
Missouri University of Science and Technology Missouri University of Science and Technology 

Scholars' Mine Scholars' Mine 

Mathematics and Statistics Faculty Research & 
Creative Works Mathematics and Statistics 

01 Mar 2023 

Error Analysis of a Fully Discrete Projection Method for Error Analysis of a Fully Discrete Projection Method for 

Magnetohydrodynamic System Magnetohydrodynamic System 

Qianqian Ding 

Xiaoming He 
Missouri University of Science and Technology, hex@mst.edu 

Xiaonian Long 

Shipeng Mao 

Follow this and additional works at: https://scholarsmine.mst.edu/math_stat_facwork 

 Part of the Statistics and Probability Commons 

Recommended Citation Recommended Citation 
Q. Ding et al., "Error Analysis of a Fully Discrete Projection Method for Magnetohydrodynamic System," 
Numerical Methods for Partial Differential Equations, vol. 39, no. 2, pp. 1449 - 1477, Wiley, Mar 2023. 
The definitive version is available at https://doi.org/10.1002/num.22941 

This Article - Journal is brought to you for free and open access by Scholars' Mine. It has been accepted for 
inclusion in Mathematics and Statistics Faculty Research & Creative Works by an authorized administrator of 
Scholars' Mine. This work is protected by U. S. Copyright Law. Unauthorized use including reproduction for 
redistribution requires the permission of the copyright holder. For more information, please contact 
scholarsmine@mst.edu. 

http://www.mst.edu/
http://www.mst.edu/
https://scholarsmine.mst.edu/
https://scholarsmine.mst.edu/math_stat_facwork
https://scholarsmine.mst.edu/math_stat_facwork
https://scholarsmine.mst.edu/math_stat
https://scholarsmine.mst.edu/math_stat_facwork?utm_source=scholarsmine.mst.edu%2Fmath_stat_facwork%2F1135&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/208?utm_source=scholarsmine.mst.edu%2Fmath_stat_facwork%2F1135&utm_medium=PDF&utm_campaign=PDFCoverPages
https://doi.org/10.1002/num.22941
mailto:scholarsmine@mst.edu


Received: 31 August 2020 Revised: 17 December 2020 Accepted: 28 September 2022 Published on: 5 November 2022

DOI: 10.1002/num.22941

R E S E A R C H A R T I C L E

Error analysis of a fully discrete projection method
for magnetohydrodynamic system

Qianqian Ding1 Xiaoming He2 Xiaonian Long3 Shipeng Mao4

1
School of Mathematics, Shandong University,

Jinan, China

2
Department of Mathematics and Statistics,

Missouri University of Science and Technology,

Rolla, Missouri, USA

3
College of Mathematics and Information

Science, Henan University of Economics and

Law, Zhengzhou, China

4
LSEC and ICMSEC, Academy of Mathematics

and Systems Science, Chinese Academy of

Sciences, School of Mathematical Science,

University of Chinese Academy of Sciences,

Beijing, China

Correspondence
Shipeng Mao, LSEC and ICMSEC, Academy of

Mathematics and Systems Science, Chinese

Academy of Sciences, School of Mathematical

Science, University of Chinese Academy of

Sciences, Beijing 100190, China.

Email: maosp@lsec.cc.ac.cn

Funding information
National Natural Science Foundation of China,

Grant/Award Numbers: 11871467, 12271514,

12201353; Natural Science Foundation of

Shandong Province, Grant/Award Number:

ZR2021QA054.

Abstract
In this paper, we develop and analyze a finite element

projection method for magnetohydrodynamics equations in

Lipschitz domain. A fully discrete scheme based on Euler

semi-implicit method is proposed, in which continuous ele-

ments are used to approximate the Navier–Stokes equations

and H(curl) conforming Nédélec edge elements are used to

approximate the magnetic equation. One key point of the

projection method is to be compatible with two different

spaces for calculating velocity, which leads one to obtain

the pressure by solving a Poisson equation. The results

show that the proposed projection scheme meets a discrete

energy stability. In addition, with the help of a proper regu-

larity hypothesis for the exact solution, this paper provides

a rigorous optimal error analysis of velocity, pressure and

magnetic induction. Finally, several numerical examples

are performed to demonstrate both accuracy and efficiency

of our proposed scheme.

KEYWORDS

error analysis, finite element method, magnetohydrody-

namics, Nédélec edge element, projection methods

1 INTRODUCTION

In recent years, the significance of magnetohydrodynamics (MHD) has increased with respect to sci-

entific and engineering problems. Many interesting MHD flows involve a viscous, incompressible,

conductive fluid that interacts with electromagnetic inductions, compare [1–4] and references therein.

Therefore, a significant amount of research works have been carried out for numerical methods for the

MHD equations, see, for example [2, 5–20] and the references therein.

Numer Methods Partial Differential Eq. 2023;39:1449–1477. wileyonlinelibrary.com/journal/num © 2022 Wiley Periodicals LLC. 1449
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1450 DING ET AL.

Among all the developed methods for the MHD equations, here we are particularly interested in

the projection methods, whose original versions were proposed by Chorin and Temam in [21, 22],

because of its efficiency and simplicity features [23–25]. The most attractive feature of projection

methods is that, at each time step, one only needs to solve a sequence of decoupled equations for

velocity and pressure. Rannacher in [26] derived improved optimal first order error estimates for the

original projection scheme introduced by Chorin and Temam (see also [27] or [28]). Some rigorous

error analysis of projection methods in temporal discretization were also carried out for incompressible

Navier–Stokes equations [29–35].

However, it is not an easy job to prove the error analysis of fully discrete scheme based on projection

methods, because it must be compatible with two different spaces when calculating velocity. Com-

pared with the numerous articles on the temporal discretization for projection methods, there are only a

relatively small number of papers on the analysis for the finite element projection methods with a fully

discrete scheme. For example, a fully discrete velocity-correction scheme for Stokes problem was pro-

posed in [36]. A fractional-step projection method for calculating incompressible Navier–Stokes flows

by using finite element method was developed in [37], and it laid a foundation for our research in this

paper. For the time-dependent incompressible MHD problems, the authors in [38] developed several

efficient numerical schemes and proved the error estimates for the semi time-discrete case. Recently,

a linear, unconditionally stable projection methods and the error estimates for the time-discrete MHD

system had been proved in [39]. A fully discrete projection methods with unconditional energy stable

scheme for MHD problem had been developed in [40], in which the magnetic induction was approx-

imated by Lagrange element and the numerical experiments were carried out in a two-dimensional

convex domain. We remark that all these articles assume that the domain is either convex or has a C1,1

boundary and the magnetic induction B ∈ H1
(Ω), so that the magnetic induction can be discretized

by continuous Lagrange finite element method by adding div B to the Maxwell equation. However,

it is well known that continuous Lagrange finite element discretization may not converge to the cor-

rect magnetic induction for non-convex domain or Lipschitz polyhedral domain (see, e.g., [41–44]),

which is frequently encountered in practical engineering computations. A possible way to overcome

these difficulties was proposed in [45] by virtue of Nédélec finite elements for the magnetic induc-

tion B. On the other hand, Nédélec finite elements approximation to the magnetic induction in MHD

system seems to be a natural choice since it can treat the boundary conditions of magnetic induction

B easier than continuous finite element discretization. For the unsteady system, a semi-implicit finite

element scheme based on Nédélec edge elements for the incompressible MHD equations was studied

in [46], in which the energy preservation is proved and an optimal error estimate under low regularity

assumption is derived. The study of Nédélec finite elements approximation to the magnetic induction

in MHD system is attractive and it has been employed in [16, 47–49]. We also mention the recent

papers [6, 19], where different formulations were proposed to maintain the divergence free magnetic

solutions in the numerical schemes.

In this paper, we will propose and study an effective projection numerical method for three dimen-

sional MHD flows by using continuous elements to approximate the Navier–Stokes equations and

Nédélec edge elements to approximate the magnetic equation. The proposed scheme can be used for

the domain may be a non-convex polyhedra and the magnetic induction B has regularity lower than

H1
(Ω) since the Nédélec edge element discretization can capture the physics solutions, which is a nat-

ural choice to solve the Maxwell equations in the field of scientific computing. One key requirement

of projection method is that it must be compatible with two different spaces for calculating velocity,

which makes the error estimation quite technical. What is more, the low magnetic induction regularity

and loss of divergence control will bring new difficulties to theoretical analysis and some special tech-

niques need to be developed. As a result, a rigorous optimal error analysis of velocity, pressure, and
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DING ET AL. 1451

magnetic induction is presented in this article. In addition, we carry out numerical experiments on the

projection scheme for three dimensional MHD flows to verify to illustrate its stability and accuracy,

which agree well with the theoretical results.

The outline of this work is organized as follows. In Section 2, we describe the MHD model, the

notations and the basic facts to be used throughout the paper. We propose a proper weak solution for

the MHD model and provide the energy estimates. In Section 3, we design a fully discrete scheme

based on projection method. The unconditional energy stability of the fully discrete scheme is shown.

In Section 4, we derive the error estimates for velocity, pressure, and magnetic induction. In Section 5,

some numerical experiments are carried out to test the behavior of the numerical solution. Finally, we

close the paper with some concluding remarks in Section 6.

2 THE MHD MODEL

LetΩ be a bounded domain with Lipschitz boundary 𝜕Ω in R
3
, we consider the following incompress-

ible MHD equations:

⎧
⎪
⎪
⎨
⎪
⎪
⎩

ut − 𝜈Δu + (u ⋅ ∇)u + ∇p + 𝜅B × curl B = f in QT , (2.1)
Bt + R−1

m curl B − curl(u × B) = 0 in QT , (2.2)
div u = 0 in QT , (2.3)
div B = 0 in QT , (2.4)

where QT = Ω× (0, T), T > 0 is a given finite final time, u denotes the velocity field, p the pressure, B
the magnetic induction, 𝜈 the kinematic viscosity, 𝜅 the coupling number, Rm the magnetic Reynolds

number, and f the given source term. The system (2.1)–(2.4) is considered in conjunction with the

following boundary conditions and initial values,

u = 0, B × n = 0 on ST ,

u (t0) = u0
, B (t0) = B0

in Ω, (2.5)

where ST = 𝜕Ω× (0, T), n is the outer unit normal of 𝜕Ω and the initial magnetic induction B0
satisfies

div B0 = 0. Our results are also valid for another frequently used set of boundary conditions of the

magnetic induction B:

B ⋅ n = 0, n × curl B = 0 on ST .

But we shall mainly consider the boundary conditions (2.5) in this paper.

For mathematical setting of the problem (2.1)–(2.5), we first introduce some notations that will

be used throughout the paper. For all m ∈ N
+

, 1 ≤ p ≤ ∞, let Wm,p
(Ω) denote the standard Sobolev

space and it is written as Hm
(Ω) when p = 2. The norm in Wm,p

(Ω) is defined by ∥ ⋅ ∥m,p such that

||v||m,p =

(
∑

|𝛼|≤m
‖D𝛼v‖p

0,p

)1∕p

with ||v||0,p =
(

∫Ω
|v|p dx

)1∕p

, 1 ≤ p < ∞,

||v||m,∞ = max
|𝛼|≤m

‖D𝛼v‖0,∞ with ||v||0,∞ = ess sup

x∈Ω
|v(x)|,

where

D𝛼 = 𝜕
|𝛼|

𝜕x𝛼1

1
𝜕x𝛼2

2
𝜕x𝛼3

3

,
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1452 DING ET AL.

for the multi-index 𝛼 = (𝛼1, 𝛼2, 𝛼3) and |𝛼| = 𝛼1 + 𝛼2 + 𝛼3, with 𝛼1, 𝛼2, 𝛼3 ≥ 0. For the function spaces

Lp
(0, T;X), 1 ≤ p ≤ ∞, the norms are denoted as

||v||Lp(0,T;X) =
(

∫

T

0

||v(t)||pX dt
)1∕p

for 1 ≤ p < +∞,

||v||L∞(0,T;X) = ess sup

0≤t≤T

||v(t)||X,

where X is a real Banach space with the norm ∥ ⋅ ∥X . The inner product will be denoted by (⋅, ⋅), that is

(𝜙, 𝜓) = ∫Ω 𝜙𝜓 dx and the norm in L2
(Ω) defined by ∥ ⋅ ∥0. Vector-valued quantities will be denoted

in boldface notations, such as u = (u1, u2, u3) and L2
(Ω) = (L2

(Ω))
3
. We use C and c, with or without

subscripts, bars, tildes or hats, to denote generic positive constants independent of the discretization

parameters, which may take different values at different places.

We introduce the following classical Sobolev spaces:

X = H1

0(Ω), X0 = {u ∈ X, divu = 0}, M = L2

0
(Ω),

W =
{

C ∈ L2(Ω), curlC ∈ L2(Ω)
}
, W0 = {C ∈ W,C × n||

|𝜕Ω
= 0}.

Here and in what follows, we define the norm

||C||W = ||C||H(curl;Ω) =
(
||C||2

0
+ ||curlC||2

0

)1∕2 ∀C ∈ W.

It is well known that the following Poincaré type and embedding inequalities are valid in bounded

polyhedral domains (see chapter 3 of [50] for more details),

||v||0,m ≤ c1||∇v||0, m ∈ [1, 6] ∀v ∈ X, (2.6)

||curl v||0,3 ≤ c2||curl v||s,2 ∀v ∈ W ∀s > 1∕2, (2.7)

||v||0,∞ ≤ c3||v||1+s,2 ∀s > 1∕2, (2.8)

||v||1,3 ≤ c4||v||1+s,2 ∀s > 1∕2. (2.9)

We denote

c(w,u, v) = 1

2
[((w ⋅ ∇)u, v) − ((w ⋅ ∇)v,u)] ∀w,u, v ∈ X.

It can be checked that the following identity holds by the divergence theorem

c(w,u, v) = ((w ⋅ ∇)u, v) + 1

2
((divw)u, v).

We now introduce the operators which will be used below, ℬ ∶ X → M, ℬT ∶ M → X′, for any v
∈ X, q ∈ M such that (ℬv, q) =

(
v,ℬTq

)
= −(divv, q).

2.1 Weak solution of the MHD model

We describe the definition of weak solution to problem (2.1)–(2.5) as follows [16].

Definition 1 Let u0 ∈ X0 and B0 ∈W0. The triple (u, p, B) is called a weak solution of

the system (2.1)–(2.5), if it satisfies u ∈ L∞
(
0,T;L2(Ω)

)
∩L2 (0,T;X0), p ∈ L∞(0,T;M)

and B ∈ L∞
(
0,T;L2(Ω)

)
∩ L2 (0,T;W0) such that

{
(ut, v) + 𝜈(∇u,∇v) + c(u,u, v) +

(
ℬTp, v

)
+ 𝜅(B × curl B, v) − (ℬu, q) = (f, v), (2.10)

(Bt,C) + R−1
m (curl B, curl C) − (u × B, curl C) = 0, (2.11)

for any (v, q, C) ∈ (X0 × M × W0) and almost all t ∈ (0, T].
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DING ET AL. 1453

The existence of the solution to (2.10)–(2.11) was proved in [2, 16]. In this paper, we mainly analyze

the error estimate by using finite element projection methods. The system (2.10)–(2.11) enjoys the

following energy law and the main feature of the MHD system is that it is a dissipative system.

Theorem 1 For any u(t), B(t) and p(t) that satisfy (2.10)–(2.11), the following energy
stability result holds

∫

t

0

(
𝜈||∇u(t)||2

0
+ R−1

m 𝜅||curlB(t)||2
0

)
dt + 1

2
||u(t)||2

0
+ 𝜅

2
||B(t)||2

0
= 1

2
||u(0)||2

0
+ 𝜅

2
||B(0)||2

0
+
∫

t

0

(f,u)dt.

Proof. By choosing v = u, q = p in (2.10), C = 𝜅B in (2.11) and adding up the two

equations, we can deduce that

1

2

𝜕

𝜕t
||u||2

0
+ 𝜅

2

𝜕

𝜕t
||B||2

0
+ 𝜈||∇u||2

0
+ R−1

m 𝜅||curlB||2
0
= (f,u). (2.12)

Integrating (2.12) from 0 to t, Theorem 1 is proved. ▪

Remark 1 Under the external force (f , u), the total energy contains the fluid kinetic

energy
1

2
||u(t)||2

0
and the magnetic energy

𝜅

2
||B(t)||2

0
, while the dissipation of energy

includes the friction losses 𝜈||∇u(t)||2
0

and the Ohmic losses R−1
m 𝜅||curlB(t)||2

0
.

3 A FULLY DISCRETE FINITE ELEMENT PROJECTION METHOD FOR
MHD SYSTEM

As we can see from the contents of the previous section, MHD is a system with nonlinear full coupling

of velocity, pressure and magnetic field variables. Especially, the velocity and the pressure are coupled

by the incompressible constraint, which brings great difficulties to the actual numerical calculation. In

this section, we introduce a fully discrete projection finite element method for problem (2.10)–(2.11)

based on Euler semi-implicit scheme. This scheme enables us to solve only a sequence of decoupled

linear equations at each time step.

Let Ω be a Lipschitz polyhedral domain and let h be a regular, quasi-uniform triangulation of

Ω, where h is the maximal diameter of the element in the mesh [51, 52]. Let Pk(K) be the space of

polynomials of total degree at most k≥ 0 on K and P̃k(K) the space of homogeneous polynomials k
on K. Let Xh ⊂X and Mh ⊂M be a pair of mixed finite element spaces based on the triangulation h.

We assume Xh is the k order vectorial Lagrange finite element space and Mh is the k− 1 order scalar

Lagrange finite element space.

The space k(K) denotes the polynomials q in P̃k(K) that satisfy q(x) ⋅ x = 0 on K. For 1≤ k, we

define the space

k(K) = Pk−1(K)⊕k(K).

To approximate the magnetic induction, we use Nédélec H(curl)-conforming finite element space

(see [50, 53]), which is defined by

Wh = {C ∈ W0,C|K ∈k(K) ∀K ∈ h}.

Note that the above definition is the first family H(curl)-conforming discrete space. We can also

employ the second family finite element spaces withk(K) chosen by Pk(K). They are natural choice

to discrete the Maxwell equations.

 10982426, 2023, 2, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/num

.22941 by M
issouri U

niversity O
f Science, W

iley O
nline L

ibrary on [30/01/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



1454 DING ET AL.

Setting Sh =
{

C ∈ H1(Ω) ∩ L2

0
(Ω),C ∈ Pk(K),∀K ∈ h

}
, we introduce the discretely solenoidal

function space W0h
W0h = {Bh ∈ Wh, (Bh∇sh) = 0 ∀sh ∈ Sh } .

Furthermore, the space W0h is known to satisfy the following discrete Poincaré–Friedrichs

inequality:

‖Ch‖0 ≤ c∗ ‖curlCh‖0 for Ch ∈ W0h, (3.1)

where c* > 0 independent of the mesh-size h (see theorem 4.7 of [54] or [45]).

Let Zh be finite dimensional subspace of L2
(Ω) and satisfy Xh ⊂Zh. Furthermore, we assume that

Zh and Mh are compatible in the sense that either Zh is conformal in

H0(divΩ) = {v ∈ L2(Ω), divv ∈ L2(Ω), v ⋅ n|𝜕Ω = 0}

or Mh is conformal in H1
(Ω).

We recall the following inverse estimate from theorem 3.2.6 of [55]. On a quasi-uniform mesh

there holds

‖vh‖m,q ≤ Cinvh𝚤−m+3(1∕q−1∕p) ‖vh‖𝚤,p ∀vh ∈ Xh, (3.2)

where Cinv > 0 is a generic constant independent of the mesh-size h, 𝚤 and m are two real numbers with

0≤ 𝚤≤m≤ 1, p and q are two integers with 1 ≤ p ≤ q ≤∞.

We assume the finite element pair Xh and Mh is inf-sup compatible. That is to say, the following

discrete inf-sup condition (see, e.g., chapter 2 of [51, 52, 56]) holds.

Lemma 1 For any qh ∈ Mh, there exists vh ∈Xh satisfies the discrete inf-sup condition

inf
0≠qh∈Mh

sup

0≠vh∈Xh

(divvh, qh)
‖vh‖1,2 ‖qh‖0

≥ 𝛽1, (3.3)

where 𝛽1 is a generic positive constant depending on the domain 𝛺.

We introduce the linear operator ℬh ∶ Xh → Mh and its transpose ℬT
h ∶ Mh → Xh. For any vh

∈Xh, qh ∈Mh, one can obtain (ℬhvh, qh) =
(
vh,ℬT

h qh
)
. We assumeℬh is surjective, which means that

ℬh satisfies the inf-sup condition (3.3). In order to analyze the spatial error of the projection methods,

a discrete divergence operator 𝒞h needs to be introduced, where 𝒞h ∶ Zh → Mh and its transpose

𝒞 T
h ∶ Mh → Zh. For any v1h ∈Zh, qh ∈ Mh, either (𝒞hv1h, qh) = − (divv1h, qh) if Zh ⊂H0(div;Ω) or

(𝒞hv1h, qh) = (v1h,∇qh) if Mh ⊂H1
(Ω). In addition, we define the continuous injectionℐh ∶ Xh → Zh,

and ℐ T
h is the transpose of ℐh, namely, the L2

-orthogonal projection onto Xh.

The relationship between ℬh and 𝒞h can be described as follows.

Lemma 2 The operator 𝒞h is an extension of ℬh and ℐ T
h 𝒞

T
h =ℬT

h , namely, we have
the following commutative diagram (see [37] for more details),

Remark 2 If Xh = Zh, the operators ℬh and 𝒞h involved in Lemma 2 are identical,

namely,ℬh = 𝒞h. We know thatℬh is assumed to be surjective, so𝒞h is also surjective.
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DING ET AL. 1455

In the following analysis, we consider the fully discrete finite element method based on Euler

semi-implicit scheme. Let N > 0 be a fixed integer number and Δt = T/N be the time-step size. Then

tn = nΔt, n = 1, 2, … , N denote the discrete time levels. For convenience, we introduce the notation

dtwn = (wn −wn−1
)/Δt with wn = w(tn).

With the above notations, we now propose the fully discrete variational scheme of (2.10)–(2.11)

via the following two-steps.

Step 1 Given ũn−1

h , pn−1

h and Bn−1

h , for any (vh, Ch) ∈ (Xh ×Wh), find ũn
h ∈ Xh and

Bn
h ∈ Wh such that

⎧
⎪
⎪
⎨
⎪
⎪
⎩

(
ũn

h−ℐ
T

h un−1

h
Δt

, vh

)
+ c

(
ũn−1

h , ũn
h, vh

)
+ 𝜈

(
∇ũn

h,∇vh
)
+
(
ℬT

h pn−1

h , vh
)

+𝜅
(
Bn−1

h × curl Bn
h, vh

)
=
(
fn
, vh

)
, (3.4)

(
𝑑tBn

h,Ch
)
+ 1

Rm

(
curl Bn

h, curl Ch
)
−
(
ũn

h × Bn−1

h , curl Ch
)
= 0. (3.5)

Step 2 Given ũn
h, pn−1

h , for any (v1h, qh) ∈ (Zh × Mh), find un
h ∈ Zh and pn

h ∈ Mh such

that

⎧
⎪
⎨
⎪
⎩

(
un

h−ℐhũn
h

Δt
, v1h

)
+
(
𝒞 T

h
(
pn

h − pn−1

h
)
, v1h

)
= 0, (3.6)

(
𝒞hun

h, qh
)
= 0. (3.7)

With initial values satisfy ũ0

h = u0

h to approximate u(t0), B0

h to approximate B(t0), and p0

h
to approximate p(t = 0) such that satisfy (4.5).

Remark 3 The original Chorin-Temam projection method does not contain ℬT
h pn−1

h in

(3.4) and only contains the unknown pn
h in (3.6) (see, e.g., [26, 57, 58]). Applying div

operator on both sides of (3.6) simultaneously, the system (3.6)–(3.7) is equivalent to

solve a discrete Poisson problem for the pressure. When the pressure is solved, by virtue

of un
h = ℐhũn

h+Δt𝒞 T
h
(
pn

h − pn−1

h
)
, then we arrive at un

h. Note that the scheme (3.4)–(3.7)

is just a projection algorithm framework and may use various forms chosen by the users.

Specifically, we will show how this method can be implemented in the particular situation

Zh = Xh + ∇Mh in Section 5.

Remark 4 When Ω is a non-convex polyhedron or non C1,1
smooth boundary, the dif-

ficulty comes from the fact that the magnetic induction is in general not in H1
(Ω) (see

remark 3.3.1 of [2] for an explanation). The approximation of the magnetic induction with

classical nodal element may miss singularities in the physical solution, due to re-entrant

corners. This is the reason why we choose Nédélec edge elements to approximate the

magnetic induction in (3.5) (cf., for instance, [2, 42, 44] etc).

Remark 5 The scheme (3.5) satisfies a weakly divergence free property. That is to say,

by choosing Ch = ∇sh in (3.5), where sh ∈ Sh, thanks to curl ∇ = 0, we can obtain(
𝑑tBn

h,∇sh
)
= 0, namely,

((
Bn

h − Bn−1

h
)
∕Δt,∇sh

)
= 0. Due to

(
B0

h,∇sh
)
= 0, it is easy

to deduce
(
Bn

h,∇sh
)
= 0, for all n ≥ 1.

A fully discrete energy law of the solution to problem (3.4)–(3.7) is given, which plays an important

role in proving the subsequent error analysis.
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1456 DING ET AL.

Lemma 3 Let
(
un

h, ũ
n
h, pn

h,B
n
h
)

be the solution of (3.4)–(3.7), then the following stability
result is obtained

‖
‖um

h
‖
‖

2

0
+ 2(Δt)2‖‖

‖
𝒞 T

h pm
h
‖
‖
‖

2

0

+ 𝜅‖Bm
h ‖

2

0
+

m∑

n=1

(
‖
‖
‖

ũn
h −ℐ T

h un−1

h
‖
‖
‖

2

0

+ 𝜅‖‖
‖

Bn
h − Bn−1

h
‖
‖
‖

2

0

+ 2Δt𝜈‖‖∇ũn
h‖‖

2

0
+ 2Δt𝜅R−1

m ‖curlBn
h‖

2

0

)

= ‖
‖
‖
ℐ T

h u0

h
‖
‖
‖

2

0

+ 2(Δt)2‖‖
‖
𝒞 T

h p0

h
‖
‖
‖

2

0

+ 𝜅‖‖
‖

B0

h
‖
‖
‖

2

0

+ 2Δt
m∑

n=1

(
fn
, ũn

h
)
.

Proof. Taking vh = 2Δtũn
h in (3.4), Ch = 2Δt𝜅Bn

h in (3.5) and adding up the two

equations, using c
(

ũn−1

h , ũn
h, ũn

h

)
= 0 and 2(a− b, a) = a2 − b2 + (a− b)

2
, there holds

‖
‖ũn

h‖‖
2

0
− ‖
‖
‖
ℐ T

h un−1

h
‖
‖
‖

2

0

+ ‖
‖
‖

ũn
h −ℐ T

h un−1

h
‖
‖
‖

2

0

+ 𝜅
[

‖Bn
h‖

2

0
− ‖
‖
‖

Bn−1

h
‖
‖
‖

2

0

+ ‖
‖
‖

Bn
h − Bn−1

h
‖
‖
‖

2

0

]

+ 2𝜈Δt‖‖∇ũn
h‖‖

2

0
+ 2𝜅ΔtR−1

m ‖curlBn
h‖

2

0
+ 2Δt

(
ℬT

h pn−1

h , ũn
h
)
= 2Δt

(
fn
, ũn

h
)
. (3.8)

By choosing v1h = 2(Δt)2𝒞 T
h pn−1

h in (3.6) and applying 2(a− b, b) = a2 −
b2 − (a− b)

2
, combining with (3.7), we can derive that

(Δt)2
[
‖
‖
‖
𝒞 T

h pn
h
‖
‖
‖

2

0

− ‖
‖
‖
𝒞 T

h pn−1

h
‖
‖
‖

2

0

− ‖
‖
‖
𝒞 T

h pn
h −𝒞 T

h pn−1

h
‖
‖
‖

2

0

]

= 2Δt
(
ℐhũn

h,𝒞 T
h pn−1

h
)
. (3.9)

Thanks to Lemma 2, there holds

(
ℐhũn

h,𝒞 T
h pn−1

h
)
=
(
ũn

h,ℐ T
h 𝒞

T
h pn−1

h
)
=
(
ũn

h,ℬT
h pn−1

h
)
. (3.10)

In addition, for any v1h ∈Zh, we can rewrite (3.6) as follows

un
h + Δt

(
𝒞 T

h pn
h −𝒞 T

h pn−1

h
)
= ℐhũn

h. (3.11)

Taking square on both sides of (3.11) and by (3.7), we can obtain

‖
‖un

h
‖
‖

2

0
+ (Δt)2‖‖

‖
𝒞 T

h pn
h −𝒞 T

h pn−1

h
‖
‖
‖

2

0

= ‖
‖ℐhũn

h‖‖
2

0
. (3.12)

Plugging (3.9) into (3.8), using (3.10) and (3.12), and noting that ‖‖ℐhũn
h‖‖

2

0
= ‖
‖ũn

h‖‖
2

0
,

we have

‖
‖un

h
‖
‖

2

0
− ‖
‖
‖
ℐ T

h un−1

h
‖
‖
‖

2

0

+ ‖
‖
‖

ũn
h −ℐ T

h un−1

h
‖
‖
‖

2

0

+ 𝜅‖Bn
h‖

2

0
− 𝜅‖‖

‖
Bn−1

h
‖
‖
‖

2

0

+ 𝜅‖‖
‖

Bn
h − Bn−1

h
‖
‖
‖

2

0

+ 2𝜈Δt‖‖∇ũn
h‖‖

2

0
+ 2𝜅ΔtR−1

m ‖curlBn
h‖

2

0
+ 2(Δt)2

(
‖
‖
‖
𝒞 T

h pn
h
‖
‖
‖

2

0

− ‖
‖
‖
𝒞 T

h pn−1

h
‖
‖
‖

2

0

)

= 2Δt
(
fn
, ũn

h
)
.

(3.13)

Summing up (3.13) from n = 1 to m, so we can conclude the proof. ▪

4 ERROR ANALYSIS OF THE FULLY DISCRETE MHD SYSTEM

In this section, we will establish the error estimates for the numerical solution
(
un

h, pn
h,B

n
h
)
. Particularly,

we are concerned with the H(curl)-conforming edge elements for discretizing magnetic induction B
which may be not in H1

(Ω). Some new techniques need to be developed in the subsequent analysis.
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DING ET AL. 1457

To obtain the optimal error estimate for pressure, we need to give an elaborate and fine estimate for

the error of velocity and magnetic fields.

We will use a discrete version of the Gronwall inequality in a slightly more general form than the

traditional one in the literature, and its detailed proof can be found in [59].

Lemma 4 (Gronwall lemma) Let C*, 𝛥t, an, bn, cn and dn be non-negative numbers
with n≥ 0 such that

am + Δt
m∑

n=0

bn ≤ Δt
m−1∑

n=0

𝑑nan + Δt
m∑

n=0

cn + C∗ ∀m ≥ 0.

For all Δt> 0, then

am + Δt
m∑

n=0

bn ≤ exp

(

Δt
m−1∑

n=0

𝑑n

){

Δt
m∑

n=0

cn + C∗

}

∀m ≥ 0.

In order to obtain the error estimates for all variables, we need to make the following regularity

assumption for the weak solution of (2.10)–(2.11).

Assumption 1 Suppose that solution (u, p, B) satisfies the following regularity,

u ∈ L∞
(
0,T;Hs+1(Ω) ∩H2(Ω)

)
, ut ∈ L2 (0,T;Hs(Ω)) ∩ L∞

(
0,T;H2(Ω)

)
,

utt ∈ L2
(
0,T;H−1(Ω)

)
, p ∈ L∞

(
0,T;Hs(Ω) ∩ H1(Ω)

)
,

pt ∈ L∞
(
0,T;H1(Ω)

)
, B ∈ L∞ (0,T;Hs(Ω)) , Bt ∈ L2 (0,T;Hs(Ω)) ,

Btt ∈ L2
(
0,T;L2(Ω)

)
, curlB ∈ L2 (0,T;Hs(Ω)) ,

where the exponent s> 1/2 depends on the regularity of the domain Ω.

Remark 6 Here, the regularity assumption of B is weaker than [39, 40] and it is minimal

in the sense that it is satisfied by the strongest singularities of the Maxwell operator in

polyhedral domains, compare [42, 43], which are often used in the analysis of finite ele-

ment methods for incompressible MHD problems, see [2, 45] and the references therein.

The regularity assumption on u, ut and pt is the same as [36, 37, 39, 40] and the refer-

ences therein. We can not weaken it since the Chorin projection method decouples the

pressure from the momentum equation and it usually amounts to solve a Poisson type

equation with the pressure p as unknown. It is very difficult to get an error estimate for

Poisson problem with only Hs
(1/2 < s < 1) assumption. On the other hand, we have to

use the H2
regularity assumption on u since it needs an estimate the H1

stability of Stokes

projection operator hp in the later proof.

To facilitate the subsequent analysis, we will assume there exists a constant Cf depends on f , u0
,

B0
and Ω such that

||u||L∞(0,T;H1+s(Ω)∩H2(Ω)) + ‖ut‖L2(0,T;Hs(Ω))∩L∞(0,T;H2(Ω))
+ ||p||L∞(0,T;Hs(Ω)∩H1(Ω)) + ‖pt‖L∞(0,T;H1(Ω)) + ‖utt‖L2(0,T;H−1(Ω)) + ||curlB||L2(0,T;Hs(Ω))

+ ||B||L∞(0,T;Hs(Ω)) + ‖Bt‖L2(0,T;Hs(Ω)) + ‖Btt‖L2(0,T;L2(Ω)) ≤ Cf . (4.1)
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1458 DING ET AL.

We first introduce the Stokes projections: given (u, p) ∈ (X0 × M), for any (vh, qh) ∈ (Xh ×Mh),

find hu ∈ Xh and hp ∈ Mh such that

𝜈 (∇hu,∇vh) +
(
ℬT

hhp, vh
)
− (ℬhhu, qh) = 𝜈 (∇u,∇vh) − (p, divvh) + (qh, divu) . (4.2)

We need to define the Fortin operator h from W0 to Wh (cf. [60]): given B ∈ W0, for any

Ch ∈ Wh and 𝜓h ∈ Sh ⊂ H1

0
(Ω), find hB ∈ Wh such that

R−1
m (curlhB, curlCh) = R−1

m (curlB, curlCh) , (hB,∇𝜓h) = (B,∇𝜓h) . (4.3)

We suppose these projection operators satisfy the following approximation properties (see, e.g.,

[37, 58]),

h−1 ‖u − hu‖0 + ‖u − hu‖1,2 + ‖p −hp‖
0
≤ Ceh𝓁

[
||u||𝓁+1,2 + ||p||𝓁,2

]
,

‖B − hB‖0 + ‖curl (B − hB)‖0 ≤ Ceh𝓁
[
||B||𝓁,2 + ||curlB||𝓁,2

]
, (4.4)

with 𝓁 = min{k, s}, where k≥ 1 is the order index of the finite element spaces, s> 1/2 is the index of

regularity of the exact solution and Ce is a generic constant depending on the regularity of the domain

Ω. Note that the highest approximation error order for L2
norm and H(curl) norm of the chosen Nédélec

finite element space are both order k, see, for example, [50, 53].

Assume that the initial values have a good approximation, namely:

‖
‖
‖

B (t0) − B0

h
‖
‖
‖

2

0

+ ‖
‖
‖

u (t0) − u0

h
‖
‖
‖

2

0

+ (Δt)2‖‖
‖
𝒞 T

h
(
p (t0) − p0

h
)‖
‖
‖

2

0

≤ Ch2𝓁 + C(Δt)2. (4.5)

In addition, we can deduce the uniform stability of the projection operators by using inverse

inequality (3.2) and Assumption 1. That is to say, there exists a constant Cr > 0 depending on the

regularity of mesh such that

‖hu‖0,∞ + ‖hu‖1,3 ≤ Cr
(
||u||𝓁+1,2 + ||p||𝓁,2

)
,

‖hB‖0,3 + ‖curlhB‖0,3 ≤ Cr
(
||B||𝓁,2 + ||curlB||𝓁,2

)
. (4.6)

Furthermore, the projection hp satisfies the following stability result, and this detailed proof can

be found in Lemma 5.3 of [37].

Lemma 5 Provided p is in Lr
(0, T; H1

(𝛺) ∩ M) and u is in Lr
(0, T; H2

(𝛺) ∩ X), for
1 ≤ r ≤ ∞, we have

‖
‖
‖
𝒞 T

h hp‖‖
‖Lr(0,T;L2(Ω))

≤ C
[
||p||Lr(0,T;H1(Ω)) + ||u||Lr(0,T;H2(Ω))

]
. (4.7)

In order to facilitate the subsequent error estimates, we define the following notations,

𝜂
n
ũ = hun − ũn

h, 𝜂
n
u = hun − un

h, 𝜂
n
p = hpn − pn

h,

𝜂
n
p̃ = hpn − pn−1

h , 𝜂
n
B = hBn − Bn

h.

Combining (2.10)–(2.11), (3.4)–(3.7) and (4.2)–(4.3) together, we can derive the following error

equations:

⎧
⎪
⎪
⎨
⎪
⎪
⎩

(
𝜂

n
ũ−ℐ

T
h 𝜂

n−1

u

Δt
, vh

)
+ c

(
𝜂

n−1

ũ ,hun
, vh

)
+ c

(
ũn−1

h , 𝜂
n
ũ, vh

)
+ 𝜈

(
∇𝜂n

ũ,∇vh
)

+
(
ℬT

h 𝜂
n
p̃ , vh

)
+ 𝜅

(
𝜂

n−1

B × curlhBn
, vh

)
+ 𝜅

(
Bn−1

h × curl 𝜂
n
B, vh

)
=
(
Rn

1
, vh

)
, (4.8)

(
𝑑t𝜂

n
B,Ch

)
+ R−1

m
(
curl 𝜂

n
B, curl Ch

)
−
(
ũn

h × 𝜂n−1

B , curl Ch
)
−
(
𝜂

n
ũ × hBn−1

, curl Ch
)
=
(
Rn

2
,Ch

)
, (4.9)
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DING ET AL. 1459

and

⎧
⎪
⎨
⎪
⎩

(
𝜂

n
u−ℐh𝜂

n
ũ

Δt
, v1h

)
+
(
𝒞 T

h

(
𝜂

n
p − 𝜂n

p̃

)
, v1h

)
= 0, (4.10)

(𝒞h𝜂
n
u, qh) = 0, (4.11)

where

(
Rn

1
, vh

)

= (𝑑thun − 𝑑tun
, vh) −

1

Δt∫

tn

tn−1

(t − tn−1) (𝜕ttu, vh) dt

− c
(
un − un−1

,un
, vh

)
− c

(
hun−1

,un − hun
, vh

)

− c
(
un−1 − hun−1

,un
, vh

)
− 𝜅

([
Bn − Bn−1

]
× curlBn

, vh
)

− 𝜅
(
hBn−1 × curl (Bn − hBn) , vh

)
− 𝜅

([
Bn−1 − hBn−1

]
× curlBn

, vh
)
,

(
Rn

2
,Ch

)

= (𝑑thBn − 𝑑tBn
,Ch) −

1

Δt∫

tn

tn−1

(t − tn−1) (𝜕ttB,Ch) dt

+
([

un − hun] × Bn−1
, curlCh

)
+
(
un ×

[
Bn − Bn−1

]
, curlCh

)

+
(
hun ×

[
Bn−1 − hBn−1

]
, curlCh

)
.

Now, we estimate the residual terms Rn
1

and Rn
2
, which will be needed for the error analysis later.

Lemma 6 Suppose Assumption 1 holds, with 𝓁 = min{k, s}, for all 1 ≤ m ≤ N, the
following estimate is established,

Δt
m∑

n=1

(
‖
‖Rn

1
‖
‖

2

−1,2
+ ‖
‖Rn

2
‖
‖

2

H(curl;Ω)′

)
≤ C(Δt)2 + Ch2𝓁

. (4.12)

Proof. In view of (2.6)–(2.9), (4.4) and Hölder inequality, it follows from the definition

of Rn
1

that

‖
‖Rn

1
‖
‖−1,2

≤ C(Δt)1∕2

{(

∫

tn

tn−1

‖𝜕ttu‖2

−1,2 dt
)1∕2

+ ‖un‖1+𝓁,2

(

∫

tn

tn−1

‖ut‖
2

0 dt
)1∕2

+ ‖curlBn‖0,3

(

∫

tn

tn−1

‖Bt‖
2

0 dt
)1∕2}

+ Ch𝓁 ‖𝑑tun‖𝓁,2

+ 2Ch𝓁 ‖‖
‖
hun−1‖‖

‖0,3

‖un‖1+𝓁,2 + 2Ch𝓁 ‖‖
‖

un−1‖‖
‖1+𝓁,2

‖∇un‖0

+ Ch𝓁 ‖curlBn‖𝓁,2
‖
‖
‖
hBn−1‖‖

‖0,3

+ Ch𝓁 ‖‖
‖

Bn−1‖‖
‖0

‖curlBn‖0,3 .

Similarly, we can obtain

‖
‖Rn

2
‖
‖H(curl;Ω)′

≤ C(Δt)1∕2

{(

∫

tn

tn−1

‖𝜕ttB‖2

0 dt
)1∕2

+ ‖un‖0,∞

(

∫

tn

tn−1

‖Bt‖
2

0 dt
)1∕2

}

+ Ch𝓁 ‖𝑑tBn‖𝓁,2 + Ch𝓁 ‖un‖1+𝓁,2
‖
‖
‖

Bn−1‖‖
‖0,3

+ Ch𝓁 ‖hun‖0,∞
‖
‖
‖

Bn−1‖‖
‖𝓁,2

.
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1460 DING ET AL.

Using Assumption 1 and (4.6), and summing up from n = 1 to m, the proof is

completed. ▪

Under the condition of Assumption 1, we are now going to prove the following important

convergence results.

Theorem 2 Suppose that Assumption 1 is satisfied and there exists a positive constant
𝜏0 such that 𝛥t ≤ 𝜏0. Let (un

, pn
, Bn

) and
(
un

h, ũ
n
h, pn

h,B
n
h
)

be the solution of (2.10)–(2.11)

and (3.4)–(3.7), respectively, for all N≥m≥ 1, with 𝓁 = min{k, s}, we have

‖
‖um − um

h
‖
‖

2

0
+ ‖Bm − Bm

h ‖
2

0
+ ‖
‖um − ũm

h ‖‖
2

0
+ (Δt)2‖‖

‖
𝒞 T

h
(
pm − pm

h
)‖
‖
‖

2

0

+ Δt
m∑

n=1

(

𝜈
‖
‖
‖
∇
(
un − ũn

h
)‖
‖
‖

2

0

+ R−1
m 𝜅

‖
‖
‖

curl
(
Bn − Bn

h
)‖
‖
‖

2

0

)

≤ Ch2𝓁 + C(Δt)2.

Proof. By choosing vh = 2Δt𝜂n
ũ ∈ Xh in (4.8), Ch = 2𝜅Δt𝜂n

B ∈ Wk
0h in (4.9) and

adding the two equations, we find

‖
‖𝜂

n
ũ
‖
‖

2

0
− ‖
‖
‖
ℐ T

h 𝜂
n−1
u

‖
‖
‖

2

0

+ ‖
‖
‖
𝜂

n
ũ −ℐ

T
h 𝜂

n−1
u

‖
‖
‖

2

0

+ 𝜅‖‖𝜂
n
B
‖
‖

2

0
− 𝜅‖‖

‖
𝜂

n−1

B
‖
‖
‖

2

0

+ 𝜅‖‖
‖
𝜂

n
B − 𝜂n−1

B
‖
‖
‖

2

0

+ 2𝜈Δt‖‖∇𝜂
n
ũ
‖
‖

2

0
+ 2R−1

m 𝜅Δt‖‖curl𝜂
n
B
‖
‖

2

0
+ 2Δtc

(
𝜂

n−1

ũ ,hun
, 𝜂

n
ũ
)
+ 2Δt𝜅

(
𝜂

n−1

B × curlhBn
, 𝜂

n
ũ
)

− 2Δt𝜅
(
hun × 𝜂n−1

B , curl𝜂
n
B
)
+ 2Δt

(
ℬT

h 𝜂
n
p̃ , 𝜂

n
ũ

)
= 2Δt

(
Rn

1
, 𝜂

n
ũ
)
+ 2Δt𝜅

(
Rn

2
, 𝜂

n
B
)
, (4.13)

where we have used the fact that

(
Bn−1

h × curl𝜂
n
B, 𝜂

n
ũ
)
−
(

ũn−1

h × 𝜂n−1

B , curl𝜂
n
B

)
−
(
𝜂

n
ũ × hBn−1

, curl𝜂
n
B
)
= −

(
hun × 𝜂n−1

B , curl𝜂
n
B
)
.

Taking v1h = 2(Δt)2𝒞 T
h 𝜂

n
p̃ ∈ Zh in (4.10), there holds

(Δt)2
[
‖
‖
‖
𝒞 T

h 𝜂
n
p
‖
‖
‖

2

0

− ‖
‖
‖
𝒞 T

h 𝜂
n
p̃
‖
‖
‖

2

0

− ‖
‖
‖
𝒞 T

h 𝜂
n
p −𝒞 T

h 𝜂
n
p̃
‖
‖
‖

2

0

]

+ 2Δt
(
𝜂

n
u −ℐh𝜂

n
ũ,𝒞

T
h 𝜂

n
p̃

)
= 0. (4.14)

Combining (4.11) and (4.14) and using ℐ T
h 𝒞

T
h =ℬT

h , we have

(Δt)2
[
‖
‖
‖
𝒞 T

h 𝜂
n
p
‖
‖
‖

2

0

− ‖
‖
‖
𝒞 T

h 𝜂
n
p̃
‖
‖
‖

2

0

− ‖
‖
‖
𝒞 T

h 𝜂
n
p −𝒞 T

h 𝜂
n
p̃
‖
‖
‖

2

0

]

= 2Δt
(
𝜂

n
ũ,ℬ

T
h 𝜂

n
p̃

)
. (4.15)

From (4.10), it can be seen that

Δt
(
𝒞 T

h 𝜂
n
p −𝒞 T

h 𝜂
n
p̃

)
+ 𝜂n

u = ℐh𝜂
n
ũ. (4.16)

By virtue of (4.11), there holds

(Δt)2‖‖
‖
𝒞 T

h 𝜂
n
p −𝒞 T

h 𝜂
n
p̃
‖
‖
‖

2

0

+ ‖𝜂n
u‖

2

0 = ‖
‖ℐh𝜂

n
ũ
‖
‖

2

0
. (4.17)

Plugging (4.15) and (4.17) into (4.13), we can deduce

‖𝜂n
u‖

2

0 −
‖
‖
‖
ℐ T

h 𝜂
n−1
u

‖
‖
‖

2

0

+ ‖
‖
‖
𝜂

n
ũ −ℐ

T
h 𝜂

n−1
u

‖
‖
‖

2

0

+ 𝜅‖‖𝜂
n
B
‖
‖

2

0
− 𝜅‖‖

‖
𝜂

n−1

B
‖
‖
‖

2

0

+ 𝜅‖‖
‖
𝜂

n
B − 𝜂n−1

B
‖
‖
‖

2

0

+ (Δt)2
[
‖
‖
‖
𝒞 T

h 𝜂
n
p
‖
‖
‖

2

0

− ‖
‖
‖
𝒞 T

h 𝜂
n
p̃
‖
‖
‖

2

0

]

+ 2𝜈Δt‖‖∇𝜂
n
ũ
‖
‖

2

0
+ 2R−1

m 𝜅Δt‖‖curl𝜂
n
B
‖
‖

2

0
+ 2Δtc

(
𝜂

n−1

ũ ,hun
, 𝜂

n
ũ
)

+ 2Δt𝜅
(
𝜂

n−1

B × curlhBn
, 𝜂

n
ũ
)
− 2Δt𝜅

(
hun × 𝜂n−1

B , curl𝜂
n
B
)
= 2Δt

(
Rn

1
, 𝜂

n
ũ
)
+ 2Δt𝜅

(
Rn

2
, 𝜂

n
B
)
.

(4.18)
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DING ET AL. 1461

Applying the Young inequalities and (2.6)–(2.9), (3.1), and making use of (4.6) and

‖
‖div𝜂

n−1

ũ
‖
‖0
≤ c5

‖
‖∇𝜂n−1

ũ
‖
‖0

, then the following estimates can be obtained

2|c
(
𝜂

n−1

ũ ,hun
, 𝜂

n
ũ
)
| = 2|

((
𝜂

n−1

ũ ⋅ ∇
)
hun

, 𝜂
n
ũ
)
+ 1

2

((
div𝜂

n−1

ũ
)
hun

, 𝜂
n
ũ
)
|

≤ 2
‖
‖
‖
𝜂

n−1

ũ
‖
‖
‖0,6

‖∇hun‖0,3
‖
‖𝜂

n
ũ
‖
‖0
+ ‖
‖
‖

div𝜂
n−1

ũ
‖
‖
‖0

‖hun‖0,∞
‖
‖𝜂

n
ũ
‖
‖0

≤
2𝜈

4

‖
‖
‖
∇𝜂n−1

ũ
‖
‖
‖

2

0

+ 4𝜈
−1
(
c2

1
C2

r C2

f + c2

5
C2

r C2

f
)
‖
‖𝜂

n
ũ
‖
‖

2

0
,

2|𝜅
(
𝜂

n−1

B × curlhBn
, 𝜂

n
ũ
)
| ≤ 2𝜅

‖
‖
‖
𝜂

n−1

B
‖
‖
‖0

‖curlhBn‖0,3
‖
‖𝜂

n
ũ
‖
‖0,6

≤
𝜈

4

‖
‖∇𝜂

n
ũ
‖
‖

2

0
+ 4𝜈

−1
𝜅

2c2

1
C2

r C2

f
‖
‖
‖
𝜂

n−1

B
‖
‖
‖

2

0

,

and

2𝜅|
(
hun × 𝜂n−1

B , curl𝜂
n
B
)
| ≤ 2𝜅 ‖hun‖0,∞

‖
‖
‖
𝜂

n−1

B
‖
‖
‖0

‖
‖curl𝜂

n
B
‖
‖0

≤
R−1

m 𝜅

2

‖
‖curl𝜂

n
B
‖
‖

2

0
+ 2Rm𝜅C2

r C2

f
‖
‖
‖
𝜂

n−1

B
‖
‖
‖

2

0

,

2|
(
Rn

1
, 𝜂

n
ũ
)
+ 𝜅

(
Rn

2
, 𝜂

n
B
)
|

≤ 4𝜈
−1‖
‖Rn

1
‖
‖

2

−1,2
+ 2Rm𝜅c2

∗‖‖Rn
2
‖
‖

2

H(curl;Ω)′ +
𝜈

4

‖
‖∇𝜂

n
ũ
‖
‖

2

0
+ R−1

m 𝜅

2

‖
‖curl𝜂

n
B
‖
‖

2

0
.

Thanks to 𝜂
n
p̃ = hpn − pn−1

h , by using (4.1), (4.4), (4.7) and the Young inequalities,

we obtain

(Δt)2‖‖
‖
𝒞 T

h 𝜂
n
p̃
‖
‖
‖

2

0

= (Δt)2‖‖
‖
𝒞 T

h
[
hpn −hpn−1

]
+𝒞 T

h 𝜂
n−1
p

‖
‖
‖

2

0

= (Δt)2‖‖
‖
𝒞 T

h
[
hpn −hpn−1

]‖
‖
‖

2

0

+ (Δt)2‖‖
‖
𝒞 T

h 𝜂
n−1
p

‖
‖
‖

2

0

+ 2(Δt)2
(
𝒞 T

h
[
hpn −hpn−1

]
,𝒞 T

h 𝜂
n−1
p

)

≤ (Δt)2‖‖
‖
𝒞 T

h 𝜂
n−1
p

‖
‖
‖

2

0

+ C(Δt)3‖‖
‖
𝒞 T

h 𝜂
n−1
p

‖
‖
‖

2

0

+ C(Δt)3.

Due to ‖𝜂n
u‖

2

0 = ‖
‖𝜂

n
u −ℐ T

h 𝜂
n
u‖‖

2

0
+ ‖
‖ℐ

T
h 𝜂

n
u‖‖

2

0
, there holds

‖
‖
‖
ℐ T

h 𝜂
n
u
‖
‖
‖

2

0

− ‖
‖
‖
ℐ T

h 𝜂
n−1
u

‖
‖
‖

2

0

+ ‖
‖
‖
𝜂

n
u −ℐ T

h 𝜂
n
u
‖
‖
‖

2

0

+ ‖
‖
‖
𝜂

n
ũ −ℐ

T
h 𝜂

n−1
u

‖
‖
‖

2

0

+ 𝜅‖‖𝜂
n
B
‖
‖

2

0

− 𝜅‖‖
‖
𝜂

n−1

B
‖
‖
‖

2

0

+ 𝜅‖‖
‖
𝜂

n
B − 𝜂n−1

B
‖
‖
‖

2

0

+ (Δt)2
[
‖
‖
‖
𝒞 T

h 𝜂
n
p
‖
‖
‖

2

0

− ‖
‖
‖
𝒞 T

h 𝜂
n−1
p

‖
‖
‖

2

0

]

+ 2𝜈Δt
4

‖
‖∇𝜂

n
ũ
‖
‖

2

0
+ 𝜈Δt‖‖∇𝜂

n
ũ
‖
‖

2

0
+ R−1

m 𝜅Δt‖‖curl𝜂
n
B
‖
‖

2

0

≤ CΔt
(
‖
‖Rn

1
‖
‖

2

−1,2
+ ‖
‖Rn

2
‖
‖

2

H(curl;Ω)′

)
+ 4𝜈

−1
(
c2

1
C2

r C2

f + c2

5
C2

r C2

f
)
Δt‖‖𝜂

n
ũ
‖
‖

2

0

+ CΔt
(

𝜅
‖
‖
‖
𝜂

n−1

B
‖
‖
‖

2

0

+ (Δt)2‖‖
‖
𝒞 T

h 𝜂
n−1
p

‖
‖
‖

2

0

)

+ 2𝜈Δt
4

‖
‖
‖
∇𝜂n−1

ũ
‖
‖
‖

2

0

+ C(Δt)3. (4.19)

Summing up (4.19) from n= 1 to m, noticing ‖‖𝜂
n
ũ
‖
‖0
≤ ‖
‖𝜂

n
ũ −ℐ

T
h 𝜂

n−1
u ‖

‖0
+‖‖ℐ T

h 𝜂
n−1
u ‖

‖0

and setting Ĉ = 4𝜈
−1
(
c2

1
C2

r C2

f + c2

5
C2

r C2

f
)
, we can obtain
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1462 DING ET AL.

‖
‖
‖
ℐ T

h 𝜂
m
u
‖
‖
‖

2

0

+ (Δt)2‖‖
‖
𝒞 T

h 𝜂
m
p
‖
‖
‖

2

0

+ 𝜅‖‖𝜂
m
B
‖
‖

2

0
+ 𝜈Δt

2

‖
‖∇𝜂

m
ũ
‖
‖

2

0

+
m∑

n=1

(
𝜅
‖
‖
‖
𝜂

n
B − 𝜂n−1

B
‖
‖
‖

2

0

+ (1 − ĈΔt)‖‖
‖
𝜂

n
ũ −ℐ

T
h 𝜂

n−1
u

‖
‖
‖

2

0

+ ‖
‖
‖
𝜂

n
u −ℐ T

h 𝜂
n
u
‖
‖
‖

2

0

)
+ Δt

m∑

n=1

(
𝜈‖‖∇𝜂

n
ũ
‖
‖

2

0
+ R−1

m 𝜅‖‖curl𝜂
n
B
‖
‖

2

0

)

≤
‖
‖
‖
ℐ T

h 𝜂
0
u
‖
‖
‖

2

0

+ (Δt)2‖‖
‖
𝒞 T

h 𝜂
0
p
‖
‖
‖

2

0

+ 𝜅‖‖
‖
𝜂

0

B
‖
‖
‖

2

0

+ 𝜈Δt
2

‖
‖
‖
∇𝜂0

u
‖
‖
‖

2

0

+ C(Δt)2

+ CΔt
m∑

n=1

(
‖
‖Rn

1
‖
‖

2

−1,2
+ ‖
‖Rn

2
‖
‖

2

H(curl;Ω)′

)
+ CΔt

m−1∑

n=0

(
‖
‖
‖
ℐ T

h 𝜂
n
u
‖
‖
‖

2

0

+ 𝜅‖‖𝜂
n
B
‖
‖

2

0
+ (Δt)2‖‖

‖
𝒞 T

h 𝜂
n
p
‖
‖
‖

2

0

+ 𝜈Δt
2

‖
‖∇𝜂

n
ũ
‖
‖

2

0

)
. (4.20)

By using Lemma 4 and Lemma 6, applying (4.1), (4.5), and (4.6), and choosing Δt ≤
1∕(2Ĉ), then we derive the following estimates

‖
‖
‖
ℐ T

h 𝜂
m
u
‖
‖
‖

2

0

+ (Δt)2‖‖
‖
𝒞 T

h 𝜂
m
p
‖
‖
‖

2

0

+ 𝜅‖‖𝜂
m
B
‖
‖

2

0
+ 𝜈Δt

2

‖
‖∇𝜂

m
ũ
‖
‖

2

0

+
m∑

n=1

(

𝜅
‖
‖
‖
𝜂

n
B − 𝜂n−1

B
‖
‖
‖

2

0

+ 1

2

‖
‖
‖
𝜂

n
ũ −ℐ

T
h 𝜂

n−1
u

‖
‖
‖

2

0

+ ‖
‖
‖
𝜂

n
u −ℐ T

h 𝜂
n
u
‖
‖
‖

2

0

)

+ Δt
m∑

n=1

(
𝜈‖‖∇𝜂

n
ũ
‖
‖

2

0
+ R−1

m 𝜅‖‖curl𝜂
n
B
‖
‖

2

0

)
≤ Ch2𝓁 + C(Δt)2. (4.21)

Making use of ‖𝜂m
u ‖

2

0 = ‖
‖𝜂

m
u −ℐ T

h 𝜂
m
u ‖‖

2

0
+ ‖
‖ℐ

T
h 𝜂

m
u ‖‖

2

0
, there holds

‖𝜂m
u ‖

2

0 ≤ Ch2𝓁 + C(Δt)2. (4.22)

Thanks to ‖
‖𝜂

m
ũ
‖
‖

2

0
≤ ‖
‖𝜂

m
ũ −ℐ

T
h 𝜂

m−1
u ‖

‖
2

0
+ ‖
‖𝜂

m−1
u ‖

‖
2

0
, we come to

‖
‖𝜂

m
ũ
‖
‖

2

0
≤ Ch2𝓁 + C(Δt)2. (4.23)

By virtue of the triangle inequality and (4.4), then the proof of Theorem 2 can be

finished. ▪

By using Theorem 2, we can show the following estimate in a standard way, which helps to estimate

the error of pressure.

Lemma 7 Assuming that the hypotheses of Theorem 2 is valid. For 1 ≤ m ≤ N, with
𝓁 = min{k, s}, we have the following estimate

m∑

n=1

‖
‖
‖
𝜂

n
u − 𝜂n−1

u
‖
‖
‖

2

0

≤ C
[
h2𝓁 + (Δt)2

]
.

Proof. Thanks to (4.10)–(4.11), for any v1h ∈ Zh, we can derive that

𝜂
n
u − 𝜂n−1

u
Δt

+𝒞 T
h

(
𝜂

n
p − 𝜂n

p̃

)
=
ℐh𝜂

n
ũ − 𝜂

n−1
u

Δt
. (4.24)
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DING ET AL. 1463

Taking square on both sides of (4.24) and using 𝒞 T
h 𝜂

n
u = 0, we deduce that

‖
‖
‖
𝜂

n
u − 𝜂n−1

u
‖
‖
‖

2

0

+ (Δt)2
‖
‖
‖
‖
𝒞 T

h

(
𝜂

n
p − 𝜂n

p̃

)‖
‖
‖
‖

2

0

= ‖
‖
‖
ℐh𝜂

n
ũ − 𝜂

n−1
u

‖
‖
‖

2

0

. (4.25)

Applying ℐ T
h ℐh = I, where I is an identity operator, there holds

‖
‖
‖
ℐh𝜂

n
ũ − 𝜂

n−1
u

‖
‖
‖

2

0

= ‖
‖
‖
𝜂

n
ũ −ℐ

T
h 𝜂

n−1
u

‖
‖
‖

2

0

+ ‖
‖
‖
𝜂

n−1
u −ℐ T

h 𝜂
n−1
u

‖
‖
‖

2

0

, (4.26)

which implies that

‖
‖
‖
𝜂

n
u − 𝜂n−1

u
‖
‖
‖

2

0

≤
‖
‖
‖
𝜂

n
ũ −ℐ

T
h 𝜂

n−1
u

‖
‖
‖

2

0

+ ‖
‖
‖
𝜂

n−1
u −ℐ T

h 𝜂
n−1
u

‖
‖
‖

2

0

. (4.27)

Combining (4.21) and (4.27), we obtain

m∑

n=1

‖
‖
‖
𝜂

n
u − 𝜂n−1

u
‖
‖
‖

2

0

≤ Ch2𝓁 + C(Δt)2, (4.28)

which leads to the desired result. ▪

With the help of the inf-sup condition (3.3), we can establish the following estimate for pressure,

provided that the exact solution is slightly smooth.

Theorem 3 Under the hypotheses of Theorem 2, for 1 ≤ m ≤ N, with 𝓁 = min{k, s},
the approximate pressure given by the projection scheme (4.8)–(4.11) satisfies

Δt
m∑

n=1

‖
‖
‖

pn−1 − pn−1

h
‖
‖
‖

2

0

≤ C
(

1

Δt
+ h−1(Δt)2

) (
(Δt)2 + h2𝓁)

.

Proof. Multiplying both sides of (4.10) by ℐ T
h and adding it to (4.8), by virtue of

ℐ T
h 𝒞

T
h =ℬT

h , we obtain

(
ℐ T

h 𝜂
n
u −ℐ T

h 𝜂
n−1
u

Δt
, vh

)

+ c
(
𝜂

n−1

ũ ,hun
, vh

)
+ c

(
ũn−1

h , 𝜂
n
ũ, vh

)
+ 𝜈

(
∇𝜂n

ũ,∇vh
)

+
(
ℬT

h 𝜂
n
p̃ , vh

)
+ 𝜅

(
𝜂

n−1

B × curlhBn
, vh

)
+ 𝜅

(
Bn−1

h × curl𝜂
n
B, vh

)
=
(
Rn

1
, vh

)
.

By using of the inf-sup condition (3.3), we derive

‖
‖
‖
𝜂

n
p̃
‖
‖
‖0

≤

‖
‖𝜂

n
u − 𝜂n−1

u ‖
‖0

Δt
+ 2c2

1

‖
‖
‖
∇𝜂n−1

ũ
‖
‖
‖0

‖∇hun‖0 + 𝜈 ‖‖∇𝜂
n
ũ
‖
‖0

+ 2c1
‖
‖∇𝜂

n
ũ
‖
‖0

(
‖
‖
‖
hun−1‖‖

‖0,3

+ ‖
‖
‖
𝜂

n−1

ũ
‖
‖
‖0,3

)
+ c1𝜅

‖
‖
‖
𝜂

n−1

B
‖
‖
‖0

‖curlhBn‖0,3 + ‖
‖Rn

1
‖
‖−1,2

+ c1𝜅

(
‖
‖
‖
hBn−1‖‖

‖0,3

+ Cinvh−1∕2 ‖‖
‖
𝜂

n−1

B
‖
‖
‖0

)
‖
‖curl𝜂

n
B
‖
‖0
. (4.29)

Combining Theorem 2, Lemma 3, Lemma 6, Lemma 7 and (4.6) together, there holds

Δt
m∑

n=1

‖
‖
‖
𝜂

n
p̃
‖
‖
‖

2

0

≤
1

Δt

m∑

n=1

‖
‖
‖
𝜂

n
u − 𝜂n−1

u
‖
‖
‖

2

0

+ CΔt
m∑

n=1

(
‖
‖curl𝜂

n
B
‖
‖

2

0
+ ‖
‖∇𝜂

n
ũ
‖
‖

2

0

)

+ C
(
(Δt)2 + h2𝓁) + Ch−1

(
(Δt)2 + h2𝓁)Δt

m∑

n=1

‖
‖curl𝜂

n
B
‖
‖

2

0

≤ C
(

1

Δt
+ h−1(Δt)2

) (
(Δt)2 + h2𝓁)

.
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1464 DING ET AL.

Thanks to 𝜂
n
p̃ = hpn −hpn−1 + 𝜂n−1

p and (4.1), we derive

‖
‖
‖
𝜂

n−1
p

‖
‖
‖0

≤
‖
‖
‖
𝜂

n
p̃
‖
‖
‖0

+ ‖
‖
‖
hpn −hpn−1‖‖

‖0

≤
‖
‖
‖
𝜂

n
p̃
‖
‖
‖0

+ Ch𝓁 ‖pn‖𝓁,2 + C
√
Δt ‖pt‖L2(0,T;L2(Ω)) . (4.30)

It yields that

Δt
m∑

n=1

‖
‖
‖
𝜂

n−1
p

‖
‖
‖

2

0

≤ Δt
m∑

n=1

‖
‖
‖
𝜂

n
p̃
‖
‖
‖

2

0

+ C(Δt)2 + Ch2𝓁
. (4.31)

By using of the triangle inequality and (4.4), we can finish the proof. ▪

In fact, the error estimate of pressure obtained from Theorem 3 is not optimal. Inspired by [36, 37],

we can obtain the optimal error estimate of pressure by the incremental pressure correction scheme.

In order to facilitate the estimation of subsequent error increments, we introduce the following

notations:

𝜀
n
u = 𝜂n

u − 𝜂n−1
u , 𝜀

n
ũ = 𝜂

n
ũ − 𝜂

n−1

ũ , 𝜀
n
B = 𝜂n

B − 𝜂n−1

B , 𝜀
n
p = 𝜂n

p − 𝜂n−1
p , 𝜀

n
p̃ = 𝜂

n
p̃ − 𝜂

n−1

p̃ .

In addition to the hypotheses of Assumption 1, we need to assume that

utt ∈ L2 (0,T;Hs(Ω)) ∩ L∞
(
0,T;H2(Ω)

)
, uttt ∈ L2

(
0,T;L2(Ω)

)
, (4.32)

Btt ∈ L2 (0,T;Hs(Ω)) , Bttt ∈ L2
(
0,T;L2(Ω)

)
, (4.33)

curl Bt ∈ L2 (0,T;Hs(Ω)) , ptt ∈ L∞
(
0,T;H1(Ω)

)
. (4.33)

We further assume that the first step incremental error in the projection algorithm satisfies the

following estimates,

‖
‖
‖
𝜀

1
u
‖
‖
‖

2

0

+ ‖
‖
‖
𝜀

1

ũ
‖
‖
‖

2

0

+ 𝜅‖‖
‖
𝜀

1

B
‖
‖
‖

2

0

+ (Δt)2‖‖
‖
𝒞 T

h 𝜀
1
p
‖
‖
‖

2

0

+ 𝜈Δt‖‖
‖
∇𝜀1

ũ
‖
‖
‖

2

0

≤ CΔt
[
h2𝓁 + (Δt)2

]
. (4.35)

Lemma 8 Assume that the hypotheses of Theorem 2 and (4.32)–(4.35) are satis-
fied, with 𝓁 = min{k, s}. Provided that Δt ≈ 

(
h1∕2

)
, then the following estimate is

established
‖
‖
‖
𝜂

n
u − 𝜂n−1

u
‖
‖
‖0

≤ C(Δt)1∕2
(
h𝓁 + Δt

)
.

Proof. Taking the difference of (4.8) with two consecutive indices, there holds

(
𝜀

n
ũ −ℐ

T
h 𝜀

n−1
u

Δt
, vh

)

+ 𝜈
(
∇𝜀n

ũ,∇vh
)
+
(
ℬT

h 𝜀
n
p̃, vh

)
+ c

(
𝜀

n−1

ũ ,hun
, vh

)

+ c
(

ũn−2

h , 𝜀
n
ũ, vh

)
+ c

(
𝜂

n−2

ũ ,hun − hun−1
, vh

)
+ c

(
ũn−1

h − ũn−2

h , 𝜂
n
ũ, vh

)

+ 𝜅
(
𝜂

n−2

B × curl
(
hBn − hBn−1

)
, vh

)
+ 𝜅

(
𝜀

n−1

B × curlhBn
, vh

)
+ 𝜅

(
Bn−1

h × curl𝜀
n
B, vh

)

+ 𝜅
((

Bn−1

h − Bn−2

h
)
× curl𝜂

n−1

B , vh
)
=
(
Rn

1
− Rn−1

1
, vh

)
. (4.36)

Taking the difference of (4.10) and (4.11) with two consecutive indices, respectively,

we obtain

(
𝜀

n
u −ℐh𝜀

n
ũ

Δt
, v1h

)

+
(
𝒞 T

h

(
𝜀

n
p − 𝜀n

p̃

)
, v1h

)
= 0,

(𝒞h𝜀
n
u, qh) = 0. (4.37)
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DING ET AL. 1465

Taking the difference of (4.9) with two consecutive indices, we can arrive at

(
𝑑t𝜀

n
B,Ch

)
+ R−1

m
(
curl𝜀

n
B, curlCh

)
−
(

ũn−1

h × 𝜀n−1

B , curlCh

)
−
((

ũn
h − ũn−1

h

)
× 𝜂n−1

B , curlCh

)

−
(
𝜂

n−1

ũ ×
(
hBn−1 − hBn−2

)
, curlCh

)
−
(
𝜀

n
ũ × hBn−1

, curlCh
)
=
(
Rn

2
− Rn−1

2
,Ch

)
. (4.38)

Choosing vh = 2Δt𝜀n
ũ in (4.36), we readily derive

‖
‖𝜀

n
ũ
‖
‖

2

0
− ‖
‖
‖
ℐ T

h 𝜀
n−1
u

‖
‖
‖

2

0

+ ‖
‖
‖
𝜀

n
ũ −ℐ

T
h 𝜀

n−1
u

‖
‖
‖

2

0

+ 2𝜈Δt‖‖∇𝜀
n
ũ
‖
‖

2

0
+ 2Δtc

(
𝜀

n−1

ũ ,hun
, 𝜀

n
ũ
)

+ 2Δtc
(
𝜂

n−2

ũ ,hun − hun−1
, 𝜀

n
ũ
)
+ 2Δtc

(
ũn−1

h − ũn−2

h , 𝜂
n
ũ, 𝜀

n
ũ

)

+ 2Δt
(
ℬT

h 𝜀
n
p̃, 𝜀

n
ũ

)
+ 2Δt𝜅

(
𝜂

n−2

B × curl
(
hBn − hBn−1

)
, 𝜀

n
ũ
)

+ 2Δt𝜅
(
𝜀

n−1

B × curlhBn
, 𝜀

n
ũ
)
+ 2Δt𝜅

(
Bn−1

h × curl𝜀
n
B, 𝜀

n
ũ
)

+ 2Δt𝜅
((

Bn−1

h − Bn−2

h
)
× curl𝜂

n−1

B , 𝜀
n
ũ
)
= 2Δt

(
Rn

1
− Rn−1

1
, 𝜀

n
ũ
)
. (4.39)

Taking v1h = 2(Δt)2𝒞 T
h 𝜀

n
p̃ in (4.37), we have

(Δt)2
[
‖
‖
‖
𝒞 T

h 𝜀
n
p
‖
‖
‖

2

0

− ‖
‖
‖
𝒞 T

h 𝜀
n
p̃
‖
‖
‖

2

0

− ‖
‖
‖
𝒞 T

h 𝜀
n
p −𝒞 T

h 𝜀
n
p̃
‖
‖
‖

2

0

]

+ 2Δt
(
𝜀

n
u −ℐh𝜀

n
ũ,𝒞

T
h 𝜀

n
p̃

)
= 0. (4.40)

Combining (4.37) and (4.40) together and using ℐ T
h 𝒞

T
h =ℬT

h , we have

(Δt)2
[
‖
‖
‖
𝒞 T

h 𝜀
n
p
‖
‖
‖

2

0

− ‖
‖
‖
𝒞 T

h 𝜀
n
p̃
‖
‖
‖

2

0

− ‖
‖
‖
𝒞 T

h 𝜀
n
p −𝒞 T

h 𝜀
n
p̃
‖
‖
‖

2

0

]

= 2Δt
(
𝜀

n
ũ,ℬ

T
h 𝜀

n
p̃

)
. (4.41)

Thanks to (4.37), for any v1h ∈Zh, we know

Δt
(
𝒞 T

h 𝜀
n
p −𝒞 T

h 𝜀
n
p̃

)
+ 𝜀n

u = ℐh𝜀
n
ũ. (4.42)

By virtue of (4.37), there holds

(Δt)2‖‖
‖
𝒞 T

h 𝜀
n
p −𝒞 T

h 𝜀
n
p̃
‖
‖
‖

2

0

+ ‖𝜀n
u‖

2

0 = ‖
‖ℐh𝜀

n
ũ
‖
‖

2

0
. (4.43)

Choosing Ch = 2Δt𝜅𝜀B
n

in (4.38), we are able to deduce that

𝜅‖‖𝜀
n
B
‖
‖

2

0
− 𝜅‖‖

‖
𝜀

n−1

B
‖
‖
‖

2

0

+ 𝜅‖‖
‖
𝜀

n
B − 𝜀n−1

B
‖
‖
‖

2

0

+ 2R−1
m 𝜅Δt‖‖curl𝜀

n
B
‖
‖

2

0
− 2Δt𝜅

(
ũn−1

h × 𝜀n−1

B , curl𝜀
n
B

)

− 2Δt𝜅
((

ũn
h − ũn−1

h

)
× 𝜂n−1

B , curl𝜀
n
B

)
− 2Δt𝜅

(
𝜂

n−1

ũ ×
(
hBn−1 − hBn−2

)
, curl𝜀

n
B
)

− 2Δt𝜅
(
𝜀

n
ũ × hBn−1

, curl𝜀
n
B
)
= 2Δt𝜅

(
Rn

2
− Rn−1

2
, 𝜀

n
B
)
. (4.44)

An application of ℐ T
h ℐh = I shows that ‖‖ℐh𝜀

n
ũ
‖
‖

2

0
= ‖

‖𝜀
n
ũ
‖
‖

2

0
. Combining (4.39),

(4.41), (4.43) and (4.44), we have

‖𝜀n
u‖

2

0 −
‖
‖
‖
ℐ T

h 𝜀
n−1
u

‖
‖
‖

2

0

+ ‖
‖
‖
𝜀

n
ũ −ℐ

T
h 𝜀

n−1
u

‖
‖
‖

2

0

+ 𝜅‖‖𝜀
n
B
‖
‖

2

0
− 𝜅‖‖

‖
𝜀

n−1

B
‖
‖
‖

2

0

+ 𝜅‖‖
‖
𝜀

n
B − 𝜀n−1

B
‖
‖
‖

2

0

+ (Δt)2
[
‖
‖
‖
𝒞 T

h 𝜀
n
p
‖
‖
‖

2

0

− ‖
‖
‖
𝒞 T

h 𝜀
n
p̃
‖
‖
‖

2

0

]

+ 2𝜈Δt‖‖∇𝜀
n
ũ
‖
‖

2

0
+ 2R−1

m 𝜅Δt‖‖curl𝜀
n
B
‖
‖

2

0
+ 2Δtc

(
𝜀

n−1

ũ ,hun
, 𝜀

n
ũ
)

+ 2Δtc
(
𝜂

n−2

ũ ,hun − hun−1
, 𝜀

n
ũ
)
+ 2Δtc

(
ũn−1

h − ũn−2

h , 𝜂
n
ũ, 𝜀

n
ũ

)

+ 2Δt𝜅
(
𝜂

n−2

B × curl
(
hBn − hBn−1

)
, 𝜀

n
ũ
)
+ 2Δt𝜅

(
𝜀

n−1

B × curlhBn
, 𝜀

n
ũ
)
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1466 DING ET AL.

+ 2Δt𝜅
((

Bn−1

h − Bn−2

h
)
× curl𝜂

n−1

B , 𝜀
n
ũ
)
− 2Δt𝜅

(
ũn−1

h × 𝜀n−1

B , curl𝜀
n
B

)

− 2Δt𝜅
(
𝜂

n−1

ũ ×
(
hBn−1 − hBn−2

)
, curl𝜀

n
B
)
− 2Δt𝜅

((
hun − hun−1

)
× 𝜂n−1

B , curl𝜀
n
B
)

= 2Δt
(
Rn

1
− Rn−1

1
, 𝜀

n
ũ
)
+ 2Δt𝜅

(
Rn

2
− Rn−1

2
, 𝜀

n
B
)
. (4.45)

Applying Young inequalities, (2.6)–(2.9), (4.6) and Δt ≈ 
(
h1∕2

)
, there holds

2|c
(
𝜀

n−1

ũ ,hun
, 𝜀

n
ũ
)
|

≤
‖
‖
‖
𝜀

n−1

ũ
‖
‖
‖0

‖∇hun‖0,3
‖
‖𝜀

n
ũ
‖
‖0,6

+ ‖
‖
‖
𝜀

n−1

ũ
‖
‖
‖0

‖hun‖0,∞
‖
‖∇𝜀

n
ũ
‖
‖0

≤
2𝜈

13

‖
‖∇𝜀

n
ũ
‖
‖

2

0
+ 13𝜈

−1
(
c2

1
C2

r C2

f + C2
r C2

f
) ‖
‖
‖
𝜀

n−1

ũ
‖
‖
‖

2

0

,

2|c
(
𝜂

n−2

ũ ,hun − hun−1
, 𝜀

n
ũ
)
|

≤

[
c1

‖
‖
‖
hun − hun−1‖‖

‖1,3

+ ‖
‖
‖
hun − hun−1‖‖

‖0,∞

]
‖
‖
‖
𝜂

n−2

ũ
‖
‖
‖0

‖
‖∇𝜀

n
ũ
‖
‖0

≤
2𝜈

13

‖
‖∇𝜀

n
ũ
‖
‖

2

0
+ 13𝜈

−1
(
c2

1
C2

r C2

f + C2
r C2

f
) ‖
‖
‖
𝜂

n−2

ũ
‖
‖
‖

2

0

,

2|c
(

ũn−1

h − ũn−2

h , 𝜂
n
ũ, 𝜀

n
ũ

)
| = 2|c

(
hun−1 − hun−2 − 𝜀n−1

ũ , 𝜂
n
ũ, 𝜀

n
ũ
)
|

≤ 2c1
‖
‖∇𝜀

n
ũ
‖
‖0

‖
‖
‖
hun−1 − hun−2‖‖

‖0,3

‖
‖∇𝜂

n
ũ
‖
‖0

+ ‖
‖𝜀

n
ũ
‖
‖0,6

‖
‖
‖
𝜀

n−1

ũ
‖
‖
‖0,3

‖
‖∇𝜂

n
ũ
‖
‖0
+ ‖
‖∇𝜀

n
ũ
‖
‖0

‖
‖
‖
𝜀

n−1

ũ
‖
‖
‖0,6

‖
‖𝜂

n
ũ
‖
‖0,3

≤
4𝜈

13

‖
‖∇𝜀

n
ũ
‖
‖

2

0
+ 26𝜈

−1c2

1

‖
‖
‖
hun−1 − hun−2‖‖

‖

2

0,3

‖
‖∇𝜂

n
ũ
‖
‖

2

0

+ 26𝜈
−1c4

1
‖
‖∇𝜂

n
ũ
‖
‖

2

0

‖
‖
‖
∇𝜀n−1

ũ
‖
‖
‖

2

0

,

2𝜅|
(
𝜂

n−2

B × curl
(
hBn − hBn−1

)
, 𝜀

n
ũ
)
|

≤
𝜈

13

‖
‖∇𝜀

n
ũ
‖
‖

2

0
+ 13𝜈

−1c2

1
𝜅

2‖‖
‖

curl
(
hBn − hBn−1

)‖
‖
‖

2

0,3

‖
‖
‖
𝜂

n−2

B
‖
‖
‖

2

0

,

2𝜅|
(
𝜀

n−1

B × curlhBn
, 𝜀

n
ũ
)
| ≤ 2𝜅 ‖‖𝜀

n
ũ
‖
‖0,6

‖curlhBn‖0,3

‖
‖
‖
𝜀

n−1

B
‖
‖
‖0

≤
𝜈

13

‖
‖∇𝜀

n
ũ
‖
‖

2

0
+ 13𝜈

−1c2

1
C2

r C2

f 𝜅
2‖‖
‖
𝜀

n−1

B
‖
‖
‖

2

0

,

and

2𝜅|
((

Bn−1

h − Bn−2

h
)
× curl𝜂

n−1

B , 𝜀
n
ũ
)
|

= 2𝜅|
((
hBn−1 − hBn−2 − 𝜀n−1

B
)
× curl𝜂

n−1

B , 𝜀
n
ũ
)
|

≤ 2𝜅
‖
‖
‖
hBn−1 − hBn−2‖‖

‖0,3

‖
‖
‖

curl𝜂
n−1

B
‖
‖
‖0

‖
‖𝜀

n
ũ
‖
‖0,6

+ 2𝜅
‖
‖
‖
𝜀

n−1

B
‖
‖
‖0,3

‖
‖
‖

curl𝜂
n−1

B
‖
‖
‖0

‖
‖𝜀

n
ũ
‖
‖0,6

≤
2𝜈

13

‖
‖∇𝜀

n
ũ
‖
‖

2

0
+ 13𝜈

−1
𝜅

2

[

c2

1

‖
‖
‖
hBn−1 − hBn−2‖‖

‖

2

0,3

+ c2

1
C2

invh−1‖‖
‖
𝜀

n−1

B
‖
‖
‖

2

0

]
‖
‖
‖

curl𝜂
n−1

B
‖
‖
‖

2

0

.

By using (3.1) and Young inequalities, we derive

2|
(
Rn

1
− Rn−1

1
, 𝜀

n
ũ
)
+ 𝜅

(
Rn

2
− Rn−1

2
, 𝜀

n
B
)
|

≤ 13𝜈
−1‖‖
‖

Rn
1
− Rn−1

1

‖
‖
‖

2

−1,2

+ 5Rm𝜅c2
∗
‖
‖
‖

Rn
2
− Rn−1

2

‖
‖
‖

2

H(curl;Ω)′
+ 𝜈

13

‖
‖∇𝜀

n
ũ
‖
‖

2

0
+ 𝜅

5Rm
‖
‖curl𝜀

n
B
‖
‖

2

0
.
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DING ET AL. 1467

We continue to deduce

2𝜅|
(

ũn−1

h × 𝜀n−1

B , curl𝜀
n
B

)
| = 2𝜅|

([
hun−1 − 𝜂n−1

ũ
]
× 𝜀n−1

B , curl𝜀
n
B
)
|

≤ 2𝜅
‖
‖
‖
hun−1‖‖

‖0,∞
‖
‖
‖
𝜀

n−1

B
‖
‖
‖0

‖
‖curl𝜀

n
B
‖
‖0
+ 2𝜅

‖
‖
‖
𝜂

n−1

ũ
‖
‖
‖0,∞

‖
‖
‖
𝜀

n−1

B
‖
‖
‖0

‖
‖curl𝜀

n
B
‖
‖0

≤
2𝜅

5Rm
‖
‖curl𝜀

n
B
‖
‖

2

0
+ 5Rm𝜅

‖
‖
‖
𝜀

n−1

B
‖
‖
‖

2

0

[

C2
r C2

f + c2

1
C2

invh−1‖‖
‖
∇𝜂n−1

ũ
‖
‖
‖

2

0

]

,

and

2𝜅|
(
h

[
un − un−1

]
× 𝜂n−1

B , curl𝜀
n
B
)
| ≤

𝜅

5Rm
‖
‖curl𝜀

n
B
‖
‖

2

0
+ 5Rm𝜅C2

r C2

f
‖
‖
‖
𝜂

n−1

B
‖
‖
‖

2

0

,

2𝜅|
(
𝜂

n−1

ũ ×
(
hBn−1 − hBn−2

)
, curl𝜀

n
B
)
|

≤ 2𝜅c1
‖
‖curl𝜀

n
B
‖
‖0

‖
‖
‖
∇𝜂n−1

ũ
‖
‖
‖0

‖
‖
‖
hBn−1 − hBn−2‖‖

‖0,3

≤
𝜅

5Rm
‖
‖curl𝜀

n
B
‖
‖

2

0
+ 5Rm𝜅c2

1

‖
‖
‖
hBn−1 − hBn−2‖‖

‖

2

0,3

‖
‖
‖
∇𝜂n−1

ũ
‖
‖
‖

2

0

.

Thanks to 𝜀
n
p̃ = 𝜂

n
p̃ − 𝜂

n−1

p̃ , by using (4.4), (4.7), (4.32)–(4.34) and Young inequalities,

we arrive at

(Δt)2‖‖
‖
𝒞 T

h 𝜀
n
p̃
‖
‖
‖

2

0

= (Δt)2‖‖
‖
𝒞 T

h
[
hpn −hpn−1

]
−𝒞 T

h
[
hpn−1 −hpn−2

]
+𝒞 T

h 𝜀
n−1
p

‖
‖
‖

2

0

= (Δt)2‖‖
‖
𝒞 T

h
[
hpn −hpn−1

]
−𝒞 T

h
[
hpn−1 −hpn−2

]‖
‖
‖

2

0

+ (Δt)2‖‖
‖
𝒞 T

h 𝜀
n−1
p

‖
‖
‖

2

0

+ 2(Δt)2
(
𝒞 T

h
[
hpn −hpn−1

]
−𝒞 T

h
[
hpn−1 −hpn−2

]
,𝒞 T

h 𝜀
n−1
p

)

≤ (Δt)2‖‖
‖
𝒞 T

h 𝜀
n−1
p

‖
‖
‖

2

0

+ C(Δt)3‖‖
‖
𝒞 T

h 𝜀
n−1
p

‖
‖
‖

2

0

+ C(Δt)4.

The following inequality will be used in the rest of the proof:

‖
‖
‖

wn − 2wn−1 + wn−2‖‖
‖

2

0

=
‖
‖
‖
‖
‖
∫

tn

tn−1

(tn − t)wtt dt −
∫

tn−1

tn−2

(tn−1 − t)wtt dt
‖
‖
‖
‖
‖

2

0

≤ C(Δt)3
[
‖wtt‖

2

L2(tn−1
,tn;L2(Ω)) + ‖wtt‖

2

L2(tn−2
,tn−1

;L2(Ω))
]
.

In the next step, we shall estimate ‖‖Rn
1
− Rn−1

1
‖
‖−1,2

. It is easy to see that

‖
‖
‖
‖

un − 2un−1 + un−2

Δt
−
(
𝜕tun − 𝜕tun−1

)‖
‖
‖
‖

2

0

≤ C(Δt)3
∫

tn

tn−2

‖𝜕tttu‖2

0dt.

From the properties of projections (4.4), there holds

‖
‖
‖
𝑑thun − 𝑑thun−1 − 𝑑tun + 𝑑tun−1‖‖

‖0

≤ Ceh𝓁(Δt)−1 ‖‖
‖

un − 2un−1 + un−2‖‖
‖𝓁,2

]

≤ Ch𝓁(Δt)1∕2

[
‖utt‖L2(tn−1

,tn;H𝓁(Ω)) + ‖utt‖L2(tn−2
,tn−1

;H𝓁(Ω))
]
,

|c
(
un−1 − un−2

,un − un−1
, vh

)
|

≤ CΔt
(

∫

tn

tn−1

‖ut‖
2

1,2 dt
)1∕2(

∫

tn−1

tn−2

‖ut‖
2

1,2 dt
)1∕2

‖vh‖1,2 ,
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1468 DING ET AL.

|c
(
un − 2un−1 + un−2

,un
, vh

)
| ≤ C(Δt)3∕2[‖utt‖L2(tn−1

,tn;H𝓁 (Ω))

+ ‖utt‖L2(tn−2
,tn−1

;H𝓁(Ω))]
(
‖∇un‖0,3 + ‖un‖0,∞

)
‖vh‖1,2 ,

we can continue to obtain

|c
(
hun−2

,un − un−1 − hun + hun−1
, vh

)
|

≤ 2Ceh𝓁
[
‖un‖1+𝓁,2 +

‖
‖
‖

un−1‖‖
‖1+𝓁,2

]
‖
‖
‖
hun−2‖‖

‖0,3

‖vh‖1,2

and

|c
(
hun−1 − hun−2

,un − hun
, vh

)
|

= |c
(
hun−1 − un−1 − hun−2 + un−2 + un−1 − un−2

,un − hun
, vh

)
|

≤ Ceh𝓁 ‖un‖1+𝓁,2

√
Δt ‖‖

‖
𝜕tun−1‖‖

‖0,3

‖vh‖1,2

+ Ceh2𝓁
(
‖
‖
‖

un−1‖‖
‖𝓁+1,2

+ ‖
‖
‖

un−2‖‖
‖𝓁+1,2

)
‖un‖𝓁+1,2 ‖vh‖1,2 .

The derivation of other terms is similar. We can deduce the following estimate by

using (4.1) and (4.32)–(4.34)

Δt
m∑

n=2

‖
‖
‖

Rn
1
− Rn−1

1

‖
‖
‖

2

−1,2

≤ CΔt
[
(Δt)2 + h2𝓁]

. (4.46)

Similarly,

Δt
m∑

n=2

‖
‖
‖

Rn
2
− Rn−1

2

‖
‖
‖

2

H(curl;Ω)′
≤ CΔt

[
(Δt)2 + h2𝓁]

. (4.47)

Based on the properties of projection (4.4), (4.1) and (4.32)–(4.34), we find

‖
‖
‖
hun − hun−1‖‖

‖1,2

≤ Ch𝓁Δt ‖ut‖L2(tn−1
,tn;H1+𝓁(Ω)) + CΔt ‖ut‖L∞(tn−1

,tn;H1(Ω)) ,

‖
‖
‖

curlhBn−1 − curlhBn−2‖‖
‖0,3

≤ Ch𝓁−1∕2
√
Δt ‖curlBt‖L2(tn−2

,tn−1
;H𝓁(Ω)) + C

√
Δt ‖curlBt‖L2(tn−2

,tn−1
;H𝓁(Ω)) .

Combining these estimates with (4.45) and applying Assumption 1, there holds

‖𝜀n
u‖

2

0 −
‖
‖
‖
𝜀

n−1
u

‖
‖
‖

2

0

+ ‖
‖
‖
𝜀

n
ũ −ℐ

T
h 𝜀

n−1
u

‖
‖
‖

2

0

+ 𝜅
[
‖
‖𝜀

n
B
‖
‖

2

0
− ‖
‖
‖
𝜀

n−1

B
‖
‖
‖

2

0

+ ‖
‖
‖
𝜀

n
B − 𝜀n−1

B
‖
‖
‖

2

0

]

+ (Δt)2
[
‖
‖
‖
𝒞 T

h 𝜀
n
p
‖
‖
‖

2

0

− ‖
‖
‖
𝒞 T

h 𝜀
n−1
p

‖
‖
‖

2

0

]

+ 𝜈Δt‖‖∇𝜀
n
ũ
‖
‖

2

0
+ R−1

m 𝜅Δt‖‖curl𝜀
n
B
‖
‖

2

0

≤ CΔt
(
‖
‖
‖

Rn
1
− Rn−1

1

‖
‖
‖

2

−1,2

+ ‖
‖
‖

Rn
2
− Rn−1

2

‖
‖
‖

2

H(curl;Ω)′

)

+ CΔt
(

1 + h−1‖‖
‖

curl𝜂
n−1

B
‖
‖
‖

2

0

+ h−1‖‖
‖
∇𝜂n−1

ũ
‖
‖
‖

2

0

)(
‖
‖
‖
𝜀

n−1
u

‖
‖
‖

2

0

+ 𝜅‖‖
‖
𝜀

n−1

B
‖
‖
‖

2

0

+ (Δt)2‖‖
‖
𝒞 T

h 𝜀
n−1
p

‖
‖
‖

2

0

)
+ CΔt

(
‖
‖
‖
𝜀

n−1

ũ
‖
‖
‖

2

0

+ ‖
‖
‖
𝜂

n−2

ũ
‖
‖
‖

2

0

+ ‖
‖
‖
𝜂

n−1

B
‖
‖
‖

2

0

)
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DING ET AL. 1469

+ C(Δt)2
(
‖
‖∇𝜂

n
ũ
‖
‖

2

0
+ ‖
‖
‖
𝜂

n−2

B
‖
‖
‖

2

0

+ ‖
‖
‖

curl𝜂
n−1

B
‖
‖
‖

2

0

+ ‖
‖
‖
∇𝜂n−1

ũ
‖
‖
‖

2

0

)

+ CΔt‖‖
‖
∇𝜀n−1

ũ
‖
‖
‖

2

0

‖
‖∇𝜂

n
ũ
‖
‖

2

0
+ C(Δt)4, (4.48)

where we have used the fact that ‖‖ℐ
T

h 𝜂
n
u‖‖0
≤ ‖𝜂n

u‖0. Summing up (4.48) from n = 2 to

m, and applying (a− b)
2 ≤ 2a2 + 2b2

, (4.46)–(4.47) and Theorem 2, we obtain

‖𝜀m
u ‖

2

0 + 𝜅‖‖𝜀
m
B
‖
‖

2

0
+ (Δt)2‖‖

‖
𝒞 T

h 𝜀
m
p
‖
‖
‖

2

0

+
m∑

n=2

(
𝜅
‖
‖
‖
𝜀

n
B − 𝜀n−1

B
‖
‖
‖

2

0

+ ‖
‖
‖
𝜀

n
ũ −ℐ

T
h 𝜀

n−1
u

‖
‖
‖

2

0

)
+ Δt

m∑

n=2

(
𝜈‖‖∇𝜀

n
ũ
‖
‖

2

0
+ R−1

m 𝜅‖‖curl𝜀
n
B
‖
‖

2

0

)

≤
‖
‖
‖
𝜀

1
u
‖
‖
‖

2

0

+ 𝜅‖‖
‖
𝜀

1

B
‖
‖
‖

2

0

+ (Δt)2‖‖
‖
𝒞 T

h 𝜀
1
p
‖
‖
‖

2

0

+ CΔt
[
h2𝓁 + (Δt)2

]
+ CΔt

m∑

n=2

(

1 + h−1‖‖
‖

curl𝜂
n−1

B
‖
‖
‖

2

0

+ h−1‖‖
‖
∇𝜂n−1

ũ
‖
‖
‖

2

0

)(
‖
‖
‖
𝜀

n−1
u

‖
‖
‖

2

0

+ ‖
‖
‖
𝜀

n−1

B
‖
‖
‖

2

0

+ (Δt)2‖‖
‖
𝒞 T

h 𝜀
n−1
p

‖
‖
‖

2

0

)
+ C

[
(Δt)2 + h2𝓁]

m∑

n=2

‖
‖
‖
∇𝜀n−1

ũ
‖
‖
‖

2

0

.

Making use of (4.35), Theorem 2, Gronwall Lemma 4, and Δt ≈ 
(
h1∕2

)
, we derive

that

‖𝜀m
u ‖

2

0 + 𝜅‖‖𝜀
m
B
‖
‖

2

0
+ (Δt)2‖‖

‖
𝒞 T

h 𝜀
m
p
‖
‖
‖

2

0

+ Δt
m∑

n=2

(
𝜈‖‖∇𝜀

n
ũ
‖
‖

2

0
+ R−1

m 𝜅‖‖curl𝜀
n
B
‖
‖

2

0

)
≤ CΔt

[
h2𝓁 + (Δt)2

]
. (4.49)

Then Lemma 8 follows. ▪

Now, we are ready to give the optimal error estimate for pressure.

Theorem 4 Under the hypotheses of Lemma 8, assume that Δt ≈ 
(
h1∕2

)
. For

1 ≤ m ≤ N, with 𝓁 = min{k, s}, the approximate pressure given by the projection scheme
(4.8)–(4.11) satisfies

Δt
m∑

n=1

‖
‖
‖

pn−1 − pn−1

h
‖
‖
‖

2

0

≤ C(Δt)2 + Ch2𝓁
.

Proof. Multiplying both sides of (4.10) by ℐ T
h and adding it to (4.8), by virtue of

ℐ T
h 𝒞

T
h =ℬT

h , we obtain

(
ℐ T

h 𝜂
n
u −ℐ T

h 𝜂
n−1
u

Δt
, vh

)

+ c
(
𝜂

n−1

ũ ,hun
, vh

)
+ c

(
ũn−1

h , 𝜂
n
ũ, vh

)
+ 𝜈

(
∇𝜂n

ũ,∇vh
)

+
(
ℬT

h 𝜂
n
p̃ , vh

)
+ 𝜅

(
𝜂

n−1

B × curlhBn
, vh

)
+ 𝜅

(
Bn−1

h × curl𝜂
n
B, vh

)
=
(
Rn

1
, vh

)
.
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1470 DING ET AL.

Utilizing the inf-sup condition (3.3), we derive that

‖
‖
‖
𝜂

n
p̃
‖
‖
‖0

≤

‖
‖𝜂

n
u − 𝜂n−1

u ‖
‖0

Δt
+ 2c2

1

‖
‖
‖
∇𝜂n−1

ũ
‖
‖
‖0

‖∇hun‖0 + 𝜈 ‖‖∇𝜂
n
ũ
‖
‖0
+ 2c1

‖
‖∇𝜂

n
ũ
‖
‖0

(
‖
‖
‖
hun−1‖‖

‖0,3

+ ‖
‖
‖
𝜂

n−1

ũ
‖
‖
‖0,3

)

+ c1𝜅
‖
‖
‖
𝜂

n−1

B
‖
‖
‖0

‖curlhBn‖0,3 + ‖
‖Rn

1
‖
‖−1,2

+ c1𝜅

(
‖
‖
‖
hBn−1‖‖

‖0,3

+ Cinvh−1∕2 ‖‖
‖
𝜂

n−1

B
‖
‖
‖0

)
‖
‖curl𝜂

n
B
‖
‖0
.

Combining Theorem 2, Lemma 3, Lemma 6, Lemma 8, (4.6), and Δt ≈ 
(
h1∕2

)
,

there holds

Δt
m∑

n=1

‖
‖
‖
𝜂

n
p̃
‖
‖
‖

2

0

≤
1

Δt
Δt

(
(Δt)2 + h2𝓁) + Δt

m∑

n=1

(
‖
‖curl𝜂

n
B
‖
‖

2

0
+ ‖
‖∇𝜂

n
ũ
‖
‖

2

0

)

+ CΔt
(
(Δt)2 + h2𝓁) + Ch−1

(
(Δt)2 + h2𝓁)Δt

m∑

n=1

‖
‖curl𝜂

n
B
‖
‖

2

0

≤ C
(
(Δt)2 + h2𝓁)

.

Due to 𝜂
n
p̃ = hpn −hpn−1 + 𝜂n−1

p , we clearly see

‖
‖
‖
𝜂

n−1
p

‖
‖
‖

2

0

≤
‖
‖
‖
𝜂

n
p̃
‖
‖
‖

2

0

+ C(Δt)2 + Ch2𝓁
, (4.50)

which means that

Δt
m∑

n=1

‖
‖
‖
𝜂

n−1
p

‖
‖
‖

2

0

≤ Ch2𝓁 + C(Δt)2. (4.51)

By using of the triangle inequality and (4.4), then we finish the proof. ▪

Remark 7 There is a time-step size restriction in Theorem 4. It may be possible to

remove such an CFL like condition by the new splitting technique developed in the liter-

ature, see, for example, [61–64]. To this end, we need to propose a proper time discrete

system and derive its temporal error and spatial error independently. But so far we have

not found such a suitable time discrete system and it is worthy of further exploration in

the future.

5 NUMERICAL EXPERIMENTS

In this section, we consider some numerical experiments to verify the convergence rate and perfor-

mance of fully discrete projection finite element method for MHD system. We consider the particular

case Zh = Xh +∇Mh with Mh ∈H1
(Ω). Then it can be checked that the incremental pressure algorithm

should be implemented as follows:

Step 1 Given ũn−1

h , pn−1

h and Bn−1

h , for any vh ∈Xh and Ch ∈Wh, find ũn
h ∈ Xh and

Bn
h ∈ Wh such that

⎧
⎪
⎨
⎪
⎩

(
ũn

h−un−1

h
Δt

, vh

)
+ c

(
ũn−1

h , ũn
h, vh

)
+ 𝜈

(
∇ũn

h,∇vh
)
−
(
pn−1

h , divvh
)

+𝜅
(
Bn−1

h × curl Bn
h, vh

)
=
(
fn
, vh

)
, (5.1)

(
𝑑tBn

h,Ch
)
+ R−1

m
(
curl Bn

h, curl Ch
)
−
(
ũn

h × Bn−1

h , curl Ch
)
= 0. (5.2)
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DING ET AL. 1471

TABLE 1 Convergence rates of Euler semi-implicit scheme at terminal time (Example 5.1)

𝚫t ‖u‖0 Order ‖u‖1,2 Order ‖
‖p‖‖0 Order ‖B‖0 Order ‖B‖H(curl;𝛀) Order

0.1000 1.453 e-04 - 1.486 e-03 - 1.076 e-02 - 8.566 e-04 - 4.180 e-03 -

0.0500 4.795 e-05 1.5991 4.964 e-04 1.5818 5.123 e-03 1.0707 4.182 e-04 1.0345 2.040 e-03 1.0352

0.0250 1.813 e-05 1.4035 1.706 e-04 1.5404 2.309 e-03 1.1501 2.065 e-04 1.0176 1.007 e-03 1.0178

0.0125 8.851 e-06 1.0343 7.848 e-05 1.1206 1.105 e-03 1.0628 1.026 e-04 1.0088 5.005 e-04 1.0089

Step 2 Given ũn
h and pn−1

h , for any qh ∈ Mh, find pn
h ∈ Mh and un

h ∈ Zh such that

⎧
⎪
⎨
⎪
⎩

(
∇
(
pn

h − pn−1

h
)
,∇qh

)
= −

(
1

Δt
divũn

h, qh

)
, (5.3)

un
h = ũn

h − Δt∇
(
pn

h − pn−1

h
)
. (5.4)

We develop the parallel code based on the finite element package-Parallel Hierarchical Grids

(PHG), cf. [65, 66]. All computations are carried out on the LSSC-IV Cluster of the State Key Labora-

tory of Scientific and Engineering Computing, Chinese Academy of Sciences. The first two examples

are used to verify the error estimates of the fully discrete projection finite element method. The last

one is to simulate the three dimensional lid-driven cavity MHD flow in the presence of a transverse

magnetic field. In all examples, the domain under consideration is Ω = (0, 1)
3

and the finite ele-

ment mesh is obtained by uniform tetrahedral partition. We employ the continuous P2 elements for

discretizing velocity u, the continuous P1 elements for discretizing pressure p and the second-order

H(curl)-conforming edge elements for discretizing magnetic induction B. The approximation errors

at the last moment tN = T are denoted by

u = u(T) − uN
h , B = B(T) − BN

h , p = p(T) − pN
h .

Example 5.1 This example is to validate the efficiency of the Euler semi-implicit

scheme, when Δt → 0. Set the physical parameters 𝜈 = 1, 𝜅 = 1 and Rm = 1. The time

interval is [0, 1]. We can choose the following exact solution

u =
(
ye−t

, z cos(t), x
)
, p = 0, B =

(
ye−t

, 0, 0
)
.

It can be seen that the exact solution is linear in space, therefore, the temporal errors play a dominant

role in the analysis. We fix a tetrahedral mesh with h = 0.433, the terminal time T = 1, and test the

convergence rate at each time step. By the numerical experiment, Table 1 shows that the convergence

rate of Euler semi-implicit scheme is first-order.

Example 5.2 This example is to test the convergence rate for Euler semi-implicit

scheme when both timestep and meshwidth are refined at the same time. Set the parame-

ters 𝜈 = 1, 𝜅 = 1 and Rm = 1, the initial mesh size h0 = 0.433 and the time interval [0, 1].

The analytic solution is chosen as

u = (sin(y) sin(t), 0, 0), p = x + y + z − 1.5, B = (0, sin(x) sin(t), 0).

By setting Δt0 = h2

0
, Table 2 shows that the discrete solution has the asymptotic behaviors

‖u‖1,2 ≈ 
(
Δt + h2

)
, ‖B‖H(curl;Ω) ≈ 

(
Δt + h2

)
,

‖u‖0 ≈ 
(
Δt + h2

)
, ‖B‖0 ≈ 

(
Δt + h2

)
, ‖

‖p‖‖0
≈ 

(
Δt + h2

)
.
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1472 DING ET AL.

TABLE 2 The convergence rate of Euler semi-implicit scheme at terminal time (Example 5.2)

(𝚫t, h) ‖u‖1,2 ‖B‖H(curl;𝛀) ‖
‖p‖‖0 ‖u‖0 ‖B‖0

(Δt0, h0) 1.669 e-03 5.390 e-03 9.909 e-04 9.372 e-05 1.077 e-03

(Δt0/4, h0/2) 4.195 e-04 1.718 e-03 5.070 e-04 2.212 e-05 3.444 e-04

(Δt0/16, h0/4) 1.074 e-04 4.871 e-04 1.193 e-04 6.461 e-06 9.673 e-05

(Δt0/64, h0/8) 2.730 e-05 1.274 e-04 2.383 e-05 1.804 e-06 2.511 e-05

TABLE 3 The convergence rate of Euler semi-implicit scheme at terminal time (Example 5.2)

(𝚫t, h) ‖u‖1,2 ‖B‖H(curl;𝛀) ‖
‖p‖‖0 ‖u‖0 ‖B‖0

(Δt0, h0) 1.546 e-03 2.955 e-03 6.406 e-04 7.208 e-05 5.520 e-04

(Δt0/8, h0/2) 3.723 e-04 5.169 e-04 1.248 e-04 9.476 e-06 8.428 e-05

(Δt0/64, h0/4) 9.100 e-05 9.330 e-05 1.043 e-05 1.235 e-06 1.099 e-05

(Δt0/512, h0/8) 2.249 e-05 2.000 e-05 1.152 e-06 1.550 e-07 1.381 e-06

Clearly the optimal convergence rates are obtained for both temporal and spatial variables in

Table 2.

By setting Δt0 = h3

0
, Table 3 shows that the discrete solution has the asymptotic behaviors

‖u‖1,2 ≈ 
(
Δt + h2

)
, ‖B‖H(curl;Ω) ≈ 

(
Δt + h2

)
,

‖u‖0 ≈ 
(
Δt + h3

)
, ‖

‖p‖‖0
≈ 

(
Δt + h3

)
, ‖B‖0 ≈ 

(
Δt + h3

)
.

Obviously, Table 3 shows the optimal convergence rates of temporal and spatial variables.

Table 2 demonstrates that the L2
-error orders of velocity and magnetic induction, H1

-error order

of velocity and H(curl)-error order of magnetic induction, and L2
-error order of pressure are all of

the second-order accuracy in space, while Table 3 illustrates that the L2
-error orders of velocity and

magnetic induction are all of the third order accuracy in space. From Tables 2 and 3, we can see that

the convergence rates agree well with the theoretical ones.

Example 5.3 This example computes the benchmark problem of driven cavity flow.

The right-hand side of the momentum equation is given by f = (0, 0, 0). The physical

parameters are set by 𝜈
−1 = Re = 100, Rm = 100 and 𝜅 = 1. The initial values are given

by B0 = (0, 1, 0), u0 = (w, 0, 0), where w ∈ 1(Ω) and satisfies

w(x, y, 1) = 1 and w(x, y, z) = 0 ∀z ∈ [0, 1 − h],

together with the following boundary conditions

u = u0
, B × n = B0 × n on𝜕Ω.

The terminal time T = 21.27 is chosen such that the physical fields reach almost steady state,

namely
‖
‖
‖

un
h − un−1

h
‖
‖
‖0

+ ‖
‖
‖

Bn
h − Bn−1

h
‖
‖
‖0

< 10
−8
.

Figure 1 is the projection of velocity streamlines on the cross-section y = 0.5. Figure 2 shows the

projection of the vortex streamlines curl uh at x = 0.5 and z = 0.5, respectively, and they describe

the vortex structure of the fluid. Figure 3 shows the distributions of magnetic induction Bh on three

cross-sections x = 0.5, y = 0.5 and z = 0.5, respectively. Figure 4 shows the distributions of the kinetic
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DING ET AL. 1473

FIGURE 1 Streamlines of the velocity uh on the cross-section y = 0.5

FIGURE 2 Two streamlines of the vortex at x = 0.5 and z = 0.5 respectively (from left to right)

FIGURE 3 Distributions of magnetic induction. Left: x = 0.5. Middle: y = 0.5. Right: z = 0.5
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1474 DING ET AL.

FIGURE 4 The contour of the pressure ph. Left: x = 0.5. Middle: y = 0.5. Right: z = 0.5

pressure on three cross-sections x = 0.5, y = 0.5 and z = 0.5, respectively. In the middle figure, since

the flow is driven from left to right, it generates high pressure regions near the right upper corner.

6 SUMMARY

In this paper, we propose, analyze, and numerically illustrate a fully discrete projection method for

the MHD model based on H(curl)-conforming edge elements for discretizing magnetic induction B.

The proposed scheme can be used for the domain may be a non-convex polyhedra and the magnetic

induction B has regularity lower than H1
(Ω). Under the reasonable regularity hypothesis for the exact

solution, we derive optimal error estimates for velocity and magnetic induction, while the error order

of pressure is not optimal. However, when Δt ≈ 
(
h1∕2

)
, we can obtain the optimal estimate for

pressure.
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