 < C (llllzriz + lIplle2)
IFiBllos + llcurl FiBllos < C, (I1Bllz2 + llcurl Bll ) - (4.6)
Furthermore, the projection Qy,p satisfies the following stability result, and this detailed proof can

be found in Lemma 5.3 of [37].

Lemma5 Provided p is in L'(0, T; H'(2) N M) and u is in L' (0, T; H*(2) n X), for
1 <r < oo, we have

|57l C 1Pl o1y + Mllorarany| - @.7)

<
Lr(0.T:LA(Q)
In order to facilitate the subsequent error estimates, we define the following notations,
nt = Pyu’ — ny = P — uj, ny = Qup" — p»
= Q" =i ng = FiuB" — B},

Combining (2.10)—(2.11), (3.4)—(3.7) and (4.2)—(4.3) together, we can derive the following error
equations:

=y _ 1
(#,Vh) +c (ng I,Phun,vh) +c (uZ ,ﬂﬁ,vh> +v (Vn;, Vi)

+ (@,{r]g,vh) +x (r]g_l X curl FhB”,vh) +x (BZ_1 X Curln,';,vh) = (R’l’,vh) s 4.8)
(dinfy, Cy) + Ry! (curl gy, curl Cy) — (uy x ™", curl C;) — (2 X FyuB"™', curl Cy) = (R3,Cy) , (4.9)

35USD17 SUOLUWLOD SAIES.ID) 3ot |dde ay) Aq pausenob /e SO ILE YO ‘8SN JO S3|NI 104 ARIQ1T UIUQ AB|IAA UO (SUOIIPUOD-PUR-SLUBYLLIOD A3 | 1A Re.q 1 BUI|UO//STIY) SUORIPUOD PUe SWIB | 84} 38S *[£202/T0/0E] U0 AfigiT auljuo A8]IM 90UB10S JO AISIBAIUN LINOSSIAL AT TH622 WNU/Z00T OT/I0P/W0d" A3 1M ARe1q 1 pUI|UO//SANY WO} popeo|umoq ‘Z ‘€202 ‘92yZ860T



DING ET AL. Wl LEY 1459
and
BT ) 4+ (BT (=) v ) = 0 (4.10)
IV n\fp =M |Y1in | =Y, .
(€ntu>qn) = 0, 4.11)
where
(RY.vn)

t)l
= (dPpu" —du",vy) — i/ (t = th1) (Ot vy) dt
Iy

—c(w —u""u" ) —c (P u" = P, vy)

—-c (u”_] - Phu”_],u”,vh) —K ([B” —B”_l] X curlB”,vh)

-k (FuB"" x curl (B" = FB"),vy) — k ([B"™' = FuB""'| x curl B",v,)
(R3.Ch)

t’l
= (szth - dtBn» Cy) - i/ (t = ty-1) (0B, Cp) dt
Iy

+ ([u" - Phu”] XB”_I,curlCh) + (u" X [B" —B”_l] ,curlCh)
+ (P x [B" = F,B"™'] ,curl Cy) .

Now, we estimate the residual terms R} and R3, which will be needed for the error analysis later.

Lemma 6 Suppose Assumption 1 holds, with ¢ = min{k,s}, for all 1 < m < N, the
following estimate is established,

813 (IR o + 173 ) < CCADR + R @.12)
n=1

Proof.  Inview of (2.6)—(2.9), (4.4) and Holder inequality, it follows from the definition
of R} that

IR 5

t 1/2 1,
< C(At)l/z{ </ ||0nll||%1,2df> + "l 142 (/ ||u,||%dt>
[ [
I 1/2
+ llcurl B*{[o 3 </ ||Bz||(2)dl> } + Ch” ||du"|| 1.5
[}

+2CH’ ”Phu”‘l ”0,3 @™ l|14s 5 + 2CH

1/2

un—l || vu"
Lo IVl

+Ch’ ||curl Bl ”FhB”_l ||O’3 +Ch’

n—1 n
B HO llcurl B[l 5
Similarly, we can obtain

“Rg ”H(curl;g)’

1, 1/2 t, 1/2
< C(an'? { </ |I0nBII%d1> + ll#* 0,00 (/ 118,115 df) }
[ [

+ CHO B o5 + CH "z |[B]|, + CH 1Pl || B

2"
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Using Assumption | and (4.6), and summing up from n = 1 to m, the proof is
completed. (]

Under the condition of Assumption 1, we are now going to prove the following important
convergence results.

Theorem 2  Suppose that Assumption 1 is satisfied and there exists a positive constant
T such that At < . Let (u", p", B") and (u;,’, ﬁZ,pZ,BZ) be the solution of (2.10)—(2.11)
and (3.4)—(3.7), respectively, for all N>m> 1, with £ = min{k, s}, we have

2
= o + 1B™ = BRI + [l = a7 [ls + ae?|| & (2 = )|,

+ Ati <v”V (u" - EZ) ”z + R;ﬂrc”curl (B" - BZ) 2) < Ch¥ + C(AD>.
n=1
Proof. By choosing v, = 2Am; € X, in (4.8), C, = 2kAtg € W’(‘)h in (4.9) and
adding the two equations, we find
Il - o | + O R TR N

+ 2vAL|| Vi ||0 +2R;;! KAt”CurlnB”O +2A1c (n !, P, nt) + 200k (n' X curl F,B", 1)

R Ll I A

— 280 (P X curlng) + 280 (B[ nt ) = 2A¢ (i) +28mk (Rbn) . (413)
where we have used the fact that
(By™" x curlng, n2) — <uh X ,curlnB> (ne x FuB"" curlyy) = — (Pau" x ", curlyjy) .

Taking vy;, = 2(At)2%”hT;7§ € Z; in (4.10), there holds

(A1) [”%h !

— B/ ] +2A1 ( — I G ng) —0. (414
Combining (4.11) and (4.14) and using .7,/ €,/ = B[, we have

_ “?g,fng“z ~ @i - %{ngnz] =2At (ng,%,{ng) . (4.15)

(AD? [”%h ;1,,
From (4.10), it can be seen that
At (‘6{11,, G, ’717> + 1y = . (4.16)
By virtue of (4.11), there holds
@@l -l + i = Tl @17)
Plugging (4.15) and (4.17) into (4.13), we can deduce

2 2
2 _
W = |7+ o = it -5,

H +x

| s P

=it

+ 24tk (! x curl FuB", 1) — 2Atxc (P X n ' curlny) = 2A¢ (R}, 1) + 2Atx (Ry, ) -
(4.18)

+ (A1 [“%{ng’ ] + 2vAL|| V2|12 + 2Ry kAt curl |2 + 2Atc (n!, Poad”, )
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Applying the Young inequalities and (2.6)—(2.9), (3.1), and making use of (4.6) and
[divaz="l, < s [|Va2™|,- then the following estimates can be obtained

20 (m !, Pud ) | =21 ((ny 1-V)Phu",ng)+%((divn§‘l)73hu”,n§)|

<2

P |V'73‘1||<2> +47 (GGG + 3G Il

2k (n" X curl FB", n2) | <

B"(lo3 ”;13”0,6

n_1”2
B 0’

< %”Vﬂ%“é +4v i3 CiC?

and

2k | (Phu” X r/"_l,curlnﬁ) | <2k ||Pru

i, Newrt gl

—1
< Ru K”curlnﬁ”g + 2R,k C; CF ||y

2| (RY. ”) +x (RS.p) |

1 |2
0’

—1
2 RIZ, o + 2Rk RS [ anay + 5 | Vallo + =5 llcurl |5

Thanks to ;17’7’ = Qup" — pz_l, by using (4.1), (4.4), (4.7) and the Young inequalities,
we obtain

(At)2||‘€;, 11p (At)2||‘€h [Qip" = Quwp" | + €/ my~ 1“2

= (At)zu%f [Qwp" — Q"] ‘%hT U lHi

+2(A0° (@) |Qup" = Q"' € ")

‘0 + (Ar)?

< (Az)2||<‘g,f;1;; ’|| +C(At)3||<‘g,f - 1” + C(AP.

Due to [|7lI3 = || — 7T i |o + ||Jth:;||§, there holds

2 2
[ e el A — |+ el
2 2
- i+ ,ﬁ,_n,g-l||o+(m)z [u%:ns -l
2vAt

|Vl + vAe|| Vi|le + R kAt curl m|c
< CAt (”erl”—m + “Rg“H(curl;Q)’> +4v7 (cICICF + 3CFCF) Atllnﬁllé

+ CAt <K ng-'”i+(m)2“fg{n;: '“ > 2VA’”V - 1|| + C(AD.

Summing up (4.19) from n= 1 to m, noticing |72, < || = ni=" o+ 17 7 |,
and setting C=d4v! (c%C?C]% + c%C%C]%), we can obtain

1 197 Tl + o™ | 1P o il

(4.19)
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VAt

2 2
e+ worfocn st

m
+ Z(K‘ ng —
n=1

vl

n—l2 =~ n Tnl2
ST e,

si)) + ArZ (Il + ot icfeurt )
<[+ woreing], + el + 23wl

m

|2 ’
=+ CAtZ <||R1 ”_1,2 + ”R ”H(curl Q)’) + CA[Z (”jh 1’]u
n=1

vAt

||§>. (4.20)

sl + a2,

By using Lemma 4 and Lemma 6, applying (4.1), (4.5), and (4.6), and choosing At <
1/(2C), then we derive the following estimates

mll? At
”thWu 0T (At)2||§§h My H + || ”0 + LHV"u ”0
n 2
o8 (o Sl 7t o - 72l
+ Ay VIVl + Ralwfleurl |3 ) < CH + Can® @21)
n=1
Making use of [|7[Ig = ||ni — ”o + || ||0, there holds
i llo < Ch* + C(AD>. (4.22)
Thanks to [[n2|[3 < |2 = 7, ni="[|o + [}~ [[o, we come to
2|15 < CH* + C(an?. (4.23)

By virtue of the triangle inequality and (4.4), then the proof of Theorem 2 can be
finished. .

By using Theorem 2, we can show the following estimate in a standard way, which helps to estimate
the error of pressure.

Lemma 7 Assuming that the hypotheses of Theorem 2 is valid. For 1 < m < N, with
¢ = min{k, s}, we have the following estimate

)

n=1

2
me— i |, < C [ +@n?].

Proof.  Thanks to (4.10)—(4.11), for any vy, € Z;,, we can derive that

n_ o on— Font — n—1
i =i A’Z" +<€h( n,,) 7"""& M (4.24)
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Taking square on both sides of (4.24) and using €,/ ni = 0, we deduce that

& (1 =)

Applying 7,7 .7}, = I, where I is an identity operator, there holds

n _ n—l1 2 2
we =i+ @0

‘ = |7~ | (4.25)

2 2
R e Y e
which implies that
n—1 2 n T n—1 n—1 T, n—1 2
— T HO <\\z—Fh tu M =Ty M ”0 (4.27)
Combining (4.21) and (4.27), we obtain
i 2
X || =) <+ cant, 4.28)
n=1
which leads to the desired result. ]

With the help of the inf-sup condition (3.3), we can establish the following estimate for pressure,
provided that the exact solution is slightly smooth.

Theorem 3  Under the hypotheses of Theorem 2, for 1 < m < N, with ¢ = min{k, s},
the approximate pressure given by the projection scheme (4.8)—(4.11) satisfies

L i || _c(i +h—1(m)2) ((An? + ) .

Proof.  Multiplying both sides of (4.10) by .7,/ and adding it to (4.8), by virtue of
IIe!l = B, we obtain

F T,n _ jT n—1 o
<W,Vh +o(ny P vy) + ¢ (uZ L, Vh) +v (Vi V)
+ (95;{’15,1’11) +x (ng' x curl FuB",vy,) + k (B~ X curlnp,vy) = (R, vp) .
By using of the inf-sup condition (3.3), we derive

o i = mi ]y

A +202 | \a Ho VPl + v || Vg,
+2c1 || VA, (”Pm"‘1 st ne! ”0’3) + ik || ”0 llcurl 7,B" ||y 3 + ||R'1’||_1,2
+ e ([FuB| ,+ Conh™ ™, ) eurtn o (4.29)

Combining Theorem 2, Lemma 3, Lemma 6, Lemma 7 and (4.6) together, there holds

|| +CAtZ(||curlnB||0+ Ivzlc)

C ((AD* + K) + Ch™" ((AD? + H*) AtZIICWlm'}Hé

n=1

< C( 4+ an2) (AP + ).

5UB017 SUOWILLIOD AAIESID 3qeal|dde ay Ag pausenoh ae sapie YO ‘3sn Jo Sajni 1o ARelgi auljuQ 431 UO (SUOIPUOD-pUe-SWB)WO0D A3 | 1M AReld 1[puluo//:SdNy) SUONIPUOD pue SWLB 1 3Y) 39S “[£202/T0/0E] Uo ARlqi auljuo AB|IM ‘90ua10S JO AIsBAIUN LINossI AQ Ty6Z2 WNU/ZO0T OT/10p/od" A3 Im Are.q U1 uO//SANY WOl papeo|umoq ‘2 ‘€202 ‘92v2860T



M—Wl LEY DING ET AL.
Thanks to 75 = Qup" — Qup" ! + 7! and (4.1), we derive
i, <l + o = 2]
< nﬁ 0 +Cn’ lp"llz2 + CV AL ||Pt||L2(o,T;L2(Q)) . (4.30)
It yields that
m 2 m 2
n—1 n 2 20
Az; ! ”0 < At; m, +c@n® + o, 4.31)
By using of the triangle inequality and (4.4), we can finish the proof. [

In fact, the error estimate of pressure obtained from Theorem 3 is not optimal. Inspired by [36, 37],
we can obtain the optimal error estimate of pressure by the incremental pressure correction scheme.

In order to facilitate the estimation of subsequent error increments, we introduce the following
notations:

n—1 n_ .n n—1 n _ .n n—1 n_ ,n n—1 n_ . n n—1
Mu > E =Ny — 1y s Ep=1Ng—Np » Ep=Hp —MNp > ==y -

n_ ,n
Eu =Ny —

In addition to the hypotheses of Assumption 1, we need to assume that

u, € L* (0, T; H'(Q) N L™ (0,T; H(Q)),  uw € L* (0, T;LA(Q)), (4.32)
B, € L*(0,T;H'(Q)), By € L’ (0,T;LX(Q), (4.33)
curl B, € L* (0, T; H (), pu €L% (0,T; H'(Q)). (4.33)

We further assume that the first step incremental error in the projection algorithm satisfies the
following estimates,
e

£ +
“Ilo

1
&

(2) + K”s}guz + (AI)ZH%{s},Hi + vAzHVe;”z < CAr [ + (An?]. (4.35)

Lemma 8 Assume that the hypotheses of Theorem 2 and (4.32)—(4.35) are satis-
fied, with ¢ = min{k,s}. Provided that At ~ O (hl/z), then the following estimate is
established

me—m |, < c@n'2 (n + ).

Proof.  Taking the difference of (4.8) with two consecutive indices, there holds

el — FTen-l
<uA: vh> +v (V&%, Vvh) + (@;52’ vh) +c (6%_1, Phu”,vh)

~n—2 1

- - el ~ne2
+C<uh ,£§,Vh>+0(n,~’j 2, P — Pyu” l,vh)+6(u2 — ) ,nﬁ,vh)

+x (n> x curl (F,B" — FiuB"™") ,vy) + k(e x curl F,B",v;,) + « (B} x curlel, vy,
+x (B =By?) xcurlny ™ vy) = (R =R vy) . (4.36)

Taking the difference of (4.10) and (4.11) with two consecutive indices, respectively,

we obtain
en— Jhsg
v ) + (8 (- ep) o) =0,
< Al 1h h 4 P 1h

(Cneu, qn) = 0. (4.37)
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Taking the difference of (4.9) with two consecutive indices, we can arrive at

(diel, Cr) + Ry (curle}’,,curlCh) - <EZ_1 X £§_l,curlCh> - ((ﬂz —ﬁ2_1> X n}‘,‘l,curlCh>
— (n' x (FuB"™" = FuB"™) curlCy) — (e X FuB" curl Cy) = (R5 —R5™'.Cy) . (4.38)

Choosing v;, = 2Ate§ in (4.36), we readily derive

leall = Jorres

er— I en! ” + 2vAt||V£f~l||(2) +2Atc (e, P, €l
280 (2, Pt” = Py ef) + 24 (@ — @ €8
+ 2At (%Zeﬁ, 53) + 2Atx (r];;_z X curl (FhB” F.B"™ 1) , eg)

+ 2Atx (6;‘3_1 x curl F,B", eg) + 2Atx (BZ_1 X curl €, e%)
+2Amc (B =By 2) xcurlyy ™', e2) = 2A¢ (R — Ry, €2) . (4.39)

Taking vy, = 2(AD*6," gy in (4.37), we have

(A1) [H%h el ~ %/ ] +2A1 <ez — et 6T eg> —0.  (440)

[

Combining (4.37) and (4.40) together and using .7,/ €] = B, we have

(Ar)? [”fg{g; 2 ”qg,fg ”qgh e —Glel ] = 2At <eg, 93,{5;,) . (4.41)
Thanks to (4.37), for any vy, €Z;, we know
At (%,fe;; @, £~> el = Fyel. (4.42)
By virtue of (4.37), there holds
(A?|| & e — & el z + lleally = || Taell- 4.43)

Choosing C, = 2Atkeg” in (4.38), we are able to deduce that

2
ey ”o + kl|lep — e ” +2R;! KAt||curlsB||0 —2Atk <uh X el 1,curle}’3>

2
clleillo -+
—2Atx <(ﬁz - ﬁ;,H) x !, curl sj’;) —2Atx (ng_l X (FhB”_l - T‘hB"_z) ,curl e}})
— 2Atx (eh X FyB" ' curlely) = 2A1x (Ry — Ry, ef) . (4.44)

An application of .,/ ) = I shows that ||.7,eZ ||0 ||e§||§ Combining (4.39),
“4.41), (4.43) and (4.44), we have

2 2
ny2 T n—1 n T n—1 n—1 n—1
llexllo — ”Jh Eu e — I €u £p ”0+K B — €B ”0

[+ ellehl

+ (Ar? [”%h &p ] +2VAL|| VeL s + 2Ry kAt curl || + 2Arc (el P, €2
+ 2Atc (;1%‘2, P — P!, E%) +2Atc <ﬁz_1 —a?, e, 5%)

+2Atx (n > X curl (FuB" — FyuB"™')  e) + 241k (e X curl F,B", %)
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1466 Wl LEY DING ET AL.

+ 280 (B = B2) xcurly™ ef) = 28nc (@7 x e, curle )
—2Atk (0" x (FuB™™' = FuB"?) ,curlep) — 2Amx (P — Puu"™") X ", curl efy)
=2At (R} — R, €2) + 2Atx (RE — Ry, €p) . (4.45)
Applying Young inequalities, (2.6)—(2.9), (4.6) and Ar ~ O (h'/?), there holds
2|c ( L P €L) |
e, 1V Pu o Nkl +

||v elfle + 13v7! (32t + 2} |e

Jl” 1P lo.co [| VR
'l
< [Cl ”Phu” - Ph”n_IH + ”Phu” B phun_l” ] i

2
”0’

2e (@ — a2 e ) | = 20c (P = P — e i) |
n—1 n-2 n
P vl

3l 197l + 1V 5l

- 13
2|c( 2 P Phu"_l,ea) |

2| Ivezll,

|Ver|la + 13v" (3C2cE + C2¢2) |n

_13|

<2¢ Vel

+ ”6~”06

e HO,G 171105

|Vez|, +26v7'c 2”73;114" '~ P 2” 3||V’7§||3

- 13' ”O

vaev e vaglver |

2| (n"—z X curl (F,B" — F;B"™") ,€L) |

< 13 ||Ve~||0 +13v7 13k ”curl (FuB" — FhB"_l)Hz _Zst
2| (e ' x curl FyuB", €5 ) | < 2 |||, llcurl FuB"[los ||e5 1“0
< Y vepl+ 13vdccee |
and
2| (B = Bi™2) x curly ' el |
=2k | ((FuB" ' FB"2 — el 1)><cur1;7 ,£§)|
<2k “T’hB"_l —JL’;,B”_ZHQ3 “CurlnB_ ||0 ||.s~,i||0’6 + 2k |[en! “ ||curli1 || ||lx ||06

20 venl 4+ 13k [ d

n—l n—1
curl “ .
B “0] “ Bl

F,B"! _thn—zn . 2C2 nl

my

- 13
By using (3.1) and Young inequalities, we derive
21 (R =R e2) +x (R — Ry ef) |

< 13vH||RY

—R'l’_1|| s + 5R,, Kc2

Rn_Rn 1|

v 2 K 2
H(curl;Qy B”Vf%“o + %chrleﬁuo'

5UB017 SUOWILLIOD AAIESID 3qeal|dde ay Ag pausenoh ae sapie YO ‘3sn Jo Sajni 1o ARelgi auljuQ 431 UO (SUOIPUOD-pUe-SWB)WO0D A3 | 1M AReld 1[puluo//:SdNy) SUONIPUOD pue SWLB 1 3Y) 39S “[£202/T0/0E] Uo ARlqi auljuo AB|IM ‘90ua10S JO AIsBAIUN LINossI AQ Ty6Z2 WNU/ZO0T OT/10p/od" A3 Im Are.q U1 uO//SANY WOl papeo|umoq ‘2 ‘€202 ‘92v2860T



DING ET AL. Wl LEY 1467

We continue to deduce
2] (" x e curle ) | = 2] ([P = 3| x e curle) |

caxfp|
0,00

enl ”0 [|curleg ||, + 2«

et ” ||cur1£;',||0

2| (P [u" =] x ™! curlel) | < 5%”‘3‘“15;;”3 + 5RukCrCF ||ny~
m

n—1
i

2K 2
< %chrlelgno + SRk

e[ [czczﬂl 2 v

and

I,
07

2k | (ng_l X (FhB"_l - FhB"_z) ,curle}’,) |
< 2kcy ||curleg||, HVn»g_IHO ”7’;,8”_] - F,B"?

’0,3

K 2 2 -1 n=2|? n—1||?
< X Jlcurlel|? + 5R ||rB — F\B || ”V~ ”
S5 ||curleg]|y + SRmkct||Fa i oall Vi g

Thanks to £~ = 17~ - r]~ -1 by using (4.4), (4.7), (4.32)—(4.34) and Young inequalities,

we arrive at

02|zl e

= @[] (@ - 0| - 6] [Qw'™ - ] + e

2
= @] [ow" - Q™| - €] (e - o + ar|Eler
+ 20007 (] [Qnp" — Q™| = & [Qup" ™" — Q"] . B ey )

<@n?|@le 1|| + @0 @le 1|| +C(AD*.

The following inequality will be used in the rest of the proof:

In [
/ (tn — O wydt — / (tm1 — D Wy dt
[ In—

3 2 2
S C(At) [”W”“Lz(f,,,lJ,,;LZ(Q)) + “W[t“Lz(tnfzstnfl;LZ(Q)):I .

2

nl nZH

0

In the next step, we shall estimate ||R} — R{™"||_, ,. It is easy to see that

u' — 2un—1 + un—2
At

2 t,
(o - o) < can® [l
0 t

n—2

From the properties of projections (4.4), there holds

dPu’ — d P — du' + du"" ”0

< Ch (A

u' —2u" 4 u”‘zn ]
£2

4 1/2
< Ch(Ap) / [”ull||L2(zn,l,t,,;Hf(Q)) + ||un||L2(tn72,;n7];1-1f(9))] >

|C (un—l _ un—Z’un _ un—l’ Vh) |

t, 172 th 1/2
2 2
< CAt(/ [l 117 2 d’) </ ||u,||132dt> lvalliz
[ t, o
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1468 Wl LEY DING ET AL.

e (un — o] + un—2’ u’, vh) | < C(At)3/2[||utl“Lz(tn,l,t,l;H‘(Q))
el iz, ) (192 llos + 1 llo o) 9l 2
we can continue to obtain
lc (Phu”_z,u” —u"' - Pt + Phu”_],vh) |

<2C.H [ u" + |u"‘1|| ] “P u”_2|| y
<2CH |l ool [P

and
lc (Puu"™" = Pp" 2, 0" — Ppu”,wy) |

— |C (phun—l _ un—l _ phun—Z + un—2 + un—l _ un—2

< Coh” Ul 4rn VAL

" =P, vy) |

-1
o[ walli

+CHY (|

un—l “

_2 n
u" “ ) u y .
£+12 £+12 el o412 valli2

The derivation of other terms is similar. We can deduce the following estimate by
using (4.1) and (4.32)-(4.34)

m

At2| Ry = Ri™ ||il 2 < Cat [(At)2 + hzq : (4.46)
n=2 »
Similarly,
12— ot | 2, 2
Atng RS = RS0 < CA[(An? 4 17]. wan

Based on the properties of projection (4.4), (4.1) and (4.32)—(4.34), we find
n_ n—1
[P =2

14
S Ch A[ ”ut”Lz(t“,],l";HHf(Q)) + CA[ “ul‘”L""(t _],l,l;Hl(Q)) s

curl F,B"~! = curl F,B" 2
H los

< Che—V24/ At “CurlBt”Lz(tn,z,t”,l;Ht(Q)) + CV At ||curlB,||L2(tninnil;H/(Q)) .

Combining these estimates with (4.45) and applying Assumption 1, there holds

nl2 n12
Eu + 6_“+
u “0 B o

2 2
2 - 2 -
lleullo — e~ I € 1”0 tx [”673”0 - €8~ B 1”o]

2 2
0 ”%f&l’;_l)yo] + vAt”Veg”(z) + R,_,,IKAt||curl£;’,||§

+ (Ar? [Hfg{ £l

2 2
schRf;_Rf;—l” P )
-1,2 H(curl; Q)
CA 1 h—l 1 n—1 2 h—l \V, n—1 2 n—1 2 n—1 2
+ (e feurt [+ a7tV ) (e + i
2 2 2 2
eanaeg o)+ car(e |+ o+ )
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et (1l i i+ o )

+ cm”wg-l ”0||vn;||§ + C(AD?, (4.48)

where we have used the fact that |7,/ ||, < ll7illo. Summing up (4.48) from n = 2 to
m, and applying (a — b)* < 2a* + 2b?, (4.46)—(4.47) and Theorem 2, we obtain

n—1

2
€p — €p |

e+ elleg s+ a2l ep] + X m(
=2

0

+|es - e )+At2< v[Veg s + R xleurl e 5 )
n=2
<|lel +K“£B“ +(At)2“%'h8,,”
+CAL R + (807 + cmé (1wt [+ o |7 ) (e,

||+ aoeerer ) + clank + ¥ |ver|:
n=2

Making use of (4.35), Theorem 2, Gronwall Lemma 4, and Ar ~ O (h'/?), we derive

that
lleillg + x||en]le + (At)2||<{€,feg
+ Atz ( |V£~||0 + Ry ||curl e |, > < CAr [K* + (A7 (4.49)
Then Lemma 8 follows. .

Now, we are ready to give the optimal error estimate for pressure.
Theorem 4  Under the hypotheses of Lemma 8, assume that At ~ O (h'/?). For
1 <m < N,with? = min{k, s}, the approximate pressure given by the projection scheme

(4.8)—(4.11) satisfies

2
-l - ||0 < C(A1)? + CH¥.

n=1

Proof.  Multiplying both sides of (4.10) by .7, and adding it to (4.8), by virtue of
FIe!l = BT, we obtain

'jh ﬂu j}T n—1
A

; h> +o(n P vy) + ¢ (ﬁ'f,_l, n, v;,) + v (Vng, Vvy)

+ (%Zﬂ%,v/,) +x (;1;;_1 X curthB",vh) + K (BZ_1 X curl;']l’;,v;,) = (R'I’,vh) .
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Utilizing the inf-sup condition (3.3), we derive that

B L

1
Pllo — At

+2¢2 ”Vn;’;_l “0 VP g + v || Vaz |, + 2¢1 ||VAzl, <||Phu”_1 H03 +

n—1
i ”03)

ny “0 llcurl 7,B" [|o 5 + “R,ll”—l,Z + oK (“Fth_l“ N “0) ||curln1";||0.

+ Cirwh_l/2 |

+c1x
03

Combining Theorem 2, Lemma 3, Lemma 6, Lemma 8, (4.6), and At =~ © (hl/ 2),
there holds

n=1

2 1 c n112 n||2
. < EAI ((A;)z + hZf) + At; (“Curl’?B”o + ”V”E”O)

T

+ CAr (A + 1) + Ch™" ((AD? + h*) Ar Y. [Jeurl g

n=1
<C(@An*+r).
Due to 15 = Qup" — Qup" ! + mp1, we clearly see
n—1 2 n 2 2 20
|, < ||, + ccan® + cn, (4.50)
which means that
“l 2
Ay n;}—1||0 < CH + C(ArY. 4.51)
n=1
By using of the triangle inequality and (4.4), then we finish the proof. (]

Remark 7 There is a time-step size restriction in Theorem 4. It may be possible to
remove such an CFL like condition by the new splitting technique developed in the liter-
ature, see, for example, [61-64]. To this end, we need to propose a proper time discrete
system and derive its temporal error and spatial error independently. But so far we have
not found such a suitable time discrete system and it is worthy of further exploration in
the future.

5 | NUMERICAL EXPERIMENTS

In this section, we consider some numerical experiments to verify the convergence rate and perfor-
mance of fully discrete projection finite element method for MHD system. We consider the particular
case Z, = X, + VM), with M;, € H'(Q). Then it can be checked that the incremental pressure algorithm
should be implemented as follows:

Step 1 Given @}, pi~! and B}™', for any v), €X, and C;, €W, find &, € X, and
Bj, € W, such that

o n—1 P~ ~ —~ .
(M,vh) +c (uz ],uZ,vh> +v (Vg Vvy) = (pp ', divey,)

At
+x (B x curl By, vy) = (f',vi) (5.1)
(d,B}, Cy) + Ry (curl By, curl Cy) — (wy X B ™', curl C;) = 0. (5.2)
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TABLE 1  Convergence rates of Euler semi-implicit scheme at terminal time (Example 5.1)
At 1o Order  ||&, ]l Order ||, ||, Order  ||Eglly Order  [|Epllgeunse) Order
0.1000 1.453e-04 - 1.486e-03 - 1.076e-02 - 8.566e-04 - 4.180e-03

0.0500 4.795e-05 1.5991 4.964e-04 1.5818 5.123e-03 1.0707 4.182e¢-04 1.0345 2.040e-03 1.0352
0.0250 1.813e-05 1.4035 1.706e-04 1.5404 2.309e-03 1.1501 2.065e-04 1.0176  1.007e-03 1.0178
0.0125 8.851e-06 1.0343 7.848e-05 1.1206 1.105e-03 1.0628 1.026e-04 1.0088 5.005e-04 1.0089

Step 2 Given uj, and p}~!, for any g, € My, find p! € M), and u} € Z;, such that

(V=) Van) = = (L dividh. g ) (5.3)
= — AV (- i) (5.4)

We develop the parallel code based on the finite element package-Parallel Hierarchical Grids
(PHG), cf. [65, 66]. All computations are carried out on the LSSC-IV Cluster of the State Key Labora-
tory of Scientific and Engineering Computing, Chinese Academy of Sciences. The first two examples
are used to verify the error estimates of the fully discrete projection finite element method. The last
one is to simulate the three dimensional lid-driven cavity MHD flow in the presence of a transverse
magnetic field. In all examples, the domain under consideration is Q = (0, 1)? and the finite ele-
ment mesh is obtained by uniform tetrahedral partition. We employ the continuous P, elements for
discretizing velocity u, the continuous P; elements for discretizing pressure p and the second-order
H(curl)-conforming edge elements for discretizing magnetic induction B. The approximation errors
at the last moment ty = T are denoted by

& =u(T) —ul, & = B(T) - BY, & =p(T)-py.

Example 5.1 This example is to validate the efficiency of the Euler semi-implicit
scheme, when Az — 0. Set the physical parameters v = 1, k = 1 and R,, = 1. The time
interval is [0, 1]. We can choose the following exact solution

u = (ye™',zcos(1),x), p=0, B = (y¢,0,0).

It can be seen that the exact solution is linear in space, therefore, the temporal errors play a dominant
role in the analysis. We fix a tetrahedral mesh with 7 = 0.433, the terminal time 7 = 1, and test the
convergence rate at each time step. By the numerical experiment, Table 1 shows that the convergence
rate of Euler semi-implicit scheme is first-order.

Example 5.2 This example is to test the convergence rate for Euler semi-implicit
scheme when both timestep and meshwidth are refined at the same time. Set the parame-
ters v=1, k = 1 and R,, = 1, the initial mesh size sy = 0.433 and the time interval [0, 1].
The analytic solution is chosen as

u = (sin(y) sin(?), 0, 0), p=x+y+z—-15, B = (0, sin(x) sin(?), 0).

By setting Aty = h3, Table 2 shows that the discrete solution has the asymptotic behaviors

Eulli ~ O (At + 1), €8 lpuny & O (A + 7)),
Ello ~ O (Ar+R?), €pllo ~ O (At +h*), &l ~ O (Ar+h%).
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TABLE 2 The convergence rate of Euler semi-implicit scheme at terminal time (Example 5.2)
(At h) ”814”1,2 ”£B“H(curl;9) ”811"0 "814”0 ”88”0
(Aty, hy) 1.669 e-03 5.390e-03 9.909 e-04 9.372¢-05 1.077e-03
(Aty/4, hyl2) 4.195¢-04 1.718 e-03 5.070e-04 2.212e-05 3.444 e-04
(Aty/16, hyl4) 1.074 e-04 4.871e-04 1.193 e-04 6.461 e-06 9.673 e-05
(A1p/64, hyl8) 2.730e-05 1.274 e-04 2.383e-05 1.804 -06 2.511e-05
TABLE 3  The convergence rate of Euler semi-implicit scheme at terminal time (Example 5.2)
(At, b) 1€ull12 €5l rccurt;) (A l1€xlo 1€ 1lo
(Aty, ho) 1.546¢-03 2.955e-03 6.406 e-04 7.208 e-05 5.520e-04
(Aty/8, hol2) 3.723e-04 5.169e-04 1.248 e-04 9.476 e-06 8.428 e-05
(A1y/64, hol4) 9.100e-05 9.330e-05 1.043 ¢-05 1.235e-06 1.099 e-05
(Aty/512, hy/8) 2.249e-05 2.000e-05 1.152e-06 1.550e-07 1.381e-06

Clearly the optimal convergence rates are obtained for both temporal and spatial variables in

Table 2.

By setting Aty = hJ, Table 3 shows that the discrete solution has the asymptotic behaviors

€l ~ O (A1 + 1),
Ello ~ O (At +1%),

||€B||H(curl;9) ~ 0O (At + hz) ’
l€sllo = O (At + 1)

[Ello = O (A’+h3) ’

Obviously, Table 3 shows the optimal convergence rates of temporal and spatial variables.

Table 2 demonstrates that the L?-error orders of velocity and magnetic induction, H'-error order
of velocity and H(curl)-error order of magnetic induction, and L*-error order of pressure are all of
the second-order accuracy in space, while Table 3 illustrates that the L?-error orders of velocity and

magnetic induction are all of the third order accuracy in space. From Tables 2 and 3, we can see that
the convergence rates agree well with the theoretical ones.

Example 5.3 This example computes the benchmark problem of driven cavity flow.
The right-hand side of the momentum equation is given by f = (0, 0, 0). The physical
parameters are set by v-! = R, =100, R,, =100 and x = 1. The initial values are given

by B = (0, 1, 0), u® = (w, 0, 0), where w € C'(Q) and satisfies

wx,y, 1) =1

and w(x,y,2) =0

together with the following boundary conditions

u=u

Bxn=B"xn

onoQ.

The terminal time 7 = 21.27 is chosen such that the physical fields reach almost steady state,

namely

=i, +|

B! —BZ“”O <1078,

Figure 1 is the projection of velocity streamlines on the cross-section y = 0.5. Figure 2 shows the
projection of the vortex streamlines curl u;, at x = 0.5 and z = 0.5, respectively, and they describe
the vortex structure of the fluid. Figure 3 shows the distributions of magnetic induction B, on three
cross-sections x = 0.5, y = 0.5 and z = 0.5, respectively. Figure 4 shows the distributions of the kinetic
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FIGURE 1  Streamlines of the velocity u;, on the cross-section y = 0.5

FIGURE 2 Two streamlines of the vortex at x = 0.5 and z = 0.5 respectively (from left to right)

FIGURE 3  Distributions of magnetic induction. Left: x = 0.5. Middle: y = 0.5. Right: z =0.5
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FIGURE 4 The contour of the pressure p,,. Left: x = 0.5. Middle: y = 0.5. Right: z =0.5

pressure on three cross-sections x = 0.5, y = 0.5 and z = 0.5, respectively. In the middle figure, since
the flow is driven from left to right, it generates high pressure regions near the right upper corner.

6 | SUMMARY

In this paper, we propose, analyze, and numerically illustrate a fully discrete projection method for
the MHD model based on H(curl)-conforming edge elements for discretizing magnetic induction B.
The proposed scheme can be used for the domain may be a non-convex polyhedra and the magnetic
induction B has regularity lower than H'(Q). Under the reasonable regularity hypothesis for the exact
solution, we derive optimal error estimates for velocity and magnetic induction, while the error order
of pressure is not optimal. However, when At ~ O (hl/ 2), we can obtain the optimal estimate for
pressure.
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